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ABSTRACTWE study the implementation of a domain decomposition mdtnstructures with
guasi-incompressible components. We chose a mixed faionulahere the pressure field is
discontinuous on the interfaces between substructuresprif]mse an extension of classical
preconditioners to this class of problems. The numericalusation of the mechanical be-
haviour of the flexible bearing of the nozzle of a solid prtgyel booster is then conducted
using various Newton-Krylov parallel approaches. We pnésige main mechanical results and
compare the numerical performance of the parallel apprascto a sequential approach.

RESUME.Nous étudions la mise en oeuvre d'une méthode de décoropodéidomaine pour
structures a composants quasi-incompressibles. Une fation mixte a champ de pression
discontinu aux interfaces entre sous-structures est t&temous proposons, pour cette classe
de problémes, une extension des préconditionneurs clasid.a mise en oeuvre de la simu-
lation numérique du comportement mécanique d’'une butébléede tuyére de propulseur a
propergol solide par diverses approches paralléles itéext de type Newton-Krylov est alors
proposée. Nous présentons les principaux résultats meggeasiainsi que les performances nu-
mériques obtenues par les approches paralléles retenugasespproche séquentielle.

KEYworDsDomain decomposition method, Newton-Krylov, quasi inaesgibility, mixed for-
mulation
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— 0/2002. ,pages1alb


http://dx.doi.org/10.3166/reef.11.363-377
http://hal.archives-ouvertes.fr/hal-00277628/fr/
http://hal.archives-ouvertes.fr

hal-00277628, version 1 - 7 May 2008

2 - 0/2002.

1. Introduction

Primal and dual domain decomposition methods [LET 94a, FARa®e among
the first non-overlapping domain decomposition methodshhae demonstrated nu-
merical scalability with respect to both mesh and subdorsiais. They have proved
their efficiency on many types of problems such as second aemdhf order linear
(static and dynamic) elasticity, heterogeneous probleragsd they are currently ex-
tended to other problems such as Stokes’ equation [DDMO02].

In this paper we focus on the computation of quasi-incongiioés elastomeric
components using a primal domain decomposition method. é¥igal simulation of
the behaviour of such materials which main properties azeafiility to handle large
deformations, the non-linear behaviour and the quasi ipressibility, requires to
use mixed displacement-pressure finite elements [LET 9R&, 81]. More precisely
we deal with the case of discontinuous pressure field on theefaite of substructures
and continuous or discontinuous pressure field inside sudiates. Such an approach
corresponds to any substructuration when the pressursdsminuous between finite
elements, and to physical decomposition between diffgrieces when the continuity
of pressure is ensured inside substructures (e.g. intebfaiwveen steel and elastomer
or two different elastomeric pieces). However, as the inm@ssible/compressible
heterogeneity is not taken into account in a satisfying wagusrent preconditioners,
we extend them to this class of problems. Beside, becauserofimearities, we
use a non-linear solver leading to the solution to a sequehitieconditioned linear
systems with both non invariant matrix and right-hand sidérious strategies to
accelerate the solution to successive systems [REY 96, RE RIS 00] have already
been developed, and evaluated coupled with a dual domaomg®ssition method.
We assess the performance of such Krylov acceleration appes coupled with the
primal domain decomposition method.

All numerical assessments relate to a very challengingstil problem: the nu-
merical simulation of steel-elastomer stratified struesuiThese structures are widely
used in aerospace industry to provide powerful elastic stppsuch as suspensions
for aircraft engines, filtering supports for revolving mawts, blade-rotor connections
of helicopters, rocket-nozzle connections of the Arianadhicher. They may take the
form of a flexible steel-elastomer structure located betwbe body and the nozzle
of a solid propellant booster, of which the engine of the pematceleration stages of
the Ariane V launcher is a typical example.

