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ON THE GROSS-PITAEVSKII EQUATION FOR TRAPPED
DIPOLAR QUANTUM GASES

REMI CARLES, PETER A. MARKOWICH, AND CHRISTOF SPARBER

ABSTRACT. We study the time-dependent Gross—Pitaevskii equation describ-
ing Bose—FEinstein condensation of trapped dipolar quantum gases. Existence
and uniqueness as well as the possible blow-up of solutions are studied. More-
over, we discuss the problem of dimension-reduction for this nonlinear and
nonlocal Schrédinger equation.

1. INTRODUCTION

The success of atomic Bose—Einstein condensation has stimulated great interest
in the properties of trapped quantum gases. Recent developments in the manip-
ulation of such ultra-cold atoms have paved the way towards Bose—Einstein con-
densation in atomic gases where dipole-dipole interactions between the particles
are important. In [21] Yi and You were the first to introduce a pseudo-potential
appropriate to describe such systems in which particles interact via short-range
repulsive forces and long-range (partly attractive) dipolar forces. Describing the
corresponding Bose—Einstein condensates within the realm of the Gross—Pitaevskii
(mean field) approximation, one is led to the following nonlinear Schrédinger equa-
tion for the macroscopic wave function of the condensate [13, 16, 17, 22, 23]:

2
(L1) B0+ 5By = V(@) + gluPy+ @ (K [) y, = R8>0,

where |g| = 47h®*N|a|/m. Here, we denote by N the total number of particles
within the condensate, whereas m denotes the mass of an individual particle and a
its corresponding scattering length (which can be experimentally tuned to be either
positive or negative). The wave function 1 is then normalized, such that |[¢[|2, = 1.
The potential V(z), for z = (21,72, 73) € R3, describes the electromagnetic trap
for the condensate and is usually chosen to be a harmonic confinement, i.e.

(1.2) V(z) = % (w2} + wiz) + wia3) .

The real-valued constants wi,ws,ws then represent the corresponding trap fre-

quency in each spatial direction. Finally, d denotes the dipole moment (in Gaussian
units) and

1 —3cos?6
1.3 K =
(13) i
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where 0 stands for the angle between z € R? and the dipole axis n € R?, with
|n| = 1. In other words 6 is defined via
cosf ="
||

To our knowledge a rigorous mathematical study of (1.1) has not been given so far.
Note that the interaction kernel (1.3) is indeed highly singular and it is therefore
not clear a priori if the corresponding convolution operator is well defined. In
particular, not even the existence and uniqueness of solutions to (1.1) has been
established yet, and it will be one of the main tasks of this work to do so. Moreover,
we shall be interested in the mathematical problem of dimension reduction. Quasi
two-dimensional (pancake shaped) or even quasi one-dimensional (cigar shaped)
Bose—-Einstein condensates can be obtained experimentally by appropriately tuning
the trap-frequencies wq,ws,ws. The mathematical derivation of effective models in
lower dimensions via the corresponding scaling limits is therefore of great practical
importance.

For the mathematical analysis it is more convenient to rescale (1.1) in dimen-
sionless form (see e.g. [3]), to arrive at the following model

(L) 0+ 50 = V@) + APy + e (K [0P) ¥,z € R,

where \; = 4maN/ag and \g = d*/(hwoa3). Here, we denote by ag = \/h/mwy the
ground state length of a harmonic oscillator corresponding to wy = %(wl +ws +ws).
In the upcoming analysis A;, A2 will simply be assumed to be two given, real-valued
parameters.

The paper is then organized as follows: We start by collecting several properties
of the interaction kernel K in Section 2. After that, we set up a local in time
existence theory in Section 3, before proving several different global existence results
in Section 4. Section 5 is devoted to the question of finite time blow-up of solutions
and also includes an additional global in time existence result for rather particular
circumstances. Finally, we shall study the dimensional reduction of our model in
Section 6.

2. SOME PROPERTIES OF THE DIPOLE KERNEL

To simplify notations, we shall from now on assume, without restriction of gen-
erality, that n = (0,0, 1). The dipole-interaction kernel K then reads:
x3 + 23 — 223
|[®
Even though this kernel is highly singular (like 1/|z|®), it defines a rather smooth
operator. The technical reason for this is that the average of K vanishes on spheres.

(2.1) K(z) =

Lemma 2.1. The operator K : u +— K xu can be extended as a continuous operator
on LP(R?) for all 1 < p < oo.

2
Proof. We notice that Q : x +— 1 — 3cos?f = 1 — 3% is Lipschitzean on S?,
homogeneous of degree zero, and

for z € R3. We also note that the average of { on spheres vanishes:

[a-o
s2

The lemma then follows from the Calderén—Zygmund Theorem (see e.g. [18]). O
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Remark 2.2. The fact that the average of K vanishes on S? implies that the
dipole-nonlinearity vanishes when applied to radially symmetric wave functions
1 = ¢(|x]). In this case (1.4) simplifies to the classical (cubic nonlinear) Gross—
Pitaevskii equation.

The continuity at the L?-level can also be seen by computing the Fourier trans-
form of K, which turns out to be essentially bounded, i.c. K € L*(R3). In the
following we shall use the explicit formula for this Fourier transform several times,
see also [13, 10].

