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Width of the analyticity strip in space variable of viscous
Burgers shockwaves
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Abstract

Analytic continuation of viscous shock solution for the generalized Burgers equation with
polynomial nonlinear source term is investigated. We show that a pertubated wave recovers
its analyticity in the space variable in the strip limited by the first pair of singularities of the
wave.

1 Introduction

Nonlinear parabolic evolution partial differential equations arise in various fields such as fluids
mechanics, traffic flow modelling, mathematical biology and economics. Burgers’ equation is one
of the most popular of such type of equation, it was first introduced by Bateman [EI] and deeply
studied by Burgers [ as a one-dimensional model for turbulence. It received since a constant
mathematical interest from which Hopf’s study [H] may particularly be outlined. Consider the
Cauchy problem for generalized Burgers’ equation :

0f(x,t) , DV((wt) _ Pfa.t)

ot Ox Y 0?2 (1)
f(l',t: 0) = fo(x) O, T g, 0 >

If @ is a function which satisfies the Gelfand-Oleinik (cf. [[]] and [i4]) entropy condition :

this equation enables propagation of shockwaves f (x — ct + d), solving the ordinary differential
equation : ~ ~ ~ ~
—cf() + @(f(2)) +k=vf'(z), f(Foo)=ax 3)
Example of such ® are given by concave function on the interval [a_, ay]. If in addition, ® satisfies
the Lax [[L9] condition,
P(ay) <c< d'(a) (4)
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the wave is said to be non characteristic, and in this case, the large time asymptotics of the Cauchy
problem (EI) are the shifted waves f(x — ¢t + d). In our study, ® is assumed to be polynomial. Its

degree will be denoted n. In the particular case ®(u) = —“;,Which will be refered further to as
the classical case, the wave has the explicit expression :

Fla)=c+ %tanh <(x+d)%) (5)

the celerity ¢ and the constant k being constrained by the limits f(+00) = ay

_ P(ay) —P(a)
ay —a-
a_®(as) —ay®(a-)
ay —a-

(6)

k=

The shift d may be assumed to be zero up to a space translation of the initial data fy. The aim of
this note is to figure out how the width of the analyticity strip of the solution f(x,t) is matching the
width yo(= af% for the classical case) of the analyticity strip of its asymptotic regime f(x — ct).
For Navier-Stokes equations, the analyticity radius of the solutions is known to increase provided
that the initial data lies in a functional space that forces it to be zero at infinity. More precisely,

e Foias and Temam [ﬂ] considered space-periodic solutions and proved that the width of the
analyticity strip increases like v/¢ provided the initial data belongs to the Sobolev space
H' and that the H'-norm of the solution remains uniformly bounded in time. They used
Gevrey-norm estimates.

° Grujic and Kukavica [@] proved the analyticity of local-in-time solutions with initial data
lying in a LP(R"™)-space and also estimated the growth of the width of the analyticity strip

as V1.

e Lemarié-Rieusset [[[J has also proved a v/t-growth for solutions with initial data in S’(R?)
using techniques from harmonic analysis.

Classical Burgers equation may be seen as a 1D version of Navier-Stokes equation. We stress
that the width of the analyticity strip does not increase indefinitely if the overfall oy — a_ of the
shockwave does not vanish.

The author wishes to thank G. M. Henkin, his thesis supervisor, to have shared with him this
quite interesting problem.

2 Statement of the result

Theorem 1. Let f(x,t) be a solution of Burgers’ equation with initial condition fo(x) such that
|fo(z) = f(2)] =a—ioe O(e=I%l) for some o > 0 and such that [ (fo(x) — f(x))dz = 0. For
all € €]0,1], there exists T* > 0 and M > 0 such that f(z,t) extends holomorphically in variable

z = x+1iy in the strip |y| < min (yo(l —e),M\/v(t — T*)) fort > T*, where tiyg are the closest

singularity of the real azis of the wave f



Remark 1 : This theorem means that after a transient regime, the width of the analyticity strip of
a perturbation of a viscous Burgers shockwave is bounded from below by a non decreasing function
of time converging monotonically to the width of the analycity strip of the wave, limited by the
closest wave’s singularity, which is both an infinity and a branching point of order n — 1. This
singularity is therefore a pole only when n = 2, in the case of the classical Burgers’ equation.

