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ON THE ENDOMORPHISM ALGEBRAS OF MODULAR
GELFAND-GRAEV REPRESENTATIONS

CEDRIC BONNAFE! AND RADHA KESSAR?

This paper is dedicated to Toshiaki Shoji, on his sixtieth birthday.

ABSTRACT. We study the endomorphism algebras of a modular Gelfand-Graev
representation of a finite reductive group by investigating modular properties of
homomorphisms constructed by Curtis and Curtis-Shoji.

Let G be a connected reductive group defined over an algebraic closure I of the
field of p-elements I, and suppose that it is endowed with a Frobenius endomorphism
F : G — G relative to an F-structure. Since the work of Lusztig, it has been
natural to ask to what extent the theory of the representations of G depends on
q. For example, it was shown by Lusztig that the unipotent characters of G are
parametrized by a set which is independent of ¢ (the set depends solely on the Weyl
group of G and on the action of F' on this Weyl group).

On the side of /-modular representations (where ¢ is a prime different from p),
the work of Fong and Srinivasan on the general linear and unitary groups [FS1] and
on the classical groups [FSJ], then that of Broué, Malle and Michel (introducing
the notion of generic groups [BMM]]) and of Cabanes and Enguehard [CET] give
evidence of analogous results. For instance, in most cases, the unipotent ¢-blocks of
G! only depend on the order of ¢ modulo £, and not on the value of ¢ itself [CEZ,
Chapter 22].

Let (K, O, k) denote an {-modular system, sufficiently large. In this article we will
study the endomorphism algebra H((C;l) of a modular Gelfand-Graev representation

F(Cfl) of G (this is a projective OG! d—module). We will study also the corresponding
unipotent parts bg’l)Hg) and b((fi)l“g'l) (here, b((;) denotes the sum of the unipotent
blocks of OGF d). We make the following conjecture, which is related to the question

mentioned above:

Conjecture 1. If { does not divide [GF" : GF], then the O-algebras
b((;’l)H((fl) and b((i)H(% are isomorphic.
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2 C. BONNAFE & R. KESSAR

The OG- module b(cfl)l“((fl) is projective and indecomposable : it is the projective
cover of the modular Steinberg module. Conjecture 1, if proven, would show that
the endomorphism algebra of this module does not depend too much on q.

In this article, we approach Conjecture 1 by the study of a morphism KCurE @
K H((O;l) — K H%Zz) (where L is an F-stable Levi subgroup of a parabolic subgroup of
G). When T is a maximal F%stable torus of G, this morphism was constructed by
Curtis [0, Theorem 4.2] and it is defined over O (i.e. there exists a morphism of al-
gebras Curf . : HE) — HE =0T * such that xCurg 4 is obtained from Cur
by extension of scalars). We will also consider a product of Curtis homomorphisms

Cur((fi) :H(C;) — H oTH,
TeT !

where 7 is the variety of maximal tori of G. Finally, we will study a morphism of

K-algebras xAS : KH(C;) — KH(% defined by Curtis and Shoji [[CY, Theorem 1].

With this notation, we can state Conjecture 1 more precisely :

Conjecture 2. With the notation above, we have:
(a) xCurS is defined over O,
(b) kA is defined over O.
(c) If ¢ does not divide [GF* : GF], then xAS induces an isomor-
‘e $G G G G
phism b(d)H(d) o b(1)H(1)-

The main results of this article are obtained under the hypothesis that ¢ does not

divide the order of the Weyl group W of G.
Theorem. If ¢ does not divide |W|, then Conjecture 2 holds.

Statement (a) is proved in Corollary B.19 ; statement (b) in Theorem [ ; state-
ment (c) is shown in Theorem [I.9. In order to obtain our theorem, we proved two
more precise results which do not necessarily hold when ¢ does divide |IW].

Theorem B.7. If ¢ does not divide |W|, then
d
Im(Cur((fl)) = Im(KCur((fl)) N H oTH.

TeTF?

Theorem B.13. If ¢ does not divide |W|, then
N_ palS
b HG =~ (08)"er ),

where S is a Sylow (-subgroup of G,
REMARK- With the above notation, if £ does not divide |[W|, then S is abelian, and
hence a consequence of the above result is that if ¢ does not divide |W|, then the
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isomorphism type of the O-algebra b((fl)H((fl) depends only on the fusion of /-elements

. d
in G,

This article is organized as follows. In the first section, we recall the definitions
of the Gelfand-Graev representations as well as some of the principal properties of
their endomorphism algebras (commutativity for example). In the second section,
we construct the generalisation of the Curtis homomorphism. In the third part
we study the product of Curtis homomorphisms and prove, amongst other things,
Theorems B.7 and stated above. In the last part, we study the Curtis-Shoji
homomorphism and prove statement (c) of Conjecture 2 when ¢ does not divide |W|.

NOTATION - If A is a finite dimensional algebra over a field, we denote by R(A)
the Grothendieck group of the category of finitely generated A-modules. If M is
a finitely generated A-module, we denote by [M] its class in R(A). The opposite
algebra of A will be denoted by A°.

All along this paper, we fix a prime number p, an algebraic closure FF of the finite
field with p elements [F,, a prime number ¢ different from p and an algebraic extension
K of the /-adic field Q. Let O be the ring of integers of K, let [ be the maximal
ideal of O and let k denote the residue field of O: k is an algebraic extension of
the finite field F,. Throughout this paper, we assume that the f~-modular system
(K, O, k) is sufficiently large for all the finite groups considered in this paper.

If A is a commutative O-algebra (for instance A = k or K), and if M is an O-
module, we set AM = A®p M. If f: M — N is a morphism of O-modules, we
define 5 f : AM — AN to be the morphism Idy ®of. If V is a free left A-module,
we denote by V* = Homy (V, A) its dual: if V' is a left A-module for some A-algebra
A, then V* is seen as a right A-module.