Lemma 2.3. Define the Fourier transform on the Schwartz space as
Fu(§) =u() = / e~ ly(x)dr, uec SR).
R3

Then the Fourier transform of K is given by

4 ) Cdm (& CAr (283 - - &
(5)_?(3(:05 @—1)—?( W—l)—?(T),

=)

where © stands for the angle between & and the dipole axis n = (0,0,1).
Proof. We use the decomposition of e~%'¢ into spherical harmonics
o0
=€ = 37 () (2m + 1) (J2l€]) P (08 )
m=0

where j,,, and P, stand for the spherical Bessel function and Legendre polynomial of
order m, respectively, and ¢ denotes the angle between z and £, i.e. z-& = |z||{| cos ¢
(see e.g. [1]). Denoting by w and w’ the corresponding spherical coordinates of x

and &, respectively, we shall further expand P, via

m

47

Prm(cos¢) = o=~ Y Y (@) Yom (W),
=

—-m
where Yy, are the spherical harmonics. Note that, since
Py(z) = L (32% —1)
2 )

we have the following identity

Py(cosf At Y-
K(x) = -2 2(6038 ) _ o 47 20(;})7
|| 5 |z

where we recall that 6 is the angle between = and the dipole axis n.
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Putting all of this together we can compute the Fourier transform of K via

/RJZ (2 + 1) (12l[€]) P (cos 6) K () du

4 o 1
:—2\/72 2m+1)/0 jm(r|§|)r—3r2d7°><

/ P (0050) Yoo () ()

:_2\/52 em+ 1) [ nlrle)

Qm—i-l/w€S2 Z Yo (@) Yem (w') Yoo (w) dS(w)

NEIEED 5 [ alrle) 5 x o)

where in the last equality we have used the fact that the {Yy,,} form an orthonormal
basis of L2(S?). We thus have, for £ # 0,

(@ = sm[Tvet) [ itried T = smps cos) [ i

=47 (3cos®© — 1) / jg(?‘)%.
0

It remains to compute the radial integral in this formula. In view of the identity
4 () _ )
dr \_ r r’

o dr . o dr . n(R)
/0 32{r) v R0 R 2{r) r Ro0 R

we have

Recalling that

sinR  cosR
7R = R
we thus find fo jo(r)/rdr = 1/3, which finishes the proof. O

3. LOCAL IN TIME EXISTENCE

In view of the forthcoming dimension reduction analysis in Section 6, we allow
the spatial dimension to be smaller than three and consider, instead of (1.4), the
following initial value problem

0+ 580 = Valw)y + NP + do (Kax [9) ¥, o € BY

¥l,_o =),

where 1 < d < 3. We assume A1, Ay € R and the potential V; to be quadratic in d
dimensions, i.e.

(3.1)

(3.2) ij z;, wj€eR

The interaction kernel K, will not be specified in detail (except that K3 = K).
Rather, we shall only assume that the operator Ky : u — K4 * u is bounded on
L?(R%), a property already known to be satisfied in d = 3, see Lemma 2.1. In
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d = 1,2 we shall check that this holds true after we succeeded in deriving the
precise expressions of Ky via dimension reduction.

The following two important physical quantities are formally conserved by the
time-evolution associated to (3.1):

(3.3) Mass: M =|1(t)]|2..
A
(34)  Bnergy: E=p Vo)l + [ Valo)lot o)Pdo+ (oL
Rd
A
+ 2 [ (Kax o) (a)lot.a) P,

Note that for the conservation of energy (which can be derived formally by multi-
plying (3.1) by 9y, taking real parts and integrating in z), we use the fact that K
is even. These two quantities naturally lead to the introduction of an energy space
associated with the linear case A\y = Ay = 0:

S={ue L’®RY); ulf = llulZ: + | VulZ + JeulZ. < oo}

Let us ignore the dipole nonlinearity for the moment: Ao = 0. X is a natural space
to study (3.1), where several results concerning the Cauchy problem are available
(see e.g. [9]). Moreover, it is known that working only in L?(R?) is not sufficient to
prove (local) well-posedness; see e.g. [7] and references therein. Also note that the
Cauchy problem is ill-posed in H'(R%), due to the rotation of phase space induced
by the harmonic oscillator (see [8] for both linear and nonlinear cases). However,
including the dipole-nonlinearity in this setting is not completely straightforward as
we can not allow for any (weak) derivative to be put on K, since the corresponding
convolution operator is no longer well defined. The only possible way to circumvent
this problem seems to be the use of Strichartz estimates. To this end, we shall
introduce in the following subsection the main technical tools needed later on in
the local existence proof.

3.1. Technical preliminaries. Let 1 < d < 3, and V; be quadratic as in (3.2).
Introduce the group

. 1
Ut)=e ™ where H = —§A + Vg,

which generates the time-evolution for the linear problem. We first remark that
in view of Mehler’s formula (see e.g. [10]), the group U(+) is not only bounded on
L?(R?), but also enjoys dispersive properties for small time. More precisely it holds

C
(3.5) U @)@l Lo (ray < MT/QHSQHLI(W), for [t] <9,

for some § > 0. Note that for an harmonic potential as in (3.2), 0 is necessarily
finite, since H has eigenvalues.

Remark 3.1. This dispersive estimate (3.5) turns out to be valid for external
potentials which are not exactly quadratic (nor even positive): it suffices to have
Vy € C=(R% R) with 02V, € L>(R?) as soon as |a| > 2 for the above estimate to
remain valid. In that case, the proofs we present below remain valid, see e.g. [0]
and references therein.

An important consequence of the dispersive estimate (3.5), and of the fact that
U(-) is unitary on L2, is the existence of Strichartz estimates, which require the
following definition of admissible index pairs.
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Definition 3.2. A pair (¢,r) is admissible if 2 < r < d2_:12 (resp. 2 < r < oo if
d=1,2<r<ooifd=2)and

2 sy —a(3-1).

Following [11, 20, 15], we have:

Lemma 3.3 (Strichartz estimates). Let (¢,7), (q1,71) and (q2,72) be admissible
pairs. Let I be some finite time interval containing the origin, 0 € I.
1. There exists C,. = C(r,I), such that for any ¢ € L*(R?) it holds

(3.6) IUON acrry < Crllell e

2. There exists Cy, ., = C(r1,72,1), such that for any F € L% (I; L") it holds

/ Ult — 5)F(s)ds
IN{s<t}

As underscored above, taking for ¢ an eigenfunction of the (anisotropic) har-
monic oscillator shows that in general the constants C, and C,, ,, do depend on
the length of the time interval I, unless all the w;’s in (3.2) are zero.

(3.7) <Cr

1,72 HF”Lqé(I;LTé) :
L1 (L)

In the following we shall use two special admissible index pairs to apply the
above lemma, namely

(3.8) (¢,7) = (50,2) and (q,r):(%,él).

