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Abstract

The paper deals with a boundary value problem governed by a damped non-linear
wave equation. It generalizes the equation modelling cerebral activity that has been
proposed by Jirsa and Haken [9]. Using a Galerkin approximation scheme, we prove
existence of global solutions. In the 1-D case, we show the continuous dependence
of solutions on the initial data and derive uniqueness.

Key words: Neural fields, wave equation, Galerkin method, boundary value

problem
1991 MSC: : 35L05, 35Q80

1 Introduction

Non-invasive techniques such as functional Magnetic Resonance Imaging, Elec-
troEncephaloGraphy (EEG) and MagnetoEncephaloGraphy (MEG) provide
entry points to human brain dynamics for clinical purposes, as well as the
study of human behavior and cognition. Each of these observation technolo-
gies provides spatiotemporal information about the ongoing neural activity in
the cortex. Unfortunately measures are generally noisy, and it is difficult to
identify the equation which governs the dynamics of neural activity. Several
physicists [23,16,9,7] have formulated continuous models called neural fields
to predict neural activity using brain anatomy.

Jirsa and Haken’s model [9], which we will analyze in section 4 of this paper,
generalizes the models [23,16] and leads to the following evolution problem
that we investigate in this work:
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u — aAu=a(u, p)us + b(u,p,pt), 1in [0,+00) x (1.1)
w(0,-) =ug  u(0,-) = uy. (1.2)
u=0, on [0,400) x 00 (1.3)

where ) is an open bounded domain in R"(n < 4) with sufficiently smooth
boundary 0f2. The notation u; (respectively uy) stands for the first (respec-
tively second) partial derivative of u with respect to time variable ¢, A is
the Laplace operator and p is a smooth given function modelling the external
stimulus (input). For simplicity, we assume that o = 1.

Although equation (1.1) has a simple form, the existence and uniqueness of
the solution is (to our knowledge) still an open problem, if we do not assume
additional conditions on a, b or ug, u;. In addition, the existence of a global
solution is not always assured (see for example [5,28,25]).

Equation (1.1) belongs to a class of non-linear damped wave equations that
have been widely studied by many mathematicians and engineers. Existence
and uniqueness under conditions (1.2) and (1.3) has been considered using var-
ious methods such as semi-group theory [17,14,27,3] and fixed point methods
[10,2]. In [6,4,18,19,26], the authors prove existence and uniqueness of global
solutions under conditions (1.2) and (1.3) using Galerkin methods.

Zhou [28] has studied a particular case of equation (1.1), without external
input p. The function a is assumed to be constant and b is defined by

b(u) = Jul"tu

with condition (1.2) and 2 = R™; he proved that, if 1 <m < ”T“, the solution
blows up in finite time. Similarly, authors in [17,24,28,29,11,12,21,22,5,15,25]
discussed the case when the solution blows up in finite time.

The closest equation to the one we investigate here has been studied by Zhijian
[26], who considered:

"0
Uy — Au— Auy =Y B (0i(ug,) + Bi(ug,,))
i=1 OTi
+F(u, ur, Vu, Vug)  on [0,00) x €2 (1.4)

with initial and boundary conditions (1.2) and (1.3). He proved that this
problem has a unique classical solution, assuming the following about the
initial data:

12 ai. (0312, (0)) + Bi(v;(0)) + F(u(0),0(0), Va(0), Vo(0)) | g < 5 (1.5)
i=1 "

1001 F7a1 + 10 (O) | % + ;IIU(O)IIHH <u(0),v(0) >gx <7 (L.6)

where 6 and 7 are two real numbers. In the present section, H* stands for
the usual Sobolev space and || - || g+ denotes the H*-norm. This notation will
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be changed in the sequel, where we shall use H' and H?. In addition, it was
supposed that

IDPF| < B(IM™ + | Xo|™ + [A ] + | A2 + 1) and F(0) = 0. (1.7)

The RHS of (1.1) is a particular case of the RHS in (1.4): it involves an
additional (parameter) function p that we call external input. This function
physically describes a signal generated at the brain surface and transmitted
to the neocortex. We have to mention here that the term Aw, on the LHS of
equation (1.4) is crucial in the proof estimates: the solution is bounded with
respect to the H? norm.

Now, the question is: if the initial data does not satisfy (1.5), (1.6) or (1.7)
and if no “regularizing” term Awu, appears, does problem (1.1)-(1.3) admit
a global solution? If yes, is the problem mathematically well posed: is the
solution unique and continuous with respect to initial data?