If G is a finite group, we denote by Irr GG the set of irreducible characters of G over
K. If x € Ir G, let e, (or ef if we need to emphasize the ambient group) denote
the associated central primitive idempotent of KG :

ey = % > x(g g

geG
The conjugacy relation in G is denoted by ~ or ~ if necessary.
1. BACKGROUND MATERIAL

1.A. The set-up. We fix once and for all a connected reductive algebraic group G
over F and we assume that it is endowed with an isogeny F' : G — G such that
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some power of F'is a Frobenius endomorphism of G with respect to some rational
structure on G over a finite extension of I,. We denote by ¢ the positive real number
such that, for every 6 > 1 such that F° is a Frobenius endomorphism of G over a
finite field with r elements, we have r = ¢°.

1.B. Gelfand-Graev representations. We fix an F-stable Borel subgroup Bg of
G and an F-stable maximal torus of Bg. Let Ug denote the unipotent radical of
Bg. We fix once and for all a regular linear character v : UL — O* € K* (in the
sense of [DLMI], Definition 2.3]). Since |U%| = ¢@™Y¢ is a power of p, the primitive
central idempotent e, of KUE belongs to OUE. We denote by O, the projective
OUEL-module OULey: it is O-free of rank one and is acted on by UL through .
Let

ré = OGFew ~ Indgg Oy.
Then I'C is a projective OGF-module; the corresponding representation is called a

Gelfand-Graev representation of GF'.
Let HE denote the endomorphism algebra of the OGF-module I'S. We have

(1.1) HE ~ (e,0GFe,)°

Since OGY is a symmetric algebra, we have that

(1.2) HE is symmetric.

The next result is much more difficult (see [§, Theorem 15] for the general case):

Theorem 1.3. The algebra H® is commutative.

Therefore, we shall identify the algebras H¢ and e,OG'e,.

If A is a commutative O-algebra, we denote by e{‘b the idempotent 15 ®p ey of
AUEL = A®p OUE. Since I'¢ is projective, the AG¥-module AT'G is also projective
and its endomorphism algebra is AHS (since it is isomorphic to Homy (AT'G, A)®@,gr
AT'S). We have of course (taking into account that H® is symmetric)

(1.4) AHY = el AGT el

Since KG! is split semisimple,

(1.5) The algebra K'HE is split semisimple.

REMARK 1.6 - There might be several Gelfand-Graev representations of OGY.
But they are all conjugate by elements g € G such g~'F(g) belongs to the centre of
G, and this gives a parametrization of Gelfand-Graev representations by the group

of F-conjugacy classes in the centre of G (see [DLMI], 2.4.10]). In particular, their
endomorphism algebras are all isomorphic.
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Moreover, if the centre of G is connected, there is only one (up to isomorphism)
Gelfand-Graev representation. In special orthogonal or symplectic groups in odd
characteristic, there are two (isomorphism classes of) Gelfand-Graev representa-
tions. O

1.C. Representations of K'H®. Let (G*, F*) be a dual pair to (G, F) in the
sense of Deligne and Lusztig [DI], Definition 5.21]. We denote by GZ,  the set of

semisimple elements of G*. If s € G!I”"| we denote by (s)g-#+ its conjugacy class in
G*I" and by £(GF, (s)g.r+) the associated rational Lusztig series (see [DM], Page
136]). We denote by x& the unique element of £(GF, (s)g.r+) which is an irreducible
component of the character afforded by KT'¢. We view it as a function KGF — K
and we denote by X7 its restriction to KHE. Then (see [DIJ, Theorem 10.7] for
the case where the centre of G is connected and [[A]] for the general case; see also

B3, Remark of Page 80] for the case where F' is not a Frobenius endomorphism),

(1.7) KT = Y &

(8)grrr €GIEL /~

Therefore, the next proposition is a particular case of [CR], Theorem 11.25 and
Corollaries 11.26 and 11.27], taking into account that K’HS is semisimple and com-
mutative (or, equivalently, that KT'¢ is multiplicity free):

Proposition 1.8. We have:

(a) The map s — X" induces a bijection between the set of G*F -conjugacy
classes of semisimple elements of G*" and the set of irreducible characters
of KHE.

(b) The map s — eycey induces a bijection between the set of G*" -conjugacy
classes of semisimple elements of G*f" and the set of primitive idempotents
of KHE.

Moreover, if s € G then:

(c) We have 1 (eycey) = 1 and x1° (exaey) = 0 if t € GIL, is not conjugate
to s in G*.

(d) eyaey is the primitive idempotent of KHE associated with the irreducible
character xM°.

(e) The KG!-module KGFexg% is irreducible and affords the character xS.

(f) If x € E(GT, (s)gwr+) and if x # X&, then x(h) =0 for all h € KHE.

Since K'HE is split and commutative, all its irreducible representations have di-
mension one. In other words, all its irreducible characters are morphisms of K-
algebras KH® — K. So, as a consequence of the Proposition [[§, we get that the
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map

Y KHE — [] K
(1.9) (S)G*F*eGgeFr‘rT/N
G
h — (XZ;{ (h))(s)G*F*eG*F*/N

sem

is an isomorphism of K-algebras. It corresponds to the decomposition

(1.10) KHE = ® KHC%ecey.

(8)grr= €GLET /~

2. A GENERALIZATION OF THE CURTIS HOMOMORPHISMS

In [0, Theorem 4.2], Curtis constructed a homomorphism of algebras fr : H¢ —
OTY, for T an F-stable maximal torus of G (in fact, Curtis constructed a homo-
morphism of algebras K’HS — KT¥ but it is readily checked from his formulas that
it is defined over ). We propose here a generalization of this construction to the
case where T is replaced by an F-stable Levi subgroup L of a parabolic subgroup
of G: we then get a morphism KHS — KHY (note that, if L is a maximal torus,
then HY = OTY). We conjecture that this morphism is defined over O and prove
it whenever G (G, L, P) holds or whenever L is a maximal torus (see Theorem P.7)
or whenever ¢ does not divide the order of W (see Corollary B.12).

2.A. A morphism KH® — KH". Let P be a parabolic subgroup of G and
assume that P admits an F-stable Levi complement L.