The idea for the proofs of local in time existence and uniqueness is then to apply
a fixed point argument on the Duhamel’s formula associated to (3.1). This step
turns out to follow exactly the same lines as in the proof of local existence without
dipole, A2 = 0. To this end Strichartz estimates based on (3.8) will be invoked
several times.

3.2. Constructing a local solution in the energy space. With the above
technical tools in hand we can now state the first main result of this work.

Proposition 3.4. Let 1 < d < 3, Vg be quadratic, \1, Ao € R, and ¢ € X. Assume
that the operator Kq : u + Kgq* u is bounded on L?>(R?). Then there exists T,

depending only on (upper bounds for) ||¢lls, such that (3.1) has a unique solution
¥ € Xp, where

Xr={¥ € C(0,T1:D) ; %, Vo,av € C((0.T); LAR") 1 L¥([0, T); L*(R?) } .

Moreover, the mass M and the energy E, defined in (3.3), (3.4), are conserved for
te0,T].

The space L% ([0, T]; L* (R?)) is here to ensure uniqueness. The appearance
of this space will become clear during the course of the proof. The main technical
remark is that since Ky is continuous on L?(R?) by assumption, the nonlocal term
in (3.1) can be estimated like the local cubic nonlinearity.

Proof. The proof of the conservations of mass and energy is omitted here. We refer
to [9] for a general argument, easy to adapt to the present case. Now, consider
Duhamel’s formula associated to (3.1)

t

Y(t) =U(t)so—m/0 U(t—s) (Iv]*) (s)ds—m/ U(t—s) ((Kax [0*) ) (s)ds,

0
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and denote ®(1)(t) = U(t)p + S1(t) + S2(t), with
t
S(t) = —ids / Ut — s) (1) (s)ds,
0

Sa(t) = i)\g/o Ut —s) ((Kq = [0]*) ¥) (s)ds.

Since at this stage, we are interested in a local result only, we may assume that
T €]0,1]. For ¢ € X, let R = ||¢||s, and introduce

Xr(R)={y € X1 ; [|A¢[lr=(o,1);22) < 4C2R,
and HA’L/JHLS/d([O,T];L‘l) <4C4R, VA€ {Id, V, x}}

The constants Co and C4 are those which appear in the first point of Lemma 3.3,
with I = [0,1]. Apart from them we shall in the following denote all the irrelevant
constants by C', whose value may therefore change from one line to another.

To prove Proposition 3.4, we first show that for T' €]0, 1] sufficiently small, ®
leaves X7 (R) invariant. Then, up to demanding 7' to be even smaller, we show
that ® is a contraction on X7(R), for the topology of L8/4([0,T]; L*). As remarked

n [14], X7 (R), equipped with this topology, is complete, and thus Proposition 3.4
follows, since T" will only depend on d and R.

Step 1 (stability): Let ¢ € Xr(R) and denote LLL" = L9([0,T]; L"(R9)). The
Strichartz estimates yield:
@) Lsere < NUC)@llpsore + [1S1llneerz + 152l Lo 2

<R+ Oy H|1/)|21/)HL8T/<s—d)L4/3 + O ||(Ka = [0?) 1/)HL8T/<s—d)L4/3 ,
Similarly, it holds
I8 o0 < CoR+ Ca 106l oy + Caa (K 1) ] 00

We shall only work on the latter estimate as the L L? estimate can handled exactly
in the same way. Denote (¢, r) = (8/d,4) and remark the following identities
3 1 3 8—d 1 2 8
3.9 —=—==-; — = —, with k = ——.
(39) A 8 q k’ b 4—d
Hoélder’s inequality thus yields
H|1/’|21/’||L8T/<8*d>L4/3 < ||¢||%I;LTH7/)||L“TLT-

By assumption, the operator g : u — Ky * |u|? is bounded on L?(R%) and so we
have (recall that r = 4):

(B 1) e e < 1B 00 g g
< CNWP vz 1l Lgzr < ClUONTx o1 ] g 2

We note that this is exactly the same estimate as for the local cubic term, up to
the norm of /4. From Sobolev embedding (in space), we get

||1/’HL’;LT < C”'L/JHL’%Hl < CTl/k||1/’HL§S’H1 < CTl/kC2R-

1
=—+
q

Therefore,
|®(4)||zarr < CaR+ CT**R?,
and if 7' €]0, 1] is sufficiently small, |®(¢)| 1 - < 4C4R.
Next, to estimate V®(1)), we denote by [A, B] = AB— BA the usual commutator
and compute

! [x,A] = V.

V. H] = [V, V]=VV, [2H] =3
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By assumption, |VV(x)| < C|z|, which shows that we will indeed get a closed
family of estimates for V®(1)) and z®(¢)). For instance,

VEW)(E) = UV =i [ U= 97 () ()ds
(3.10) - i)\g/o U(t—s)V ((Kd * |1/)|2) 1/)) (s)ds
- z/o Ut — 5) (B((s))VV) ds
From the Strichartz estimates, we thus have

[U()Vellpsgr: < CoR,

and for the local cubic nonlinearity we get

H/ Ut =)V ([¢[*) (s)ds

< CaalI¥ (P9 < C NIV g
< ClINZe o IVEllLg L < CRIWIT s 1
< CTQ/kR3,

where we have used the same computations as above, on ®(¢). For the dipole-
nonlinearity, we similarly obtain

t
H/O Ut — 5)V ((Ka * [4]2) v) (s)dsHL?LZ < Coa |9 (s [92) )|y .
< O (K # 10) 0l o + € [ (e TI0) ] g
< CIEax [Pl eIV llg e + CllEa* VIRPH arasaimr ¥l e
OBl 22 IVO g or + CIVIPH asaemr o 10l g e
C||1/1||%’;Lr||vl/f||LqTLr + C||7/’V7/)||L;3/q+1/k>*1y/z ol e e
<ONNTs IVl g 1 < ORI, 1o < CTFR.