In this paper, we prove that under “realistic” assumptions, problem (1.1)-
(1.3) has global weak solutions. Moreover, if the problem is a unidimensional
one, the solutions depend continuously on the intial data; therefore we get
uniqueness. Required assumptions are motivated by the underlying physical
cerebral activity model that leads to a particular case of equation (1.1).

The outline of the paper is the following: existence results are stated in Section
2. Uniqueness and stability are discussed in Section 3. Finally, in Section 4,
we present and analyze the cerebral activity model and we apply the general
result.

2 Existence of weak global solutions

We let ||-|| denote the L?(£2) norm, || ||o the L>-norm, ||-||; the H*(€2) norm,
and (-,-) the L%inner product.

Definition 2.1 Let (ug,u;) € Hy(Q) x Hy(Q), and T > 0 be given. We shall
say that u is a weak solution to problem (1.1)-(1.3) if

u € L*([0,T), Hy (), u € L*([0,T), H'(Q), uer € L*([0,T), L*(2))
and for almost every t > 0, Yw € Hg(Q)
(u(t), w) + (Vu(t), Vw) = (a(u, p)(t)u(t) + b(u, p, p)(t),w) (2.1)

and

u(0,-) =uo, w(0,") =w (2.2)
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From now on, we do not indicate the dependence on t in order to make the
paper more readable. First we give an existence result of weak solutions to
problem (1.1)—(1.3).

Theorem 2.1 Assume that for some T > 0,

(A;) a € CYR?%,R) and b € C*(R3,R), where a, Va and Vb are (uniformly)
bounded functions.

(Ag) [b(u,p,q)(t,x)] < Cilu(t,z)| +Cy a.e. on [0,T) x 2, where Cy and Cy
are nonnegative constants.

(AB) pE H2([07T)7LOO<Q))'

(A1) (o, 1) € HA(S) x HY(©)

Then the problem (1.1)-(1.3) admits (at least) a weak solution u on [0,T) and

u € H*([0,T), L*()) N H'([0,T), Hy(Q)).

Proof - We need several steps to prove this result. We use the Galerkin
method to construct a solution. Let {A;}32; be a sequence of eigenvalues of
—A in Q. Let {wp}2, € H(Q) N H*) be the associated eigenfunctions
such that {w;}72; is a complete orthonormal system of L*(2). We construct
approximate solutions u" as

() = 3 A (b

where the functions d™* are determined by the system of ordinary differential
equations

(upy, wr) + (Vu"™, Vwg) = (a(u”, p)uy + b(u™,p,p),wr) k=1,...n. (2.3)
dv*(0) =ug,  di"(0) = uj

with uf, u¥ € D(Q), such that (uf,ul) — (ug,u;) in HE(Q) x HL(R). Here
D(Q2) denotes the space of C* functions with compact support in €.
Now, (2.3) and (2.4) are equivalent to:

d?t’k + )\kdn’k = f(dn’ku d?’ka t) k= ]" EER(Z (25>
d™ 0) = ug,  d"F(0) = u} (2.6)

where
FAF,dPE 1) = (a(u, p)up +b(u", p,pe)wr)  ae t>0.  (27)

For every n > 1, (2.5), (2.6) is a second-order n x n Cauchy system of differen-
tial equations with continuous nonlinearities. So, it follows from the Cauchy-
Peano Theorem [20] that the system has at least one solution d™* defined on
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[0,T,,] for some T, > 0. Moreover, for every k such that 1 < k < n, we get
d™r e C*([0,T,)).

Lemma 2.1 The functions (u,) satisfy
[[ug (O + lu"(@)[[y < M(T)
where M(T') only depends on T'. In particular, u™(t) can be extended to [0,T).

Proof - We multiply equation (2.3) by d"* and sum over k=1...., n. By
assumptions A; and A, we obtain, for every ¢t € [0,7),

(ugy, u) + (V' Vi) = (a(u”, p)uit + b(u", p, i), uf)

< O(Juf| + Crlu™] + Gy, uf]).

