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Abstract

Using functional analysis, we derive from local homotopy formulas for the tangential
Cauchy-Riemann operator a global homotopy formula for compact CR manifolds without
loss of regularity.
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Résumé

Par des méthodes d’analyse fonctionnelle, nous construisons, & partir de formules d’ho-
motopies locales pour I'opérateur de Cauchy-Riemann tangentiel, une formule d’homotopie
globale pour les variétés CR compactes sans perte de régularité.

Mots-clés : formule d’homotopie, équation de Cauchy-Riemann tangentielle, variétés CR
compactes

hal-00275013, version 1 - 22 Apr 2008

2000 Mathematics Subject Classification : 32V20


http://dx.doi.org/10.1007/s12220-008-9020-4
http://hal.archives-ouvertes.fr/hal-00275013/fr/
http://hal.archives-ouvertes.fr

hal-00275013, version 1 - 22 Apr 2008

2 Christine Laurent-Thiébaut and Jiirgen Leiterer

P. Polyakov [P3, P4] proved global homotopy formulas for 9, on C'R manifolds and used them
to study the embedding problem for C'R manifolds. Gluing together local formulas, which
were first introduced by Henkin [H] and Airapetian/Henkin [AH] and then further developed
by Polyakov [P1, P2, P3, P4], Polyakov first constructs a global formula which is not yet a
homotopy formula, but ”almost”, up to a compact perturbation. Then the main work is to
eliminate this compact perturbation. This is successfully done by Polyakov, but with some loss
of smoothness.

In the present paper we use and develop a general functional analytic construction from [L]
to eliminate such compact perturbations without any loss of smoothness. May be, this can
be used to improve the results about the embedding problem for C'R manifolds obtained by
Polyakov [P4].

This paper is written in the language of functional analysis. No integral formulas are used, but
we use the results obtained elsewhere by integral formulas.

1 Notations used throughout the paper

In this paper, Misa complex manifold of complex dimension n and E is a holomorphic vector
bundle on M. Further, M C M is a generic, compact C'R submanifold of class C*° of M, k is
the real codimension of M in M, and O is the trivial complex line bundle on M.

If U C M is an open set, then, for 0 < r < n — k, the following notations are used:

- C5.(U, E) is the Fréchet space of E-valued (n,r)-forms on U which are of class C>°,
endowed with the C*°-topology.

- 25.(U, E) is the subspace of all closed forms in C:%.(U, E), endowed with the same
topology.

- Cf{fﬁ‘ (U,E),l €N, 0 < «a < 1, is the Banach space of [ times differentiable E-valued (n, 7)-
forms whose derivatives up to order ! admit extensions to U which are Hélder continuous

with exponent a, endowed with the C'**-topology.

- ZI1(U,E) is the subspace of all closed forms in CL1*(U, E), endowed with the same
topology.
- If r > 1, then BLTTO‘_’Z(M7 E) is the space of all f € Ciw(M, E) such that f = du for some

u € Cijroil(M, E). Sometimes we write also

B (M, E) := B (M, E) := dC%,_, (M, E).

n,r—1

- (Domd)? (M, E) is the space of all f € C] (M, E) such that also df is continuous on
M.

2 The main result

If 0 < a <1 and ¢ is an integer with 1 < g < n — k, then we shall say that condition H(a,q)
is satisfied if, for each point in M, there exist a neighborhood U and linear operators

T.:Cy,.(M,0)—C), ,(UO0), 1<r<gq,

n,r—1
with the following two properties:
(i) Foralll e Nand 1 <r <g,

T, (Cf”(M, 0)) cclte (T,0)

n,r—1
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and T, is continuous as an operator between C., ,.(M, ©) and CL1*(U, 0).

n,r

(ii) If f € (Domd);, .(M,0), 0 <7 < q— 1, has compact support in U, then, on U,

T if r =
f = 1df ? " 07 (2'1)
dl.f + Trya1df ifl1<r<qg-1.

If M is g-concave in the sense of Henkin [H], then it is known since 1981 [H, AH] that condition
H(a,q) is satisfied for 0 < o < 1/2. More recently it was proved in [BLT] that then also
condition H(1/2,q) is satisfied.

Theorem 2.1. Suppose, for some 0 < o < 1 and some integer ¢ with 1 < ¢ < n — k,
condition H(c, q) is satisfied. Then there exist finite dimensional subspaces H, of Z.5.(M, E),
1 <r<q—1, where Ho = Z;(M, E), continuous linear operators

A, :C) (M,E) —C),_(M,E), 1<r<gq,

n,r—1
and continuous linear projections

P.:Cp . (M,E)—C) (M,E), 0<r<gq-1

with
ImP, =H,, 0<r<g-1, (2.2)
and
BYO(M,E)CKer P,  1<r<gq-1, (2.3)
such that:

(1) For alll e NU{oo} and 1 <r <gq,

A, (wa(M, E)) cclte (M, E) (2.4)

n,r—1
and A, is continuous as operator from Cl, (M, E) to Cf:ff‘_l(M, E).
(ii) For all0 <r < q—1 and f € (Dom)! (M, E),

f-pr={hY A (25)
dA, f + Ar 11 df ifl<r<qg-—1.

(iii) For all1 <r < q and | € NU{oc}, the space B, >~ (M, E) is closed in Cl, (M, E),
BLHe—Y M, E) = BYH(MLE), (2.6)
dAf=f  forall f € B)°(M,E), (2.7)

and the natural map

Z’?L?T(MaE) Z’Il’L,T(M’E) 28
aCx, (0LB) By, /(M) 29

is injective. If 1 <r < g — 1, then moreover, for alll € NU {00},
25, (M, B)B2 (M, B) @ H,., (2.9)
and hence (2.8) is an isomorphism (as H, C Z°.(M, E)).

Remark 2.2. Since Im P, is a finite dimensional subspace of C;°.(M, E), 0 <r < g — 1, the

projections P, are even continuous as operators from Cj (M, E) to C;5.(M, E).