N

/N

This is the same type of estimate as for the local cubic term. Finally, the last term
in (3.10) is estimated by

H / (4= ) BTV ds| < Conl@(@) TVl 10 < OT[eB() 17 2o

All in all, we find:
IV®() || 1oz < CaR + CT*R3 + CT||a® ()| pe 2.
Analogously we obtain (with slightly shorter computations)
2@ (¥) || zor2 < CaR + CT?*R3 + CT||V®(4)|| 1o 2.

Summing up these two inequalities and taking T €]0, 1] sufficiently small, we arrive
at

IVO(W)lser2 + @)l L5 12 < 4C2R,

and using the Strichartz estimates again, we also have
IV® ()|l Lo < CaR+ CT**R® + CT||a®(4h)| Lo 12,
|2® ()| Lo, < CaR+ CT**R® + CT||VR()|| Lo 12

Up to taking T even smaller, we therefore see that ® leaves Xp(R) stable.
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Step 2 (contraction): For ¢1 and 19 in X7 (R), we have, from Strichartz estimates
and the above computations,

[@(h1) — @)l pa. v
< Caallln*n = [l ol oo + Caall(Ka s [9n]*) ¥ — (Ka* [2]*) b2l 1y o
<O (l” + [92l?) [r = ol g o + C | (Kax (Je]” = [02]%)) n] g
+ C || (Ka * [92]?) (1 — ¢2)HL2F’LT,
<CT**R?||opy — Pollpa - + C ||lnf? - |1/12|2HL<Tl/q+1/kr1U 11l s o
+ CT**R?|[4p1 — 4ol g 1r
SCTY*R?||¢n — 2l Ly L

Therefore, ® is a contraction provided that T is sufficiently small, and hence the
result follows. 0

4. GLOBAL IN TIME EXISTENCE RESULTS

Having established the existence and uniqueness of solutions to (3.1) locally in
time, we now turn our attention to global in time results. To this end we first note
that the only obstruction for global existence in X is the possible unboundedness of
V4 in L?(R%). Indeed, in R? with 1 < d < 3, the Gagliardo-Nirenberg inequality
(see e.g. [9]) yields

lullze < Cllull 7z [Vullfs.
Thus, the boundedness of K4 on L%(R?) together with the Cauchy-Schwarz in-
equality implies

\ [ (Bax ) @lu@) | < Ko s | 1] o < Clull

< Cllullzz [IVal g,

(4.1)

where we have used Gagliardo-Nirenberg inequalities. So we see that in view of the
conservation of the mass, the (conserved) energy is the sum of four terms, three of
which are bounded provided that V¢ remains bounded in L?(R%). Therefore, the
fourth term is bounded, that is, 1(¢,z) is bounded in L%(R?). This shows that
unless ||V (t)]| 2 becomes unbounded, ||¢(t)||s is a continuous function of ¢ > 0.
This directly yields the following corollary:

Corollary 4.1. Under the same assumptions as in Proposition 3.4, there exists a
T, € Ry U{oo}, such that (3.1) has a unique maximal solution in

{veco,nl®) s v, Ve,a0 € C(l0, T ARY) 0 L (0, T LY R |

loc

such that v¥j—g = @. It is mazimal in the sense that if T, < oo, then

IVl = +oo.

Having in mind this result, we are now able to study the global in time existence
of solutions to (3.1) depending on the spatial dimension. In the following we shall
first treat the case d = 1, where the picture is much more concise, before moving on
to the case d = 3 (the case d = 2, is similar to the one of three spatial dimensions
and thus omitted for simplicity). Note that, in view of the dimensional reduction
discussed in Section 6, the one-dimensional case is not purely academic.
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4.1. Global existence for d = 1. When d = 1, the solution constructed in the
previous section indeed exists for all time. More precisely we have:

Corollary 4.2. Suppose that in Proposition 3.4, d = 1. Then the solution to (3.1)
is global in time, i.e. T, = oo in Corollary 4.1.

Proof. This result stems from Gagliardo—Nirenberg inequality, like its classical
counterpart when Ao = 0. In view of Corollary 4.1, we just need an a priori
estimate for ||[Vi(t)| 2. Indeed the conservation of energy yields

IV ®)IIZ < 2E + Ml ()]s + Al

/R (K1 [9) (8, @) (L, @) *da
<2E + Cllo()]1 72V ()]l 2,

where we have again used the estimates (4.1). Since M = ||4(¢)||3, is constant in
time, this inequality directly shows that ||V (¢)|| 2 remains bounded and hence
the result is proven. O

When d = 1, a more general setting is possible, which allows us to work with
initial data that are only in L? but not necessarily in ¥ (corresponding to solutions
with possibly infinite energy). The following result is an adaptation of the main
result in [19].

Theorem 4.3. Let d = 1, Vi be quadratic, and A\, 2 € R. Assume that the
operator K1 : u — Kj *u is bounded on L?(R). Then, for any ¢ € L*(R), (3.1) has

a unique solution
Y€ C(Ry; L) N LY, (Ry; L (R)).

loc

Moreover its total mass M is independent of t > 0.

Proof. We shall first prove that there exists a 7', depending only on [|¢||.2(®), such
that (3.1) has a unique solution

Y e C([0,T);L*) nL?([0,T); L* (R)),

To this end we resume the same scheme as in the proof of Proposition 3.4 above,
but now R = ||¢||2 and

Yr(R) = {4 € L>([0,T); L*) N L3([0, T L) 5 9] o< (po,77:22) < 2C2R,
and ||| s(j0,7):04) < 2C4R}.

We simply notice that for d = 1, the identities (3.9) yield k£ = 8/3, and so Holder’s
inequality in time implies

[llpgrr = 190l sya e < TV g e = T4 1]l g -

Following the same lines as in the previous paragraph, we see that ® leaves Yr(R)
stable, provided that T is sufficiently small. The proof of contraction is the same as
in the previous paragraph, up to the modification of the estimate for ||¢| & ,-. This
yields a local in time existence and uniqueness result and since the existence time
depends only on ||¢||r2r), the conservation of the total mass M directly implies
the global in time existence. (|

In summary the Gross—Pitaevskii equation (3.1) is globally well-posed for d = 1.
The three dimensional case is more involved, though, as we shall see.
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4.2. Global existence for d = 3 (stable regime). We can now turn to the
physically most important case d = 3.