Using the Cauchy-Schwartz inequality, we have

— (O + [IVu"®)1%) < C (g

(g O+l Ol @1 + llug @11
(fuf
(

(

) (t)

I + [l O + llug 01 + g ] + 1)
B + [l (O] + 1)

B|* + [IVu"(t

[ ug'

VAN VARVAN

C
c
C P +1)

g

by the Poincaré inequality, where C' denotes (here and in the sequel) a generic
constant. Applying the Gronwall inequality yields

[Jui ) + IVu"(©)]] < M(T); (2.8)
then, by the Poincaré inequality,
[ ()| + lu™(B)][; < M(T) (2.9)

and

|f(d"’k, d?’k, t)] =1(a(u™, p)uy + b(u™, p,pt), wr)| a.e. t>0
<C(uf @ + [[u"(@)]*) < C

So f(d™k,d} ok -) is a bounded function, and the solution can be extended to
[0,7) [20] . O

Lemma 2.2 The sequence of approximated solutions u™ satisfies the follow-
mg:

(1) u™ is bounded in L>=([0,T), H}(Q)) (and in L*([0,T), H) .
(2) ul is bounded in L>([0,T), H} () (and in L*([0,T), H}(Q)).
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(3) ul is bounded in L>=([0,T), L*(Q)) (and in L*([0,T), L*()).

Proof - The first item is an immediate consequence of Lemma 2.1. Differen-
tiating (2.3) with respect to t gives, for k =1,...n,

(ufy, wi) + (Vug, Vag) = (au(u”, p) (uf!)? + ap(u”, p)peuf
+ a(u", p)ugy + by (u", p, pr)ug + by(u”, p, pe)pe
+b,(u", p,pe)pu,wi) k=1,...n
S O((u)? + | + lugy| + [ug] + M, |w]),

with assumptions A;, A, and As. Here, a,, and a, denote the partial derivatives
of a : (u,p) — a(u,p). Similarly, b,, b, and b, are the partial derivatives of

b : (U,p, q) = b(u7p7 q)

The method is similar to the one used in the previous Lemma. Replace now
wi by uf(t):

CZ(HU%)!F +IVur()]) < C(H(u?(t))2|! + [lu O + (e (1] + M) [z (8
< C(ICuy O Mugy N + llur Oug (0] +
g I + [z (1))
< Ol OPI7 + Nlun O + llug )1 +
gy )11 + [l ()1 + [y (0)* + 1)
< Ol PN + Ny O + lluf N + 1)

Using the Sobolev-Poincaré inequality [1],
Jui ()]0 < Cllui @)1,
and the Poincaré inequality, we get

@) + 1V @)

" (le (8 + [ (1) + 1)

<C
<O(Jlugy O + Va1 +1)

Then by the Gronwall inequality we obtain

lui @l + lJug (D) < M(T)  ae. t€[0,T[, (2.10)

and the lemma is proved. a
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Thanks to estimations (2.9) and (2.10), we may extract subsequences of {u"}
(denoted similarly in the sequel) such that

u" —u star-weakly in L*°([0,T), H3(2)) and weakly in L*([0,T), Hy(S2)) ,

up — u;  star-weakly in L>([0,T), Hy(2)) and weakly in L*([0,T), Hy(S2)) ,
uly — uy  star-weakly in L*°([0,T), L*(2)) and weakly in L*([0,T), L*(£2)) .

By classical compactness results [13],

u" — u strongly in  L*([0,T), L*(2)). (2.11)

With the above convergence results, we can extract subsequences {u™} such
that

u™(t,z) — u(t,x) a.e. (t,x)€[0,T)xQ (2.12)
u(t,z) < g(t,x) a.e. (t,x)€[0,T) xQ (2.13)
ul(t) — ug(t)  weakly in Hy(Q), ae. t€]0,T). (2.14)

Now, by continuity of @ and b, (A1), and (2.12), we obtain

a*(u"(t, ), p(t, x)) = a*(u(t, ), p(t, x)) (2.15)
b(u"(t,x),p(t,x),pt(t,x))—>b(u( )7p( 7x>7pt( )) (216>

for almost every (¢,z) € [0,T) x €. Using Lebesgue’s theorem, by (2.15) and
(A1) we obtain
a(u™(t),p(t)) — a(u(t),p(t))inL*(Q) ae. te€[0,7T) (2.17)

and by (2.16), (2.13) and (A;) we obtain

b(u" (1), p(t), pe(t)) — b(u(t), p(), pe()) N LX(Q) ae. t€[0,T)  (218)

On the other hand, for all v € L?, we have
|(a(un7p>u?_a(uvp)ut7 ,U)‘ = ](a(u”,p)uf—a(u,p)u?—i—a(u,p)u?—a(u,p)ut, U)|
< [(a(u™,p) — a(u, p))u;’, v)| + [(a(u, p)(ui" — w), v)]