The Gelfand-Graev representation I'G of OG¥ having been fixed, there is a well-
defined (up to isomorphism) Gelfand-Graev representation ' of OL!" associated to
it [B3, Page 77] (see also [BI]). We fix an F-stable Borel subgroup By, of L and we
denote by Uy, its unipotent radical. We fix once and for all a regular linear character
Y, of U such that TF = Ind{‘% Oy, = OL% e, . We identify H" with ey, OL"ey, .
We also fix an F*-stable Levi subgroup L* of a parabolic subgroup of G* dual to L
(this is well-defined up to conjugacy by an element of G*/": see [DM, Page 113]).
We then define xCury KHE — KH" as the unique linear map such that, for any
semisimple element s € G*F”

xCurf (e cey) = Z €L oy -

*
()« €ELIG, /~
te(S)Cku*

Note that this does not depend on the choice of the representative s in its conjugacy
class.
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Proposition 2.1. The map xCurS is an homomorphism of algebras. Moreover, if
s € LI then

sem ’

X o kCurff = 17
Proof. Since the image of an idempotent is an idempotent (and since KHS and K'H™
are split semisimple and commutative), we get the first statement. The second
is obtained by applying both sides to each primitive idempotent €xG €y of KHE
(t e GIE). O

sem

Another easy consequence of the definition is the following

Proposition 2.2. If M is an F'-stable Levi subgroup of a parabolic subgroup of G
and if L € M, then xCurMo xCur$ = Curd.

2.B. Deligne-Lusztig functors and Gelfand-Graev representations. Let P
be a parabolic subgroup of G and assume that P admits an F-stable Levi comple-
ment L. Let V denote the unipotent radical of P. We set

Y5 ={9VeG/V|g'F(g)e V-F(V)}

and dp = dim(V) — dim(V N F(V)). Then Y§ is a locally closed smooth variety
of pure dimension dp. If A = O, K or O/I", the complex of cohomology with
compact support of Y§ with coefficients in A, which is denoted by RI.(YS, A), is
a bounded complex of (AGY, AL¥)-bimodules which is perfect as a complex of left
AGT-modules and is also perfect as a complex of right AL¥-modules (see [DI], §3.8]).
Its i-th cohomology group is denoted by H{(YS,A): it is a (AGY, ALY)-bimodule.
For A = O, this complex induces two functors between bounded derived categories
RE p: D(OLF) — DY(OGT)
C — RI(YS,0) @epr C

RE.p: DHOGF) — pY(OL")
C — RHomqr(RI.(YS,0),0).

These functors are respectively called Deligne-Lusztig induction and restriction. By

and

extending the scalars to K, they induce linear maps between the Grothendieck
groups RE p : R(KL') — R(KGY) and *RE p : R(KG!) — R(KL"). We have
REp[M] =) (-1)[HAYF, K) @xpr M]
i>0
and “Rip[N] = Z(—l)i[Hi(YS',K)* ®rar N|
i>0

for all KG¥-modules N and all KL*-modules M.



8 C. BONNAFE & R. KESSAR
If (g,1) € KGI x KL, we set
Trgep(g, 1) = Y (1) Tr((g,1), H(YF, K)).
i>0
If (g,1) € GI'" x LT, then Trfcp(g, [) is a rational integer which does not depend
on the prime number ¢ (see [DI], Proposition 3.3]). If xas (respectively xy) denotes
the character afforded by a KL¥-module M (respectively a K Gf-module N), then

the character afforded by the virtual module R [M] (respectively *RE p[N]) will
be denoted by Rf pxu (respectively *RE pxn): it satisfies

1 )
REpxu(g) = 7G| > TEp(g Dxa(h)
leLF
. . 1 _
(respectively RE pxn(l) = ] > Tefep(g. Dxnle™) )
geGF

for all g € G (respectively | € L),

COMMENTS (INDEPENDENCE ON THE PARABOLIC) - If P’ is another parabolic
subgroup of G having L as a Levi complement, then the Deligne-Lusztig varieties Y&
and Y&, are in general non-isomorphic: they might even have different dimension
(however, note that (—1)% = (=1)%’ ie. dp = dpr mod 2). As a consequence,
the Deligne-Lusztig functors R p and R p, can be really different. However, it is
conjectured in general that R¢ p = RE p, and *Rfp = *Rfp,. This is equivalent
to say that Tryp = Try p.

For instance, we have TrfCP = Trfcp, if L is a maximal torus [DI], Corollary
4.3], or if P and P’ are F-stable (this is due to Deligne: a proof can be found in
[DM, Theorem 5.1]), or if F' is a Frobenius endomorphism and ¢ # 2 (see [BM]). In
all these cases, this fact is a consequence of the Mackey formula for Deligne-Lusztig
maps. O

The Gelfand-Graev representation I'V satisfies the following property:

Theorem 2.3. Assume that one of the following three conditions is satisfied:
(1) P is F-stable.
(2) The centre of L is connected.
(3) p is almost good for G, F' is a Frobenius endomorphism of G and q is large
enough.

Then *RE_p[KTG] = (—1)dr [KTY].

Proof. (1) is due to Rodier: a proof may be found in [DLMI], Theorem 2.9]. (2) is
proved in [DLMT], Proposition 5.4]. For (3) see [DLMZ, Theorem 3.7], [B3, Theorem
15.2] and [B3, Theorem 14.11]. O
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It is conjectured that the above theorem holds without any restriction (on p, ¢, F’
or the centre of L...). However, at the time of the writing of this paper, this general
conjecture is still unproved. So we will denote by G(G, L, P) the property

(G(G, L, P)) “Rpcp KTC] = (-1)%[KT").

Most of the results of this subsection will be valid only under the hypothesis that
G(G,L,P) holds. In light of the above theorem, and as there are many other
indications that G(G,L,P) holds in general, this should not be viewed as a big
restriction.

