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A B+CED?FHG�IKJ�LMD?NOGPCRQ1C�ITSUGVDHNXW1Q5DHNOGPC

Y[Z1\^]`_VaM_Pb c`\d]`e1b�f>gMhib ejh�g%h�Z1blk	m1nob cp\^q aMrKf�aMrd\^eVa4h�\^gMksg�tuavk1b+wyxVq�h�\dhi\^g>m�]ze1gMn{aM\dk
n%b�h�Z1g0e|t�g>c~}>b+k1b ciaMrVb n��Eb+e1e1b eo�Pg>m1k1eVa�cp�lq+g>k1e1\�h�\dg>k1]��O�����`���`����aM]p]ig0q \^a�h�b+e�w�\�h�Zoa
nlm1r�h�\^rdb+fMb r>rdg5q aMr�n%b+]iZ�cib+x1k1b nob k�h:�4YKg`q gMn%_1m5h�b�h�Z1bu]ig>rdm�h�\dg>k

ũ
gMt1az}>\�f>b k�_1cigM�1r^b+n

� P̃ ��\dk{a�e1g>n%aM\^k
Ω̃ � a!xVq+hi\dh�\dg>m1]�e1g>n%aM\dkonob+hiZ1g0e1g>r^gM}M����� ���4� }>b k�b c�a�r^rd�lq g>k1]p\^]�h�]u\^k

]ib�f>b ciaMr�]phib _1]+�
\X�{Y[Z�boe�g>n{a�\^k

Ω̃
\^]%���o���i���0�i�l\^k�]i\^e�b|aMkR�M M¡>¢X£�¢O�M¤¦¥!§©¨�ªO¢Xª�¢"«4 �¬%�0«4�o�M¢X­

Ω � }>b+k5®b+c�aMrdrd�jr^aMci}Mb c�aMk1e¯]i\^no_1rdb c!]im�q$Z°h�ZVa�ho±
Ω = Ω̃ ∪ Σ ∪ Ωe � w�Z1b cpb

Ωe

]ph$a�k1e1]
t�gMc�aMk²�p¡>ª���¤�­P�M£z�0«4�o�M¢X­³aMk�e

Σ
hiZ1b´q+g>n%nog>kµ¢X­Vª���¤X¶+�0¨$�o�Eb�h�w.b+b k·h�Z1b8h�w.g

]pm1�5®¸e1g>n%aM\^k1]+��Y[Z1b`e�g>n{a�\^k
Ω

\^]�q$Z1gM]ib k�]p\^no_1rd��]iZVa�_Eb+e � }Mb g>nob+hici\^q aMr^r���n%g>cpb
]p\^no_1r^bzh�ZVaMk

Ω̃ � ]ib+b�¹�\^}1�E�>�
\d\X�%º»xVq�h�\�h�\^gMm1]�_1cigM�1r^b+n � P �v\^]�e1b+]i\d}>k1b e¼aMk1e½]igMrdf>b+e¾a�r^r`g?fMb c¿h�Z1bjxVq�h�\dhi\^g>m�]

e�g>n{a�\^k
Ω � w�\dh�ZRaM_1_�cig>_1cp\
a�hibvh�ciaMk1]ino\^]p]i\dg>k³q g>k1e�\dh�\dg>k1]|g>k

Σ
a�k1eÀeVa4h$aj\^k

Ωe

\^kÁg>cpe1b c%h�g°ZVa�k1e1r^b8h�Z1b´gMci\^}M\^kVaMr��Pg>m1k1e1aMcp�Rq g>k�e1\dhi\^g>k1]%gMt%� P̃ �og>kÁhiZ1b
\dn%nob cp]ib+el\^k�h�b+cptOaMq+b

Σ
�>Y[Z1b[cpb ]�h�ci\dq+hi\^g>klg�tVh�Z1b[_1cpg>�1rdb nÂ� P ��g?f>b+c~h�Z1b©e�g>n{a�\^k

Ω̃
\^]©hiZ1b k8q$Z1g>]ib+kÃgMtKh�Z�b�]iaMnobÄh��5_PbÅgMt�� P̃ �¦�

\^\d\X�%Y[Z�b.]igMr^m�hi\^g>k
ũ
g�t�h�Z�bÆg>cp\^}>\dkVaMr>_�cig>�1rdb nÇ� P̃ ��\^]�xVkVa�r^rd�zt�g>m1k1e�aM]u±

ũ = u|Ω̃ � hiZ1bcpb ]�h�ci\dq+hi\^g>k¿gMtKh�Z1b!xVq�h�\�h�\^gMm1]©]igMr^m�hi\^g>k
u

gMt�� P �.g?f>b+c
Ω̃ � gMc�a�h�r^b aM]ph

u|Ω̃ ≈ ũ
�

Y[Z1b[g>�0Èpb+q+hi\df>b.\^]�hig!m1]ib©aÄ]i\^no_1rdbÆ]�h�cim�q+h�m�cib e�nob ]pZ|\^k
Ω � bM�É}1�>a`m�k1\dt�g>cpnÊ�©aMcphib ]i\^aMk

}>ci\de � \^k1e1b+_Eb+k1e1b+k	h©gMt�h�Z1b`]iZVaM_PbÄgMt�hiZ1bÄ\dn%nob cp]ib e{\^k�h�b+cptOaMq+b
Σ
��Y[Z�\^]©]p\^}>k1\�xVq:a�k	hird�

]i\dn%_1rd\dxVb+]!aMk1e¯cib+e1m1q b+]�hiZ1b%q+g>]ph�gMtÆh�Z1bonob ]iZË}>b+k1b cia�h�\dg>k¯\dkÌq g>no_VaMcp\^]igMkÌhigshiZ1b
m1]ib�gMtP�Pg>m1k1e1aMcp��q g>k�t�gMcino\^k1}z]ph�cpm1q+him1cib+e%gMc�b+f>b+k%m�k1]phicim1q�h�m1cpb eon%b+]iZ1b+] � ]i_Pb q+\
aMrdrd�\^koÍ4®�Î·gMc�t�gMc�aÅnog?f0\^k1}Å\^k�hib cptOa�q b

Σ
�	Y[Z1b�b+Ïoq \db k�hÆn%b+]iZo}>b k1b+c�a�hi\^g>klt�gMc�hiZ1b�r
a�hph�b+c

]i\�h�mVa�hi\^g>k�]zcpb n%aM\^k1]zaMq�h�mVaMrdrd�¿a�k´b�Ð0h�cpb nob r��8q$Z1aMr^rdb k1}>\dk1}o_1cig>��r^b ns�EÑ8g>cpb g?f>b+c � hiZ1b]ig>rdm�h�\dg>k´_1cpg5q+b ]p]!gMt�h�Z1b�x1q+h�\�h�\dg>m1]`_�cig>�1rdb nÒ� P �zw�\dhiZj]im1q$ZËavcib+}>m1r^aMc`]�h�cim�q+h�m�cib e
}>ci\de¿g>k

Ω
q:a�k8�Pb!q:aMcpci\db esg>m�h[w�\dhiZsa|tOa�]ph(]ig>r�f>b+c �

Ó�k´h�Z1\d](wÆg>cpÔ � h�Z1b�xVq+hi\dh�\dg>m1](e1g>n%aM\^k8n%b�h�Z1g0eÃm�]ib ]Åa%cib q+b k�hÄt�ciaMq+him1ciblnog0e1b r�_1cpg�®
_EgM]ib eÕ\^k½�ÉÍ ��� w�Z1\^q$ZÕr^\dk1Ô	]|�EgMhiZ×ÖVm5ÐRaMk1eÕ]igMr^m�hi\^g>k8Èpm1no_1]|g>kRaMk³\^nonob ci]pb e³\^k0®
h�b+cptOaMq+b

Σ
��Y[Z1bvxVq+hi\dhi\^g>m1]�e1g>n%aM\^kUt�gMcinlm1r^a�h�\dg>k¯t�gMcl}>b k�b c�a�r[�[���`���`��\^]�a�kVaMrd�0Ø+b e

\^kÕ�ÚÙ � ��Y[Z1b%aMe1e�cib ]p]ib+e°_1cigM�1r^b+n%]ÅaMcpb�}>b k1b+c�aMr�]pb q+g>k1e5®¸g>cie1b+c�b+r^rd\^_�hi\^ql_1cpg>�1rdb no]!g>c
aM]i]pg5q+\
a�hib e8_VaMc�a��Eg>rd\^qÅg>k1b+]`\dk

Ω̃
w�\dhiZÃm1]pmVaMrK�EgMm1k1eVaMc��sq g>k1e�\dh�\dg>k1]�g>k

Σ
±ÛÎ`\dci\dq$Z5®

r^b�h �ÝÜ b m1n%aMk1kËg>c!¹Vg>m�ci\^b+c�®�Þ(g>��\^kÝ�Pº`kÌ\^k�hib cib+]phi\^k1}vt�b a�h�m1cpb�gMtug>m1cÅaM_1_�cig�aMq$ZÌ\d]Äh�g
aMr^rdg?w×h�Z1b©hicib:a4h�nob k�h�gMtEn%\�Ð5b el\dn%nob cp]ib e|�Pg>m1k�eVaMcp��q g>k�e1\dhi\^g>k1]�g>k

Σ � ¢OßO� ßMh�Z1b[\dn�®
n%b+ci]pb es\^k�h�b+cptOaMq+b

Σ
n{a:�v�Pb!h�Z1b�m1k1\dg>k¿gMt~]pg>nob!_VaMcphi] � b aMq$ZÃgMt�h�Z1b+nà]im�_1_EgMcph�\dk1}

a�e1\dáEb cpb k�hÅ�EgMm1k1eVaMc��´q+g>k1e1\�h�\^gMkÝ��Ñ8gMcib g?fMb c � hiZ1b|b nl�Pb e�e1\^k1}¿q+g>k�xV}>m�c�a�hi\^g>k1]`q:aMk
�EbÅf>b+cp�¿}>b+k1b ciaMrÆ�O]pb b�¹â\^}1�Û�H���VÓ�k8_VaMcphi\^q+m1r
aMc � h�Z�b�gMci\^}M\^kVaMrEe1g>n%aM\^k¿e1g0b ](k1gMh(k1b+b e
h�g��PbÅhigMh$a�r^rd�%\^nonob ci]pb e�\dk1]i\de1bÄh�Z1b!xVq�h�\�h�\^gMm1]©e1g>n%aM\dkÝ�
Ó�k¯_�c�aMq�h�\^q aMr�q gMn%_1m5h$a�hi\^g>k1] � h�Z�bo\dn%nob cp]ib+eË\dk�h�b c�tOaMq b

Σ
��w�Z1\dq$Z¯\d]�k�gMh�}>b k1b+c�aMrdrd�

aMr^\d}>k1b+e�w�\dhiZlh�Z1b�}>cp\^elrd\^k1b+]$��\d]~cig>m�}>Z1rd��aM_1_�cig:Ð5\^n%a�h�b+e|�	�l]ig>nob
Σh

rd�0\^k1}!gMk|]i\^e�b ]
gMt�q+g>k�h�cigMr�fMg>r^m�n%b+] �P¹Vg>czb¦Ð�aMn%_�r^b � w�\�h�ZÃa%m1k1\�t�g>cinã�©aMcphib ]i\^aMk´}>cp\^esgMt~nob ]pZ´]phib _
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h � Σh

\d]!a�]ib�hÅgMtu]ph$a�\^cÄ]�h�b _�] � ]ib+bo¹â\^}1�Eä��ÝY[Z�\^]!e1b�xVk1b ]�aMkËaM_�_1cig:Ð5\^n%a�h�\dg>k
Ω̃h

gMt
h�Z1b�g>cp\^}>\dkVaMr5e1g>n%aM\^k

Ω̃
]pm1q$Z%hiZVa�h�wÆbzn%a:�|ZVa:f>b�± |meas(Ω̃h)−meas(Ω̃)| = O(h)