Theorem 4.4. Under the same assumptions as in Proposition 3.4, suppose that in
addition \1 > 4%/\2 > 0. Then the solution is global in time, i.e. T, = c0.

In the following, the situation where A\ > 4?’7/\2 > 0 will be called the stable
regime (note that Ao > 0 corresponds to the actual physical situation).

Proof. We first note that from Plancherel’s formula for p = [1|? we get

H¢@Hﬁ4:Hp@Wi2:E5%§HﬂUH§-

Then we simply use the conservation of the energy E, as defined in (3.4), to estimate
VeIt =28~ [ va@lotta)lde = Mol
o [ (0P (Lot o

<2F —

(27103 /]R (M + 2R ©) 5(6)2de,

invoking the above given identity. Recalling the explicit formula for K computed
in Lemma 2.3, we obtain

~ N 47 ~
[, (we k@) ipopac [ (n- 5 ) ook
R3 R3
By assumption, this quantity is non-negative and hence the a prior: estimate
IVe@)l7: <2E
holds true. The result then follows directly from Corollary 4.1. (]

Having established this result, it is natural to ask what happens in the unstable
regime A\; < 4?’7/\2. As will shall see, in general we cannot expect a global in time
result there, since finite time blow-up of solutions (in the sense of Corollary 4.1)
may occur. In particular, it is clear that if blow-up occurs, then the problem of
dimension reduction ceases to make sense. The next section is devoted to the study
of this problem.

5. THE UNSTABLE REGIME

When d = 3 (or 2), the solution constructed in Proposition 3.4 need not remain
in ¥ for all time. This will be seen from using a general virial computation (see [9])
and following the approach by Zakharov [24] and Glassey [12].

5.1. Finite time blow-up. As a preliminary, we check that the energy F may be
negative.

Lemma 5.1. Let d = 3. Assume that
4
A < ?)\2
There exists ¢ € ¥ such that E < 0, where the energy E is as in Proposition 3.4.

Proof. We first rewrite the last term in the energy, thanks to Plancherel formula:

[ 10P) @leta)Pde = s [ Ri©Ip©)Pde,
R3 R3

1
@)
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where we have denoted p = |p|?. In view of Lemma 2.3, we infer

[, 1) @lptofas = o [ (355 1) lptopae

The idea of the proof then consists in choosing ¢ so that p has little mass on
{& =0} = {¢ - n = 0}. Indeed, using Plancherel formula again, we can rewrite the
energy as

1
—5IVelite+ [ V@lo)las

tome [ (o <3|§—| )) ate)ac.

Introduce a parameter ¢ > 0, and fix some functions f € S(R?) and g € S(R)
independent of €. Set

(5.1)

o(x) =e*? f(21,22)g(cx3),
for some constant « to be fixed later. We have

p(z) = lp(@) = | f(era)Plgleas)®  A(E) = < F (e, &)C <5>

where F' and G denote the Fourier transforms of |f|? and |g|?, in S(R?) and S(R),
respectively. We now measure the order of magnitude, as € — 0, of each term in
the energy:

e Kinetic energy: the leading order term corresponds to the differentiation with
respect to x1 or xs.

IVele ~ et [ 195G, aa)Ply(eas) P ~ 22,

e Potential energy: the leading order term corresponds to the x3 component.

[ v@le@Pae e [ aifenm) Pl ~ e,

e Cubic nonlinear term:
/|P §)Pd¢ = >~ 2/|F £,6)? |G (5—3> dé ~ 2oL,
e Finally we compute:
&\ |
2d 2a 2 ja 2 S3
/|€|2| | 5 /§1+€2+€2| (51752)| (E)
&2
= [ org e o g PP 16 @) ds = o (7).

+ &+

where we have used Lebesgue’s Dommated Convergence Theorem. We therefore
have:

dg

4
Ereo 4034 ()\1 — %)\2) g2 1l 1o (520‘71) .
If we choose a < —2, then the leading order term is the third one, and the lemma

follows. O

As a consequence we are now able to prove finite time blow-up for a certain class
of initial data.

Theorem 5.2. Let d =3 and ¢ € 3. Denote w = minw; and assume that
3E < w’lwp]7s-

Then the solution v blows up in finite time, i.e. T, < oo in Corollary 4.1. More
precisely, we can estimate T, < 7/(2w).
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From Lemma 5.1 we know that for \; < 4%/\2 we can always choose initial data
such that F < 0 and thus enforce finite time blow-up. In other words, blow-up
may occur even in situations where we have a defocusing (local) cubic nonlinearity
(A1 > 0) and a positive coupling constant Ay > 0 (the physical case), provided that
A1 < 4Z); holds true (and the initial energy is sufficiently small). Recalling the
well known fact that when A\; > 0 and Ay = 0, finite time blow-up cannot occur
(i.e. T = 00), this shows that the presence of the dipole-term may indeed cause
collapse of the Bose—Einstein condensate.

Proof. The proof is based on the virial computation. Set
o(t) = [ JoP it
R3

Then, following [9] (with slightly different notations), we have, since K is even:

i) = 4B+ M5Ol =8 [ Vil Pl

—2X\y /R ((K + %x : VK) * |¢|2) (t, x)[2p(t, x)|* da.

We again use Plancherel’s formula with p = |1|? to write

/ ((K - %x : VK) * p) (t,x)p(t, x)dz = ﬁ/ (f{ + %va\f() 15(€)2de

and compute, for d = 3,
- VE(§) = —div (6K (9)) = 3K (¢) — - VE(©).