In fact, there is also strong evidence that the perfect complex of OL*-modules
*RECpFG is concentrated in degree dp: more precisely, it is conjectured [BR3, Con-
jecture 2.3] that

(ng(Gv L> P)) *RSCPPG = PL[_dP]

The conjectural property G™(G, L, P) is a far reaching extension of G(G,L,P). It
is known to hold only if P is F-stable (see Theorem P.3 (1) or [BRZ, Theorem 2.1]
for a module-theoretic proof) or if L is a maximal torus and (P, F'(P)) lies in the
orbit associated with an element of the Weyl group which is a product of simple
reflections lying in different F-orbits [BR2, Theorem 3.10]. Of course, a proof of
this conjecture would produce immediately a morphism of O-algebras H& — HY
(which is uniquely determined since H™ is commutative). However, as we shall see

in this section, we only need that G(G, L, P) holds to get the following result:

Proposition 2.4. If G(G,L,P) holds, then, for all h € KH¢ c KG*,

xCurg (h) = (=1)% Z Trfcp(h, ExL ) ExLEyy -

*
Sengn /NL*F*

Proof. We assume throughout this proof that G(G, L, P) holds. We denote by re
the character afforded by the module KT'¢. Let f : KH® — KH™ be the map
defined by
f(h) - (_1)dP Z TISCP(ha exgewL)estewL-
SeL;e}i: /NL*F*

Let s € Lf". In order to prove the proposition, we only need to check that

(7) XZ,{L of = X:{L o KCurS.

First, note that (x¥ T¥)pr = 1 so, by adjunction, and since G(G, L, P) holds,
we have (RE pxY, %) gr = (—1)%. Since x¢ is the unique irreducible constituent
of TS lying in £(GY, (s)p.r+) and since all the irreducible constituents of RS px
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belong to £(GY, (s)g+r+) (see for instance [B3, Theorem 11.10]), we have

R pxy=(—D"™xS+ > mx
XEE(GFv(S)G*F* )
X#XS

for some m,, € Z. By Proposition [L.§ (f), we have

(%) (REcexY) (h) = (1) x$(h) = (=1) X (h) = X1 (xCurf (h))
for all h € KHE. On the other hand, we have

() = () Trgep (b expen )

But, since the actions of h and of e,rey, on the cohomology groups H:(Yp, K)
commute and since eyrey, is an idempotent, we have that Trgcp(h, eyLeyy ) is the
trace of h on the virtual module

Z (_l)i[Hé(Ypa K)exg‘ewL)] = Z(_l)i[Hi(va K) OKLF KLF@x§‘6¢L)]'

i>0 i>0
Now, by Proposition [§ (e), the KL"-module KL"e,vrey, affords the character x%.
So it follows that

(%) TrScP(ha exl“ewL) = (RIC;'CPXE) (h).

So, (?7) follows from the comparison of (x) and (xx). O

Proposition 2.5. If B is a Borel subgroup of G and if T is a mazimal torus of B,
then G(G, T, B) holds and xCur$ coincides with Curtis homomorphism fr defined
in [0, Theorem 4.2]. We have, for all h € KHS,

1 _
xkCur$(h) = T > Tefep(h )t

teTr

REMARK - The formula given in Proposition B.J gives a concise form for Curtis
homomorphism. It can be checked directly, using the character formula [DM, Propo-
sition 12.2], that this indeed coincides with the formulas given by Curtis in terms
of Green functions [J, 4.3]. However, we shall give a more theoretical proof of this
coincidence. O

Proof. Since the centre of T is connected, G(G,T,B) holds by Theorem R.3 (2).
Also, Up =1, ¢r =1, so KHT = KT¥. So the primitive idempotents of KHT are
the primitive idempotents of KT and the formula given above can be obtained by
a straightforward computation.

Now, let T* be an F*-stable maximal torus of G* dual to T. If s € T*/", then
xT = x" and, by [0, Theorem 4.2], Curtis homomorphism fr : KH® — KTF
satisfies

G
Xy o fr=xt.



ENDOMORPHISM ALGEBRAS OF (GELFAND-(GGRAEV REPRESENTATIONS 11

Since x™" is an isomorphism of K-algebras, we get from Proposition R that fr =
Cur$. O

REMARK 2.6 - If x is a class function on L’ (which can be seen as a class function
on KL¥) and if G(G, L, P) holds, then we have

X(Curg (b)) = (=1) RE-p (x) (h)
for all h € K'HS. For this, one may assume that y € Irr LY. Let s € L*Z be such
that x € E(LY, (s)pr+). If x = x¥, then this is the equality (*) in the proof of the
Proposition B4. If x # x%, we must show that RF p(x)(h) = 0 for all h € KH®
(see Proposition (f)). Let v € Irr G¥ be such that (v, Rf px)gr # 0. Then
v € E(GF(s)g-r+) (see for instance [BJ, Theorem 11.10]) and, by Proposition

(f), it is sufficient to show that v # x<. But

<X§v RIC,;CPX>GF = <FG>RSCPX>GF = (PL>X>LF =0.
This shows the result. O

2.C. A morphism HE — HY. We conjecture that, in general, xCurS(H®) C
HY. At this stage of the paper, we are only able to prove it in the following cases
(in Corollary B.19, we shall see that this property also holds if ¢ does not divide the
order of W):

Theorem 2.7. We have:

(a) If G*(G,L,P) holds, then xCury (HS) C HY and the resulting morphism
of O-algebra HE — HY coincides with the functorial morphism coming from
the isomorphism *Rf-pl'¢ ~ I'V[—dp].

(b) If L is a mazimal torus, then xCur (HS) c HE.

Proof. (b) follows easily from Proposition B.J and from the well-known fact that, if
(9,1) € GF x L, then |LF| divides Trf_p(g,1) because L is a maximal torus.

(a) The complex RI.(YS,0) is perfect as a complex of left OGT-modules.
Therefore, we have *Rf pC = RI.(Y§,O)* ®pgr C for any complex C of OG-
modules. If G7(G,L,P) holds, then this means that we have an isomorphism
RI.(Y§,0)%e, ~ I'"[—dp]. In particular, the complex RI.(Y§,O)*ey is concen-
trated in degree dp. Therefore, there exists an (OLY, H®)-bimodule P such that
RT.(YS,0)%e, ~ P|—dp]. Moreover, as a left OL/-module, we have an isomor-
phism « : OLfe,, — P.

This induces a morphism

a: HES — H™
h — o Halegy )h).
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The morphism & : H® — HY does not depend on the choice of a because H is
commutative. This morphism can be extended to a morphism xé& : KHS — KHY,
h — ga~'(galey,)h). Now the Theorem would follow if we show that xd = xCurf.