Remark 2 : The proof uses Kato’s contraction argument for solving Navier-Stokes equation [@],
some elements of Sattinger’s stability theory of waves [[Lj] and estimates on the convergence rate
in time of the real solution to its asymptotic wave [f],[Ld].

Remark 3 : At the limit v = 0, the solutions develop a discontinuity called the inviscid shockwave,
this phenomenon can be studied as a result of the loss of analyticity, as proposed by Bessis and
Fournier in @] Poles are staying away from the real axis so far the viscosity does not vanish.

3 Analytic properties of waves

The celerity ¢ may assumed to be zero, as ®(u) may be replaced by ®(u) — cu without loss of
generality. The viscosity is brought to be equal to the unity after an appropriate scaling of the
solution. Traveling waves are solutions of an ordinary differential equation :

fr=2(f) — ®(ox) (7)
The analyticity of the solution will now be investigated.

Proposition 1. Travelling waves solutions f(:c) of the Burgers equation are analytic functions of
z = x+1y except in a set of isolated points where they admit a singularity which is both an infinity
and a branching point of order n—1. Moreover, f is analytic on a uniform strip {z+iy : |y| < yo},
where yo is the imaginary part of the closest singularity of f of the real axis.

Proof. Singularities of solutions of such equations were studied for the first time by Briot and
Bouquet [E] A more modern approach may be found in [E] In the neighbourhood of a regular
point (2o, fo) € C x C, the problem :

f=a(f) — (o)
f(z0) = fo

is known to admit powers series solutions around (zo, fo) with non vanishing analyticity radius.

Consider now a point where ®(f) = oo, ie f = co. Let u = %, which yields :

W @)~ Blow)
or,
% 1




Where,
1

—u?(®(u!) — B(ax))
is an analytic function of u in a neighborhood of u = 0. Hence (u = 0, 29) is a regular point of
the above equation, which therefore admits an analytic solution z(u) in a neighbourhood of v = 0.
Differentiating (§) w.r.t u gives :

drz
— =0 Vi<k<n-1
duk‘u:() ’ - =n

=cu" *(co+cut...)

And consequently :
2(u) — 20 = u" My Fyrut...)

And finally :
= (Z - 20)7ﬁ (50 + 51(2 —2z0)+ .. )

Which is well the expected type of singularity.
Integrating ([]), we get that :

e dF
zo = _— 9
o= |, e ©)
The value of this integral depends on the contour from 0 to infinity :
1
k , .
20 € z5 + 2imResidue | ——— | Z 10
P <<1><F><1><ai>) 10)

where 1 < k < n. Singularities are regularly spaced on lines parallel to the imaginary axis and
there exists at maximum n = deg(®) of those lines. This achieves the proof : yg, the imaginary
part of the closest singularity of the real axis is positive.

O

Define :

w(iy) = exp (% /Oy @’(f(n))dn) = exp (% Ozy %M)

1 1

TP [@(f(iy) — (ar)|E

Consequently the quantities | f/(iy)|*/2w(iy), |®(f)|*/?w(iy) and | f(iy)|"/?w(iy) are bounded func-
tion of y in the interval |y| < yo.

(11)

4 Analyticity of solutions

4.1 'Weighted norm approach
The function f(z,t) = f(x) + h(z,t) solves ([l) if h(x,t) solves :

Oh(x,t) N 0 (f(x)h(z,t)  *h(z,t) _ OR(f,h)
ot Ox 0x? ox




with initial data ho(z) = f(z) — f(z). R(f,h) = ®(f + h) — ®(f) — ®(f).h. The potential
H(xz,t) = ffoo h(n, t)dn solves the partial differential equation :

_ OH(x,t) o aH(x,t)_GQH(ac,t)__ : OH
with initial data Ho(z) = [*__ ho(n)dn, yielding the integral equation :
t “+o0 ~ aH
Hiz,) = Fawt) = [ ar [ Glat = m@R(F. G0 (14)
0 —0oo

where Fy = [* G(z,t;£)Ho(£)d¢ and G(x,t;7) is the Green function of the linearized operator
L. Differentiating wrt =, we get the integral equation solved by h(z,t).

t —+o0 N
W t) =0uFow )~ [ dr [ Glait = R(F(E),hle 1) (15)
0 —o00
Following Sattinger [@], the Green function G of the operator L in the above integral equation
may be expressed as :