�
Y[Z1\^]`n%b�h�Z1g0e´\^](tOaM]ph!aMk1ejZVaM]ÄaMr^r�h�Z�b|aMe�f�aMk�h$a�}>b ]!gMt�m�]i\^k�}�avcib+}>m1r
a�cz]�h�cim�q+h�m�cib e
}>ci\deÝå1Z1g?wÆb+fMb c � h�Z�b�b¦Ð5_Eb+q+h�b+e´aMq+q m1ciaMq+�¿\d][g>k1r��vgMtKxVci]�hp®¸g>cie1b+c[\^k�h�Z�b

L2 ®¸k1g>cins�
º`k¯aMeVaM_5h�\dfMb�r^g0q:aMr~nob ]pZ¯cpb+xVk�b nob k�h�\dkjh�Z1b�f0\^q \dk1\dh��ÃgMtuh�Z1bo\^non%b+ci]pb eÌ\^k�h�b+cptOaMq+b
Σ

\d]�hiZ1b k³cib+æ	m1\^cpb e°h�gj\dk1q cpb:aM]pb{h�Z�b�_1cib+q \^]p\^g>kUgMt�h�Z1bv]pg>r^m5h�\^gMkÝ��ºÂnlm1rdhi\^}>cp\^eR��ç �_1cig0q b+]i]�b+kVaM�1rdb ]{hiZ1b´]igMr^m�hi\^g>k1]%gMtÅb:a�q$Z½rdb+fMb rzhig°�Pb´b:aMq$Z·gMhiZ1b cp]vq gMk1k1b q�h�b+eÝ�[º
¹âÓ��u®�rd\^Ô�b�]pg>rdfMb c���è ��é4� \d](\dn%_�r^b nob k�hib es�	�¿m�]i\^k�}va�]ib æ	m1b+k1q b|g�t~r^g0q:a�r�k1b ]�h�b eÃ}>ci\de1]
ZVa:f0\^k1}!xVk1b+cuaMk1e�xVk1b c�]p\^Ø b+] � hiZ1b�]ig>rdm�h�\dg>k�a�h�b:a�q$Z{r^b�f>b+rV�Eb+\^k1}Åq gMcicib+q+hib eo�	�oaÄÖVm0Ð
cib+]i\^e�mVaMr�q aMr^q+m1r
a4h�b e�w�\dh�Z�h�Z1b[k1b¦Ð0h�xVk1b câr^b+fMb r��MY[Z1b[b¦Ð�_Pb q�h�b+e%a�q q m�c�aMq��lk1g?wÕfMa�ci\^b+]
aM]p�0no_�h�g�h�\^q aMr^r���r^\dÔMb O(hl?) � w�Z�b cib

hl?
\d].h�Z1b!nob ]pZ�]phib _sgMt�h�Z1b!rdg5q aMrPx1k1b ]�h�}>ci\de1]

aMcigMm1k1e
Σ

��r
aM]�hur^b+fMb rPgMt�cpb+xVk1b+n%b+k�h¦� � m1k�h�\drVh�Z1bzcib ]p\^e1m1aMrVxVci]�hp®�gMcie1b+cÆe1\d]iq+cib+hi\^Ø a�h�\dg>k
b cpcig>c�gMtêhiZ1b�k1g>k5®¸cib+x1k1b e�Ø gMk1b�\^]~cpb:aMq$Z1b+eÝ�5ë5m1q$Z%aÄxVq+hi\dh�\dg>m1]�e1g>n%aM\^k|nob+hiZ1g5e|q+g>n|®
�1\^k�b e%w�\�h�Z%aMkva�eVaM_�hi\df>b(nlm1r�h�\dr^b+fMb r1rdg5q aMrVnob ]iZ%cib�xVk1b nob k�h.]ig>r�f>b cu_1cpgHfMb ]uh�g�wÆg>cpÔ
b+Ïoq \db k�h�r��¿aMk1e¿\�h©�0\^b rde1]�al]i\d}>k1\�xVq:aMk�h�\dn%_1cpg?f>b nob k�h�\dkvh�Z1bÅc�a4h�\^g�gMt�hiZ1b!g>��h�aM\^k�b e
_1cib+q \d]i\^gMk°g?f>b clhiZ1b�cib+]im1r�h�\dk1}Ãq+g>]ph�g>cl�©ì�íî�Oq b+k�h�c�a�r©_1cig0q b+]i]p\^k1}jm1k�\dh¦�!h�\dn%b � ]pb baMr^]pgs��ï ��é4� a�k1eshiZ1bÅcib�t�b cib+k1q b+](hiZ1b cpb \dkÝ�
ºÁr^g�hâgMtê_1aM_Eb+ci]~Z1a?fMb[�Eb+b k|k1g?wÕe1b+e1\^q a�h�b+elh�gÄb+nl�Eb+e1e1b+e%Îz\^ci\dq$Z1r^b�hâ�Pg>m1k�eVaMcp��q gMk5®
e1\dhi\^g>k�]uw�\�h�Z�]ib�f>b+c�aMr�a�_1_1cig>aMq$Z1b ] � bM�É}1�Û��ä � �?ð � �>� � � �0� �?Í � ï � �:Ù � �Hç � aMk1e%h�Z1b!cpb+t�b cpb k1q+b ]
h�Z1b+cib+\^k � aMnog>k1}�h�Z1bÆn%b�h�Z1g0e1]�w�Z1\^q$Zle�b:aMr	w�\dhiZla[ñ�]iZVa�ci_�\dk�h�b c�tOaMq b¦ò$�4ózg?wÆb+fMb c � g>k1rd�t�b+wÕ]phim1e1\db ]�aMcpb©e1b+fMgMh�b+e|h�gÄgMhiZ1b câb nl�Pb e1e�b e��EgMm1k1eVaMc���q+g>k1e1\�h�\dg>k1]ârd\^Ô�b Ü b+m1n%aMk1k
���:è � � é0� �?ï � �?ä ��� ð � g>cÅb ]p_Eb+q \^aMr^r��jÞ�g>�1\^kR��g>c�¹êgMm1ci\db c$�`gMk1b ]%� � � ���M�0� � �5��� Í ��� Ù � ��Ñ8g>cib¦®
g?f>b c � hiZ1b(_1cib+]ib k�h[nob+hiZ1g0e%e1g0b ]uk1gMhucpb æ	m1\^cpb(hiZ1b`m�]ib(gMt�ô�aM}>ciaMk1}>b�nlm1r�h�\d_1r^\db ci]~aMk1e
Z1b k�q b[h�Z1b[]pg>r^m5h�\^gMk�gMtEaÄ]�a�e1e1r^b¦®�_Pg>\^k�hâ_1cig>��r^b nÊ\^k�f>gMrdf0\^k1}zh�Z1b©\dk�t
®�]pm1_|q gMk1e1\dhi\^g>k�h�g
�Eb�]�a�hi\^]px1b eÌ���Ãh�Z�b|e1\^]pq cib�h�b|]p_VaMq b+]����M� ��� ç ��� è � ���.g>no_VaMcpb ejh�g{hiZ1boõ!ci\^e´��n��Eb+e5®
e1b eRÑ8b�h�Z1g0e½�Ob���}��©� �>é5� �:Ù ��� ï ��� ð � � � h�Z1b�n%aM\^kUaMe�f�aMk�h$a�}>bvgMt�g>m�c�xVq+hi\dhi\^g>m1]�n%g0e1b+r
\^]`hig¿q g>k1]pb c�f>b�h�Z1b|]iaMn%b�r^g0q:aMr�]ph�b+k1q \dr~gMtue1\d]iq cpb+hi\^Ø:a4h�\^gMkÃh�g¿b+f�aMrdmVa�hib�h�Z1b|k	m1nob c,®
\^q aMruÖ1m5Ð5b ] � b�f>b+kRk1b aMc�hiZ1b�\^non%b+ci]pb e°\dk	hib c�tOaMq b��âº`]|\dkUh�Z�b�Ó�n%nob cp]ib e×Ó�k�hib cptOa�q b
Ñ8b+hiZ1g0eÀ��]ib+b8� � ä � t�g>c!aMkÌg?f>b+cpf0\^b�wz� � aM_1_1cpg>_1cp\
a�hiblq g0b+Ïoq \db k�h�]Åa�cib|\^k�hicig0e1m1q b+eÌ\^k
h�Z1bz]iq$Z1b+n%bzh�g�h�aMÔMbz\^k�h�g�aMq q+g>m1k�h©h�Z�b`\^nonob ci]pb e!Èpm1n%_�] ��Ñ8g>cib+g?f>b c � hiZ1bÄaMrd}>b ��c�aM\dq
h�ciaMk1]ino\^]p]i\dg>k´q gMk1e1\dhi\^g>k�]Äm1]ib+e¯\dk´h�Z1b�_1cpb ]pb k�h�n%b�h�Z1g0e´t�g>cÄh�Z�b|\^non%b+ci]ib+e%Èpm1no_1]
aMcib`n%g>cpbÄ}>b+k1b ciaMrEhiZVaMkvt�g>c.hiZ1b!ÓiÓ�Ñöw�Z�b cib!hiZ1buÈpm1no_1][aMcpb!]im1_�_Eg>]pb e�h�g|�PbÄ}>\�f>b+k �aMk1esk1goaMe1e1\�h�\dg>kVaMrEm1k1Ô	k1g?w�kÃ\d][\^k�h�cpg5e1m�q b esk1b aMc©h�Z1bÅ\dn%nob cp]ib e¿\dk	hib c�tOaMq b��
ô�b+hÄm�]`nob k�h�\dg>kshiZVa�h`]ig>nob�x1q+h�\�h�\dg>m1]�e1g>n%aM\^ksnob+h�Z�g5e1](m1]pb|a|ñ�e1\dáEm1]ib�\^k�hib cptOa�q b�ò
aM_1_1cpg�aMq$Z�h�gÅZVaMk�e1r^b[\dn%nob cp]ib e|�Pg>m1k�eVaMcp�lq g>k1e�\dh�\dg>k1] � bM�É}1�V�ÉÍ>ð � Í�� � Í �H� a�k1e|h�Z1b�cib�t
®
b cpb k1q+b ]%hiZ1b cpb \dkÝ��Y�gÌh�Z�b8�Pb ]�h%g�tÄg>m1c�Ô	k1g?w�r^b+e1}>b � gMk1rd�Á��Í>Í � Í �?� t�g5q+m1]�g>kÀÞ�g>�1\dk
�EgMm1k1eVaMc��vq+g>k1e1\�h�\^gMk1] �5º`k¿\^k�h�b+cib+]ph�\dk1}lt�b:a4h�m1cpb!gMt�h�Z1bÅaM_�_1cig�a�q$Z8e1b+]iq+ci\^�Pb e¿\dkÌ��Í �H�\^]�h�g%q g>nl��\^k1b�]im1q$Z´aoxVq�h�\dhi\^g>m�]ze1gMn{aM\dk¿n%b�h�Z1g0e8w�\�h�ZÃn�m1rdhi\^r^b�f>b+rÝr^g0q:aMr�nob ]pZ´cib¦®
xVk1b+n%b+k	h � w�Z1\^rdb©h�Z1b[xVq�h�\�h�\^gMm1]��EgMm1k1eVaMc��|nob+h�Z�g5e�_1cpb ]ib+k�h�b e{\^ks��Í�Ù � Í�ç � e1b aMr^]~w�\�h�Z
nlm1r�h�\^}Mci\^e%\dhib c�a4h�\dfMbÄxVrdhib cp\^k1}�aMk�e8]p_Eb+q \
a�rÝ}>ci\de¿e1b+t�g>cpn{a4h�\^gMk{h�b+q$Z1k1\^æ	m1b+] �
Y[Z1b�]�h�cpm1q+him1cib�gMtâhiZ1\^]�_VaM_Pb c(\^]zaM]�t�g>r^rdg?w�] �1Ó�k´ë5b q�h�\^gMk �5� wÆb�cpb q:a�r^r�h�Z1bÅxVq�h�\dhi\^g>m�]
e1g>n%aM\^k|nog0e1b r�w�\�h�Z�\^nonob ci]pb e`Èpm1no_1]~t�g>c�aMkob rdr^\d_�h�\dqÆ_1cpg>�1rdb n÷aMk�e�wÆb(e1b+h�aM\^r1Z�gHw
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h�g�\^no_Eg>]pb�b:aMq$ZvÔ	\dk1e{gMtÛ}>b k�b c�a�rÛ�[���`���`��ë5b+q+h�\dg>kvÍÅw�\^rdrV�Eb(e1b e�\^q:a4h�b e%h�gÅh�Z1b(xVk1\dhib
f>g>rdm1nobo]pq$Z1b noboe1b+fMgMh�b+eUh�gsq g>no_1m�hib|h�Z1\d]Åx1q+h�\�h�\dg>m1]!e1g>n%aM\dkjn%b�h�Z1g0eÝ��Y[Z1b+k � \^kë5b q�h�\dg>kvÙ � aMk�aMeVa�_�h�b+e�cib+x1k1b nob k�h(aMrd}>g>ci\�h�Z1n²�VaM]ib+e¿g>k�alnlm1r�h�\dr^b+fMb rVÖVm5Ð{cib+]phici\^q¦®
h�\dg>k�\d]~\^k�h�cpg5e�m1q b+e�h�gÄ\dk1q cpb:aM]pb.h�Z�b©_1cib+q \d]i\^gMklgMtVh�Z�b©]ig>rdm�h�\dg>kÝ�4¹â\dkVaMr^r�� � \dk�ë5b q�h�\dg>k�ç
]ig>nob|k	m1nob ci\dq:aMr�cib+]im1r�h�]Ät�g0q m1]pb eËb \dhiZ1b c!gMkje1\dáEm1]i\dg>kjg>c!g>kjq+g>k�f>b+q+h�\dg>k5®¸e1\dáEm1]i\dg>k
_1cigM�1r^b+n%][\dr^r^m�]ph�cia�h�b(h�Z1bÅ_Pb c�t�g>cin%aMk1q+b!gMt�hiZ1bÅn%b�h�Z1g0eÝ�

ø ù[NOLMDHNXDHNOGPJKúlI�GES¯QVN�CÀSUû�DHüKGÝIRý%N�DHüRN�SUSUû	F�ú+û5I8þ:JKSUÿâú

� m1c�g>�0Èpb q�h�\�f>b(\^]�h�g�]ig>r�f>b � w�\�h�Z%aÅx1q+h�\�h�\dg>m1]�e1g>n%aM\dk|n%b�h�Z1g0e � h�Z�b(t�g>rdr^g?w�\^k�}Ä_1cigM�5®
r^b+n g>cp\^}>\dkVaMrdrd�|e1b�xVk1b+eÃ\^k¿al�Pg>m1k�e1b ese1g>n%aM\^k

Ω̃ ⊂ R
d w�\�h�Z�b \�h�Z1b+c�a|Î`\^cp\^q$Z1rdb+h � a

Ü b+m1n{a�k1k8gMc�aoÞ�g>�1\dk¿�Eg>m�k1eVaMc��vq gMk1e1\dhi\^g>kË��g>c�n%\�Ð5b eê�ÆgMk
∂Ω̃ = ∂Ω̃D ∪ ∂Ω̃R

±
¹Vg>c

ã ∈ L∞(Ω̃)d×d, ṽ ∈ L∞(Ω̃)d, b̃ ∈ L∞(Ω̃)
aMk�e

f̃ ∈ L2(Ω̃) � xVk1e ũ ∈ H1(Ω̃)]im1q$Zsh�ZVa4h

(P̃)



























div(−ã∇ũ+ ṽũ) + b̃ ũ = f̃
\^k

Ω̃,
�,�H�

ũ = uD

g>k
∂Ω̃D,

� � �
−(ã∇ũ).n = αR ũ+ gR

g>k
∂Ω̃R,

�OÍ��
w�Z1b cpb

n
\^]UhiZ1bTg>m�h�w.aMcpe m�k1\dh×k�g>cin%aMr%fMb q�h�g>c×g>k

∂Ω̃R � uD ∈ H1/2(∂Ω̃D) �
06αR ∈ L∞(∂Ω̃R)

a�k1e
gR ∈ L2(∂Ω̃R)

�
Y[Z1b�h�b k�]ig>cugMtÝe�\dáEm1]i\dg>k

ã ≡ (ãij)16i,j6d

aMk1e�h�Z1b(cib aMq+hi\^g>koq g0b+Ïoq \db k�h
b̃
f>b cp\dtX�lhiZ1b

q r^aM]i]p\^q:a�rÝb rdr^\^_5h�\^q+\dh��oaM]p]im1no_�hi\^g>k1]+±
∃a0 > 0, ∀ξ ∈ R

d, ã(x)ξ.ξ > a0|ξ|2
a5��b��V\^k

Ω̃,
�Oº��H�

��� ��¤�� |.| ¢^¬�ª � ���Æ ê¨�£�¢O�0�i�M­Ã­Û«4¤��Â¢X­
R

d �
∃b0 > 0, b̃(x) > b0

a��ÉbM�V\dk
Ω̃.

�Oº � �Ó�k¿a�xVq+hi\dhi\^g>m1]Æe1g>n%aM\^k{aM_1_1cpg�aMq$Z � h�Z1bÄgMci\^}M\^kVaMrVe�g>n{a�\^k
Ω̃

\^].b nl�Pb e1e�b e�\^k�]i\^e�b!aMk
g>_Pb k��Pg>m1k1e1b+e�_EgMrd�0}>g>kVa�rPe�g>n{a�\^k

Ω ⊂ R
d ]pm1q$Zvh�ZVa4h

Ω = Ω̃∪Σ∪Ωe � w�Z1b cpb
Ωe\^][h�Z�b�b¦Ð5hib cpkVaMr�xVq+hi\dh�\dg>m1]�e1g>n%aM\dk8a�k1e

Σ
hiZ1b�q g>non%gMks\dk�h�b c�tOaMq b��Pb+h�wÆb b k

Ω̃
aMk1e

Ωe

��]ib+bÄ¹â\d}>m1cib��Äa�k1evï��¦�	Y[Z1\^]Æ\^k�h�b+cptOaMq+b
Σ ⊂ R

d−1 \^]uq:a�r^r^b+e8¢X�|�{��¤�¬?�i��¢X­Vª���¤X¶+�0¨$���
Y[Z1bÅxVq+hi\dh�\dg>m1]©e�g>n{a�\^k

Ω
\d]�q$Z1g>]ib+k8higo�PbÅ}>b gMn%b�h�ci\dq:aMrdrd�o]i\dn%_�r^b���cib q�h$aMk�}>m1r
a�c©t�g>c

b�Ð�aMno_1r^b.\^k � ®�Î!����Y[Z1b[�EgMm1k1eVaMc��lgMt
Ω̃

\^]~e�b+xVk1b+e%���
∂Ω̃ = Γ̃∪Σ � aMk1e|h�Z�b[�Eg>m�k1e5®

aMcp�vgMt
Ω

���
∂Ω = Γ̃ ∪ Γe

�O]ib+b�¹â\^}1�E�H���
ô�b+h�m1]!xVci]�h�k1gMh�\dq blhiZVa�hÅw�ci\�h�\^k�}vh�Z1boÞ�g>�1\^kj�Pg>m1k�eVaMcp�´q g>k1e�\dh�\dg>kÕ��Í>�!gMk

Σ
\^kËa

xVq+hi\dhi\^g>m1]ue1g>n%aM\dk%nob+hiZ1g5eow�\dhiZ
Ω ⊃ Ω̃

\d].k1gMh.e1\^cpb q�h�rd��_Pg>]p]i\^��r^b(m1k1r^b+]i][a�q q b+_�h�\dk1}
ÖVm5Ð´g>cÄ]igMr^m�hi\^g>k|Èpm1n%_�]Äg>k

Σ
g>cÄ�PgMh�ZÝ�EY[Z1\^]`_1cig>��r^b n \^]zh�Z	m1]zñ,b¦Ð0h�b k�e1b e5òl\^kÃhiZ1b

t�g>r^rdg?w�\^k1}vn%aMk1k�b cÄh�g¿h�Z�b�w�Z�g>r^b|xVq�h�\dhi\^g>m�]Äe1g>n%aM\^k
Ω

���Ìm1]i\dk1}�h�Z1b�t�g>cin�m1r
a�hi\^g>k
t�g>c[}>b+k1b ciaMr�b nl�Pb e�e1b e8�Eg>m�k1eVaMc��vq gMk1e1\dhi\^g>k�][\^k�h�cpg5e1m�q b es\^kÌ�ÚÙ � �
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Ω
~

eΩ
Γ

Ω

e

Σ

n

Ó¬À5Ú

Σ

Ω
Ω

n
e

eΓ

Ω
~Γ

~

ÓgÎXÚ
Ω
~

eΩ

~Γ

Ω

Σ
n

Ó�Ç�Ú

÷ º�Ï�½�Â}Ã���ÕwÔ%É�ÎßÃ�¾�¾£º�Ä�Ï?¼o¹ ÃsÈ[Âoº�Ï�º�Ä;ÀFÌ0¾�È[É�ÀFº�Ä Ω̃
º�Ä »oº¯¾�Ã�À�Æ;Çc¼oº�¼oº¯È[½ »�Â}Ã�Çc¼eÀFÄ�Ï�½�ÌãÀFÂW¾�È[É�ÀFº�Ä

Ω
Õ
� ß
	 �Ë« �0��£ � ¢Xª � ���o���i���0�i�
�¦ 5���ÌªO¤p�M­�¬��|¢^¬$¬�¢"«4­¯¨$«4­P�M¢XªO¢"«4­�¬�«4­

Σ

ô�b+h
n

�Pbzb+\dhiZ1b c�h�Z1b(g>m�h�w.aMcpevm1k1\�h.k1gMcin%aMr1f>b+q+h�gMc.g>k
Γe � g>c�h�Z1b(m1k1\�h.k1gMcin%aMr1f>b+q�®

h�g>câg>k
Σ

g>cp\^b+k	hib e|t�cigMn
Ω̃

h�g
Ωe

��¹Vg>c�aÄt�m1k1q�h�\^gMk
ψ

\^k
H1(Ω̃∪Ωe) � r^b�h ψ−

Σ

aMk�e
ψ+

Σ�Ebuh�Z1buh�ciaMq b+]âgMt
ψ|Ω̃

a�k1e
ψ|Ωe

g>klb:a�q$Zl]i\de1b.gMt
Σ

cib ]p_Eb+q+hi\df>b+rd� � ψ|Σ = (ψ+
Σ +ψ−

Σ )/2h�Z1bÅa�ci\dhiZ1nob+h�\dq�n%b aMk�gMt�h�ciaMq b+]©gMt
ψ � aMk1e [[ψ]]Σ = (ψ+