The rest of this paper is devoted to the proof of theorem 2.1.
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3 Gluing together local homotopy formulas

Lemma 3.1. Suppose, for some 0 < a < 1 and some integer q with 1 < q < n — k, condition
H(w,q) is satisfied. Then there exist linear operators

T.:Cp .(M,E)—C),_(ME), 1<r<g, (3.1)
and
K, :Cp . (M,E)—C), (ME), 0<r<q-1, (3.2)

with the following two properties:
(i) For alll € N,

T, (wa(M, E)) cclte (ME), 1<r<gq (3.3)
K, (CL,(M,B)) CCe(MB),  0<r<q-1, (3.4)

the operators T, 1 < r < g, are continuous as operators acting between CfM(M, E) and

(,’fjro‘_l(M7 E), and the operators K,, 0 < r < g — 1, are continuous as operators acting be-

tween Cl, (M, E) and C5*(M, E).
(i) If f € (Domd)) (M, E), 0 <r <q—1, then on M

Td ifr=20,
f+K =40 / (35)
dT, f + Ty 41df ifl<r<qg-—1.
Proof. By hypothesis, we can find a finite open covering {U; };=1, .. v of M and linear operators
T;:Co . (M,E)—Cy . (U, E), 1<r<gq, j=1,...,N,

with the following properties:
(") Foreachle Nandall 1 <r <g¢q,1<j<N,

T,5(Ch. (M, E)) C e (U5, B)
and T, ; is continuous as an operator acting between C., ,.(M, E) and C;*(U;, E).
(i) If f € C&T(M, E) is a form with compact support in U;, 0 <r <g—1,1< j < N, such
that also df is continuous on M, then on U;

dT,; f + Tryr1 idf fl<r<q—1
f= . ’ ~ (3.6)
Ty jdf ifr=0.
Now we take C* functions x1, ..., xn such that x%,...,x% is a partition of unity subordinated
to {U,}. Setting
N
Tf=% TG, 1<r<q
=1

and
K, f= {Zév—l (de A Tr,j(Xjf) - XjTr+1,j(de A f)) ifl1<r<qg-1
=2 T (d A ) ifr=0,
we define operators (3.1) and (3.2). Then condition (i) is satisfied by (i’).
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To prove (ii), we consider a form f € C (M, E), 0 <r < g— 1, such that also df is continuous

n,r

on M. Then, for each j, the form x;f has compact support in U; and

d(x;f) = xdf +dx; N f

is also continuous on M. Therefore, by condition (ii’), for each j we have on Uj

if = {dTr,j(Xjf) + Trp1,;0GAf) + T j(dxg A f) if1<r<gqg-1
if =

11 ;(xzdf ) + Th5(dx; A f) ifr=0
and hence
2f = X AT (G ) + X5 T, (GA) + x5 Trgai(dx; A f)  if1<r<q-1
’ X511, (x;df) + x;T1,5(dx; A f) ifr=0.

If » = 0, summing up this gives
f="Ti(df) = Ko(f),

i.e. we have (3.5) for r = 0. Now let 1 <r < ¢ — 1. Since

X;dTrj(x;f) = d(XjTr,j(Xjf)> —dx; ANTrj(x;f) f1<r<q-1,

then we get on each Uj

XGf = d(XjTr,j(Xjf)) —dx; AT (G ) + X T, (G Af) + X Tr41,5(dxg A f) -

Summing up this gives (3.5) for 1 <r <¢g—1. O

4 A functional analytic lemma

Lemma 4.1. Let By, I € N, be a sequence of Banach spaces, and let R : By — By be a linear
operator such that, for each | € N:

e B;.1 C By, and the imbedding B;+1 — By is continuous.
° ﬂueN B, is dense in B;.
e R(B)) C B, and R‘B, is compact as an endomorphism of Bj.

Then I 4+ R is a Fredholm endomorphism with index zero of By (this is clear, because R is
compact as an endomorphism of By), and

Ker(I+R)C (B (4.1)
leN

Proof. Since the operators R)| 5, are compact, for each [ € N, (I +R)| 5, is a Fredholm endo-
morphism with index zero of B;. Clearly

Ker(I + R)|Bl+1 CKer(I+ R leN.

)‘Bl ’

Since dim Ker(I + R)|

B <0 for all [ € N, this yields the existence of [y € N with

Ker(I + R)|, = Ker(I + R) |BZO for all I > I
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Then
Ker(I+R)|, C()Bi. (4.2)
0

leN

Since the index of the Fredholm operator (I + R)|B, is zero,
0
s := dimKer(I + R)‘Bl = dim Coker(I + R)‘B’ .
o lo
Let vy,...,vs be a basis of Ker(I + R)|Bl ,
0

(I 4+ R)(By,) in By,. Since (,cy By is dense in By, we may assume that wy, ..., ws € (e Bi-
By the Hahn-Banach theorem, we can find continuous linear functionals ®1,...,®; on By with

and let wq,...,ws be a basis of a complement of

D, (vy) =0, 1< pu,v<s.

Setting

o(f) = Y (2ulh) s

p=1

then we get a finite dimensional linear operator

<I>:B0—>ﬂBl
leEN

such that, for each [ € N, ® is continuous as an operator between By and B;. As the embeddings
B; — By are continuous, then for each [ € N, <I>| B is a finite dimensional continuous linear
endomorphism of B;. Since R is compact in all By, it follows that, for each ! € N, (I+ R+ ®
is a Fredholm endomorphism of B; with index zero.

Moreover, (I + R+ & is even an isomorphism of Bj,, because ® maps Ker(I + R)‘Bzo

)5,

) ’ BlO
isomorphically to a complement of (I + R)(B,,) in Bj,. Hence

By, = (I + R+ ®)(By,) C (I + R+ ®)(Bo).

Since B, is dense in By and I + R + ® is a Fredholm endomorphism of By with index zero,
this implies that I + R 4+ ® is an isomorphism of By. Since ® is of rank s, this further implies
that

dimKer(I + R) < s = dimKer(/ + R)| , .