Thus, we present in section (2) the formulation of the pnsbénd the generic
algorithms to achieve the simulation. We give in sectiont() extension of tradi-
tional preconditioners to the quasi-incompressible caskila section (4) a Krylov
acceleration technique to solve the sequence of lineagmgstesulting from the lin-
earization of the non-linear problem. In section (5) we préghe flexible bearing
which supports the assessments, and associated mechrasidi; section (6) sums
up numerical performance. Section (7) concludes thislartic



hal-00277628, version 1 - 7 May 2008

DD methods and quasi-incompressibility 3

2. Overview of the models and methods
2.1. Lagrangian formulation

We consider the computation of the equilibrium position bbaly2 made up of a
quasi-incompressible hyperelastic material undergangg deformation. We choose
a lagrangian formulation where all variables are definedéréference configuration.
Let f denote the body force;, the surface traction imposed @p<2, u, the imposed
displacement on the complementary part of the boundaryngakto account the in-
compressibility leads to the introduction of an unknowrsgree fieldp. The research
of the equilibrium of the body (dead loading assumption)jgiealent to the research
of the saddle point of the following lagrangian:

(u,p) € ({uo} + H) x P
K(Uap):/W(F)dQ-F/p(h(J)—%p)dﬂ—/fud&]— /gudS (1]
Q Q

Q 9,Q
The problem then reads:
Find (u,p) € ({uw} + H) x P /V(v,q) € H X P,

/%(Id—FVU)Vde‘f‘/ph/(J)g—; SVde:/fde+/gvdS
? & Q 8,9

b = gepraan =0
Q
(2]

WhereH andP are the spaces of admissible displacement and pressue figklthe
gradient of the deformatiorf{ = Id + Vu, J = det(F)), K is the compressibility
modulus of the material. Free eneryy(F') can be chosen from different models
([RIV 51, LAM 99]). For isotropic materials, it is often wtén as a function of the
C = FTF tensor invariant$V(F) = W(I, Iz, J) wherel; = Tr(C) and I, =
1(Tr*(C) — Tr(C?)). Among others we cite the Mooney-Rivlin model:

B C C
W(I, L) = %(11 —3)+ %(12 —3)

WhereCy; andCq are constants that characterize the material. Funét{on can
also be given by various models, in the simplest case (limeatel)h(J) = (J — 1).

The numerical solution to this variational problem is cleaky conducted using
the finite element method. Subspad@ésandP are replaced with finite dimension
subspace®{, ¢ H andP;, C P. Let us underline that the construction of mixed
finite elements must in particular comply with compatilyilionditions (Ladyzenska-
Babuska-Brezzi condition [BRE 91]) thus restricting thesgible choices of approxi-
mation spaces. However common choices3idiproblems are th€, — P; hexahedral
element 27 displacement noded,pressure nodes) and thie — @1 hexahedral ele-
ment Q0 displacement node8,pressure nodes).
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2.2. Newton-type algorithms

The problem arising from the finite element method is nom@inéet us write it
F(x) = 0with z = (un,pp). The principle of Newton’s algorithms is to build a
sequence of linear systems the solutions of which convertiestsolution to the non-
linear problem. There are many versions of Newton’s algorg, the most widely
used is Newton-Raphson’s. This last method consists iatitely substituting the
solution to the equatiof () = 0 for its first order limited development around:

F(z*) + %jk)(xkﬂ —2M) =0 [3]

Newton-Raphson’s method is known to converge fast whenegshpinitialized. A
very common extension is the incremental algorithm whiafststs in defining "steps
of loading" and finding the solution to the intermediate peofis corresponding to
these steps using the solution to the previous step as aieeffinitialization. The
linear system arising from Newton-Raphson’s linearizatieads:

Kuw Kup o¥ ) < fu ) . { vF =yt —yk
= with 4
< Koy Kpp > < ¢* fo ¢* =p*tt—ph 3
k Kk 82
(Kuu(u®,p")),, = / <8F2 V(I)) : VO, dS

oJ oJ
ki )
L7 h(J)(aF V(I))(aF V<I>>dQ

/ <BF2 V(I)i) L VO,dS
(Kup(u¥,ph),, = /h(J) (aF V(I))\IlbdQ

(Kpp(ukvpk))ab = K/ Vo WpdQ2

e e ‘ e [
(Fuluk,pb)), = /Qf@dQ—i—éQg@ldS /Q_aF L VD,;dQ
-/ P )