Σ − ψ−
Σ )

h�Z1bÆÈpm1no_vgMt�hic�aMq+b ]
gMt
ψ

g>k
Σ

g>cp\^b+k	hib es���
n
�

¹Vg>cuhiZ1bÄeVa4h$a
f ∈ L2(Ω) � g a�k1e

q
}>\dfMb kv\dk

L2(Σ) � w.b!q+g>k1]p\^e1b+cÆh�Z�bÄ]ib+q g>k1e0®�g>cpe1b c
b rdr^\^_5h�\^q(_1cpg>�1r^b+n t�g>c©hiZ1bÅcib aMr�®"fMa�r^m1b+e{t�m1k1q�h�\^gMk

u
e1b+x1k1b es\^k

Ω
a�k1e¿\^k1q+r^m1e1\dk1}v¢X���

�{��¤�¬?�i�|ªO¤p�M­�¬��|¢^¬$¬�¢"«4­´¨$«4­P�M¢Xª�¢"«4­�¬�gMk
Σ

w�Z1\^q$ZvaM]i]pm1n%b�Èpm1n%_�]ÆgMt��PgMhiZ%h�Z�bÄk1g>cpn{aMr
e1\dáEm1]p\df>b[ÖVm0Ð

ϕ(u).n ≡ −(a∇u).n aMk�eohiZ1b[h�c�a�q b ]ugMtPh�Z1b�]pg>r^m�hi\^g>k
u
h�Z1cpg>m1}>Z|h�Z�b

\^k�h�b+cptOaMq+b
Σ
±

(P)















































div(−a∇u+ vu) + b u = f
\^k

Ω,
��Ù	�

gMci\^}M\^kVaMrE�`���`� g>k
Γ̃,

��ç>�
]im1\�h$aM��r^bÅ�`���`� g>k

Γe,
�Oè��

[[(a∇u).n]]Σ = α u|Σ − q
gMk

Σ,
� é �

(a∇u).n|Σ = β [[u]]Σ − g
gMk

Σ,
��ï��

w�Z1b cpb|h�Z1b�m1k1\�t�g>cinord�s_Pg>]i\�h�\�f>ble1b�xVk1\�h�b|h�b+k1]ig>c!g�t.e1\�áÛm�]i\^gMk
a ≡ (aij)16i,j6d � hiZ1bcib aMq+hi\^g>klq+g5b�Ïoq \^b+k�h

b>0 � aMk1elhiZ1bÄªO¤i�M­�¬�¶:��¤(¨$«?���·¨�¢"��­VªX¬
α, β>0

g>k
Σ

aMcpb.nob:aM]pm1c�®
aM�1rdb|aMk1ej�Pg>m1k1e�b ejt�m1k1q�h�\^gMk1]Äf>b+ci\dtX�0\dk1}vq r^aM]i]p\^q aMrâb+r^r^\d_�h�\dq \�h��saM]i]pm1n%_5h�\^gMk1] �ÝÑ8g>cib¦®
g?f>b c � w.bÅq$Z1g0g>]ib

a|Ω̃ = ã, v|Ω̃ = ṽ, b|Ω̃ = b̃, f |Ω̃ = f̃

\^k�g>cie�b c�h�g(cib q+g?f>b cKh�Z1bug>cp\^}>\dkVaMr>_1cpg>�1rdb nÇ�,�+®,Í��Ý\dk
Ω̃
�HY[Z1bÆ�`���`�1�Oè��Ýg>k

Γe

\^]�q$Z1gM]ib k
h�g�b+k1]im1cpb|h�Z1b|]pg>rdf�aM�1\dr^\�h���gMt�h�Z1b�a��Eg?f>b|xVq�h�\�h�\^gMm1]`e1gMn{aM\dk´nog5e1b+r"�êY[Z1\d]!_1cig>��r^b n
\^](_1cig?fMb eÃhig{�Pb�wÆb rdr�®�_Pg>]pb es\^k¯��Í � Ù � aMk1esh�Z1b�]igMr^m�hi\^g>k

u
�Pb r^gMk1}>]�h�g

H1(Ω̃ ∪ Ωe)
�

�·Z1b k
α = g = q = 0

aMk1e
β → ∞ � h�Z1b�_Pb cpt�b+q+h(h�ciaMk1]ino\^]p]i\dg>k�_1cigM�1r^b+nà\^]�cib+q g?f�®
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b cpb e¿w�\dh�Z
u ∈ H1(Ω) � ]ib+bÅY[Z1b g>cpb n Í�� � \^kË��� �4� �

Y[Z1bjeVa�h�a
a � v � b � f \^k

Ωe

aMk1e
α � β � g � q g>k

Σ
w�\^rdrz�Pbje1b�xVk1b e·t�m1c�h�Z1b+cv\^k

g>cie�b c[h�go}>b+h
u|Ω̃ = ũ

g>c(a�h(rdb:aM]�h
uη|Ω̃ ≈ ũ

w�Z1b ksh�Z1bÅnog5e1b+r�\^]�_Pb kVaMrd\^Ø+b e�w�\dhiZÃa
_Eb+kVaMr�h���_VaMciaMn%b�h�b+c

η → 0
�

� ß � � ¤��i�MªO�{��­Vª©«,¶Åª � �l«4¤¦¢��M¢X­P�M£��©ß��zß���ß�«4­
Σ

� ß � ß
	 �Æ�o���i���0�i����«M� ¢X­U«4¤����� 5�o�M­V­Ë��«4 0­P���M¤¦¥�¨$«4­P�M¢XªO¢"«4­�¬
ô�b+h

ϕ−
Σ ≡ −(a∇u)−.n|Σ

aMk1e
ϕ+

Σ ≡ −(a∇u)+.n|Σ
�PbohiZ1b%hic�aMq+b ]�gMt.hiZ1b{e1\�áÛm0®

]i\�f>bsk1g>cin%aMr.Ö1m5Ð³g>kÕb:aMq$ZR]i\de1b¿gMt
Σ

cib ]p_Eb+q+hi\df>b+rd�M�uY[Z�bÃaMrd}>b ��c�aM\dq{h�ciaMk1]ino\^]p]i\dg>k
q g>k�e1\dhi\^g>k1]�� é ®,ï>�uw�ci\�h�b

ϕ−
Σ − ϕ+

Σ =
α

2
(u+

Σ + u−Σ) − q,
�Oä��

−1

2
(ϕ+

Σ + ϕ−
Σ) =β (u+

Σ − u−Σ) − g.
�,�?ð��

Y[Z1b©t�g>m1c�m1k1Ô	k1g?w�koæ0m1aMk�h�\dhi\^b+]
ϕ−

Σ � ϕ+
Σ � u−Σ a�k1e

u+
Σ

g>k
Σ

aMcibÆh�Z1b+k|r^\^k�ÔMb elw�\�h�Z�hiZ1b
aMr^}Mb �1ciaM\^q©hic�aMk1]pn%\d]i]p\^g>k�q gMk1e1\dhi\^g>k�](��ä4®��?ð����>ózb k�q b � ����b rd\^no\^kVa�hi\^k1}`g>k1b�gMtÛhiZ1b�h�w.g
b�Ð0h�b+ci\dg>cÅæ0m1aMk�h�\dhi\^b+] � b \�h�Z1b+c ϕ+

Σ

g>c
u+

Σ � ϕ−
Σ

q aMkË�Eb|w�ci\�hihib kË\^kjh�Z1b�h�wÆgst�g>rdr^g?w�\^k�}
b æ	m1\�fMa�r^b k�h[w.a:�5] � cpb ]p_Eb+q+h�\�f>b+rd�j±

ϕ−
Σ =

(

β +
α

4

)

u−Σ −
(

β − α

4

)

u+
Σ + g − q

2
,

g>k
Σ,

���M�H�

ϕ−
Σ =

1
(

β +
α

4

)

[

αβ u−Σ +
(

β − α

4

)

ϕ+
Σ +

α

2
g − β q

]

,
gMk

Σ.
��� � �

Ü gMhib!h�ZVa�h(��æê��� � \^]����P¤¦¢"«4¤¦¢Pe1b+xVk�b eÃ\�t
α

a�k1e
β

aMcib!e�\dáEb cib+k�h(t�cpg>n
0
�

Y[Z1b©_Va�cph�\dq m1r^aMc�q$Z1g>\dq b
β = α/4

cib æ	m1\dcib+]©­Û«��p¡>ª���¤¦¢"«4¤(¨$«4­VªO¤�«4£?]i\^k�q b.�PgMhiZl��æ	] �V�,�>�H�
aMk1e·�,� � �!�5\db rde¯h�Z�b{]�a�n%b{Þ(g>��\^kU�Pg>m1k�eVaMcp�¯q gMk1e1\dhi\^g>kË�Pb r^g?w � \^k1e�b _Pb k1e1b+k�h�rd�¯gMt
u+

Σ

gMc
ϕ+

Σ

±
ϕ−

Σ ≡ −(a∇u)−.n|Σ =
α

2
u−Σ + g − q

2
,

g>k
Σ.

���:Í��
�·Z1b k%h�Z1b`Þ(g>��\^k{�Pg>m1k�eVaMcp�oq+g>k1e1\�h�\^gMk%\dkj��Í>��\d]Æe1b+]i\dcib e%t�g>cuhiZ1b`gMci\^}M\^kVaMr�_1cig>��r^b n
���+®�Í��~\^k

Ω̃ � hiZ1bzt�g>rdr^g?w�\^k�}�\dn%nob cp]ib+e{�Pg>m1k1eVa�cp��q gMk1e1\dhi\^g>kog>k
Σ

nlm1]ph.�Eb(]�a4h�\^]�xVb e
���vh�Z1bÅ]pg>r^m�hi\^g>k�g�tâh�Z�bÄxVq+hi\dh�\dg>m1][e1gMn{aM\dk�_1cigM�1r^b+nÂ\^k

Ω
±

ϕ−
Σ ≡ −(a∇u)−.n|Σ = αR u

−
Σ + gR

gMk
Σ.

��� Ù	�
Y[Z1\^]�}>\dfMb ]lh�Z�bv]im�Ïoq+\^b k�h�q+g>k1e1\�h�\^gMk1]�t�g>c�h�Z1bve1a�h$a´]pm1q$Z×h�ZVa�h|��æê���,�?Í��Å]�a�hi\^]px1b ]
���:Ù�� � ]pb b{��Þz�.\^k�h�Z1bÅY�aM�1rdb|�>�
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Y[Z1b Ü b+m1n%aMk1k°�Pg>m1k1e1aMcp�¯q g>k�e1\dhi\^g>k¯\^]�gM��h$aM\dk1b e°aM]�h�Z�bv_VaMc�h�\^q+m1r
a�c�Þ�g>�1\dk°q:a�]ib
w�Z1b cpb

αR = 0
�

Y[Z1\^]�Þ�g>�1\dk!g>c Ü b+m1n%aMk1k��[���`���`�?nob+h�Z�g5eÅ\^]Û_1cig?f>b+e�hig(�Pb�q gMk1]i\d]ph�b+k�h � ¢OßO� ß u|Ω̃ = ũ �\^k¯�ÉÙ � � � h�Z�b c[f�aMci\^aMk�h�](aMcibÅ_1cpg>_Pg>]ib+e8h�Z�b cibÅw�Z1\dq$Z8cpb æ	m1\^cpb�b+\dhiZ1b c
u+