As
Ker(I + R)|Bl CKer(I +R),

it follows that
Ker(I + R)|Bl Ker(I + R).
0

By (4.2) this implies (4.1). O

5 Further steps toward the proof of theorem 2.1

In this section we assume that, for some 0 < a < 1 and some integer ¢ with 1 < ¢ < n —k,
condition H(a,q) is satisfied.
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Lemma 5.1. Let K., 0 <7 < q—1, be the operators from lemma 3.1. Then:
(i) For all0 <r < q—1, I + K, is a Fredholm endomorphism of C, .(M, E) with index zero
and

Ker(I + K,) CC.(M,E). (5.1)
(1) We have
Z) o(M,E) C Ker(I + Ko) C C;5(M, E) (5.2)
and
dim Z), o(M, E) = dim Z;5(M, E) < 0. (5.3)

(i) If g > 2 and 1 <r < q—1, then

(1+ K.)(20,.(M, E)) C B2 (M, E) (5.4)
and (I + K,»)|227T(M’E) is a Fredholm endomorphism with index zero of Z) (M, E).
(iv) If g >2 and 1 <r < q—1, then BgyO(M, E) is a closed subspace of finite codimension in
Z0 (M,E).

(w)Ifq>2and 1 <r<q-—1, then
(I+ K,) (B3 (M, B)) € By (M, E) (5.5)

and (I + K, is a Fredholm endomorphism with index zero of By ?%(M, E).

”Bg;r%M,E)
Proof. Proof of (i): Let 0 < r < g — 1. Then it follows from Ascoli’s theorem and statement
(i) in lemma 3.1 that the hypotheses of lemma 4.1 is satisfied for R := K,.. Therefore part (i)
of the lemma under proof follows from lemma 4.1.

Proof of (ii): (5.2) follows from (3.5) and (5.1). Since, by part (i), I + Ko is a Fredholm
operator, this implies (5.3).

Proof of (iii): (5.4) follows from (3.5). Since I + K, is a Fredholm endomorphism with index
zero of C)) (M, E) and, by (5.4), 27 (M, E) is an invariant subspace of I + K, this implies
that (I + KT)|Zg7T(M, E) is a Fredholm endomorphism with index zero of Z)) (M, E).

Proof of (iv): Since (I + KT)’22 (M.B) is a Fredholm endomorphism of Z)) (M, E), it follows
from (5.4) that also B,‘f;’o(M, E) is of finite codimension in ZS,T(M, E). Together with the
fact that By ,’°(M, E) is the image of a closed linear operator, it follows that BY,’°(M, E) is
closed.

Proof of (v): (5.5) holds by (3.5). Since I + K, is a Fredholm endomorphism with index zero
of C) (M, E) and, by (5.4), By?°(M, E) is an invariant subspace of I + K, which is closed by
part (iv), this implies that (I + K,) }BZ‘?O(M, E) is a Fredholm endomorphism with index zero
of By 0(M,E). O

Lemma 5.2. Let T1 and Kq be the operators from lemma 3.1. Then there exist finite dimen-
sional continuous linear operators

Tll : Cg,l(M7 E) - CT?.?O(M7 E)7

.0 (5.6)
KO : Cn,O(Mv E) - CSL?O(M7E)

such that I+ Ko+ K, is a Fredholm endomorphism with index zero ofC&O(M, E) (this is clear,
because I + Ky has this property),

(I+ Ko+ K{)f =Ty +T{)df forall f € (Domd)} o(M,E), (5.7)
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Ker(I + Ko + Kp) = Z250(M, B) = 2, (M, E),, (5.8)
and, moreover, (3270(M7 E) splits into the direct sum
Coo(M,E) =Im(I + Ko+ K{) ® 20 o(M, E). (5.9)

Proof. We proceed in two steps. First we construct finite dimensional continuous linear oper-
ators

Tl* : Cg,l(Mv E) - CS?O(M’ E)v

0 (5.10)
K(T : CWL,O(M7 E) - C'?L?O(M’ E)
such that
K f =Trdf for all f € (Domd); o(M,E) (5.11)
and
Ker(I + Ko+ Kg) = Z2,5(M, E) = ZS7O(M, E). (5.12)

(The second equality in (5.12) we know already from lemma 5.1 (ii).) Then we construct finite
dimensional continuous linear operators

Tl** : Cg,l(Mﬂ E) - C’Z?O(M7 E) ’

o (5.13)
K§*:Cp o(M,E) — C% (M, E)
such that
K f =Ty*df for all f € (Domd), o(M, E), (5.14)
Ker(I + Ko+ K§ + K§*) = Z5(M,E) = Z)) (M, E) (5.15)
and, moreover, Cp) o(M, E) splits into the direct sum
CYo(M,E) =Im(I + Ko + K + K§*) & 2 (M, E) . (5.16)

Then T7 := T} +T7* and K := K + K§* have the required properties. Indeed (5.8) and (5.9)
then follow from (5.15) and (5.16), and (5.7) follows from (3.5), (5.11) and (5.14).

First step: By lemma 5.1 (i) and (ii), I + Ky is a Fredholm endomorphism with index zero of
Cp o(M, E), and there is a finite dimensional subspace A of C;% (M, E) such that

Ker(I + Ko) = Z;5,(M,E) © A. (5.17)
Let m :=dimA. If m =0, we set K§ =0 and I} = 0.
Now let m > 0. Then we choose a basis A1,...,\,,, of A. Since the index of I + K is zero

and C;% (M, E) is dense in C)) 4(M, E), we can find an m-dimensional subspace A of Croo(M, E)
with _
ANIm(I + Ky) = {0}. (5.18)

Let Xl, .. ,Xm be a basis of A. By (5.17), also the forms dAy, ..., d)\,, are linearly independent.
Therefore we can find! forms ¢1,..., ¢, € C°, (M, E*) (where E* denotes the dual bundle
of F), such that

/ A\ ANy =0y, 1< pv<m. (Kronecker symbol) . (5.19)
M

1Here we use the following fact from linear algebra: Let L be a complex vector space and let ® be a linear
space of linear forms on L with the property that, for each x € L with x # 0, there exists ¢ € ® with ¢(x) # 0.
Then, for each finite linearly independent system of vectors hi,...,hm € L, there exist forms p1,...,om € ®
with @, (hy) = 6uyu. Proof: Denote by M the linear subspace of C™ which consists of the vectors of the form
(o(h1),-..,¢(hm)) with o € ®. We have to prove that M = C™. Assume M % C™. Then there exists a
nonzero vector ()\1, .. .,)\m) € C™ with Y>> A2y = 0 for all (21,...,2m) € M. By definition of M it follows
that (> Avhy) =3 Auvp(hy) = 0 for all ¢ € ®. Hence (by hypothesis on ®) > A, h, = 0, which contradicts
the linear independence of hy,..., hm.
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Setting