Jrengs e
k _k _ .k 9}
), = = [ (00 - ot )a

Where functiong®;) and(¥,,) are the basis of the displacement and pressure fields.
For a more complete description of Newton’s type algoritiomificompressible non-
linear elasticity, readers can refer to [LET 94b].

(5]

NoTE. — When using domain decomposition methods, because dfirient Dirich-
let’s conditions or internal mechanisms, the stiffnessimaf some substructures may
be notinvertible; the computation of the kernel of the masrthen an important point.
As far as we know, there are no general results which indecatéori the composition
of the kernel. What can be demonstrated for substructurté®utimechanism is that
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the first system is the linearized elasticity system, thenvictors of the kernel are
(rigid body displacements, zero pressure), for followipstems vectors composed by
(admissible translations, zero pressure) always belotigetdernel. We have never
observed other kinds of null space modes (translations @ations for the first sys-
tem, only translations for the following systems). So wepmse to use a geometrical
computation of the rigid body motions for the first system arsd suppress the rota-
tions for the following systems.

Due to the inversibility of thei(,,, submatrix, pressure nodes can be eliminated
from the resolution process using a Schur condensation.cé@meolve the following
system for the displacement unknown and compute presspas&process:

K = Kuy — KKy KL
f=Ffu— KupK;Dpr

In the case where there are no nodes on the interelement &gudiscontinuous
pressure field) which is the case of tQe — P, hexahedral element, this condensation
is usually achieved at the element scale at a very low cosedime(¥,,) functions
can be chosen orthonormal and thi€p, = —%Id.

Kv* = fwith { [6]

2.3. Primal domain decomposition method

We briefly recall the primal domain decomposition methodTL®4a] in a generic
case, the next section focuses on its extension to mixedadesment-pressure for-
mulations. We consider the discretized problem (4). Let akaera non-overlapping
conform partition of discretized domafn into N subdomain$Q(S>)1<S<N, the in-
terface of a subdomain is defined 88 = 9Q()\ 99, the complete interfac is
the union of the interfaces of all substructures.

Using classical notation (stands for internal degree of freedobrfor boundary
degree of freedom), the stiffness matrix of #i& subdomain reads:

s s)
K — ( KE; K{g) ) [7]
Kbi Kbb

The primal approach simply consists in eliminating intémfegrees of freedom
from the complete problem which can be done independentlgamth substructure
constructing the local primal Schur complemé‘ﬂﬁ). Letu be the displacement field
of the interface degrees of freedom, the problem to solve teads:

S="B&s®p®T b=3BEp
. S _1 S
Su = bwith S = O g T e 8]

bi (2

-1
bl = szS) - KIS:)Ki(iS) fi(S)
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The B(*) matrix projects the local interfacé(®) on the global interfacé. For the
primal approach, opposite to the classical dual method [FEfosspoints (points
shared by more thahsubstructures) are not repeated when descrilfing

Due to the existence of efficient preconditioners, systejnig&olved using a
Krylov iterative solver (Conjugate gradient, GMReg which is well suited to the
parallel architecture of modern computers. The Neumanoomaitioner consists in
approximating the inverse of the sum of local Schur complamby the sum of the
inverse of local Schur complements. Let—! be the preconditioner:

M-' = S DOBOSHBOHT DO
s [9]
- O ) OM Ok

B) = (0; Idy) extracts from vectors defined on the subdonfift their trace on

their interfaceT(®). K" is a pseudo-inverse of matrix(®), S§* is the local dual
Schur complementD(®) is a diagonal scaling matriy({ D*) = Idy). When dealing
with homogeneous structurd3(®) can be chosen equal to the inverse of the multiplic-
ity of each degree of freedom. For heterogeneous structigi¥s99], scaling has to
provide information about the difference of stiffness bedw subdomains, most often

this item of information is extracted from the diagonal om;? matrix:

o) _ _(BY Diag(K) BT, [10]
(X B® Diag(K)B®"),
k

7

To become scalable with respect to the number of substessttine primal ap-
proach equipped with the Neumann preconditioner has to behen with a coarse
problem. The idea is to ensure that vectors that are mdtdlly generalized inverse
matricesK )" belong to the image of(*). This method is reported as balanc-
ing method [MAN 93] because its mechanical interpretat®moi ensure the equi-
librium of each substructure face up to rigid-body loadin@oting r the residual
(r = b — Su), preconditioning consists in computiag ~'r.

S)T

M-l = Y DOBEgO K g0 BT pey

vs ) BOT DO € Im(K?)
& Vs ROTBOTBOT DO = g with Span(R®) = Ker(K®))
& Vs (DEWBERE RN — ¢
& G'r=0withG= (... DOBOBERE )

(11]

This condition is imposed using a proper initialization (= G(GTSG)GTb) and a
projectorP = Id — G(GT SG)~'G™ S; the preconditioner then read&\/ 1.
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3. Extension of primal domain decomposition method to quasincompressible
material with discontinuous pressure field

In this paper we deal with the case of discontinuous presm&ids at the interface
of substructures. The pressure field inside substructuagmeither continuous (e.g.
hexahedral); — Q1) or not (e.g. hexahedrg)s — P;). In the case of continuous pres-
sure field inside substructure, such a model correspondsysiqal decompositions
between stuck pieces (whatever their material may be, mtgyface between steel and
elastomer or two different elastomers or two different pgof the same elastomer).
Hence all pressure degrees of freedom are consideredahtern

For the following equationsandb stand for internal and boundary displacement
degree of freedony, for pressure degree of freedom. Since pressure is condidere
as an internal field, the condensation shown in (6) can b&egbht the substructure
scale (if not yet realized at the element scale) without fiyirttj the global problem.
The interface problem then reads:

S="B®®peT b=3 BOH)
Su = bwith 59 = B - RO(RE)1 K [12]

b = fY = Ky (B

The expression of the matrices and vectors above is the sieof equation (6):

(s (s s s s)~1 s s s s)~1 s
()< (oo e -
L A N N R N
()< ()
fbS fb _Kbp Kp_plfp
[13]

Note above all that the resulting stiffness scalii§’ is built from the diagonal
~ —1
K, that is to say from the diagonal of the matfii ;) — KZSZ)KI()Z) K;()IS)))'

However if we do not condense the pressure, we have:

K K{Z’ K

KO =| \ K K K [14]
s s (s)
Ky K, Ky
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S:Z s)S(S)B(s)T b—ZB s)bs

() o) ()

(3) (s) S) Ku K Kib

Su = bwith =K ( Ky, ) ( (s) <p> ) ( K
pz

R O A

= ® <p ) 10
pz

[15]

Note that scaling matriX)(®) associated to the non-condensed pressure problem
is then directly built from thd{(s) matrix.

Both problems (whether the pressure is condensed or nogcaral: S = S,
b = b. Itis then abnormal that scaling matrices should diffét) # D(*). In fact the
condensation of the pressure nodes leads to an overestmeéthe stiffness; we then
propose two different scalings which work fine whether theéamals are compressible

or not. The first one is built from thé(lglf) diagonal (before condensation). Since

obtaining this information may not be easy when using eld@rseale condensation,

we propose a second scaling, simpler but even better, whibhsed on the shearing
()

M]

Z (k) *

modulusy of the different material®; () —

Table (1) summarizes the performance of the different sgalfor the industrial
structure described section (5). The element used is arhbdxa), — P; (27 dis-
placement nodeg, internal pressure nodes). The new scalings show theireffiyi
they even manage to achieve better results than the corguuéditthe homogeneous

-1
structure. The effect of the perturbationKéz)Kz(,f,) Kz(jj)) introduced by the con-
densation can be observed on the usual stiffness scaliagettiurbation is bigger for
the second system then it requires much more iterationsneecge.