)
< lla(u”, p) = au, p)pallw | alloll + (v = wi, alu, p)o)
< Clla(u", p) = au, )| zallui [ loll + |(ui = w, alu, p)o)].
[

|
|
Using (2.17), (2.10) and (2.14), we obtain for almost every ¢t € [0,7")

a(u™(t), p(t))ul'(t) — a(u(t), p(t))us(t) weakly in L*(9). (2.19)
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Then, using (2.18) and (2.19), and letting n — oo in (2.3), we obtain that
the limiting function v € H*([0,T), L*(Q))NH([0,T), H}(Q2)) and for almost
every t € [0,T),

(ug, w) + (Vu, Vw) = (a(u, p)us + b(u, p, pr),w) Yw in Hy(Q) (2.20)
u(0) =upin Hy(Q), uy(0) = u;in L3(Q) (2.21)

Corollary 2.1 Assume that the conditions of theorem 2.1 are fulfilled for
every T'> 0. Then u is a global weak solution of problem (1.1)-(1.3).

3 The 1-D case

In this part we suppose n = 1 and give additional properties of solutions
that we are not able to prove if n > 2. Indeed, we use the Sobolev inclusion
H}(Q) C Co(Q) (space of bounded continuous functions) which is valid only
if the space dimension is 1. The main result is a uniqueness result which
is a direct consequence of a “local stability” result, namely the continuous
dependence of weak solutions on the initial data.

Theorem 3.1 Assume that n = 1 and that the assumptions of Theorem 2.1
are satisfied for some T > 0. Let u,v be two solutions of problem (1.1)-(1.3)
corresponding (respectively) to initial data (ug,u1) and (vo,v1) € HE(Q) x
Hi (). Then for almost every t € [0,T),

e () = w1 + lJu(t) — v(OIF < M(T)(|lur = v1]l* + [luo — voll7),
where M(T) is a positive constant depending on T.
Proof - Let u and v be two solutions of problem (1.1)-(1.3) corresponding

to initial data (ug,u;) and (vg,v1) respectively. We set w = v — v and w; =
u; —v;, =0, 1. Then, for every ¢ € Hj() we get

(wtta 90) + (vw7 VQD) - (a’(u7p)ut - a(v,p)vt + b<u7p7pt) - b(vvp7pt)7 QD)
w=0on [0, T) x 09
w(0,z) =wp, wi(0,2) =w; in Q.

Replacing ¢ by 2w; (u; and v; € Hg(Q2)) gives

2(wi, wy) + 2(Vw, Vwy) = (a(u, p)ug — a(v, p)vy + b(u, p, pr) — b(v, 0, pt), 2wy)
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and J
([l () + [V (1)]1?) =

dt
(Polp) g, KN 51 1) (2,

where ((t, z) — (B1(t, z), Bo(t, x), p(t,x)) and ~ are vector functions between

(u, ug, p), (v,v, p) and (w, p,py), (v, p, p) respectively. By (A1), (As) and the
Cauchy-Schwartz inequality,

i(”wt(t)HQ +lw®IF) < Clllwr® + lwe@lw @) + (B, 2wr))]

< Clw @I + Nwe @ w1l + 1820w @l (®)s0)-
On the other hand, as in the proof of (2.10) we have

|lue(t)|]x  and |lvy(t)][s < M ae.on [0,T). (3.1)
Therefore, as (y(t, z) is between wu,(t, z) and vi(t, x), ||G2(t)]| < M.
Using the Sobolev embedding theorem [1], we get
lw(@)lloe < Cllw®)llr;
since we have supposed n = 1. So

Z(Hwt(t)HQ +llw®7) < M(Jlwe @) + lw®)]7), ae t€[0,T). (3.2)

Applying the Gronwall inequality to (3.2), we get
lwe (O + w®F < M(T)(lwe(0,2)1* + lw(0,2)[[7) ae. t€[0,T). (3.3)
This achieves the proof. O

Corollary 3.1 Assume the assumptions of Theorem 2.1 are fulfilled and n =
1. Then problem (1.1)-(1.3) admits a unique weak solution

u € H*([0,T), L*(Q)) N HY([0,T), Hy(Q)) .

4 Application to cerebral activity model

We now quickly present a cerebral activity model stated by Jirsa and Haken
[9], which we justify mathematically. This model equation is a particular case
of equation (1.1).