Proposition 2. The Green function G(x,t;€) of the linearized operator L has the expression :

e t:6) = O K (a :6) (16)

where w stands for the weight function

1 /7 ~
w(z) =exp | —= ! d
(@) =exp (5 [ (7)) a7)
and K (x,t;€) for the Green function of the operator :
Muta,t) = 200 LD L (e ey + 2007 a9

Proof. Let H(z,t) = w™(x)u(z,t). A direct calculation yields :

O H(x,t) = w () (%@’(f)u(m,t) + amu(ac,t))

Ot (a,t) = 0™ @) (002 + 37 @) ) ulort) + @/ (F)oru-+ 2100

Combining this two relations, we get that LH = w™ ! MwH. The function H(z,t) = w1 (x)u(x,t)
is therefore a solution of LH (z,t) = g(x,t) if and only if u(x, t) solves the linear equation M(wH) =
wg. This completes the proof. [l

Definition. Denote m(y,t) = sgn(y) min(|y|, M\/t) and A. = {x + iy : |y| < c}. Introduce the
following functional spaces :



o the weighted Hardy Space

2 up(B0) = {u € O(A) u(®) C R, ullg | (a) =

w,a,b

w(iy)|® > . e\ }
sup —— (& + iy)|.Ju(€ + iy, 1)[2dE ) < oo
Ogygc («/C— |y|) (/oo Y Y )

with norm ||-HH$UYGV,,(AC)'

e the Banach space Be 1 of holomorphic functions f(.,t),0 <t < T in the strip Ap(yo(1—c).t))

with norm |.||e,r defined as
1
[hlle,r = Oiltlth“"’” 1RGOz, (Amee) <
where,
2 5
ap = — — =
n 2
n—2 (19)
b —
"on—1

The forthcomming proposition is also inspired by Sattinger with some modifications:
e Estimates of the analytic continuation of the Green function K in spaces variables are needed.

o These estimates are realized in a weighted L2-Hardy norm as introduced in the previous
definition and not in a first order weighted Sobolev in supremum norm as in Sattinger’s
work.

Proposition 3. The kernel K(x,t;&) is analytic in variable x and & in the strip Am(yg,M\/E) and
satisfies the following estimates :

n[ K+ iy, £, € + inyw(€ + inYh(€ + in)de] 2gan)

w-n? conste”wt 1
B

<e
= N +h (Bmyo-e).0) (20)
1] 0uK iyt -+ imulé +imh(é +in)del o
2 —wt
< e %Hw%'hH%-[fU’OYO(Am(yO(l,E),t))
Proof. Consider the eigenfunctions equation for the ordinary linear operator Au = u” + p(z) :
u” + p(x)u = Au (21)
Look for a solution exhibiting exponential dichotomy at x — +oo :
or(2,N) =e N2 (2,)), z— o (22)

o_(z,)) =e-NTq_(2,)), z— —0



Where,

Y+(A) = VA —ps
pi= lim plr) = (¥ (0s)? (23)

p =max(py,p-)

Remark that for |arg(A — p)| <,
Re(7£(A) >0 (24)

And consequently, the investigated ¢4 decrease exponentially as x goes to +o0o. The functions a
and a_ are analytic in x and A and satisfy the following asymptotics :

ai(x+iy,)\)1+(9<\/ﬁ>, x — £oo (25)

For instance, a4 is a solution as a function of = of the differential equation :
aff —2yiadly + (p—plag =0 (26)
which can be reformulated as an integral equation :
o0 1 — 27+ (z—s)
Y o N e R P .
T 2’7+
This equation may be readily complexified in variable z = x + iy :
00 1 — e2v+(z—s) )
oste) =1+ [ o () - p] ants i (28)
z +

On each real line y = const, the function p — p is absolutely integrable and fzoo Ip(s + iy) — plds is
uniformly bounded wrt y as © — oco. The integral equation may therefore be solved, which yields

aay(z,\)=1+0 (1 /I_i\) (and a a_ satisfying the same estimate) .
Denote F(z,&, \) the Green function of the operator A — A, it satisfies the following estimates

. . C _
| F (2 + iy, & +in, N[ L2(d2) < |)\|31/4 e(Catlre D (y—mn)
29)
. ) C _ (
10 F(x + iy, § + i1, A)|| 12 (d2) < |>\|13/4 e(C2t v (NN (y—n)

Classical spectral theory provides an explicit expression of F(z,£, \) :

1
F(z,&, ) =Wy

1
(

@
(30)
o (z)p1(§), ifE>w

W)



Where W(A) = —(v1(A) +7-(\)) + O(1) is the wronskian of the eigenfunctions equation (cf [[[]).
It is independant of x and £. Estimates of || F'(z + iy, & + in, M| 12(4¢) are now requested.