Decomposition Type of scaling Number of iterations
First system| Second systen
6a-1r (6 proc.) Topological 290 > 1000
6a-1r (6 proc.) Usual stiffnesg D) 120 726
6a-1r (6 proc.)| Stiffness before condensatigh 48 44
6a-1r (6 proc.) Shearing modulus 43 39
| 6a-1r (6 proc.)| Homogeneous structure || 93 116 |

Table 1. Action of the scaling - mixed elemep — P,

NoTE. — Of course, the same analysis can be conducted from thedduain de-
composition method (FETI algorithm). New dual scalings bamefined on the basis
of the same principle, they proved similar efficiency.
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4. Krylov acceleration strategy: GIRKS

The context of the study is the resolution of a successiome#l systems, let us
consider the solving of thék + 1) systemS*+1y++1 = pF+1 the aim of the fol-
lowing strategy is to reuse the information generated dyttie resolution of previous
systems to solve the current system. The resolution of adisgstem with a Krylov
iterative solver leads to the construction of at least orsisb& **! of the Krylov sub-
space for which th@*+1 = Whk+17 gk+1j7k+1 matrix is easily invertible. In the
case of a Conjugate Gradient, note thiat+! is then the set of research directions
andI'*+! a diagonal matrix.

The GIRKS algorithm is a generalization of augmented Kndalispace methods
for multiple right hand sides [SAA 87] to the case of non-in&at matrices (multiple
left hand sides). It has two distinct actions, first an ifitaion IRKS and a correction
of the preconditioner GKC.

The IRKS algorithm (lterative reuse of Krylov subspacesJRD]) is based upon
an iterative approach making it possible to evaluate at lost a relevant initialization
of a linear system with respect to previously generated drglubspaces. Once the
initialization stage is complete, the algorithm is subjed restarting procedure which
can be considered as a Conjugate Gradient algorithm augohetith the Krylov sub-
space generated during the initialization stage. The GKénétalized Krylov Cor-
rection [REY 96]) algorithm corrects the preconditionelying approximatively an
optimal preconditioning problem.

Figure (4) gives the complete algorithm of projected preiitioned conjugate gra-
dient with GIRKS acceleration.

5. Study of the flexible bearing
5.1. Description

The orientation of the nozzle of a booster is achieved witlexilfle bearing. This
bearing is a stratified structure with thin spherical steel alastomer layers, it is
maintained by two metallic supports. The flexible bearingsuedy (fig. 2) was
proposed by SNECMA Moteurs, it was designed to let the bagkdif steel layers
appear. This buckling was observed when performing an erpetal study of the
solid propellant booster of Ariane 5 rocket.

The structure is clamped on one external ring, a radial dcgghent imposed on
one point at the bottom of the nozzle models the turning log@® degrees), 4aMPa
pressure due to the gases is imposed at the top of the flexablenlg (fig. 3). The
resolution is conducted in two steps: first the turning peablis solved using two
nonlinear incrementsl( linear systems), then the compression problem is solved
with 4 nonlinear increments3{ linear systems) ot0 nonlinear incrementstg linear
systems) whether we want the buckling to appear or not.
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k linear system$Su? = b?),=1, ., Were solved
for the (¢)*" linear system, we note
W = {wg,...,w?,_, } set of research directions
r? = dim(W?)
v = war'seawe (diagonal matrix)
s? ponderation term (most often 1)

Solution to the (k + 1) system

1. IRKS approach
1.1 Initialization
tp = G(GTSG)~'GTb + Py
7o = b — Stg
1.2 TIterations:=0,...,p /2, =0

k
2, =P | waretwaT | 7
qg=1
A R i-1 R R N (24,505)
w; = 2; + Zo Yij Wy (wo = 2’0) Yijg = — (w}y,sw]j)
j=