Σ

gMc
ϕ+

Σ

higo�Pb
ñ,q+g>k�h�cigMr^r^b+e5ò����

L2 gMc
H1 f>gMr^m1nobl_Pb kVaMr�h��´nob+hiZ1g5e�]|��� �5� �:Í � ÍMè � _Pb c�t�g>cinob e´w�\�h�Z

h�Z1bÅ_Va�c�aMnob+hib ci]
a � b aMk1e

f
\^k

Ωe

�

� ß � ß � �Æ�o���i���0�i���Å¢X¤¦¢"¨ � £^��ªÆ��«4 0­P���M¤�¥�¨$«4­P�M¢XªO¢"«4­

ô�b+h
0 < η � 1

�Eb�a!cpb:aMr1_Pb k1aMrdh���_VaMc�a�n%b�h�b c(��q:aMrdr^b+e �V��­P�M£�ª�¥l¨$«?���T¨�¢"��­Vª
��w�Z�\^q$Z�\^]
r^\dÔMb r���hig�hib k1eoh�gÅØ b+cig1�!�·Z1b+k%h�Z�b`Î`\dci\dq$Z1r^b�h�q g>k1e�\dh�\dg>k

u−Σ = uD
\d]~h�g��Eb(ZVaMk1e�r^b e �h�Z1blÞ(g>��\^kÃq+g>k1e1\�h�\dg>kÃ\dkj��æP�~��Í���g>c|�,�:Ù	��q:aMk´�Pbl_Pb kVa�r^\^Ø+b e8�	�´as¬� 0¤�¶+�0¨$�"�V��­P�M£�ªO¥

g>k
Σ

w�\dh�Z
αR =

1

η

�
αR →

η→0
+∞ �ua�k1e

gR = −1

η
uD

�	Y[Z1b`_�cib+f0\dg>m1]ÆÞ(g>��\^k%�����`���`�
n%b�h�Z1g0e�q:a�ks�PbÄh�Z�b k¿_Eb+kVaMrd\^Ø b+e¿aM][\^kj��Î��H�.\dkvh�Z1b!Y�aM�1rdbl�>�Vó(b k1q+b!t�g>c

g = 0
aMk1e

β → +∞ � h�Z�b (D1)
�����`��� nob+hiZ1g5e´�0\db r^e�]!k1g¿]ig>rdm�h�\dg>koÈpm1no_

[[uη]]Σ → 0
\^k1e�b�®

_Eb+k1e1b+k	hird�Ãg>k
α
�EY[Z0m�] � wÆb|q:aMkjm�]iblt�g>cÄb¦Ð�aMn%_�r^b�hiZ1b|_VaMciaMnob+h�b+ci]l±

α = β =
1

η
�

q =
1

η
uD

a�k1e
g = 0

�
º`k1g�h�Z1b+cÄh��5_Pb�gMtun%b�h�Z1g0ejq gMk1]i\d]ph�]!\dkjm1]i\dk1}sa

L2 g>c
H1 f>g>rdm1n%b�_Eb+kVaMrdh��8\^k´hiZ1b

b�Ð0h�b+ci\dg>cze�g>n{a�\^k
Ωe

]pm1q$Zjh�ZVa�h
lim
η→0

u+
ηΣ = uD

t�g>czhiZ1b�nog0e1b r�w�\dhiZ
β =

1

η
→ ∞ �

g = 0
aMk1eÌh�Z	m1]

[[uη]]Σ →
η→0

0 � aM]Å_1cig>_Pg>]pb eË\^kÕ��� �4� ��Ó�kÌh�Z1a�h�q:aM]pb � w.boq gMk1]i\de1b c�aMk
b�Ð0h�b+k1]i\dg>k

ue ∈ H1(Ωe)
gMt
uD

g?fMb c
Ωe

]im1q$Zsh�ZVa�h[hiZ1b!h�ciaMq b
γ0(ue) ≡ ue|Σ = uD �]ib+bv�OÎ � �.\^k�hiZ1bÅYâaM��r^b|�>�

Y[Z1b¿q g>k�fMb ci}Mb k1q+b´gMt(h�Z1b+]ib¿n%b�h�Z1g0e1]�\^]|_�cig?f>b+eÀ\^k·�ÚÙ � aMk�e³t�gMc|m1]imVa�r©w.b aMÔ×cib+}�®
m1r
a�ci\dh��ÃaM]p]im1no_�h�\dg>k1]`hiZ1b|t�g>r^rdg?w�\^k1}%b cicpg>cÄb+]ph�\dn{a4h�bv± ||uη|Ω̃ − ũ||H1(Ω̃) = O(

√
η)\^]�a�h�rdb:aM]�h�cib aMq$Z1b eÛ�E�Æb+hihib c�b ]�h�\dn{a�hib ](aMcpb!_Eg>]p]i\d�1r^bÄw�\�h�Z¿]phicig>k1}Mb c�cib+}>m1r
a�ci\dh��M�

ë5\^k�q b�hiZ1b�\^non%b+ci]ib+eÃ�Pg>m1k1e1aMcp�sq gMk1e1\dhi\^g>k�]za�cibÅh�cib a�h�b+eÃw�\dhiZ1\^k¿h�Z�b�]�a�n%b�m1k1\dx1b e
t�g>cin�m1r
a�hi\^g>k%w�\dh�Z8aM_1_�cig>_1cp\
a�hibÅeVa�h$as��]ib b�Yâa��1r^b��H� � \dh�\^]�]�h�c�a�\^}>Z�hit�gMcpw.aMcie�h�goe1b aMr
w�\dhiZÃno\�Ð5b esb nl�Pb e�e1b e´�Pg>m1k�eVaMcp�¿q+g>k1e1\�h�\dg>k1]�g>k8hiZ1b�\^non%b+ci]ib+e8\dk�h�b c�tOaMq b

Σ
�êº`k

b�Ð�aMno_1r^b!\d][}>\dfMb ks\^k8ë5b+q+h�\dg>k8ç5�ÉÙ1�
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Ô�Õ×Ö�ÕÙØmÕ�É�Ãc¼o¹ È�¾ #�ÀFÂeÀFÉ�Ãc¼}ÃcÂ}»mº�Ä
Ωe

#.ÀFÂeÀFÉ�Ãc¼}ÃcÂ}»TÈ[Ä
Σ

Ü�È[Î�º�Ä)Ó�Ü�Ú
a|Ωe = Id, v|Ωe = 0, α = 4β = 2αR,

¥�n+ao��f<a3b3^�n�bjp}n[]Xf�b�n[� b|Ωe = f |Ωe = 0 g − q

2
= gR

àTº�Âoº¯Çe¹�Ì¯Ãc¼jÓ�à$��Ú
a|Ωe = Id, v|Ωe = 0, α = 4β =

2

η
,

§;��bg¡�r5pea9��a3]Xr��°f�ô b|Ωe = f |Ωe = 0
q

2
− g =

1

η
uD

àTº�Âoº¯Çe¹�Ì¯Ãc¼jÓ�à&%5Ú
a|Ωe =











Id L2 Í�ÃcÄ;ÀFÌ�¼<¿
1

η
Id H1 ÍßÃcÄ;ÀFÌ�¼K¿ , v|Ωe = 0, β =

1

η
,

' n[�°����a9��ac]Xr[�Òf�ô b|Ωe =
1

η
, f |Ωe =

1

η
ue α = q = g = 0¸�ÀFÎ�Ì¯Ã(�

#.ÀFÂeÀFÉ�Ãc¼}ÃcÂ}»�º�Ä
Ωe

ÀFÄ ¾ËÈ[Ä
Σ
Ê¬È[Â9¼o¹ Ã,Ô�Õ×Ö�ÕÙØmÕ É�Ãc¼o¹ È�¾ËÅ9º�¼o¹Áº�ÉsÉ�ÃcÂ}»eÃ�¾JêY½�ÉsÍ »�Õ

) ù[NOC�NXD?û¿WPG�*OJKSUû,+pù.-0/lIKNOú:L>FHû	D?N21�Q�D?NOGPC

3 ß
	 ��«4ª¸�MªO¢"«4­�¬

Y[Z1b[_Pg>rd�0}>g>k1aMr5e�g>n{a�\^k
Ω

\d]~n%b+]iZ1b+elw�\dhiZ�a`tOaMn%\drd� Th = {K} gMtPe1\^]XÈpg>\^k�h�b+e�xVk1\�h�b
f>g>rdm1nob ]

K ⊂ Ω
�Oq:a�r^r^b+e54"¨$«4­VªO¤�«4£76M«4£� 0�{�$¬98"�Äw�Z1\dq$Z³aMcib%g>_Eb+k×q g>k�fMb�Ð×_Pg>r��5}Mg>k1]

]im1q$ZThiZVa�h
Ω = ∪

K∈Th

K
w�\�h�ZÁm�]imVaMrÄaM]i]pm1n%_5h�\^gMk1] � bM�É}1�Ä�ÉÍ é4� �.Y[Z�bjn%b+]iZT]i\dØ b´\d]

e1b+x1k1b e8�	�
h = sup{diam(K), K ∈ Th}

�
ô�b+h E �EbÄhiZ1b!tOaMn%\drd��gMtK]p\^e1b+]���aMrd]ig|q:a�r^r^b+e�b e1}Mb ]�\^k � ®�Î!�ÆgMt�hiZ1bÅq g>k�h�cpg>rÛfMg>r^m1nob ]+�
¹Vg>c�a�k	�

(K,L) ∈ T 2
h

w�\dhiZ
K 6= L � b \dhiZ1b cÅh�Z�b

(d − 1)
®�e�\^nob k1]p\^g>kVa�r�ô�b �Pb ]i}Mm1b

n%b aM]im�cib¿gMt
K ∩ L

\^]
0

g>c
K ∩ L = σ

t�g>c|]igMn%b
σ ∈ E � w�Z1\dq$ZÕw�\dr^rÆhiZ1b kÕ�Pb

e1b k�gMh�b+e°���
σ ≡ K|L ��Y[Z1b{]pb+hlg�t[k1b \d}>Z	�EgMci]�gMt

K
\d]�e�b k1gMhib e°��� N (K) � hiZVa�h\^] N (K) = {L ∈ Th; ∃σ ∈ E , σ = K ∩ L} �Æ¹êgMc%b aMq$Z

K ∈ Th � rdb+h EK
�Pb

h�Z1b|]pm1�1]pb+h�gMt E ]im1q$ZÌh�ZVa4h
∂K = K \K = ∪

σ∈EK

σ
�Ý¹Vm1c�h�Z1b+cinog>cib � E = ∪

K∈Th

EK
�

Y[Z1bË]ib+h8gMt�\^k�h�b+ci\^gMcË�Ocib+]i_Ý�(�Pg>m1k1eVa�cp���v]i\^e�b ]s\^]¿e1b k�gMh�\dk1}R��� Eint

�Ocib+]i_Ý� Eext

� �h�ZVa4h�\^] Eint = {σ ∈ E ; σ 6⊂ ∂Ω} �Ocib+]i_Ý� Eext = {σ ∈ E ; σ ⊂ ∂Ω} �¦� � k1b�gMt
h�Z1b8n%gM]ph%\^k�h�b+cib ]�hvgMt`h�Z1b8�[���`���`�.nob+hiZ1g0eÀ\^]�h�g¯m1]ibÃa¯]p\^no_1r^b¿k1g>k0®�q gMk�t�g>cino\^k�}
aMk1eÕ]phicim1q�h�m1cpb eÁnob ]pZÝ��Y[Z1b cpb+t�g>cpb � h�Z1b¿]p\^e1b+]%gMtzh�Z1b¿nob ]pZ Th

e1g¯k�gMho}>b k1b+c�aMrdrd�
n{a4h�q$Zjh�Z1b|\dn%nob cp]ib+ej\^k�h�b+cptOaMq+b

Σ
��bM�É}1�Ûw�\dhiZÌa�m1k1\dt�gMcin �©aMcphib ]i\^aMkjnob ]iZÌrd\^ÔMb�\^k

ë5b q�h�\dg>k½ç>���.º`k½aM_1_1cpg:Ð�\dn{a4h�bÃ\dk�h�b c�tOaMq b
Σh

\^]%h�Z	m1]�e1b�xVk1b e½���Áh�Z�bjn%b+]iZÊ�O]pb b
ë5b q�h�\dg>ksç>���0Y[Z1\d]©\^k�h�b+cptOaMq+bÄ]ib+_VaMcia�h�b+]©h�Z1b!a�_1_1cig:Ð5\^n%a�hib`g>cp\^}>\dkVaMrVe1g>n%aM\dk