Tr ”“Z(/ f/\wy) ., fecd (M, E),
o f = d v X1/; C’S ’ :
K f ;(/MM w) f €CO (M, E)

we define the operators (5.10). From Stokes’ theorem we get (5.11). Hence
22)(M, E) C Ker K. (5.20)

Moreover, by (5.19), we get from Stokes’ theorem that K3 (Ap) =(—1 )"‘HX , 1 < p < m. Since
Al,..., A\ 18 a basis of A and )\1, .. )\m is a basis of A this implies that

ANnKer Kj ={0}.

Together with (5.20) and (5.17) this implies (5.12).
Second step: Set

V=22(M,E)ynIm(I + Ko + K5) and p=dimV.
Then there is a p-dimensional subspace V of Cooo(M, E) with
I+ Ko+ K)(V)=V.

Then, by (5.12),

VN Z00(M,E) =V nKer(I + Ko+ K5) = {0}, (5.21)
Let v1,...,0U, be a basis of V and
vai= [+ Ko+ K)o, 1<p<p.
By (5.21), then also the forms dvy,...,dv, are linearly independent. Therefore, as above, we

can find forms ¢1,...,¢0, € C, 1(M E*) with

/ dv, Ny =0, 1< pv<p. (5.22)
M

Set
= {fécg,o(M,E) ’ / fAdp,=0 forl S,ugp} .
M
By Stokes’ theorem, then
20,(M,F)CT, (5.23)

and, by (5.22), R
Clo(M,E)=Ve&Tl. (5.24)

Since Z, (M, E) is finite dimensional and by (5.23) (and the Hahn-Banach theorem), we can

find a closed linear subspace L of T with

I'=La 20, (ME).
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Together with (5.24) and (5.12) this implies
COWME)=ValLazl (M E) =VaeloKed+ Ko+ k). (5.25)
Since I + Ko + K maps v isomorphically to V', this yields

Im(I+ Ko+ K)=Vao(I+Ko+E)IL)=VaL, (5.26)

where R
L:=(I+ Ko+ Kg)(L).

Let W be a subspace of Ker(I + Ko + K§) = Z0 ;(M, E) such that
VaeW =Ker(I+Ko+Kj)=Z),(M,E). (5.27)
Since the index of I + Ky + K is zero, then, by (5.26),
p+dimW =dimKer(I + Ko + Kjj) = codimIm( + Ko + Kj) = codim(V & L)  (5.28)
and moreover by (5.26) and the definition of V|
Wn(VaelL) =WnIn(+ Ky + Kj) ={0}. (5.29)

o0(M, E) is dense in CJ) (M, E), it follows from (5.28) and (5.29), that there exists a p-
dimensional subspace V of Coo(M, E) such that

CyME)=LaVeWaV,
which means by (5.27) that
Cho(M,E) =Ker(I+ Ko+ K) @ Lo V. (5.30)

Let v1,...,v, a basis of V. Setting

DY (/Mfwu) @ —v,), fec (ME),

Kg*f = (_1)n+1 Z (/M f A d<pV> (51/ - Ul/)a f € C’I’OL,O(M7 E)
v=1

we define the operators (5.13). Then (5.14) follows from Stokes’ formula. In particular we see
that
Z) o(M,E) C Ker K*.

By (5.12), this yields
Z) o(M,E) = Ker(I + Ko + K) C Ker(I + Ko + K§ + Kj*). (5.31)
It remains to prove (5.15) and (5.16). By Stokes’s theorem and (5.22),

P
K5, = (/M By A d%> (00 —vy) = Ty — 0 = 0 — (I + Ko + K§)0p,

v=1

and therefore
I+ Ko+ Kj+ K§*)v, =0, 1<u<p.
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Hence ~ ~
(I+Ko+K;+K5*)(V)=V.

By the definitions of I" and K3* it is clear that I' C Ker Kj3*. Hence L C Ker K§3* and
(I + Ko+ K5 + K5*) (L) = (I + Ko + K3) (L) = L.
Together this implies that
I+Ky+Ki+ K (VeL)=LaV. (5.32)
By (5.30) this yields
codimIm(I + Ko + K + K§*) < dimKer(I + Ko + KJ) .
As I + Ko+ K§ + K§* is a Fredholm operator with index zero, this further implies that
dimKer(I + Ko + K§ + K3*) < dimKer(I + Ko + Kj) .
Taking into account again (5.31), we see that
Ker(I + Ko+ K§ + K§*) =Ker(I + Ko + Kj) - (5.33)
By (5.30) and (5.25), this implies that
COo(M,E) =Ker(I + Ko+ Ky + Kg) @ LV, (5.34)

and
COo(M,E) =Ker(I + Ko+ Ky + Ky )@ La V. (5.35)

From (5.32) and (5.35) it follows that
Im(I + Ko+ K§ + KJ*)=LaV.
In view of (5.34) this means (5.16). O

Lemma 5.3. Let T, 1 <r < gq, and K,, 0 < r < q—1, be the operators from lemma 3.1.
Then there exist finite dimensional continuous linear operators

T

K| :C) . (M,E) = CX.(M,E), 0<r<gqg-1,

K!:C) (M,E) - C5.(M,E), 1<r<gq-1,
T!:Cy . (M,E) = C_(M,E), 1<r<gq,

such that with the abbreviations
No:=I+Ko+K, and N,:=1+K,+K,+K!, 1<r<q-1,

each N, 0 < r < q—1, is a Fredholm endomorphism with index zero of C&T(M, E) (this is
clear, because I + Ky has this property), and:

(i) If0<r <q—1and f € (Domd)! (M, E), then

N.f— (Ty + T})df ifr=0, (5.36)
' AT, + T f + (Togr + T/ )df fl<r<q-1, '
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and hence
dN,f = N,11df if 0<r<q-—2. (5.37)
(i) We have
Cy(M,E)Im N, @ Ker N, 0<r<gq-1, (5.38)
Ker N, C Z°.(M, E), 0<r<g-1, (5.39)
Ker N, ifr=20
20, (M, E)={ ¥r=0, (5.40)
' By °(M,E) @ Ker N, ifl<r<qg-1,
and
By Y(M,E) =By (M, E), 1<r<qg-1. (5.41)

(15i) If 1 <r < q—1 (and hence q > 2), then
N, (BS7O(M, B)) = B3 (M, E). (5.42)

and NT’BSTO(M,E) is an isomorphism of By (M, E).