From Lemma 2.3, we infer £ - VIA((SC) =0 and thus
. o )\1 ~ 2 2 )\2 > ~ 2
i) = 4B + s [0 =8 [ V@ltaPde+ 525 [ ROBOPE

This can be rewritten as
ii(t) + 4wy (t) = f(1),

with w = minw; and

3 1 R
1) =18-13 (@ -o) [ o aPiss i [ (04 2R (©) o)

Recalling the energy as written as in (5.1), we first note that the source term f(t)
can be estimated via

1 = ~ N2
£ <48+ s [ (0 + R (e P

<6E — [Va(t)2 — 2 / V (@)t 2)Pde < 6F.
RB
On the other hand we have

f(s)ds.

y(t) = y(0) cos (2wt) +y(0)%i£t) +/0 w

Suppose now that T, > 7/(2w). Then we can consider ¢ = 7/(2w) in the above
relation. This yields, since the sine function in the last integral remains non-negative

on [0,¢]:

™/(22) gin (7w — 2ws) 3E

ﬂ' S (7T WS

— | < — E — 2 ds = — i
Y <2g) v(0)+6 /0 2w =0+
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We note that the left hand side must be positive, since 1 (t,-) € 3. By assumption,
the right hand side is non-positive. This yields a contradiction and hence the
result. O

Remark 5.3. To shed more light on the conditions for blow-up, consider the case
of an isotropic trapping potential: w; = w for 1 < j < 3. The condition of
Theorem 5.2 then reads

Bh B

3 w?
SVl + Sllaellis + S llellze + —/ (Kax |¢?) (2)l¢(z)]?de <0,
2 2 2 2 Jgs

In view of Plancherel’s formula, this is equivalent to
3 = —~
IVl +oPlloels + o [ (M + 2R ©) PP <0
(2m)? Jgs

From Lemma 2.3, when Ay > 0 (the physical case), this is possible only if \; < 4?”)\2.

We already know that when A\ > %“)\2, then finite time blow-up cannot occur.
On the other hand we have just seen that blow-up occurs in the case A1 < 4?”)\2,
provided the initial energy is sufficiently small, say non-positive. What remains
open therefore is the case of (large) positive initial energy in the unstable regime.
Unfortunately we can only give a partial answer to that.

5.2. Global existence for d = 3 (unstable regime). Here we shall show that
global in time existence is possible in the case \; < 4%/\2 under some additional
assumptions.

Proposition 5.4. Under the same assumptions as in Proposition 3.4/, d = 3,
suppose that in addition A\ < %’T)\g and No > 0. Then there exists a Cy > 0,
independent of A1 and A2, and a (positive) constant

~ Cy

_ - -
M (?”Ag -\)
such that, if 0 < E < Cy and Ve, < Co, then T, = oo.

Of course, this result can only give an additional insight in situations where
w?|lzpl|2. < 3Cy. The picture becomes a bit clearer, though, if one ignores the
harmonic confinement for a moment, i.e. set w; = 0. Then we know that in the
unstable regime A\; < 47”)\2 blow-up occurs as soon as the total initial energy is
non-positive. On the other hand, if the total initial energy is positive but not too

large, i.e. smaller than 50, then global in time existence still holds, provided the
initial kinetic energy is also smaller than Cj.

Proof. We resume the same approach as in the proof of Theorem 4.4, from which
we now get

4 4
IV <284 [ (e =0 ) 19©Pde =28+ (30 = 2 ) 1ol

The Gagliardo—Nirenberg inequality then yields

62 IV <2840 (Fh 0 ) WOl T

On the other hand, the conservation of mass implies:

IV < 25+ C (500 = 2 ) VATV

With these two estimates in hand, the result follows from a bootstrap argument
(see e.g. [2]):
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Lemma 5.5 (Bootstrap argument). Let f = f(t) be a nonnegative continuous
function on [0,T] such that, for every t € [0,T],

f(t) <er+eaf(t)?,

where 1,69 > 0 and 0 > 1 are constants such that

1 1 1
g1 < (1 - 5) (952)1/(9_1) ) f(O) < (952)1/(9__1) .

Then, for every t € [0,T], we have

0
€
0—1
We apply the lemma with f(t) = [|[V(t)]|3., &1 = 2E, e2 = C (3 Xy — A1) VM
and # = 3/2. Note that we therefore have to assume that the energy is positive.

Otherwise, (5.2) yields no information any way, and Theorem 5.2 shows that finite
time blow-up occurs. O

ft) <

6. DIMENSION REDUCTION

We shall mainly follow the ideas of [5] where such an analysis has been rigorously
performed for A2 = 0 (no dipole effects) in the case of modulated ground state intial
data. We also remark that the case of general initial data has been treated in the
remarkable paper [4]. In our case, due to the presence of the non-isotropic dipole-
kernel, we can distinguish two main cases: The reduction from d = 3 to an effective
one-dimensional model in the dipole direction n = (0,0, 1), and the reduction to an
effective two-dimensional model perpendicular to n. We shall sketch the adaptation
of the approach in [5] to the present context. It is very likely that the analysis of
[4] can be adapted to the dipole case, but we shall not pursue this question as it is
beyond the scope of our work.

6.1. Formal derivation of the one-dimensional model. Let us start with the
first problem of deriving an effective one-dimensional model in the dipole direction.
To this end we write the general model (3.1) in the form

2
(61) 000+ 300 = & (1 + 32 ) v+ 3 B0+ uluore (K o) o

The parameter ¢ is positive and small, its smallness modeling a strong confinement
in the first two directions. Introduce a change of variables via

x2

w(taxlaanlB) = 1/1 (t - ?)563) .
Then equation (6.1) is equivalent to:

1 62
(6.2) 10p)° + 3592 wa = —nga + w3 3¢8 + A |[YF2 ° + N KE)E,

where Hs is the two-dimensional harmonic oscillator

0? 0? T 0 T3
Hy = — 271 272
2 (a2+82)+w12+ 27

and K¢ is the convolution operator

(ex1 —y1)? + (ex2 — y2)? — 2(x3 — y3)? 9
Ke(t,x) = (L, o
o) /Rd ((ex1 —y1)% + (ex2 — y2)? + (23 — y3)2)5/2 V=t y)I" dy
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For ¢ € N, we shall denote by x¢(z1,22) the (normalized) eigenfunction of Hy corre-
sponding to the eigenvalue 1y € R4. In particular the ground state xo corresponds
to uo = (w1 + w9) and is explicitly given by

Xo(@1, 32) = L2 o= (rirttwn)/2
T
As in [5], we consequently seek a solution to (6.2) in the form
(6.3) E(t, 1, 22, 23) = eii“ot/gxg(xl,xg)u(t,xg).