Ω̃h
t�cig>n

h�Z1b�aM_1_1cpg:Ð�\dn{a4h�bÅb�Ð0h�b+cikVa�r�e1gMn{aM\dk
Ωe,h

�Pô�b+h EΣ = {σ ∈ E ; σ ⊂ Σh}
�Pb�hiZ1b�]pb+h

gMt[]p\^e1b+]�rd�0\dk1}8gMk
Σh

��¹êgMc�b aMq$Z
K ∈ Th � a:4"¨$��£X£;�i¨$��­Vª���¤��i�<8��M¢^¬?¨�¤���ªO¢�=?�Mª�¢"«4­Ã_Eg>\dk�h

xK ∈ K
\d]�q$Z1g>]ib+k%]pm1q$Z%hiZVa�h�t�g>c�b aMq$Z

σ ∈ EK; σ = K|L � h�Z1b�]pb }>nob k�h
[xK , xL]

\d]
g>cphiZ1g>}>gMkVaMr5hig

σ
a�h~hiZ1b[_EgM\^k�h

xσ ∈ σ
��¹Vg>câb aMq$Z

K ∈ Th � r^b+h dK,σ = |xK −xσ| > 0�EbÄhiZ1b!e1\d]ph$a�k1q bÄt�cpg>n
xK

hig
σ

a�k1e
nK,σ

�EbÄhiZ1b!m1k1\�h[g>m�h�w.aMcie¿k1gMcin%aMrEfMb q+hig>c�g>k
σ
��¹êgMc

σ = K|L � wÆbvh�Z1b+k°e1b k�gMh�bv���
dσ

h�Z�bv��m1q rd\^e1b aMk°e1\d]ph�aMk1q b%�Eb�h�w.b+b k
xK
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aMk1e
xL � Z�b k1q+b�wÆbÅZVa:f>b

dσ = dK,σ + dL,σ
�

¹Vg>c|b:aMq$Z
K ∈ Th

g>c
σ ∈ E � m(K) =

∫

K
dx

a�k1e
m(σ) =

∫

σ
ds

e�b k1gMhibshiZ1b
n%b aM]im�cibÄgMt

K
gMc
σ
��¹êgMc.a�}M\df>b+k�æ	mVaMk�h�\�h��

ψ � hiZ1bÄe1\d]iq+cib+hib`f�aMr^m�b ]
ψK

aMk1e
ψσ

aMcpb
e1b+x1k1b e8�	�{h�Z1bÅnob:aMk�f�aMr^m�b ]�gMt

ψ
g?f>b c

K
gMc
σ � cib+]i_Pb q+hi\dfMb rd�P±

ψK =
1

m(K)

∫

K
ψ(x)dx,

aMk1e
ψσ =

1

m(σ)

∫

σ
ψ(s)ds.

3 ß � > ­V 5�{��¤¦¢"¨i�M£E¬?¨ � ���{��¶:«4¤Åª � �Å¢X�|�{��¤�¬?�i�"�¦ 0���V¬Å�{« �0��£

¹Vg>c�]iaMÔMb{gMt[]i\dn%_�r^\^q+\dh�� � h�Z1b{k0m�n%b+ci\^q aMr�]iq$Z1b+n%b{\^]�k1g?w w�cp\dhph�b kËt�g>c�aMk°\^]pgMh�cpg>_1\dq
e1\dáEm1]p\^g>k³h�b+k1]ig>c

a = a(x)Id
�u¹Vg>c�b:a�q$Z

K ∈ Th

h�Z�bÃn%aM\^k³e1\d]iq cpb+hib8m1k�Ô0k�gHw�k
e1b k�gMh�b+eË���

uK

\d]!aMkËaM_1_�cig:Ð5\^n%a�h�\dg>kÃgMt�hiZ1blf�aMr^m1b
u(xK)

gMt�hiZ1b|b�Ð�aMq�hÅ]ig>rdm�h�\dg>k
u

a�h�h�Z�b8k1g0eVaMr�_Pg>\^k�h
xK

gMt`hiZ1b8nob ]pZÝ��Y�w.g×a�m5Ð5\^r^\^aMcp�¯m1k1Ô	k1g?w�k1]
(uK,σ, uL,σ)aMcib�\dk	hicig0e1m1q+b eUgMk

σ = K|L ∈ Eint
w�Z1\^q$Z¯aMcpb{aM_�_1cig:Ð5\^n%a�h�\dg>k1]Äg�t©cib+]i_Pb q�h�\dfMb r��

u(xσ)|K
a�k1e

u(xσ)|L
�

Y[Z1bvq+b r^r�®�q+b k�h�b+cib e³¹@?àk	m1nob ci\dq:aMru]iq$Z�b nob�m1]ib+]lh�Z1bv]pq$Z1b nobv_1cpg>_Pg>]ib+e×\^kT�ÉÍ � t�g>c
e1\dáEm1]p\^g>k5®¸cib aMq+hi\^g>kv_�cig>�1rdb no] �5Y[Z1b�k	m1nob cp\^q aMrÛq+g>k�f>b q�h�\�f>b�Ö1m5Ð¿\^].g>��h$a�\^k1b+e¿w�\�h�Zsa
n%gMk1gMh�gMk1b`m1_�w�\dk1e¿]iq$Z1b+n%b��VY[Z1\^]©]pq$Z1b nobÅ\^]©g�t�xVci]�h�g>cie1b+c.w�Z1\dq$Zs\d]©\^k¿a�}>cib+b nob k�h
w�\dhiZÃh�Z1b�b�Ð5_Eb+q+hib e¯aMq q+m1c�aMq��Ãg�t�g>m1cÄnob+hiZ1g5eÛ�EY[Z1\d]Ä¹A? ]iq$Z1b+n%b|a�r^r^g?w�]�Èpm1n%_�]`gMt
e1\dáEm1]p\df>b%aMk1eËq gMk	fMb q�h�\dfMb{ÖVm5Ð5b+]laM]Åw.b+r^ruaM]©Èpm1no_1]ÅgMt.hiZ1b{]pg>r^m�hi\^g>kÌg>kËb:a�q$Z°]i\de1b
σ ∈ Eint

a�k1e8\�h�cib aMe1]�\^k�h�Z�bÅt�gMr^r^g?w�\dk1}�]��5k�hiZ1b+hi\^qÅt�g>cins±
∑

σ∈EK

m(σ) (FK,σ + vK,σu
Up
K,σ) +m(K) bK uK = m(K) fK, ∀K ∈ Th

���?ç>�

w�Z1b cpb�hiZ1bÅk	m1n%b+ci\dq:aMrÝe�\dáEm1]i\�f>bÄÖVm5Ð
FK,σ

cib aMe1][t�g>c�aMrdr
K ∈ Th

±

FK,σ =



































−aK
uK,σ − uK

dK,σ

\dt
σ = K|L ∈ Eint

−aK
uσ − uK

dK,σ

\dt
σ ∈ Eext

w�\dh�ZsaoÎ`\^cp\^q$Z1rdb+h��z���`�Vg>k
σ

±
u = gD

aK

aK + κσ dK,σ

(κσuK + φσ)
\dt
σ ∈ Eext

w�\dh�ZsaoÞ(gM�1\^k¿�`���`�Vg>k
σ

± − (a .∇u).n = κ u+ φ���:è��
aMk1e×h�Z�b�k0m�n%b+ci\^q aMr.q+g>k�f>b+q+h�\�f>b�ÖVm5Ð

VK,σ = vK,σu
Up
K,σ

\^]�g>��h$a�\^k1b+e°w�\dh�Z³a�kÕm�_5®
]phicib:a�nà]iq$Z1b+n%b����P±

vK,σ =
1

m(σ)

∫

σ
v
−
K,σ.nK,σ ds
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aMk1e

uUp
K,σ =







































uK
\�t
vK,σ>0

uσ
\�t
vK,σ < 0

aMk�e
σ ∈ Eext

uK,σ

\�t
vK,σ < 0

aMk�e
σ ∈ EΣ ∩ Eint

uL

\�t
vK,σ < 0

aMk�e
σ 6∈ (EΣ ∪ Eext)Y[Z1b[ÔMb��l_Pg>\^k�hâgMtêh�Z1\d]â]iq$Z�b nob[\^]âhigÄm1]ib©hic�aMk�]ino\^]i]p\^g>k�]âq gMk1e1\dhi\^g>k�]âg>k|a�r^r

σ ∈ Eint\^kog>cie�b c�h�g�ZVa:f>b�h�Z1b(]�a�n%b�}>b+k1b cp\^q�k	m1n%b+ci\dq:aMrV]pq$Z1b nob(t�gMcÆa�r^r�hiZ1bznob ]pZÝ��Y[Z	m1]ÆhiZ1b
e1\^]pq cpb+h�\dØ:a�hi\^g>k�g�t~��æ	] ��� é ®,ï��ut�gMc�aMr^r

σ = K|L ∈ Eint

�0\^b rde1][cib+]i_Pb q�h�\dfMb r��E±

FK,σ + FL,σ =ασ
uK,σ + uL,σ

2
− qσ

��� é �
1

2
(FL,σ − FK,σ) =βσ (uL,σ − uK,σ) − n.nK,σgσ

���:ï��
w�Z1b cpb

n
k�gHw¾]ph�aMk1e1][t�g>c©hiZ1bÅm1k1\dh�k�g>cin%aMrÝg>k

Σh
�

ózb+k1q b � t�g>c%aMr^r
σ = K|L ∈ Eint � ��æ0]+�Ä�,�?è���aMk1ey�,� é ®��?ï��lb kVa��1r^b¿h�Z1b8\^k�h�b+cptOaMq+b

m1k1Ô	k1g?w�k
uK,σ

h�gj�Pb�b�Ð5_1cpb ]i]pb eÕw�\dh�Z×cpb ]p_Eb+q+h�h�g´hiZ1b�n{a�\^kUe�\^]iq+cib�h�b¿m1k1Ô	k1g?w�k1]
(uK)K∈Th

±

uK,σ =
âσ dL,σ

aL dσ

(

1 +
ασ

4 βσ

)

uK +
âσ dK,σ

aK dσ

(

1 − ασ

4 βσ

)

uL +
âσ

dσ βσ
uK

+
âσ dK,σ qσ
aK dσ

(

dL,σ

aL
+

1

2 βσ

)

− n.nK,σ
âσ dK,σ gσ

aK dσ βσ

(

1 +
ασ dL,σ

2 aL

) ���:ä��
w�Z1b cpb

âσ =
aσ

1 +
aσ

βσ dσ

+ ασ(
1

4 βσ

+ λσ)
, aσ =

dσ aK aL

dL,σ aK + dK,σ aL
,

λσ =
dK,σ dL,σ

dL,σ aK + dK,σ aL
.