(iv) If 0 <1 < q—2 (and hence ¢ > 2), then
(Dom d)°, (M, E) = N, ((Dom )%, (M, E)) ® Ker N, , (5.43)

and hence NT‘Im N, A(Dom )2, (M. E) is an isomorphism of Im N, N (Domd)} (M, E).
(v) Remark: It follows from (5.38), (5.40) and (5.42) that

ImN, N Z) (M,E) =B °(M,E) ifl<r<q-1. (5.44)

Proof. If ¢ = 1, this is lemma 5.2. We proceed by induction over g. Let ¢ > 2 and assume that
the statement of lemma 5.3 is already proved if we replace in this statement ¢ by ¢— 1. Let K/,
0<r<q—2,K/!,1<r<qg-—2,and T/, 1 <r < g— 1, be the operators from the statement
which we obtain if, in the statement of lemma 5.3, we replace ¢ by ¢ — 1. Set Ny = I + K and
N, =T+K +K/ifg>3and1<r<g-—2.

Set
Kl = dT)_,. (5.45)
Since T, is a finite dimensional continuous linear operator from C) , (M, E) to C;%, (M, E),

then it is clear that also K ; is such an operator. Set

Nq—l = I + Kq_1 + Kill/—l'

Then, by lemma 4.1, Nq_1 is a Fredholm endomorphism with index zero of CY , (M, E), and

n,g—1
Ker Ny_1 € CX,_(M,E). (5.46)
Now we first prove that B
Ker Ny_1 N B (M, E) = {0}. (5.47)
Let g € BY%, (M, E) with N,_1g = 0 be given. Take f € C3 ,_,(M, E) with g = df. Then, by
definition of ]\qu,l and Ky, we get

0=Ng_19=Ny1df = (I + Ky1)df + K_df = (I + Ko_1)df + dT,_df .
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By (3.5), this implies
0= (dTy—1 +dT,_,)df . (5.48)

Since, by hypothesis of induction, statement (i) of lemma 5.3 is true if we replace ¢ by ¢ — 1,
we have

-2 ATy + T2 o) f + (Tymr + T)_y)df ifg>2.

Hence dN, o f = d(Ty—1 + T,_;)df, which implies by (5.48) that
Ny_of € 2, o(M,E). (5.49)
By hypothesis of induction, (5.40) and (5.38) are valid for » = 0. Therefore
ImNoNKerNg={0} and  KerNy=Z] (M, E).

If ¢ = 2, then these relations together with (5.49) imply that Nof = 0, which means by the
second relation that f € Z)) (M, E). Hence g = df =0 if ¢ = 2.
Now let ¢ > 2. Then, by hypothesis of induction, (5.44) is valid for r = ¢—2, and (5.49) implies
that

Ny-af € By (M, E).
Therefore and, since, by hypothesis of induction, (5.42) is valid for r = ¢ — 2, we can find
f € By % (M, E) with

Nq—2f = Nq—2f~

Then f — f € Ker N,_5. Since, by hypothesis of induction, (5.39) is valid for r = ¢ — 2,
this implies that f — f € 22, o(M,E). As f € Z) (M, E), this further implies that

n,qg—2

feZ), o(ME). Hence g = df = 0. This completes the proof of (5.47).

Next we prove that

0
Zn,qfl n,q—1

(M, B) = B3, (M, E) & (Ker Ny 0 22,1 (M, E)). (5.50)
Since K,/ | = dT;_; and ImT,_; C C*,(M, E), it is clear that

ImK] , € By % (ME). (5.51)

n,g—1

By lemma 5.1 (iv), (I + Kq,1)|l,30_,0 (M.E) 18 8 Fredholm endomorphism with index zero of
n,qg—1 ’
Be—°(M, E). Since K, is finite dimensional and we have (5.51), this implies that

has the same property. By (5.47), this means that

N,_
q-1 ‘B;":O(M,E)

~ . . . a—0
Nq*1|B;§;El(M,E) is an isomorphism of By ™, (M, E). (5.52)
In particular,
NT _ pa—0
Im Ny | B0, (E) = B % (M,E). (5.53)

Moreover, by part (iii) of lemma 5.1, (I + K, is a Fredholm endomorphism with

index zero of Z0_| (M, E), where

) ’ZSfl(M,E)

Im(I + K,—1 ) < B3 (M, E)

) |zg_1(M,E
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Since K,_; is finite dimensional and we have (5.51), this implies that also Nq a

“tlzo ) B8
Fredholm endomorphism with index zero of Zg_l(M ,E), where

Im N, C BO(M,E).

_1|227q71(M,E)
Together with (5.51) this gives
Im ]\qu

— —0
~tlz0my = BiS L E). (5.54)

Therefore, (5.47) can be written

Ker Ny—1 NTm Ny_1| o onm = 10}

Hence B B

Im Nq,1|22:q71(M7E) N Ker Nq,llzngil(ME) = {0}. (5.55)
As the index of NQ_l‘ngq_l(M,E) is zero, this yields

0 ~ ~
Znq1 M E) =T Noi| 20 oy @ Ker Nowal 5oy
=t Noilp0 p @ (Ker Ny-1 0201 (M, B)).
Again by (5.53), this proves (5.50).
From (5.47) and (5.50) it follows that
B Y (M E) =B (M,E). (5.56)

Now we construct the operators K _; and T,. As in the proof of lemma 5.2, we proceed in
two steps. (In the first step we construct some operators K;_y and Ty, and in the second
step we construct some operators K;*; and 7;* and prove that K[I_l = K, + K;*; and

T(; =T, + 1" have the required prop_erties.) -
First step: Since dim Ker J\~fq,1 < oo and by (5.46), we can find a finite dimensional subspace
Aof C°,_1(M, E) such that

n,g—1
Ker N,_1 (Zg)q_l(M, E) NKer Nq_l) ®A. (5.57)

Let m :=dimA. If m =0, we set K;_; =0 and Tj = 0.
Now let m > 0. Choose a basis A1,..., A, of A. Since the index of ]\qu,l is zero and

and C;°, (M, E) is dense in C)) , (M, E), we can find an m-dimensional subspace A of

e (M, E) with

n,g—1

ANImN, ; = {0}. (5.58)
Let Xl, . ,Xm be a basis of A. By (5.57), A C Ker Nq_l. Therefore

0
Zn,qfl

(M,E)nAC 2°

n,qg—1

(M,E)NKer N, ;.