So let s € GE'. Let £ be a set of representatives of Lf-conjugacy classes

sem *

which are contained in L**" N (s)g«r+ and let e = 37, ¢ ey e r. Then *RE-px& =
(=1)% 37, ce Xt In particular, a induces an isomorphism

KPe ~ KL"e.

So this shows that ga(eye,c) = e, as desired. O

2.D. Truncation at unipotent blocks. We denote by b the sum of the unipotent
block idempotents of G'. In other words,

b = Z Z Ey-

SEG;eFI:/N XES(GFv(S)G*F*)
s is an f-element

The algebra H® is a module over the centre of the O-algebra OGF: so b H is an
O-algebra with unit ¥%e,. Note that

G
b7ey = Z €1,G Cyp-

s is an f-element

Now, by definition, we get
xkCurg (0%ey) = bley, .
In particular,
(2.8) kCurg (b9 KHE) C b"KH".

Let us also recall for future reference the following classical fact:

Proposition 2.9. The projective OGY -module bST'C is indecomposable.

Proof. See [CE3, Proposition 19.6 (i)]. Note that the statement in [[CEZ] is made
under the hypotheses that G has connected center, but the proof applies without
change in the general situation. 0

Corollary 2.10. The algebra b$HE is local.
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3. GLUEING CURTIS HOMOMORPHISMS FOR MAXIMAL TORI

If B is a Borel subgroup of G and if T is an F-stable maximal torus of B, we
then write R, and Tr$ for the maps R$_ g and Trr(r;cB (see the comments at the
end of subsection and Proposition (c)).

Let Tg denote an F-stable maximal torus of Bq. We set W = Ng(Tg)/Tg. For
each w € W, we fix an element g € G such that g7 F(g) belongs to Ng(Tg) and
represents w. We then set T,, = gTgg~!. We then define, following [CY, Lemma
1,

Cur®: HE — H otk
weW

h +—— (Cur%w (h))wew.

The aim of this section is to study the map Cur®.

3.A. Properties of xCur®. Before studying Cur®, we shall study the simpler map
xCur®. Tt turns out that xCur€ is injective and it is relatively easy to describe its
image: both facts were obtained by Curtis and Shoji [CY, Lemmas 1 and 5] but we
shall present here a concise proof.

We first need to introduce some notation. If w € W, we fix an F*-stable maximal
torus T dual to T,,. If ¢ € T then x;* is a linear character of TY. If s is a
semisimple element of G*F", we set

eC(s) = ( Z extTw)weW € H KTE.
te(s) gurr NI wew

Then, by definition, we have
(3.1) KCurG(eXSGew) = e%(s).

Since (e%(s))(s)eqzr/~ is a K-linearly independent family in ], .y, K'TL, we get:

Proposition 3.2 (Curtis-Shoji). The map xCur® is injective and

ImCur® = @  Ke%(s).
(8)€G2ES [~

sem

Corollary 3.3. The map Cur® is injective.

We shall now recall a characterization of elements of the image of xCur® which
was obtained by Curtis and Shoji [CY, Lemma 5]. We need some notation. Let S¢
denote the set of pairs (w,#) such that w € W and 6 is a linear character of TZ
(which may also be viewed as a morphism of algebras OTE — O or KT — K).
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If (w,0) and (w',0') are two elements of S&, we write (w,0) = (w',0') if (T,,0)
and (T,, ') lie in the same rational series (see for instance [B3, Definition 9.4] for
a definition).

Corollary 3.4 (Curtis-Shoji). Lett = (ty)wew € [y KTL. Thent € Im xCur®
if and only if, for all (w,0), (w',0') € SE such that (w,0) = (w',0'), we have
O(tw) = 0'(tw).

Proof. Let t = (ty)wew € [[,en KTL. Since for all w € W, KTE is split commu-
tative and semi-simple, the idempotents of K'TE form a K-basis of K'TE, and we
may write ¢t = [[,cyp D cpers ongweX;r, where o) € K.

Now, from Proposition B.J we have that ¢ € Im xCur® if and only if, whenever
g, g’ are rationally conjugate semi-simple elements of G*/”, then for any w,w’ € W
such that ¢ € T*" and ¢' € T*", we have aJ* = a;w'. On the other hand,
if g € T;f", then o)* = xT*(t,). The result follows from the definition of the
equivalence relation on SE.

0

3.B. Symmetrizing form. The O-algebra H® is symmetric. In particular, the O-
algebra Im Cur® is symmetric (see Corollary B-J). We shall give in this subsection
a precise formula for the symmetrizing form on Im Cur®. For this, we introduce the
following symmetrizing form

7 J[ KT — K
weW 1
(xw)wGW — T Z Tw<xw)7
|W| weWw

where 7,, : KTZ — K is the canonical symmetrizing form.

We denote by 7 : OGY — O the canonical symmetrizing form. We denote by 7
the restriction of [UL|7 to HE: it is a symmetrizing form on HE (recall that |UL|
is invertible in @ and is the highest power of p dividing |G|). Note that

TH(ey) = 1.

Of course, the extension g1y : KH® — K is a symmetrizing form on KHS. We
have

(3.5) KTH = T O KCUI'G .

Proof. Since 7, is a class function on T we have, by Remark P.g,

#(xCur®(h)) = ﬁ S RS () (h)

weW
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for all h € KHE. But, by - Proposition 12.9 and Corollary 12.14], we have

|W| Z RT 7o) = |UE|T.
weW
This completes the proof of the formula B.5. O

3.C. On the image of Cur®. We are not able to determine in general the sub-O-
algebra Im(Cur®) of [], .,y OTEL. Of course, we have

(3.6) Im(Cur®) C Im(xCur) H OT.).
weW
However, there are cases where this inclusion is an equality:

Theorem 3.7. If { does not divide the order of W, then
m(Cur®) = Im(xCur®) H OTE).

weW

Proof. Let A be the image of Cur®. Then, since HE is a symmetric algebra (with
symmetrizing form 73), it follows from B.J that A is a symmetric algebra (with
symmetrizing form 74, the restriction of 7 to A).