Y[Z1b cpb+t�g>cpb � hiZ1b´\^k�hib cptOa�q bjm1k1Ô	k1g?w�k1]
uK,σ, uL,σ

q:aMk½aMrd]ig°�Pbjb rd\^no\^kVa4h�b eR\^kÀhiZ1b
e1\dáEm1]p\df>b!ÖVm0Ð¿b�Ð5_1cpb ]i]p\^g>kÃaM][cib+_EgMcph�b+e8\dkË��Í � aMk1e¿w.b�ZVa:f>b�±

FK,σ =− âσ

(

uL − uK

dσ

)

+
ασ âσ

2 βσ dσ

(

uK + uL

2

)

+
ασ âσ dL,σ

aL dσ
uK

− âσ qσ
dσ

(

dL,σ

aL

+
1

2 βσ

)

+ n.nK,σ
âσ gσ

dσ βσ

(

1 +
ασ dL,σ

2 aL

)

,
� � ð��
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Y[Z1b{q+b rdr�®�q+b k�h�b+cib+e°¹A? ]iq$Z1b+n%b´���HçM�ÄhiZ1b kUcib æ	m1\dcib+]�hiZ1b{]�h$aMk1e1aMcieÁ� � eCBl�H�¸®�_Pg>\^k�hi]
]phib k1q+\^r	g>k1r��>�HY[Z1\^]Kk	m1nob ci\dq:aMr�]pq$Z1b nob©\d]�a�]�q$Z1b aM_|aM]�h�Z�b.]ph�aMk1eVa�cie�]pq$Z1b nobÆw�\�h�Z1gMm�h
aMk��©Èpm1n%_Û�4Y[Z�b©q g>k�fMb ci}Mb k1q+b[_1cig>_Pb c�h�\db ]KgMt1h�Z�b._1cpb ]ib+k�h�]iq$Z1b+n%b.aMcib.aMr^]pg`_1cpb ]ib+k�h�b e
\^kË�ÉÍ � �
� k·hiZ1bÌ]i\de1b ]

σ ∈ Eint; σ 6∈ EΣ � w.bÌ]pb+h¿h�Z1bÌe1\d]iq+cib+hib´h�ciaMk1]pt�b+c¿q g0b+Ïoq \db k�h�]¿gMt
��æ0]+�K��� é ®$�?ï���\^kvgMcie1b+c©h�g|cib+]i_Pb q�h(hiZ1b!r^g0q:a�rEq+g>k1]ib+cpf�a�hi\df0\dh��vaMk1evh�Z�b!]ig>rdm�h�\dg>kvq gMk5®
h�\dk0m�\dh��v_�cig>_Pb c�h�\^b+]!±

FK,σ = −FL,σ,
a�k1e

uK,σ = uL,σ,
\dt
σ = K|L ∈ Eint\EΣ

� � �H�
ózb+k1q b �

ασ = qσ = gσ = 0
aMk1e

βσ =
1

η
→ ∞ ∀σ ∈ Eint\EΣ

� h�Z1b+cpw�\^]pb � ∀σ ∈ EΣ ∩ Eint � h�Z1boe1\^]pq cpb+h�b�h�ciaMk1]�t�b c�q g0b+Ïoq \db k�h�]�aMcibob æ	mVa�r�higshiZ1b
n%b aMk%f�aMrdm1b(g>k

σ
g�tÝh�Z1b(h�ciaMk1]pt�b+c.q+g5b�Ï%q+\^b+k	hi].gMt�hiZ1bzx1q+h�\�h�\dg>m1]�_1cigM�1r^b+n

(P)
r��5\dk1}

g>k
Σh

��]ib b�Y�aM�1r^b|�?���
D�ECF$GAHJILKNM ∀σ ∈ Eint; σ 6∈ EΣ O ª � �|£^«?¨i�M£u¨$«4­�¬?��¤P64�Mª�¢
6?¢XªO¥Ã«,¶|ª � �v¨$«4­Q6M�$¨�ªO¢
6M�.RÆ M¡
¢^¬��M£�¬?«v��­�¬� 0¤$�i�

VK,σ = −VL,σ

D�ECF$GAHJITSUM(V�­¾ª � �l¶:«4£X£^« � ¢X­W�×­V 0�{��¤�¢"¨i�M£(¤��$¬� 5£�ªX¬ O �X���M¤¦ª,�$¬�¢O�M­¼�{�$¬ � ¢^¬´ 	¬?�i��ß
V�­¯ª � ¢^¬v¨i�4¬?� O ¢ ¶|ª � �%�M¢ Y� 	¬�¢"«4­¯ª,��­�¬?«4¤|¢^¬��M¢O�Z�0«4­P�M£ O ª � �%����«[6M� \(]À¬?¨ � ���{�%¨i�M­×���
�^�!�P£�¢"�i�l¢X­Ì�i�0¨ � �{�$¬ � �M¢X¤$�$¨�ªO¢"«4­Pß � � �`­Û«4­Q��ªO¤¦¢
6?¢O�M£Ý�M­V¢^¬?«4ªO¤�«_�P¢"¨Å¨i�4¬?�Ä¤��a`  0¢X¤$�$¬(¬?«4�{�
¢X���V«4¤¦ª¸�M­Vª��{« �M¢ §©¨i�MªO¢"«4­�¬�«,¶!ª � ��\(]U¬?¨ � ���{� O ��� ¢"¨ � �M¤�������¥�«4­P�oª � �Ä¬?¨$«_�V��«,¶Äª � ¢^¬
���^�V��¤+ß

3 ß 3 b �$«4�{��ªO¤�¢"¨|¨$«4¤¦¤��$¨�ªO¢"«4­�¶:«4¤��c��«M� ¢X­d�©ß��zß���ß

�·Z1b kvhiZ1b`\dk�h�b c�tOaMq b
Σ

\^]ucig>m�}>Z1rd�oa�_1_1cig:Ð5\^n%a�hib e{����h�Z�bÄn%b+]iZ%\^k�h�g
Σh � a�]pm1cptOa�q b

q g>cpcib+q+h�\dg>ko\^]�h�Z1b+k{cpb æ	m1\^cpb eot�g>cua�Þ�g>�1\dkÃ��g>cua�k�g>k{Z1gMn%g>}Mb k1b+g>m1] Ü b+m1n{a�k1kê��b n|®
�Eb+e1e1b+e��Pg>m1k1e1aMcp�`q g>k1e�\dh�\dg>kÝ� ô�b�h

ωh,Σ = {∪K, K ∈ Th, K∩Σ 6= ∅} �Pb~h�Z1b�m�k1\^g>k
gMt�h�Z�bzxVk1\�h�b(f>g>rdm1n%b+]Æq+cig>]p]ib+es���

Σ
�5ºzcig>m�k1evb:a�q$ZvxVk1\dhibzfMg>r^m1nob

K ⊂ ωh,Σ � hiZ1br^g0q:aMrEq g>k�]ib c�f�a�h�\�f5\�h��{�Pb+h�wÆb b+k8hiZ1b!b nl�Pb e�e1b e¿ÖVm5Ð¿\dk�h�b }Mc�aMrÛaMk1e�h�Z1bÅa�_1_1cig:Ð5\^n%a�hib
ÖVm5Ð¿\dk�h�b }Mc�aMrÝ\d][b k1]pm1cib+eÃ���

∫

Σ∩K̂
ϕ−

Σds =
∫

Σh∩K̂

1

εK
ϕ−

Σh
ds

� �M� �
w�Z1b cpb

ϕ−
Σh

= αR u
−
Σh

+ gR � K̂ \^].a�m1k�\^g>kvg�t�q g>k�hicig>rPf>g>rdm1n%b+]©aMcpg>m1k1e
K

_1cib+q \^]pb e
�Eb+r^g?w¾aMk1e

εK
\^]©h�Z�b�rdg5q aMrÝq+g>cicpb q+hi\^g>k¿_Va�c�aMnob+hib c©h�g�e1b�h�b+cino\^k1b��

¹Vg>cËaMr^r
K ⊂ ωh,Σ � w.bRe1b k1g�h�bÀ��� ÊK = {σ ∈ E ; σ ∈ EK ∩ EΣ,

σ ∈ Eext

g>c
σ = K|L w�\�h�Zsb \�h�Z1b+c

L ⊂ Ωe,h

g>c
L 6⊂ ωh,Σ}

hiZ1b¿]ib�h{gMt
]i\de1b ]�rd�0\dk1}|g>k

Σh

aM]p]ig0q \^a�h�b+eshig
K

� � hiZ1b c�w�\^]ib � t�g>c K 6⊂ ωh,Σ � ÊK = ∅ �

�>�
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ózb+k1q b � t�g>c�a�r^r
σ ⊂ Σh � σ ∈ ÊK

hiZ1bse1\^]pq cib�h�b�f�aMr^m�b
ϕ−

Σh

gMt
ϕ−

Σ

a�k1eÕhiZ	m1]ohiZ1b
e1\^]pq cpb+h�bÅeVa4h$a

αR

aMk1e
gR

g>k
σ

a�cibÄe1\�f0\^e1b+es���vhiZ1b!q$ZVaMciaMq+hib cp\^]phi\^q!_Va�c�aMnob+hib c
εK

�
ô�b+h!m1]`k1g?wÊe�b+h$a�\^r�h�Z1blq aMr^q+m1r
a4h�\^gMk8gMt

εK
�ÛY[Z1\d]Äq gMcicib+q+hi\^g>kÃh�aMÔMb+]ÅaMq q+g>m1k�h!gMt�hiZ1b

cib+r
a�hi\df>b%]im1c�tOaMq b+]|q g>k�]i\^e�b cib+e³\^k°b aMq$Z³q b rdr
K ⊂ ωh,Σ

�~¹Vg>c�]iaMÔMb�g�tz]p\^no_1r^\dq \�h�� � a_1\^b+q b�w�\^]ib%r^\dk1b:aMcÅa�_1_1cig:Ð5\^n%a�hi\^g>k
Σl

�O]pb b{¹â\^}1� � �!g�t
Σ

q gMn%_Pg>]ib+eU���¯a8]pb }>nob k�h
Σl,K

\dksb aMq$Zsq g>k�h�cpg>rÝf>gMr^m1nob
K ⊂ ωh,Σ

\^][e1b�xVk1b eÛ�

Σl

Σ
K

Σh

L

M N

δK|L

δK|M

÷ º�Ï�½�Â}Ã"%£Õ!e7È�Ç�ÀFÌAÍ;ÀFÂeÀFÉ�Ãc¼}ÃcÂ}»Tº�Ä"ÀsÇ�È[Ä�¼oÂ}È[ÌAÐ5È[Ì�½�É�Ã K ⊂ ωh,Σ
Õ

ë5g � a{kVa�him1c�a�rKw.a:�Ãh�g{b+f�aMr^m1a�h�bÅh�Z1b�q g>cpcib q�h�\dg>k´_VaMciaMnob+h�b+c
εK

\^kÃb aMq$Z
K ⊂ ωh,Σw.gMm1r^e¿�Pb

εK =

∑

σ∈ÊK

m(σ)

meas(Σl,K)

� � Í��

∀σ ⊂ Σh, σ ∈ ÊK, εσ = εK
� � Ù	�ózg?wÆb+f>b+c � t�g>c�]igMn%b�q+b r^rd]

K ⊂ ωh,Σ � wÆb�n{a:�ÄZ1a?fMb ÊK = ∅ � t�gMc�b�Ð�aMno_1r^b
K ⊂ ωh,Σw�\dhiZ1g>m�hÅa�k	�

σ ∈ EΣ

�O]pb bo¹â\d}1� � �zg>c
K ⊂ (ωh,Σ ∩ Ωe,h)

w�\dhiZ
σ = K|L ∈ EΣw�Z1b cpb

L ⊂ ωh,Σ

�	¹Vg>c�]im�q$Z�a�q+b rdr � ]p\^k1q+b εK = 0 � h�Z1bzaM_1_�cig:Ð5\^n%a�h�b�nob:aM]pm1cib�gMtEh�Z1b
]ib+}>n%b+k�h