The elementary unit of the nervous system is the neuron (Fig. 1), which is
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divided into three basic components [7]: dendrites, cell body and axons. A neu-
ron communicates with others at synapses and there are mainly two kinds of
synapses [7]: excitatory or inhibitory types. The information transfer between
two neurons A and B can be described as follows:

e A pulse (electrical signal) arrives at a dendrite of neuron A (under po-
tential action) and emits neurotransmitters (chemical substances) so that
it is transformed into a wave. According to [7], this conversion is a linear
operation between neural sheets.

e Then the wave reaches the so-called “trigger zone” (Fig. 1) and is converted
to a pulse again. Now the conversion law is sigmoidal .

INPUT SIDE \/

excitatory synapse

electrode O y

\_

Apical dentrites

Inhibitory synapse

L L

v \ 4 Basal dendrites

>

electrode O

OUTPUT SIDE

Trigger zone

Myelinated axon

Fig 1. Dendritic trees form thousands of synapses. Excitatory current flows
inward at excitatory synapses and outward at the trigger zone. Inhibitory loop
current flows in the opposite direction.

The analysis of the conversion operations at the synapses and the trigger
zones of neural ensembles allows us to derive a nonlinear partial differential

10
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field equation describing the spatio-temporal behavior of brain activity.

The pulse and wave variables are classified as two sub-variables according to
their excitatory or inhibitory characters: We have the excitatory pulse E(x,t)
and inhibitory pulse I(z,t), the excitatory wave 1.(z,t) and inhibitory wave
i(z,t). We can view the wave as

Dp(, 1) = /Q Fule, X) Hy(x, X, 1) dX. (4.1)

The functions Hy(x, X,t), k = i, e are conversion operation outputs and the
functions fi(z, X) are the corresponding spatial connectivity distributions. €2
denotes the neural sheet set (at the brain surface, which is supposed to be
continuous). In what follows @ C R: we have chosen a 1-D model for the
brain geometry as in [8]. We assume that these connectivity functions have

the following form:
1 _e=x

fre(z, X) = 5 € (4.2)
where k = e, 7 and o, and o; are excitatory and inhibitory connectivity param-
eters (respectively). Moreover, o; < 1, since the corticocortical connections
(between two distant neurons via corticocortical fibers) are only excitatory.
On the other hand, the information propagation along corticocortical fibers

e

r—X
implies a delay t = | | , where v, and v; are the excitatory and inhibitory
Uj
propagation speed, respectively, so that we obtain
r—X
He(z, X, 1) = akE<X,t _| '), (4.3)
Uk

where k = e,i and a, and a; are real constants. Substituting equations (4.3)
into (4.1), we obtain:

e, 1) :ae/Qfe(x,X)E (X,t— |z~ X|> dX (4.4)

v

Uil t)= [ file, X)Hi(w, X, )X
~ fi(zv,x)H;(z,z,t) = a;1(z,t) (because o; < 1) (4.5)

The pulse value is calculated from the wave value and the external input in
the neural tissue (Fig 1); it has a sigmoidal form:

E(.’L", t) = Se[we((l:a t)_wz(xa t)+pe(x7 t)] 9 [(.T, t) = Si[we(xa t)—wz(% t)_‘_pl(wa t)]

(4.6)

where py(x,t) is the external input. The sigmoid function S; is the following:
1 1

Silns) = 1+ exp(—uv;mn;) 2

11
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When n; is small enough, we have a third order approximation of S;:

v3n3
S;i(n;) = n; — 718] (4.7)
Because & ~ 100, we take only the linear part of (4.7) into consideration to
Vi
obtain: s
) 7t ~ L e 7t % at 4.8
Ui t) ~ Tl t) + i) (43)

We finally obtain the following equation for the dynamics of the excitatory
synaptic activity:

- X - X
¢4aﬂ—ag/ﬁ@%Xf54@%C&t_h:|>+pC&t—h: |)PX
Q v v
Where p(x’t> = p€<I7 t) _ 4 —T_ZZZ’LUZ . pz(xvt)u and ﬁ = 1 — 4 _C’L_ZZZUZ