Now, let B = Im(xCur®) N (ITew OTE). If £ does not divide |W|, then the
restriction of 7 to B defines a map 75 : B — O. By construction, we have A C B C
KA. So the result follows from Lemma B.§ below. O

Lemma 3.8. Let (A, 1) be a symmetric O-algebra and let B be a subring of KA
such that A C B and x7(B) C O. Then A = B.

Proof. Let (ai,...,a,) be an O-basis of A and let (a],...,a}) denote the dual O-
basis of A (with respect to 7). Then, for all h € KA, we have h = > | g7(ha})a;.
Now, if moreover h € B, then ha! € B for all i, so gr(hal) € O. So h € A. O

REMARK 3.9 - If / does not divide the order of W, then the Sylow ¢-subgroups of
G are abelian. If GI' = SLy(FF,), if ¢ is odd and if £ = 2, then the inclusion B.§ is
strict. If G = GL3(F5) and if £ = 3, then ¢ divides |W| but the Sylow 3-subgroups
of GF' are abelian: in this case, a brute force computation shows that the inclusion
is an equality. This suggests the following question: do we have an equality in
[3-4 if and only if the Sylow (-subgroups of G are abelian?

By Corollary B.4 and Theorem B.7, we get:
Corollary 3.10. Let t = (ty) € [ e OTL and assume that ¢ does not divide the

order of W. Then t € Im Cur® if and only if, for all (w,0), (w',8') € SG such that
(w,0) = (w',0"), we have O(t,,) = 0'(ty).
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Corollary 3.11. Let h € KH® and assume that { does not divide the order of W.
Then h € HE if and only if xCur§(h) € OTF for all F-stable mazimal tori of G.

The next result has been announced at the beginning of §.C.

Corollary 3.12. If L is an F-stable Levi subgroup of a parabolic subgroup of G and
if £ does not divide the order of W, then xCurg (H%) ¢ HY.

Proof. Let h € H® and let i/ = xCurg(h). By Corollary BT, it is sufficient to
show that xCurk(h’) € OTF for all F-stable maximal torus T of L. But this follows
from the transitivity of the Curtis maps (see Proposition P.2) and from the fact that
xCurg (H®) € OTF (see Theorem R.7). O

3.D. Truncation at unipotent blocks. We keep the notation introduced in §2.I):
for instance, b¢ denotes the sum of the unipotent blocks of G¥'.

Theorem 3.13. Assume that { does not divide the order of W. Let S denote a
Sylow £-subgroup of G and let T denote a mazimally split F-stable mazimal torus
of Cq(S). Then Curs induces an isomorphism

b9 HE ~ (OTFHT)Ner ™) ~ (05)Ner (),

Proof. First, since ¢ does not divide the order of W, S is contained in some maximal
torus and the centralizer Cg(S) is an F-stable Levi subgroup of a parabolic subgroup
of G. In particular, S is abelian, T contains S and S is a Sylow /-subgroup of
TF. This implies that Ngr(T) C Ngr(S). Moreover, if n € Ngr(S), then "T is
another maximally split maximal torus of Cg(S) so there exists g € Cgr(S) such
that "T = 9T. This shows that

This also implies that the map OS — OTFbT, x — xbT induces an isomorphism
(OTFpT)Ner (M) ~ (0 S)Nar (),

So we only need to show that Cur§ induces an isomorphism of algebras bSHE ~

(OTFpT)Nar (1),

Now, by .8, we have that Cur$(bSHE) c (OTFbT)Ner (™), So it remains to
prove that Cur§ is injective on bHE and that the above inclusion is in fact an
equality.

Let us first prove that Cur$ is injective on bSHE. Let T* denote an F*-stable
maximal torus which is dual to T. Let S* denote the Sylow /-subgroup of T*/".
Then |GF| = |G*F"| and |TF| = |T*"| so S* is a Sylow f-subgroup of G*/". In
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particular, every f-element of G*" is conjugate to an element of S*. So rCur§ is
injective on b K'HE, as desired.

Moreover, since S* is abelian, two elements of S* are conjugate in G*/" if and
only if they are conjugate under Ng.r+(S*) that is, if and only if they are conjugate
under Ng.r+(T*): indeed, by the same argument used above for proving (1), we
have

(1%) Nger+ (S™) = Ngwr (T%).Ca=(S™).
In particular,
(2) kCur$ (VG KHC) = (KTFpT)Nar (1),
So, by (2), we only need to prove that,
(7) if h € B8 KHE is such that xCurg(h) € OTY, then h € bSHE.

We shall prove (2) by induction on dim G, the case where dim G = dim T being
trivial. So let h € bSKH® be such that xCurG(h) € OTF. Let w € W. By
Corollary B-IT], we only need to show that xCur§ (k) € OTE.

Let S,, denote the Sylow (-subgroup of TZ. Since S is a Sylow ¢-subgroup of G¥',
we may, and we will, assume that S,, C S. Now, let L = Cg(S,). Since S, is an
(-subgroup and ¢ does not divide the order of W, L is an F-stable Levi subgroup of
a parabolic subgroup of G. Moreover, we have T C LL and T,, C L.

Now, let W' = gCurf(h). Then A’ € b*KHY (see B.§) and, by hypothesis, we
have xCurk(h') = gCurS(h) € OTF. So, if dimL < dim G, then &' € b“H" by
induction hypothesis, and so xCurg (h) = xCurk (k') € OTL, as desired. This
means that we may, and we will, assume that L = G (or, in other words, that S,, is
central in G). This implies in particular that S,, is the Sylow ¢-subgroup of Z(G)*".
Moreover, since ¢ does not divide ||, it does not divide |Z(G)/Z(G)°|, so S,, is the
Sylow ¢-subgroup of (Z(G)°)¥. Since |TE| = | T | and |(Z(G)°)F| = |(Z(G*)°)F"|,
the Sylow (-subgroup of T*/" (which we shall denote by S}) is central in G*.

h = Z A5€,G Ey.