Tip1 = T + W,
721'+1 = 721 — &ZSUA)l
1.3 End of IRKS
V= {’wo, ce ,wp_l}
A = VTSV (diagonal matrix)
Q = Id — VA~'VTS projection matrix

A (Py24)
X = T, 5w

2. Conjugate Gradient with GKC
2.1 Initialization
To = Tpy1
To = Tpt1
2.2 Iterationsi=0,...,s
yi=M"1r;
Successive corrections ¢ =1,...,k
7 = sawaretwaTy, — ware—tyaT gay it
yi =yl 47

_ k
zi = QPy;
i—1
wi =z + Y Yijw; (wo = 20)
Jj=0
o (zi,Sws)
Tit1 = T + ow; Yii = T Tw,;,5w;)
Tip1 =T — Sw; | q; = (IE;thSZ;)v)
(2] k3

Figure 1. Algorithm: GIRKS with Projected Preconditioned Conjug&tadient
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Figure 2. 3D view of flexible bearing  Figure 3. Axial view of reference and de-
formed structure

Resulting from the identification of the materials, simptmstitutive laws were
chosen. Steel is defined using a Saint-Venant—Kirchoff m@@eing modulusk =
2.10° MPa, Poisson’s coefficient = 0.3). Nearly incompressible elastomer is de-
fined using a Mooney-Rivlin elastic potential'(, = 0.2 MPa, Cyp; = 0. MPa,
K = 2000 MPa).

Many difficulties arise when carrying out the numerical siation of this flexible
bearing, first non-linearities due to the large strainsjibktabilities and the behaviour
of the elastomer, second, the high heterogeneifieegrees of magnitude separate
the shearing moduli) and last the large and massive aspélisctfD problem. The
simulation is conducted using@@ hexahedral finite elemer2{ displacement nodes)
for steel and &) — Q1 hexahedral finite elemernt{ displacement node8,pressure
nodes) for elastomer, which leads@@000 degrees of freedom.

5.2. Mechanical results

Buckling case ——
1800 £ Non buckiing case -~ ]

The turning stiffness (fig. 4)
decreases when the pressure ing |
side the booster increases, it cari
even become negative (the erxi—fg
ble bearing is then driving). This =
evolution, caused by the displace- !
ment of pieces, is properly simu- o s 1 15 2 25 s a5 4
lated during the computation. e

1200 -

Figure 4. Turning stiffness

According to experimental results, the buckling is computader a3 MPa pres-
sure. Buckling causes bifurcations of the displacementofespoints (fig. 5, 6).
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113

Buckling case ——
12 Non buckling case -

111

11+
109
10.8
10.7
10.6 -
10.5

u_y (mm)

. . . . . . .
0 05 1 15 2 25 3 35 4
Pressure (MPa)

Figure 5. Buckling of one reinforcementFigure 6. Radial displacement of an inter-
nal boundary point of a reinforcement

5.3. Decompositions used for the parallel simulation

The geometry of the structure is axisymmetric (while thedlog is not). Sub-
structures are hand-made decomposing either the axidbisent the rotation. The
nomenclature of a decomposition realia-Mr where N stands for the number of
substructures in the axial sectialy, for the number of substructures in the rotation.

Figure 7. 17a decomposition Figure 8. 3a-6r decomposition

In the case of rotation-decomposed substructures, peessdiscontinuous at the
elastomer/elastomer interface and continuous insidersgbsres. However, mechan-
ical results are identical whatever the decomposition.

6. Numerical results
All computations presented here were realized on the SGIGINRR000 of the

Péle de Calcul Paris Sud. We compare performance leveltédouckling and non-
buckling problems, of classical primal approach, GIRK8nad approach and direct
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sequential approach. The direct sequential solver reg|8i&7s to solve one linear
system.