We suppose hereafter that Q := (0, L) is one-dimensional; that is, we connect
all neuron sheets by a line (see [8]), 1.(0,t) = 1.(L,t) = 0 as in [8], and
fe(z, X) is an exponential function depending only on the distance between
two neural sheets. Therefore

el t) = ac [ 1o %) (0= 22X g p (e - B A ax

(%

Let us mathematicaly justify the computation of [9].
We set p(X,T) = a.Se <ﬁw(X, T) + p(X, T)) and

p: MR xR) - R
e < fpp>= / h(z)e(z, ‘:z’)da?
R

|z

with h(z) = 1,1 e~ and 1(o,r) the indicator function of (0, L). Then

wx p(x,t) :/Rh(X)g(X,|Xv|)dX with ¢(X,T) = p(x — X, t = T)

- /Rh(X)p(x _xe-hax

v
|z — X|
v

:/Qfe(aj,X)p(X,t— )dX

and

px p(x,t) = ez, t).
The extended Fourier transform gives: ¢, = fip.

12



hal-00126996, version 3 - 19 Apr 2008

Now, we prove that i =T}, f € L}, .(R x R). Let ¢ € D(R x R).

X
Xhax
v

<[l >=< 1, P >=/ h(X)p(X
= [1eO( [ [ et peme s dadt ) ax
( / h(X)e2”@X+tf>dx)go(x,t)dxdt
:/ / f(z, t)p(x, t)dxdt
R JR

X|
[ed

—2im(2X+t2) g

1
ith f(x,t) = / -
with f(z,t) 5. Qe
Then

(&

Ve(z,t) = flz,)p(x,t) V(z,t) e R x R. (4.9)

As
1

a—+ia’

+o0o .
/ e~ (@i ge — (4.10)
0

. v .
supposing wg = —, we obtain
o

1 wo wo
"2 lwy it — av) * w0+i(t+xv)}
B wi + iwot

B {(wo + it)2 + 2202

] € L. (R xR).

Equation (4.9) becomes

Do, 1) = { A1), (4.11)

(wo + it)? + z2v?
Developing equation (4.11), we obtain

—

O, 924, 921, B
w w w (x,t)zwg—i—w()ap(x,t)

ot ot? Oz?

Applying the inverse Fourier Transform, we formally obtain the following par-
tial differential equation:

aQwe ) ) 82
oz T

wgg/D\G(w, t) + 2wy (x,t) + (z,t) —v?

v
ot

Jte + 2wo— - = (w§ + wo (4.12)

a) P
with
p(x,t) = a.S, (ﬁipe(x, t) + p(x, t)) .

13
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Developing (4.12) and summing the similar terms gives

0.
ot
— Wit + awi Se(Pbe + p) + awoSL(Pe +p)pr . (4.13)

82 (& 82 € ~c1 [~
a;/; - 7)2 a;@ = (aewOpSe(pwe +p) - 2(")0)

We complete this equation with v.(¢,0) = (¢, L) = 0 and Cauchy initial
condition. Thanks to the previous sections’ results, we have the following:

Theorem 4.1 Assume p € H*([0,T), L*°(0, L)). Then equation (4.13) with
Ve(t,0) = (t, L) = 0 and Cauchy initial condition, with (e, V1) € Hy(0, L) x
L*(0, L), has a unique weak solution in H*([0,T), L*(0, L))NH'([0,T), H}(0, L)).

Proof - Equation (4.13) is a particular case of equation (1.1), with
a(u, p) = a.wopSL(pu + p) — 2wo

and
b(u, p,pr) = —wiu + aewy Se(pu + p) + acwoSL(pu + p)pr.

If we suppose p € H?*([0,T), L>°(0, L)), it is easy to see that functions a and
b satisfy the conditions of Theorem 2.1 and consequently, by (2.20) and (3.3),
the above equation has a unique weak solution. O

5 Conclusion

In this paper, we prove the existence of solutions to a new class of wave equa-
tions which is motivated by brain activity modeling. In the 1-D spatial dimen-
sion case, the solution depends Lipschitz-continuously on the initial data, and
so it is unique. This means that the responses to small perturbations are small
as well, which is coherent from a physical point of view. We have simplified
the model by assuming that:

e the geometry of the brain surface area is 1-D. The 2-D geometry is more
consistent but introduces additional difficulties,

e the connectivity functions (4.2) between the neural sheets are homogeneous.
In fact more than 50 % of neural sheets have heterogeneous connections, so
we should add another term representing the heterogeneity,

e the external input p belongs to H*([0,T), L>=(Q2)). In reality, p may be less
smooth or non-local.

In our future work, we will try to generalize our model in order to satisfy the
general constraints which are introduced above.
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