This type of ansatz obviously requires well-prepared initial data (i.e. concentrated
on the ground state of Hs). A formal multiple scales expansion for ¢ as ¢ — 0
then yields the consistency relation

(H — po)p =0,
plus an evolution equation for the modulation u(t
1 2 2

x3
5 9 2 *w33u+n1|u|2u+)\2 (K * |u?) u,

x), given by
(6.4) i0u+ —

Here we denote by
K1 = >\1/ Xo (21, 72) dr1drs,
RZ

the effective coupling constant for the cubic nonlinearity and by

2 + 22 — 222
(65) Kl(wg) :/ 1 2 ;’/2 Xo(l‘l,l'g) d$1d$2
B2 (27 + 23 + 23)

the corresponding effective one-dimensional dipole kernel. To apply the existence
analysis presented in §4, it is important to check if the operator K1 : u — Kj xu

is bounded on L?(R). To do so we shall show that the one-dimensional Fourier
transform of K is in L*°(R) . Recall

z% + z% — 2:0%
(951 + 952 + 953)5/2

Then, denoting by F» the partial Fourier transform with respect to the variables
x1 and x5 only, we obtain from Plancherel’s formula on R2, that

Ries) = / €55 | (23) dars
R

K(ZCl,.TQ,.’LB) =

= / eiiz:"&'K(:L'l,SCQ,$3)X0(SC1,SC2)2 dl‘ldl'gdl'g

R3
= g LR ) Fandlen. ) desdeaday
- (2717)2 ]:2Xo(§1,§2)d§1d§2/ e~ 38 B K (€1, &9, x3) das

/fzxo (€1,62) K (€1, &2, €3) d1dEades,

where K denotes the three-dimensional Fourier transform of the kernel K. Since X0
is a Schwartz function, the Fourier transform of x3 is a Schwartz function, thereby in
L'(R). Consequently, the boundedness of K on R3 (which stems from Lemma 2.1,
or more explicitly from Lemma 2.3) implies the boundedness of K on R.

The assumptions of Proposition 3.4 are thus satisfied. From Corollary 4.2, we
know that the effective one-dimensional model (6.4) has a unique, global solution
in ¥. Moreover, the same holds true if ¥ is replaced by L?(R), as proved in
Theorem 4.3.
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6.2. Formal derivation of the two-dimensional model. We proceed as before.
Starting from
W3

xgwmnw b+ Ao (K * |0]) 2,

gt

. 1 7
we introduce a new change of variables by
Wt 1, 02, 23) = U° (t,9€1,9€2, %) -

Equation (6.6) then becomes

9?2 0?
Zatwa (8 5 + 022 ) Y = —Hﬂ/’E (W1$1 +W2$2) 1/’E+)\1|¢8| 1/184‘)\21681/18

where H; now denotes the one-dimensional harmonic oscillator, acting in the dipole
direction
2
0 T3
5.2 TR
Oxs 2

Denoting the corresponding ground state by yo(z3) and proceeding analogously
as before we arrive, instead of (6.2), at the following effective equation for the
modulation u(t, z1,x2):

H =-—

[\]

0? 2N\ . 1
(6.7) 10U+ = (8 5 + 502 )u = - (wiz] + wiad) U + F1|ul® @ + X Ko,
2

where now
K1 = A1A%§(zs)dzs,
is the new coupling constant and
2% + a3 — 223

K2($17$2):/ xo(z3)? dxs.
R (27 4 23 + $3)5/2

is the effective two-dimensional dipole kernel. By the same computation as above,
we see that Fo Ky € LOO(RQ), and thus the assumptions of Proposition 3.4 are
satisfied to guarantee a well-posed initial value problem in ¥, at least locally in
time.

6.3. A rigorous result. For completeness we shall finally state a rigorous math-
ematical result and sketch the corresponding proof which follows the lines of [5].
We only consider the case \; > %”)\2 > 0 (the stable regime), which allows for a
somewhat shorter argument and again refer to [5, 4] for more general statements.
Moreover, for notational convenience, we shall state the result only for the case of
(6.4) (one-dimensional model in dipole direction), but exactly the same approach
can be followed for justifying (6.7). We consider initial data for 1 which do not

depend on e, and refer to [5, 4] for a discussion on this assumption.

Theorem 6.1. Let d = 3, V; be quadratic and Ay > 47”)\2 > 0. Denote by ve(t) € &
and u(t) € ¥ the unique solutions of (6.2) and (6.4), respectively, with

%,y = xo(@1, 22)uo(z3) , ul,_, = wuo(xs), wup€ .

Then, for any T < oo, there exists Cp > 0 such that

sup Hw _i“"t/aZU(t)xO‘
tE 0, T

<
L2(R?)
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Proof (Sketch). The energy associated to (6.2) can be written as

B = (2(0), g (1)) + =5 (02 (0), Ha (1)

—— <>\1+ e (355 1)) 0P

where (-,-) denotes the scalar product in L?(R3), and H;, Hy denote the one-
dimensional and two-dimensional harmonic oscillator operator, respectively. In the
following we denote by II; the orthogonal projector onto the eigenspace correspond-
ing to x¢(zs) and define

Yi(t,xg) = ginot/e” Ve (t, @1, w2, x3)Xe (21, x2)dr1d2s.
RZ
Recalling the ansatz (6.3) for v°(¢) and using the fact that the eigenfunctions
{x¢}een form an orthonormal basis of L?(R?) we note that X5jt=0 = Ult=0, since
l[xollzz = 1. Thus, we can rewrite

oo

(WF (1), Hav ™ (8)) = D (e — po) 195 (£) 172 + paol|w(0) |7

=1
Keeping in mind that, by assumption (1¢(0), H21°(0)) = u0||u(0)||2LQ(R), the con-
servation of energy implies

oo

Ereqa = (°(t), H1y®(t Z — o) |97 (B)]17-

=

—— (M e (35 1)) o

where the reduced initial energy is

Bra = 00, 07 0) + 5 [ (3 (35 -1) ) ntorpae
4m

> FO) H ) + s [ (%= ) @) > o

by assumption on the parameters A, A2. On the other hand, by exactly the same
argument we infer from the energy conservation above that