6.1. Non-buckling problem
As said before, this loading history leads to the computadiods linear systems

with different matrices and right hand sides. The direcusedal approach is com-
pleted in115h30min. Parallel performance results are given in table (2).

Problem Aver. CPU time (s) /sys| It.nb Gain
Decomposition || Method || Factorization] Total || Aver/sys| Seq./Par.
17a-1r (17 proc.)| Primal 14.5 140.7 164 61.6
17a-1r (17 proc.)| GIRKS 145 78 50 111.1
6a-3r (18 proc.) || Primal 22.4 412.8 398 21
6a-3r (18 proc.) || GIRKS 22.4 256.7 183 33.7
3a-6r (18 proc.) || Primal 144 939.2 362 9.2
3a-6r (18 proc.) || GIRKS 144 400.9 120 21.6

Table 2. Numerical performance Parallel/Sequential (non-budl)in

As can be seen, performance levels strongly depend on theesabfithe decompo-
sition though the number of subdomains is almost constam. f&ctors justify these
variations, first the heterogeneity of the interface (deggositions giving best results
contain only mono-material substructures with differemttenials facing, while less
efficient decompositions possess multi-materials inbegavith same materials fac-
ing), second the aspect ratio of substructures (due to therlsparsity of matrices,
massive substructures involve longer computation timerfatrix manipulation).

The Krylov acceleration strategy leads to significant spged The CPU time,
thanks to the use of GIRKS, increases frd&¥ to 58%. GIRKS enables to solve up
to 111 times faster the non-linear problem than the sequentiabagh using onlyl 7
processors.

Figures (9) and (10) respectively show the evolution of therage number of
conjugate gradient iterations and the associated averagei@ie to solve each linear
system. Due to the very low cost of GIRKS, iterations and CPhktgraphs are
quite similar. As can be seen, the action of GIRKS grows asthdinear system
number increases due to the increasing size of the storeld\Ksybspaces. In the
course of the non-linear resolution, it may occur that tfierimation stored in Krylov
subspaces becomes non-relevant and leads to a perturleatitimg to stagnation. The
linear resolution is then restarted with deletion of thelkstaf Krylov subspaces. The
restarting procedure can be observed on figure (9) when twdspare associated to
the same linear system.
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Figure 9. GIRKS: nb of iterations  Figure 10. GIRKS: CPU time

6.2. Buckling problem

This loading history leads to the computation3gflinear systems with different
matrices and right hand sides. The direct sequential apprisacompleted irg89h.
The performance results of the parallel approaches aren givéable (3). For the
buckling problem, GIRKS is not as efficient as for the pregiguoblem, but it still
has a positive impact. The best result is then a resolutiotimes faster than the
sequential approach using orily processors.

Problem Aver. CPU time (s) /sys| It.nb Gain
Decomposition || Method || Factorization| Total || Aver/sys| Seq./Par.
17a-1r (17 proc.)| Primal 14.9 139 162 62.3
17a-1r (17 proc.)| GIRKS 14.9 130 102 66.7

Table 3. Numerical performance Parallel/Sequential (buckling)

7. Conclusion

In this paper we considered the resolution of highly hetenegus structures in-
volving quasi-incompressible materials with a primal damaéecomposition method.
We extended the definition of scaling matrices to the caseenpressure is condensed,
restoring the scalability of the method to this class of peots. The resolution of the
challenging assessment was successfully achieved usimegvioN-Krylov approach.
We showed that the reuse of Krylov subspaces with the GIRg&#&hm always lead
to better performance, the speed-up compared to the dagpsimal approach can be
60%. Compared to the direct sequential approach, the resoligioonducted in the
best casé 11 times faster using only 17 processors. In order to avoidhstégn and
restarting associated to GIRKS, we now develop new Krylaseestrategies based
on an exact coarse grid solver. Due to the significant contiputa cost of this new
approach we couple it with a selective reuse of Krylov subepdased on a spectral
analysis of the linear systems [GOS 02].
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