(eczhy /~
s is an f-element

So, let us write

Then, by hypothesis,
Z ase,r € OT*x.
seS*

In other words, we have, for all t € T,

1 T
(3) E Z AsX 5 (t) € 0.

seS*
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We want to show that, for all t € TZ,

1
(27) LS mpeo.
|Sw| s€Sy,
Since xTv(t) = 1 if ¢ is an '-element of T and s € S, we only need to show (??)
whenever ¢t € S,,. But, in this case, xT*(t) = xT(¢) since t is central in G. On the
other hand, let S’ = {t' € S |V s € S%, xF(¢') = 1}. Then S = 5’ x S,. So, by (3),

we have, forall t € S,
5] Z(Zasxs tt' ) € 0.

eSS’ seS*
But
Z(Z agx? (tt') ) ‘S | > axT(),
€S’ seS* sES},
o (77) follows. O

4. THE CURTIS-SHOJI HOMOMORPHISM

Let d be a fixed positive integer. In [CY, Theorem 1], Curtis and Shoji defined an
algebra homomorphism from the endomorphism ring of a Gelfand-Graev representa-
tion of KGF* to the endomorphism ring of a Gelfand-Graev representation of KG?F'.
In this section, we review the definition of this homomorphism. We conjecture that
this homomorphism is defined over O and prove this in a special case.

Since we are working with two different isogenies F' and F¢, we shall need to use
more precise notation. We shall use the index ?(.) to denote the object ? considered
with respect to the isogeny F¢: for instance, F shall denote a Gelfand-Graev
representation of GF*, Xau) shall denote the character XY of the finite group L¥
and so on.

4.A. Notation. According to our convention, the regular linear character ¢ of UY’
will be denoted by 1(1). We fix a regular linear character v(q) : Uéd — 0" C K*.
Set

re =0G"e, , ~ IndUFd Oy -

and let HG denote the endomorphism algebra of the OGY “_module F((C;l). For
t e G

sem )

we denote by XtG'( g the unique element of & (GF “(t )q-r+a) Which is
an irreducible component of the character afforded by K F . If T is an Fe-stable
maximal torus, we shall denote by CurT,(d) ; H((jl) — OTF the Curtis homomor-
phism.
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REMARK - By Remark [[.6, the endomorphism algebra H((fi') does not depend on the
choice of the regular linear character ¢(4). There is nevertheless a “natural” choice for
Y(a), which is compatible with the theory of Shintani descent. It is defined as follows.
Consider the map N : UL /D(Ug)F" — UL/D(Ug)F, u — uF(u)---FiY(u).
Then one can take ¢ = qyo N. DO

4.B. The Curtis-Shoji homomorphism. For an F-stable torus T of G, denote
by
T Fd F
NFd/F . T — T y
the surjective group homomorphism

t—t. Fpo P
Denote by N}:d P also the O-linear map OTY ‘5 OTF extending Npa,p .
Proposition 4.1 (Curtis-Shoji). There exists a homomorphism of algebras
which 1s characterized as the unique linear map from KH(CC;O to KH(% with the
property that
for any F-stable torus T of G.
Proof. See [CS, Theorem 1]: the proof uses essentially only the fact that the map

KCur(% is injective (see Proposition B.d) and the computation of its image (see

Corollary B.4). O

Corollary 4.2. Let L be an F'-stable Levi subgroup of a parabolic subgroup of G.
Then gAY o KCurﬁ(d) = KCurﬁ(l) o kA, In other words, the diagram

G KCUYS(d)
(d) (d)
KAS kAP
G
KCUI'L (1)
G )
) ()

15 commutative.

Proof. Let f = xAlo KCurﬁ(d) and g = KCurﬁ(l) o kA, By Proposition B.J, it
is sufficient to show that KCurI{q,(l) of = KCur]i(l) og for any F'-stable maximal
torus T of L. But this follows from the transitivity of the Curtis homomorphisms
(see Proposition P-3) and the defining property of the homomorphisms xA’ (see
Proposition [.1)). O
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We also derive a concrete formula for the map xAS:

Corollary 4.3. The map kA is the unique linear map from KH(C;) to K’Hﬁ') with
*F*d

sem 7

the property that for any t € G

G — E
KA (exs(d)e¢(d)) N XS P

*
(8)ger+ €GI [~ g e
(S)G*F* C(t)G*F*d

In particular, if (t)g.p-a N G*F" is empty, then KA(BX/EGW) = 0.

Proof. Let a = KAG(exS(d)ew(d)) and

b= E exs(l)ew(l).

(8)gerr EGIE /e
G G
(S)G*F*C(t)c*p*d

By Proposition B.2, we only need to show that, if T is an F-stable maximal torus
of G, then KCur%(l)(a) = KCur%(l)(b). But, by Proposition [L.1], we have

KCUY%(U(G) = KN;d/F<Kcur’cI‘;,(d) (exf(d) €4(a) ).

Therefore,

KCur%(l)(a) = KNEd/F< Z ewa)'

Fxd
seT m(t)G*F*d

On the other hand,
KCur%(l)(b) = Z T

SETF*ﬁ(t)G*F*d
So it remains to show that, if s € TF*d, then

e,r if s € T,

s,(1)

T _
KNFd/F(eX;r,(d)) N {0 otherwise.

But this follows easily from the fact that, by definition [DIJ, 5.21.5, 5.21.6], we have
X;,F,(l) o N;d/F = X’sI,‘(d) as linear characters of TF". O

4.C. A map 'Hgi) — 'Hg). We conjecture that, in general, KAG(H(%) C Hg), SO
that xA% is defined over ©. However, we are only able to prove this in the following
special case.

Theorem 4.4. If { does not divide |W|, then KAG(H(C;)) - Hﬁ').



ENDOMORPHISM ALGEBRAS OF (GELFAND-(GGRAEV REPRESENTATIONS 21

Proof. Let a € H((c;l) and let h = xA%(a) € KH(%. By Corollary B.11], we need to
show that, if T is an F-stable maximal torus of G, then KCur%(l)(h) € OTY. But,
by Proposition [1], KCur%(l)(h) = KN;Ed/F(t), where ¢t = KCur%(d)(a). Now, by
Theorem B.7, KCur%(d)(a) € OT". So the result follows from the fact that KN;‘Ed/F
is defined over O. U

4.D. Truncating at unipotent blocks. Here we study the restriction of the
Curtis-Shoji homomorphism to the component b((fl)K HE of KHS (by our usual
convention in this section, b((fn) denotes the sum of the unipotent block idempotents
of GI'™).