Since on the other hand Z9

mq—1(M, E) N A C A, this implies, again by (5.57), that

ZO

n,g—1

(M,E)nA = {0}. (5.59)
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Since A1, ..., Ay, is a basis of A, it follows that also the forms d\1, ..., d\,, are linearly indepen-
dent. Therefore (as in the proof of lemma 5.2), we can find forms 91, ..., ¢y, € C32 (M, E¥)
(where E* denotes the dual bundle of E) such that

/d)\,,/\wuzéw, 1<u,v<m. (5.60)
M
Setting
T f = - U A, c® (M,E),
o f ;(/Mfw) fec (M,E)
K f= (=) (/ fAdwy> A FEC), 1 (ME),
v=1 M

now we define finite dimensional continuous linear operators

T;:Cp (M, E)—CZ, (M,E),

n,qg—1
K;—l : Cg,q—l(Ma E) - C;.L?q—l(M7 E) .
Then from Stokes’ theorem we obtain that
K  f=Trdf forall fe (Domd)) , (M, E) (5.61)
and
Z) 1(M,E) CKer K . (5.62)

Moreover, by (5.60), Stokes’ theorem gives

KA\, = (-1 Y (/M Au A dsz) A=) </M N, /\1/),,) A=A,

v=1 v=1

for all 1 <y < m. Since Aq,..., Ay is a basis of A and Xl, . ,Xm is a basis of /~\, this implies
that
ANKerK; ; ={0}. (5.63)

Together with (5.57) and (5.62) this gives
Ker(Ny_y + K1) C 25, (M,E) CKer K;_, . (5.64)

Hence _ ~
Ker(Ny—1 + K;_|) =KerN,_1NZ) (M, E).

n

Together with (5.50) this implies that

(M,E)By° (M, E) ® Ker(Ng—1 + K _,). (5.65)

0
z n,g—1

n,qg—1

Taking into account again (5.53) and (5.62) this further implies that

(No-1 + K1) (20,1 (M, B)) = (Nyr + K (Ba 4 (M, ) )
=B>% (M, E),

n,qg—1

(5.66)

and (N,_1 + K;—l)‘Bgzﬁl(M,E) is an isomorphism of By % (M, E).



hal-00275013, version 1 - 22 Apr 2008

16 Christine Laurent-Thiébaut and Jiirgen Leiterer

Second step: Since Nq_l is a Fredholm endomorphism with index zero of Cj) , (M, E), the

operator Nq,l + K_, has the same property. Set

V =Ker(Nyg_1+ K; 1) NIm(N;—1 + K1) and p=ImV.

Choose a p-dimensional subspace V of Cp 4—1(M, E) with

(Nyo1 + K2 ) (V) = V.

Then, by (5.65) and (5.66),

VNnz), (ME)=/{0}. (5.67)
Let 1, ..., U, be a basis of V and and
vy = (Z\~fq_1 + Ky 1)U, 1<u<p.
By (5.67), then also the forms dv1,...,duv, are linearly independent. Therefore, as above, we

can find forms ¢p,...,pp € C’;’Lo_k_q(M, E*) with

/ do, Ny =0y, 1< puv<p. (5.68)
M

Set
F:{fEC,OL,ql(M,E) ’ /f/\dgoH:O forlgugp}.
M

Then, by Stokes’ theorem,

Z) 1 (M,E)CT. (5.69)
Since the forms dy1, ..., dy, are linearly independent,
codimT = p. (5.70)

(By codim we mean the codimension in CJ ,_,(M, E).) Since, by (5.68) and again by Stokes’
theorem,

[ aunde, = (-0 [ dnng, = (1 1<asy,
M M
we see that V N T = {0}. Since dimV = p = codimT, it follows that

. (ME)y=Vear. (5.71)

n,g—1

It follows from (5.65) and (5.69) that Ker(N,—; + K;_;) CI'. Since Ker(N,—1 + K _;) is finite
dimensional, therefore we can find a closed linear subspace L of I" with
['=L&Ker(Ny_y +K;_y) (5.72)
and hence, by (5.71),
Co 1 (M,E)=V & L& Ker(Ny_y +K;_y). (5.73)

Since ]\qu,l + K;_; maps v isomorphically to V, this yields

(N, +K; )=V & Ny + K )(L)=VelL, (5.74)
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where

L:= Nyt +K;_)(L).

By definition of V, we can find a finite dimensional subspace W of Ker(N,—1 + K;_;) with

Ker(Nyo1 + Kj_)) =V & W, (5.75)
Then, by (5.65),
Z) 1(M,E) =By (M,E)aVoW. (5.76)

Since the index of Nq_l + K;_1 is zero, it follows form (5.75) and (5.74) that

p+dim W = dimKer(N,—1 + K;_;)
= codim Im(ﬁq,l + Ky 1) =codim(Ve&L). (577)

Moreover, it follows from (5.74) and (5.75) that

WN(VeL) =WnIn(N_i + K;_,)

WnKer(Ng—1 + K;_ ) NIm(Ny1 + K; ) =WnV={0}. (5.78)
Hence we have a direct sum V @ L @ W, where, by (5.77),
codim(Ve Le W) = p.