/ |F(x + iy, & +in, A)|*d¢ = ﬁ </ lp— (€ + in)ps (z + iy)[dE

e - (31)
+/ lp— (= +iy)p+ (€ +in)|2d§>
We now estimate the different term as in Sattinger work, using the fact that ||e” |>\\w||L2(dz) _
‘ /\|11 -7, which saves a factor \/\|+/4 compared to LY-norm. For example, consider x > 0,
* 0
/ - (& + in)p (x + iy)[Pdg < e RO+ (A)e2ImOx(N)y ( / o (€ + i, N)[2de
B : - (32)
+ [ leste+in A)|2d§)
0
Where,
%) o ) 2
/ o+ (€ + in)Pdg < e2mO=) / e2Re(1-)¢ (1 +0 <—>> d¢
0 0 VIAl (33)

1 1 const,
< Re(r- (V) (1 " O(MA))) <N

After composition with the square-root, we get the expected power in A (ﬁ is estimated by

—L_). Others terms are estimated using the same method. To estimate the norm of derivative, it

VIl

is sufficient to remark that derivation wrt = of F(z,&, \) gives rise to an extra VX factor. Finally,
we need to prove that the kernel of the evolution operator e/ satisfies the expected estimates and
that its H2 norm wrt & + 47 is uniformily bounded in x + iy. The kernel K (x,t, &) is represented
by the following contour integral :

1
K(x +iy,t, & +in) = %/Cet’\F(eriy,&wLin,)\)d/\ (34)

Where C is any contour avoiding the essential spectrum of A. Sattinger used the contour A =
—w + pe*® parametrized by 0 < p < co. The two parameter 0 < w < p and 7/2 < § < 7 are
chosen such that the estimates performed on F(x,t, ) hold. The same contour will be used. Using
the estimates on F' previously established, we get :

. . |€M| CvVIM(y—
| K (2 + iy, t,€ + in)l| 2ae) < const /C eVl (35)

In order to estimate the right handside, rewrite it as an integral on the parameter p = |\ 4+ w|.
A 00, —wt,ptcosd+/psin(+8)(y—n)
/ e cCVINw=m|g)| < COnst/ e “te s dp
e 0 (peosd —w)? + p2sin? 3)1/5
o [ eptcos st /psin|s|(y—n) J
/0 w3/4 4 p3/4|sin §|3/4 r

(36)
<e




With § < § <, cosd <0 and the convergence of the integral is assured. Remark that :

. o 2 _ 2
ptcosd £ /psin |8|(y — n) = cos(d) (\/p_ti sin 9] (y 77)) - tan|5|coséu

8 4t
:OS i |62|{Z AN (v —m)* o
_ e y—n . y—n
= —| cos(d)| ( pt + s oV ) + sin |4 ym

We conclude by using Young inequality since the kernel K (x4 iy, t,&+14n) is square-integrable with
respect to  and ¢, and the L*(d¢)-norm is uniformily bounded wrt z. We use that [ e; “dp =
onst  The estimates are obtained with v = 3/4 for K and v = 1/4 for its derivative. O

=7

4.2 Solving the integral equation

Proposition 4. Let (X,].||) be a Banach Space and B : X — X a C' map such that B(0) = 0
and sup |||DB(h)||| <o < 1. Let a € X such that ||a|| < a. The sequence defined by the
1

IR =5

following iterative scheme :
(38)

remains in a ball of center 0 and radius ﬁa and has a limit h in X solving the equation h =
a+ B(h).