It is immediate from Corollary .3 that KA(b(Cfl) Cpay) = bg')ew(l). We denote by

G .G G G G
kA7 b KH g — by KH),
the map obtained by restricting xA€.

Proposition 4.5. We have
(a) kAS is surjective if and only if whenever a pair of (-elements of G are
conjugate in G*F*d, they are also conjugate in G*F".
(b) kAS is injective if and only if every (-element of G*F™ is G*F""-conjugate
to an element of G,

Proof. gAY is a unitary map of commutative split semi-simple algebras, hence is
surjective if and only if the image of any primitive idempotent is either a primitive
idempotent or 0. Similarly, xA$ is injective if the image of every idempotent is
non-zero. Both parts of the proposition are now immediate from Corollary f.3. O

Let Z(G) denote the finite group Z(G)/Z(G)°. The following corollary is related
to [CY, Lemma 6]:

Corollary 4.6. Let r denote the order of the automorphism of Z(G), induced by
F. Ifged(d,rl) = 1, then xAF is surjective.

Proof. The proof is somewhat similar to the proof of [CY, Lemma 6]: since our
situation is a bit different and since our hypothesis is slightly weaker, we shall recall
a proof. Let s and ¢ be two (-elements of G*/"" and assume that they are conjugate
in G*¥"*. By Proposition [ (a), we only need to show that they are conjugate in
G,

So let g € G** be such that t = gsg™'. Let A = Cg-(s)/C&.(s) and let o denote
the automorphism of A induced by F*. We set A = Ax < o >. It is a classical fact
that A is an (-group (since s is an f-element: see for instance [BrM], Lemma 2.1])
and that there is an injective morphism A «— Z(G)" commuting with the actions of
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the Frobenius endomorphisms (see for instance [B3, 8. 4]) In particular the order
of o divides 7. So ged(d, A) = 1. Therefore, the map A — A, z — ¢ is bijective.
Now, since s and ¢ are F*-stable, the element h = g~1F*(g) belongs to Cg-(s).
We denote by z its class in A. The fact that g belongs to G*¥ - implies that
hF*(h)--- F*=Y(h) = 1. So zo(x)---0% 1 (x) = 1. In other words, (zo)? = 0. So
z = 1. In other words, g7 'F*(g) € C&.(s). By Lang’s Theorem, this implies that s
and t are conjugate in G*f". O

Corollary 4.7. If  does not divide [GF" : GF), then xAS is injective.

Proof. This follows from the fact that |G| = |G*I”
from proposition {.5. O

(and similarly for F¢) and

Let us make a brief comment on this last result. If r denotes the order of the
automorphism induced by F' on Z(G), (as in Corollary [L.G), it is not clear if the
condition that ¢ does not divide [G* L GF | implies that d is prime to r. However,
one can easily get the following result:

Lemma 4.8. If ( divides |GF| and does not divide [GF" : GF], then ¢ does not
divide d.

Proof. Tt is sufficient to show that, if ¢ divides |G|, then ¢ divides [GF" : GF]. For
this, let gy = ¢*/° (recall that F° is a Frobenius endomorphism on G with respect
to some F,-structure on G). We denote by ¢ the automorphism of V = X (T) @z K
such that F' = go¢. Then ¢ normalizes W so the invariant algebra S(V*)" can be
generated by homogeneous polynomials fi,..., f, (where n = dimg V = dimT)
which are eigenvectors of ¢. Let d; denote the degree of f; and let ¢; € K* be such

that gb(fz) = Ezfz Then
IG" =g T ] (a5
i=1

and |GFZ aq)” H h).
In particular, we have

[GFZ G"| = (z 1\¢+\H d;(e-1) d(z 2)81'—1- +qg =2 4 -1y

View this last equality in O (and recall that [ denotes the maximal ideal of O).
Now, if ¢ divides |G*|, there exists 7 such that

g = mod L
Therefore,

d;(0—1)

; -2
9o +q0( )

Eid gl 4 =" =0 mod L.
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This shows that [GF' : GF] € INZ = (Z. O

If KA?(Z)(%)H(%) C bﬁ)Hﬁ), we denote by Af : b(cfl)H((fl) — bg')H(Ci') the induced
map. This happens for instance if ¢ does not divide |W| (see Theorem [.4)).

Theorem 4.9. If { does not divide |W| - [GF" : GF], then AT by Hey — bGHG,
s an isomorphism of algebras.

Proof. By Theorem [£.4, the map Af is well-defined. By Corollary [L.7], it is injective.
So it remains to show that it is surjective.

First, the order of Z(G) divides the order of W. So, since ¢ does not divide the
order of W, we get that Z(G), = 1. So, by Corollary g, the map xA$ is surjective.
So, if h € 68)7:{8), there exists h € b((z'l)KH((fj) such that xAS(h) = h. So it remains
to show that h € b((fl)H((fl).

Let S be a Sylow /-subgroup of G¥. By hypothesis, it is a Sylow ¢-subgroup of
G™. Let T be a maximally split F-stable maximal torus of Cg(S) (as in Theorem
B13). Let ¢ = KCur%(d)(ﬁ) and t = KCur%(l)(h). Then, by Proposition [.1], we
have

t= KN;Ed/F@)
and, by R.§,
fe KT™bf, and te KTMJ,
Also, by the statement (?) of the proof of Theorem B.13, it is sufficient to show that
e OT™b,.

Write ¢ = ZéeTpd azZand t =) _qprb.z with az € K and b, € O. Let H be
the kernel of the group homomorphism N5, sp- By hypothesis, S is also a Sylow (-
subgroup of TF*. So ¢ does not divide [TF" : TF] = |H|. Now, if 2 € T"*, and if we
set 2 = N}:d/p(,%), then b, = >, anz. But, since te KTdeEEl), we have ap; = as
for every h € H (in fact, for every ¢-element h of TF'). So |Hl|a: = b, € O, which
means that az € O since |H| is invertible in O. O
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