Since C2°, (M, E) is dense in C° (M, E), therefore we can find a p-dimensional subspace 1%

n,g—1 n,g—1
of C%,—1(M, E) such that
A A ME=VoLoWaV, (5.79)
which means, by (5.75),
€, \(M,E) =Ker(Ny_y + K} )@ LaV. (5.80)

Let v1,...,vp, be a basis of V. Setting

T;*f:Z;(/Mf/\SOV> (au_vu)v f6027q(M,E),

P
K;“ f = (—1)"te Z (/ A d@u) (U, — ), fe C9L7,1_1(M7 E),
v=1 M

we define finite dimensional continuous linear operators

*xx , 0 o e}
T CO (M, E) — €y 1 (M, E),

n,qg—1

K* :Cp 1 (M,E) —CX, | (M,E).

n,g—1 n,g—1

Then it follows from Stokes’ formula that

n,g—1

K\ f=T;*df  forall f € (Domd);, , (M, E). (5.81)

In particular,
ZO

n,qg—1

(M,E) CKer K* .
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By (5.65), this implies that

Ker(Ny 1 + Ki_;) C Ker(Ny_1 + Ki_y + K:*)). (5.82)

By Stokes’ theorem and (5.68), we have

P
K;ilﬁﬂ_z</M6u/\d‘PV> Uy —w) =0y —vu, 1<p<p.
v=1

Since v, = (Ny—1 + K;_1)v,, (by definition), this implies that
(Ngot + Ki oy + K5 )0, =T, 1<u<p.

Hence

(N + Ky + K2)(V) = 7.

By the definitions of I' and Kj*, it clear that I' C Ker K7*,. Hence L C Ker K§* and
(Ngo1 + Ky + K2 )(L) = L.

Together this implies that

(Nyo1 + K+ K5 )(LaV)=LaV. (5.83)

By (5.80), this yields

dim Ker(N,—1 + K;_; + K;*4)
= codimIm(N,_1 + K;_, + K}*1) < dimKer(Ny_1 + K_,).

Together with (5.82) this gives the equality

Ker(Ng—1+ K; 1) =Ker(N,—1 + K;_; + K1) . (5.84)
By (5.65) this yields
28 (M,E) = B2 (M,E) @ Ker(Ny_y + K;_, + K}*1). (5.85)

By (5.80), it follows from (5.84)

ey \(M,E) =Ker(Ny_1 + K} + K> )& LBV (5.86)
and B L
Coy1(ME)=Ker(Ng—1 + K, | +K* Yo LoV (5.87)

From (5.83) and (5.87) we get
(N1 + K+ K;*)=L&V.

By (5.86) this means that

Co 4 1(M,E) =Ker(Ny—1 + K} + K:* ) ©Im(Ng—y + K}, + K}*,). (5.88)

n,qg—1

Now we define
T(;:T;+T;*7 and K;71 :K:]kfl—’—K;jl
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Note that then, in the assertion of lemma 5.3, the operator N,_; can be written
Nyv =Ny + K + K5y
It remains to prove that the statements of parts (i) - (ii) of lemma 5.3 are valid also for r = ¢—1.

Part (i): Let f € (Domd)? (M, E) be given. Then, by (3.5), (5.45), (5.61) and (5.10)

n,qg—1
A(Tyr + T ) f + (T + T))df = dTy—1f + Tydf +dT,_, f + T)df
= dT,_f + Tydf + dT, 1f+T*df+T**df
=(I+K; ) f + K] f+K; f+ K" f
=+ Kq1 + K +Ki_)f=Ng1f.

(5.89)

Part (i1): From (5.85) we get

20 (M, E) =B3.% (M,E) & Ker(Ny_1 + K}y + K}*)
=By % (M, E) ® Ker Ny

As Ker N,y C C2° (M, E) (if this is not clear from the construction above, we can say this by
lemma 4.1), this implies that Ker N,y C 222, (M, E).
From (5.74) we get

€0 (M, E) =Ker(Ny_1 + K}_y + K% )) © Im(N,_q + K;_; + K}7))

=KerNyg_1 ®ImNg_;.

n,g—1

That (5.41) is valid for r = ¢ — 1, we already mentioned above (see (5.56)).

is an isomorphism of By ) (M, E). As Ny = N,1+

Part (iii): By (5.52), N, a=1lpa—0 (11.5)

K; +K;* and, by (5.61) and (5.81), both operators K ; and K;*, vanish on By ) (M, E),
this imphes that

N,- =N,
q 1|Ba;91(M,E) q 1|Bg;91(M,E)
is an isomorphism of By=3°(M, E).

Part (iv): Since, by (5.39) and (5.38), Ker N, C (Domd)}, ,.(M, E) and C°(M,E) = Im N, ®
Ker N, , it is sufficient to prove that

Im N, N (Domd)?, (M, E) = N, ((Dom d)° (M, E)) . (5.90)
The relation ”D” follows from (5.37). To prove the opposite, we first show that
Im N, N 22, (M, E) N,((Domd)?w.(M, E)) . 0<r<gq-2. (5.91)

y (5.38) and (5.40),
Im Ny N 23, o(M, E) = {0}.

Therefore (5.91) is trivial for r = 0.
Now let 1 <r <¢—2and f € ImN, N Z) (M, E) be given. By (5.40), then f has the form

f=g+h where g € BO‘HO(M E) and h € Ker N,..
Further, from (5.42) we get g € BY,"°(M, E) with g = N,.g. Then

f=g+h=Ng+h.
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Since h € Ker N, and, by (5.38), Im N,. N Ker V,, = {0}, this implies that h = 0 and
f =N € N (B (M, E)) € N, ((Dom )l (M, E)).

This completes the proof of (5.91).
Now we consider an arbitrary f € Im N, N (Domd)), (M, E). Then, by (5.41) (recall that
1 S r S q— 2)7

df € By 701 (M, E) = By 2 (M, E).

Therefore and by (5.42), we can find g € By 20, (M,E) with df = N,;1g9. Choose g €
(Domd), ,.(M, E) with g = dg. Then, by (5.37),
df = Nr—i—lg = Nr+ld§: dNrg
and therefore
(f=N.g) € ImN,NZ) (ME).
By (5.91) this yields
(f = N:g) € No((Doma)) (M, E)).