Ereq 2 (¢°(t), H1y"(t) Z e — o) 9 (11|72

37 L. (M 4; )Iﬁ(£)|2d§-

All the terms in this equation are non-negative and thus, we immediately obtain

o0

S (e — po) W5 ()22 < C<.

r=1
Denoting by Iy the projection onto the eigenspace generated by the ground state
Yo, we can thus estimate, since 1§yo = ™01/ TIjye,

‘ wa( ) zuot/a Xou(t)‘ L2(R?)
<= o) (8) gy + e~/ xo(05(6) - u(t))|

= 100 = To)" ()l L2 sy + 196(8) — w(®)l] L2 gy -

L2(R3)
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For the first term on the right hand side, we have
1 o0
(1 = To) " () 172 sy = Z 9GO € ——— > (1e — po) 05 (t)l|7= < Ce”.
H1 = fo =
Applying one derivative with respect to x; or xz2, Sobolev embedding shows that
the above estimate remains valid if the L?(R*)-norm is replaced by L2, (L, ..,
for 2 < p < .
For the term 1§ — u, more computations are necessary, and we shall emphasize
the main arguments only. First, as in [5], we check that 1§ solves

10w = Hivg + Fr,

where

Flg (t, SCg) = ei,uot/eZ / ()\1|’l/)€|2’(/)€ + AQ’CE’L/)E) Xo(l'l, Z'Q)dﬂfldﬂfg.
R2

Recall that u solves
10pu = Hyu + /\1|u|2u/ X%(xl,xg)dﬂfldﬂfg + Ao (K1 * |u|2) U
RQ

where K7 is given by (6.5). Introducing the error w® = 9§ — u, we can write
z'atws == les + L + /\1Si + )\2S§7

where
£ = (5205 = ) | 3+ da (K < 1052) 6 = (R o) )

S5 = eot/= (Mg (|°[29°) — [Hov® [oy*) |
S5 = €m0t Ly (KC0) — (K« (5 2)

The end of the proof relies essentially on the same estimates as in the contraction
part of the proof of Proposition 3.4 in the case d = 1, based on Strichartz estimates;
we refer to [5] for adaptations due to the fact that the variables z1 and xo appear
as parameters here. Roughly speaking, the term L° is treated like a linear term
in a Gronwall lemma, even though this not so clear unless one goes through the
details of computation (which we shall not do): for tiny time intervals, the term
corresponding to L° is “absorbed by the left hand side”. Since we consider only
finite time intervals, we proceed this way a finite number of times, so the size of w®
is dictated by the size of the source terms S{ and S5 in suitable mixed time-space
norms.

In view of the above remark on the estimate for (1 — IIp)y=, S5 is O(e) in the
spaces we need; this point is exactly the same as in [5], so we leave it out. To
conclude, we simply consider the case of S5. Recall

e (ex1 —y1)? + (ema — y2)? — 2(x3 — y3)? . ,
o dy.
/Rd ((Exl - y1)2 + (Exg — y2)2 + (1.3 _ y3)2)5/2 W} (t’ y)| Y

Write
0% (6, y) P = [9° (6, 9) [P = [Toy® (8, y)* + [Tov® (£, y)|*.
Up to an error of order O(e), we can replace K¢ by
ks = / (21 —41)* + (e22 — y2)® — 2(x3 — y3)
B ((ex1 —y1)? + (em2 — y2)* + (23 — ¥3)?)
Essentially, the only new term to estimate is

MoK§ — K1 [Toy®|* = oK — K7 * 1§ xo|*-

5/2|¢o(t y3)xo(y1,y2)*dy
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Up to an extra “Gronwall term”, we can replace this by Hoﬁf — K1 * luxo|?, where

- exy —y1)? + (ex9 — y2)? — 2(x3 — y3)2
IC1 :/ ( 1 912 ( 2 922 ( 3 y;’)5/2|U(t,y3)xO(y1,y2)|2dy
B3 ((ex1 — y1)2 + (€2 — y2)? + (23 — y3)?)

The difference IoKS — Ky * |ug|? =: I=(t, 23) reads

I = / 8% (w1, w2, 3, Y1, Y2, y3) [u(t, y3)|* xo (1, y2)* xo (21, 22)*dyr dyadysday da,,
where
0° = K (y1 — ex1,y2 — ewa,y3 — x3) — K (y1,y2,y3 — 3)
(ex1 —y1)* + (22 —y2)® — 2(w3 —y3)®  yf +y5 — 2(xs —y3)?
572 572"
(e —91)? + (w2 — 12)> + (w3 — 93))*% (43 + 43 + (w3 — y3)2)”/

Plancherel’s formula with respect to the variables y; and ys yields:

1 —ie(x1m1+x2n2
I5(t,23) = @2 /11@5 (6 sleameane) 1) FoK (n1,m2,y3 — x3)F2 (X3) (1, m2)

x |u(t, ys)|*xo (w1, z2)2dn dnadysdy dos.

Now computing the L? norm of I¢ (as a function of x3), the boundedness of the
three-dimensional Fourier transform of K and the boundedness of u in L?(R) yield

wwm;<c/
RAL

Recalling that yo € S(R?), the standard estimate e’ — 1| < || for § € R shows
that the L? norm of I¢ is O(¢), uniformly for ¢t > 0. Therefore, its L'([0,T7]; L?)
norm (the norm that appears in energy estimates, which are a particular case of
Strichartz estimates) is of order O(eT'), and the proposition follows. O

) 2 2
e~ tE(@imtzan2) _ 1} ’]:2 (Xg) (771, 772)X0(~T1, z2)2‘ dm dnada das.
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