Proof. Assume that || hy|| < ﬁa. The mean value inequality yields :

g
1nsall < @+ ollhnll < @+ 7——a < a

-0 ~T l1l-o
The sequence (hy,) is therefore bounded. Using the mean value inequality again, we get :
[ho1 = hanll < ollhn — A1 |

Picard’s contraction theorem is enough to conclude. |

2

Lemma. The evaluation map H, ,

(A;) — C is continuous :

const.(c — |y|)b5_1
jw(iy)|=*

Ju(z)] < lulbes . (39)

2

Proof. Represent w(z)u(z)* as an integral using Cauchy’s formula over the contour

C={+ic:£€[oo,—o0]}U{ —ic: &€ [—o0,00]}
that is to say,



It provides the estimate :

WP € Femrr [ e ol + 0P (41)

me— |yl
which is the expected estimate. O

Proposition 5. The nonlinear operator B : B 7 — B T,

)(z, ) /dr/ (@ +iy,t — 7,6+ im(y, 7))
R (f(é +im(y, 7)), B(E + im(y, 7)) ) de

with R(f,h) = ®(f + h) — ®(f) — ®/(f).h, satisfies the estimate :
sup  [[[DB(h)||| < Cap(a) (43)

hlle, 7 <2a
With C' a constant and p a polynomial of degree < n — 2, both being independant of € and T'.
Proof. Differentiating with respect to h yields :

DB (9)(.1) /d/ (2 + iy, € + im(y, 7)), t — 7)

OR

S (f(f—i—zm(ya ). h(«Eﬂ'm(@M)J)) 9(& +im(y,7), T)d

where ,
n—2
1

OR 54 _ (k+2) ()
ah(f,hwhkzzo aroi h

For 0 < k < n — 2, define the following operators :

A0 == [ Z5 [ wlet im@ oK (@ in) €+ imGu )t -7
OFE2 (f(2))H (& + im(y, 7), T)g(& + im(y, 7), T)dE
a0 = = [ [ e i ) @ g i)

SEED (F(2)@ (F() (6 + imly, 7), 7)g(€ + imy, ), 7)de

The expected estimates will be proved separately for each A} and each A%5. Proceed first with the
Abvs

< M/ Aconst| B2 F(2))|.Jw(iy)| " ETeEE — )3 (yo(1 — ) — |y|)¥

/ ) w(é +im(y, 7)0: K (v + iy, & + im(y, 7), t — 1) WD (f(2))hFhg(€ + im(y, ), 7)dE

— 00

L2(dx)

m(yo(1—c), 7))

« | " (e + iy, P)LIRGE + imy, 7)) g(E + im(y,7),7)|dE = Iy

— 00

10



Where the lemma about the continuity of the evaluation map in H2, (Amn(yo(1—e),r)) and the estimate
(proposition 2) concerning the kernel 8, K have been used. Moreover, the inequality ®*+2)(f(z)) <
constw(iy)%z("’k’Q) hold. The Cauchy-Schwarz inequality leads to :

n

2 - N =2 (n—k—2)—(%4an)k—2a — b
I <eM Meonst|w(iy)|~w (TR (Gt enk=20n (T3 (o1 — g) — [y|)*

k+1
||h||H12U(Am(yg(l—a),r)) ||g||H3u(Am(yo(1*€)ﬂ'))

Hence,
|||A]f(ha')|||£(H2) < 6M2/4const|w(iy)|—%(n—k—2)—(%+an)k—an—%
bn=1, bn t e wtdr
X (yo — [y = ||h||§jtr1/ PN ==
0 (th)ZTm
Where,
¢ dT 1— ( 4 k2 )
—— &gz — constt o) = constt‘*w 5
0 (t—7)47'4(n 1)
And finally,

2
sup  |[|A¥ (R, )|||e.e < conste’T |w(iy)|”* (*h-2 = (3 Fan)k—an—3)

llalle,s <2

b
3t 67th4(” 1) akJrl

bn
x (yo = ly)* =

< constaFtle~ (w=—a)t

The last inequality is obtained through the following considerations :

e The function y — |w(iy)| is bounded on [0,yo] and —2(n —k —2) — (5 + an)k — an — 5 > 0,
5

with an:%fﬁ.

e The function y — yo — |y| is bounded and kz% + % > 0, with b, = 2=2.
e Forg>0and 0<w <w, t— tle~%? is bounded and q= Z(nk 1? > 0.