As g € (Domd)} (M, E), this implies that

f en, ((Dom d)° (M, E)) .

6 End of the proof of theorem 2.1

We use the notation of lemma 5.3. Then, by (5.39) and (5.40), Ho = Ker Ny. Since Np is a
Fredholm operator, it follows that dim Hy < co. For 1 <r < g — 1 we define

‘H, = Ker N,

Since also the operators N,., 1 < r < ¢ —1, are Fredholm operators and by (5.39), also each H,,
with 1 <r < ¢—1 is a finite dimensional subspace of Z,??T(M JE).
By (5.38),

Cy . (M,E)=ImN, ®H,, 0<r<q-—-1. (6.1)

Define P, 0 < r < ¢ — 1, as the linear projection in Cgﬁ (M, E) with
ImP.=H, and KerP.=ImN,, 0<r<qg-1. (6.2)

Since the spaces Im N,. and H, are closed in the C%-topology, these projections are continuous
with respect to the C%-topology. Since, by (5.41) and (5.42), BY °(M, E) C Im N,., this implies
(2.3).
Set

NT:NT+PT, 0<r<qg-—1.

Then, by (6.1) and (6.2), for each 0 < r < ¢ — 1, N, is an isomorphism of Ch (ME). If
0 <r < q— 2, then moreover

N, ((Dom d)° (M, E)) — (Dom d)",, (M, E)
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is an isomorphism of (Dom d);, ,.(M, E). Indeed, since Ker K. C

E), this follows from part (iv) of lemma 5.3.

and therefore N, | (Domd

Zx.(M,E) C (Domd)
Settlng

)% r(M,E)
nr(
A_ rl(T+Tl) 1§r§q,

now we define the continuous linear operators

A, :C) (M,E) —C) . (M,E), 1<r<gq.

n,r—1

It remains to prove statements (i) - (iii) of the theorem.

Proof of (i): Let 1 <r < gand! € N be given. By definition, N, r—1 is of the form J\?M =I+R

where R‘CL L is a continuous linear operator from C., . (M, E) t Ciﬁo‘ (M, E).

Hence, by Ascoli’s theorem, NT_1|CL
Cl . 1(M,E). Since )

(M,E)

(M,F) is a Fredholm endomorphism with index zero of

C Ker N,_; = {0},

Ker]\Af._
r=1 |CL,,T_1<M,E>

this further implies that Nrfl‘cl L (MLE) is an isomorphism of Cn r—1(M, E). In particular

N, 1’C7” 1(M,E) 1sacont1nuous endomorphlsm of Cl, ._1(M, E). Hence RN 1‘0,” (M, E)
(M, E) to C* (M, E). In particular, RN~ 1|Cl+°‘ (M, E)

is a continuous operator from C! 1 1

n,r—1

is a continuous endomorphism of C:t* | (M, E). Since

n,r—1
N-',=I—-RN
this implies that N, |C£L+Ta 1(M,E) is a continuous endomorphism of ij'ra 1(M,E). Since
(T, + T})|CL (M, E) is a continuous from C, .(M, E) to Cffro‘ 1 (M, E), it follows that
A, = N7 YT +T))

is continuous from C}, ,.(M, E) t oCre (M,E).

n,r—1

Proof of (ii): Let 1 <r < q— 1. We first prove that

-1

N”‘ d|(Domd)9m,71(M,E) dN 1|(D0md)0L r1(ME) " (63)
Since N,_; (Domd)® ., (M.) is an isomorphism of (Domd)} (M, E), this is equivalent to

ANe-1| pomays,, (v, = Nl pomareua.my - (6.4)

Let g € (Domd)? , (M, E) be given. Then, by (2.3), (5.40) and (5.37),

n,r—1
dP._1g=0, P.dg=0 and dN,_1g= N,dg.

Hence R ~
dN,_19 =dN,_19+dP,_19=dN,_19 = N,dg = N,.dg + P.dg = N,dg .

Now consider f € (Dom d)%,r (M, E). Then, by (5.36) and definition of the operators A,.,

S A o, o
Y NT + T)) f + A df ifl1<r<qg-1.
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Since Im P, = H,. = Ker N,., we have N,.P, = 0. Hence ]\AfT(I —P.)=(N.+P.)I—-P.)=N,
and therefore N1 N, = I — P,. Therefore, (6.5) takes the form

Avd, ifr=0,
f_P'rf = ,\17{‘ , ] (66)
Nr d(TT’+Tr)f+Ar+1df lflg’r‘gqfl’

This completes the proof for r = 0. Let 1 <r < g — 1. Then, by (5.36),

(T, +T))f € (Domd)? , (M, E),

n,r—1

and it follows from (6.4) that
NY(T. +T))f = dN (T, + T))f = dA.f .
Together with (6.6), this gives (2.5).

Proof of (iii): Let 1 < r < q. Then (2.7) follows from (2.5) and (2.3), and (2.6) follows from
(2.7) and (2.4).

Now let I € N U {oo} be given. To prove that B *~!(M, E) is closed in the C'-topology,
we consider a sequence f, € Bﬁjﬂﬁl(M , E) which converges in the C!-topology to some f €
Cl (M, E). Since, by part (i) of the theorem, A, is continuous as operator from C}, ,.(M, E) to
Clte (M, E), then the sequence A, f, converges in the C'T“-topology to some g € Clte (M, E),

n,r—1 n,r—1

where, by (2.7), dA, f, = f, for all v. Since the operator

d: CH_Q (Mv E) - Bifraﬂl(Ma E)

n,r—1

is closed, this implies that dg = f, i.e. f e B~ (M, E).
Since, by (2.4),
A, (C;f’r(M, E)) cex (M, E),

n,r—1

it follows from (2.7) that
ey, (M, E) =C.(M,E)N By (M, E),

n,r—1

which means that (2.8) is injective.
Now let 1 <r < g — 1. Then, by (5.40), (5.41) and definition of H,,

Z’IOLJ’(M7 E) = Bg?O(Mv E) ® H, .
Since H, C C;5.(M, E), this implies that
Zh (M,E) =B "(M,E)®H,  foralll € NU{oo}.

By (2.6) this means (2.9). O
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