Proceed now with A%

H |l iy K Gt i iy, 7).t = 88D ()P FED b+ imly, ). 7)de

L2(dx)
2 ~ ~ . —(lig _ b
< M Meonst| @) (f(2)).9' (f(2)][w(iy)|~ TR — )7 A (yo — [y))*

k
2 (Bmyo-e),m)

« | " (e + iy, P)LIRGE + imy, 7). 7 g(€ + im(y, 7). 7)\de = I

— 00
Using an analoguous argument as previously, we get :

I §€M2/4const|w(iy)|f%(2n7k73)7(§+an)k72an (t _ 7_)71/4(y0 _ |y|)kb”’Tf1+bn

k+1
Hh||H12u(Am(y0(1,E),,))||9||Hi(Am<yo<1—s>,r>)

11



And consequently,

e tdr

t
|||A§(h,)|||£(H2) S e]\/12/4const.|w(iy>|—%(2n—k—3)—(%+an)k—an—%HhHIECJtrl/ - -
" Jo (t—T)iTTD

Where,
' dr 1—(Lq kt2 3n—k-5
Y 2 = constt™ ‘17 in-D1’ = const.t 4(n-D
0 (t—r7)iTin-D
It eventually yields the estimate :
' a2 3n—k—5
sup  |||AB (h, Met < const_eT|w(@'y)|—%(2n—k—3)—(%+an)k—an—§e—wtt—4(n,l) o1

llalle,e <2

< const.af e (W)

The differential DB(h)(g) being a linear superposition of the monomial operators A% (h,g) and
Ak(h, g), we get the required estimate. O

Definition. Introduce the weighted energy Eg(t) of a function H(.,t) :

Ba(t) = [ " W@ H . 1) e

The function H(.,t) is said to have finite weigthed energy if Ex(t) < oco.
Remark : A necessary condition for Eg (0) to be finite is that [~ ho(z)dz = 0.

Proposition 6. The Cauchy problem for perturbation of Burger’s viscous traveling waves has a
solution h(x,t) which has a holomorphic continuation belonging to Be, for all € €]0,1] and t > 0
provided that Er(0) and En(0), the weighted energy of the perturbation and of its potential are
sufficiently small

Proof. The following integral equation has to be complexified :

t “+oo
Wz, t) = 0, Fo(e,t) — / dr / Gt — ) R(F(E), hE,7))de (45)

Assuming that for each 7 > 0, h(x,7) has a holomorphic continuation in the strip A,y (1-c),7)-
The integration contour in the variable £ can be shifted to the contour £€+im(y, 7). The investigated
h(z,t) solves the resulting integral equation :

h=0.Fy + B(h) (46)

where B has already been introduced in Proposition 2. An estimate of the linear term 0, Fp is now
required in order to get a control of its norm by some smallness condition on the initial data (here

12



the initial weighted energies Ej(0) and E(0)).

0.hzn) = [ 2 (azz«z,t,s) - 1¢'<f<z>>f<z>K<z,t,£>) Hy (€)de

oo W(2) 2

) /oo 9] (—agK(g,t,z) — P (2)K (21,6 — %qy(f(z))l((z,t,ﬁ)> Ho(&)d¢

! /OO (%(I)’(f(g))K(g,t,z)w(g)Ho(f)+K(Z,t,§)w(€)ho(€)_

The wave f(£) being bounded wrt £ € R, using Young inequality together with the inequality :
K (2,t, €)1 (ag) < const eM*/4

we get the following estimate of 9, Fj :

2 CsEn (0 1
10-Foller < /4 (03B (0) + Cabn(0) + — 22O ) =a (D)
lw(iyo(1 — €)= ) |w(iyo(1 —¢))]
Proposition 1 provides a solution if
Cap(a) < 1 (48)
O

Proof of theorem 1 :
One can use the following a priori estimates for the weighted energy and conclude that initial data
may actually be considered as always sufficiently small

Proposition 7. If Ey(0) is finite, then Er(t) and Ex(t) are finite for all t > 0 and are bounded
from above by Crexp (—Chat).

This statement is not well-known, but it is a variation of the result of Iljin-Oleinik @], its proof
can be found with all details in [E} Now, solutions of our main theorem may be constructed
through the procedure : ”‘wait”’ until (@) is fullfilled denote this date T , and apply Proposition
3 with h(z,T*) as initial data.
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