Σl,K
\^][k1b�f>b+c(h�aMÔMb+kÃ\^k�hig�aMq q+g>m1k�h:�êY[Z1b+k �

∑

σ∈EΣ

∫

σ

1

εσ
=
∑

σ∈EΣ

m(σ)

εσ

=
∑

K⊂ωh,Σ;ÊK 6=∅

1

εK

∑

σ∈ÊK

m(σ)

=
∑

K⊂ωh,Σ;ÊK 6=∅

meas(Σl,K) < meas(Σl) ≈ meas(Σ),

aMk1e¿h�Z1bÅq+g>k1]ib+cpf�a�hi\df0\dh��{gMt�hiZ1b!ÖVm5Ð5b ]�w�\^rdrÝk1gMh��PbÅb k1]pm1cib+eÝ�

� �
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Ó�kUg>cpe1b c!higsh�aMÔMb{aMq q+g>m1k�h�g�t.h�Z�b%b+k	hi\^cpbonob:a�]im1cpb%gMtÆh�Z1b�\dn%nob cp]ib eË\^k�hib cptOa�q b
Σ �t�g>clh�Z�b�q b rdr^]

K ⊂ ωh,Σ
]pm1q$Z³h�ZVa�h ÊK = ∅ � h�Z1b¿nob:aM]pm1cib�g�t

Σl,K
\d]|aMe1e�b e³h�g

h�Z1bonob:aM]pm1cib%gMt
Σl,K′

gMt[gMk1b%g�t.h�Z�b{k1b+\^}>Z	�Pg>c
K ′ ∈ N (K)

w�\�h�Z ÊK′ 6= ∅ ��Y[Z1b
q$Z1g>\dq b�gMtPh�Z1b�k1b+\^}>Z	�Pg>c

K ′ �Oq:a�r^r^b+e|\^k|h�Z�b(]pb æ	m1b+rf4"¨ � «?¬?��­g8�­Û��¢�� � ��«4¤p�âq:a�ko�Pb�n{a�e1b
����e1\dáEb cpb k�h�w©a:�0] � t�g>c.b�Ð�aMno_1r^bÅaMcp�1\dhic�aMcp\^r��oaMn%gMk1}�aMr^rPh�Z1bÅk1b+\^}>Z	�Pg>ci]

L ∈ N (K)]im1q$Z´hiZVa�h ÊL 6= ∅ �Pº`k�gMh�Z1b+c`q$Z1gM\^q b�\^](e1b+h�aM\^rdb e8Z1b cpb:a�tXhib c �Eô�b+h`m1]`m1k�e1b cpr^\^k�b�hiZVa�h
t�g>c�b:a�q$Z

K ⊂ ωh,Σ

]im1q$Zoh�ZVa4h ÊK = ∅ � h�Z1b.ñ,q$Z�g>]ib+k5ò�k1b+\^}>Z	�Pg>c�\^]�e1b�xVk1b+e{m1k1\dæ	m1b r��
\^k¿g>cpe1b c©higoh�aMÔMb�aMq+q g>m1k�h(gMtKh�Z1bÅnob:aM]pm1cibÅgMt

Σl,K

gMk1rd�{g>k1q b��
¹Vg>c�aMrdr

K ⊂ ωh,Σ

]im�q$Z�hiZVa�h ÊK 6= ∅ � r^b�h C(K) = {L ∈ Th; L ∈ N (K), L ⊂ ωh,Σ,

ÊL = ∅, K \d]©h�Z1b`ñ,q$Z�g>]ib+k5òÅk1b+\^}>Z	�Pg>c[gMt
L} �Pb`hiZ1b!]ib�h�gMt�q b+r^r^].gMt�w�Z1\^q$Z

K
\^]uh�Z1b

ñ,q$Z1gM]ib k0òÅk1b \d}>Z	�EgMc �1Y[Z1b+k � w.b�e1b�xVk1b
Σ̂l,K

]pm1q$Z8hiZVa�h:±

Σ̂l,K = Σl,K +
∑

L∈C(K)

Σl,L
� � ç>�

aMk1e¿w.bÅZVa:fMb
K̂ = K ∪ ( ∪

L∈C(K)
L).

Y[Z	m1] � ∀K ⊂ ωh,Σ

]im1q$ZlhiZVa�h ÊK 6= ∅ � hiZ1b.rdg5q aMr�q gMcicib+q+hi\^g>k�_VaMc�a�n%b�h�b c
εK

�Pb q+g>nob ]

εK =

∑

σ∈ÊK

m(σ)

meas(Σ̂l,K)

� � è��
º`k1e

∀σ ⊂ Σh, σ ∈ ÊK, εσ = εK
� �Mé �

Ó�k¿g>cie1b+c.h�g�e1b�h�b+cino\^k1b`hiZ1bzñ,q$Z�g>]ib+k5ò!k1b+\^}>Z	�Pg>c � w.bÄtOa:fMg>m1c©h�Z�b!k1b \d}>Z	�Eg>c.q b rdrÛZVa:f�®
\^k1}vhiZ1b|nog>]ph!\dn%_Pg>c�h$aMk�hÄ\dk�h�b cp]ib+q+h�\dg>kjw�\dhiZ´h�Z1b�g>cp\^}>\dkVaMr�e1g>n%aM\^k

Ω̃
�ÝY�g¿e1g�hiZ1\^] �\^ksb:aMq$Z

K ⊂ ωh,Σ
w�\�h�Z ÊK = ∅ � aMk1est�g>c�b:aMq$Z8]i\^e�b

σ = K|L ∈ EK ∩ Eint
]�h�c�a�e5®

e1r^\dk1}vh�Z�b%g>cp\^}>\dkVaMrKe1g>n%aM\^k
Ω̃

aMk1eÌh�Z1b�b�Ð0hib ci\dg>cÅe1g>n%aM\^k
Ωe � wÆb%e1b+k1gMhib%���

δK|Lh�Z1b%_1cigM_Eg>c�h�\dg>kÌgMt
σ

r��0\^k1}s\^kÌh�Z1b%g>ci\d}>\^k1aMrâe1gMn{aM\dk
Ω̃

�O]ib+bv¹â\d}1� � �¦�Kºzn%gMk1}shiZ1b
k1b \d}>Z	�EgMci]

L ∈ N (K)
]im1q$Z¯h�ZVa�h ÊL 6= ∅ � h�Z1blñ,q$Z1gM]ib k0òok1b \d}>Z	�Eg>m�c

K ′ \^]!h$aMÔ�b k
]im1q$Zsh�ZVa4h

δK|K′ = max
L

δK|L
�

D�ECF$GAHJIhKiM(Y[Z1bËr^g0q:a�rÄ]im1c�tOaMq bÌcia�h�\dg
εK

��]ib+bU��æê�
� � è��p��\d]�e1b+x1k1b e½w�\dh�Z�\^k½aMk
O(hK)

b cicpg>c � w�Z1b+cib
hK

\^]�h�Z�b`e1\^aMn%b�h�b+c�gMtÝh�Z�bzq+b r^r
K

�0¹Vg>c�b�Ð�aMno_1r^b � aMkvaM_�_1cig:Ð	®
\^n%a�h�\dg>kÃg�t

εK
w�Z�b k

Σ
\d]Åavq \^cpq rdb � a�]!\^kjh�Z1blt�gMr^r^g?w�\dk1}{k	m1nob cp\^q:a�r�h�b+]phi] � q:a�kË�Pb

t�g>m1k1es\^kÌ� � Í � �
D�ECF$GAHJITSUM(ºh�M£^«M�$�M£!¨$«4¤¦¤��$¨�ª�¢"«4­³q:a�k½�PbÌaMrd]ig×q gMk1]i\de1b cpb e·w�\dh�Z·a×cpg>m1}>ZTb+]ph�\�®
n{a4h�\^gMkvgMt

εK
���¿a|q g>k1]�h$aMk�h[f�aMrdm1b

εh
gHfMb c[h�Z�bÄw�Z1g>r^b!\dk�h�b c�tOaMq b

Σh

��Ó�k¿hiZ1\^][q aM]ib �\dh�\d]©h�Z1bÅc�a4h�\^g|�Pb+h�wÆb b+k8hiZ1bÅ]im1c�tOaMq b+]zgMt
Σh

a�k1e
Σ
±

εh =
meas(Σh)

meas(Σ)

� � ï��
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ózg?wÆb+f>b+c � h�Z�\^]`}Mr^g>�Va�r�q+g>cicpb q+hi\^g>kj\d]Äk1gMh!aMq q+m1c�a�hib|b k1gMm1}>Z´h�g�b+k1]im�cib|h�Z1b|q+g>k�f>b+c�®
}>b k�q b{g�t.h�Z�boxVq�h�\�h�\^gMm1]Åe1g>n%aM\^kËaMrd}>g>ci\�h�Z1n w�\dhiZ¯cpb ]i_Pb q�h�hig8h�Z�b%nob ]pZU]phib _

h
\^k

h�Z1bÅ}>b+k1b ciaMr�q:a�]ib%�O]pb bÅh�Z1bÅk	m1nob ci\dq:aMrÛcib ]pm1rdhi]�\^k8ë5b q�h�\dg>k8ç>���
D�ECF$GAHJIkjlM�m üKû	GêFHû�DHN�L>Q<*Æû	FHF4GêF%û5ú�DHN�S¯Q�D?û0ú
�UbÄaMcibÄ\dk�h�b cpb ]�h�\^k�}l\^kvb+cicpg>c©b ]�h�\dn{a�hib ]©g�t�h�Z1bÄe�\^]iq+cib�h�b`xVq�h�\�h�\^gMm1].]pg>r^m�hi\^g>k

uh

g?fMb c
h�Z1b�aM_1_�cig:Ð5\^n%a�h�b!g>cp\^}>\dkVaMrEe1g>n%aM\^k

Ω̃h

�VÓ�k1e1b+b esh�Z1b�aM\^n gMt~gMm1c[xVq+hi\dh�\dg>m1][e1gMn{aM\dk
aM_1_1cpg�aMq$Z|\d]�h�gzxVk1e�aMk|a�_1_1cig:Ð5\^n%a�hi\^g>k�gMtêh�Z1bÆb�Ð�aMq�h�]ig>rdm�h�\dg>k

ũ
e1b�xVk1b+e|\^k

Ω̃
m1]i\dk1}

a|]i\^no_1rdb � _Pg>]p]i\^��rd�vm�k1\dt�g>cpn � �©aMcphib ]p\
aMksn%b+]iZÝ�
Ó�kU�ÉÍ>ï �"� a|q+g>k�f>b cp}>b k�q b�]�h�m1e5�¿gMt�h�Z1bÅb cpcig>c[\d][q:aMcpci\db e�g>m�h[t�gMc�a

Q1

®¸x1k1\dhibÄb rdb nob k�h
n%b�h�Z1g0eRw�\�h�Z·�©a�cph�b+]i\^aMkÁk1g>k0®��Pg>m1k1eVa�cp�³x1hihib eTnob ]pZ1b ]{t�gMc%�PgMh�ZÁÎ`\^cp\^q$Z1rdb+h{aMk1e
Þ(gM�1\^k��Pg>m1k1e1aMcp�{q g>k1e�\dh�\dg>k1]+��Y[Z1\d]�aMkVaMr��5]p\^]©q aMks�Eb!q+g>k1]i\de1b cpb esaM]�a|]im��1_1cigM�1r^b+n
gMt[h�Z�bvq g>k�fMb ci}Mb k1q+bs]�h�m1e5�UgMt[hiZ1bv_1cpb+f0\^gMm1]�xVq�h�\�h�\^gMm1]�e1gMn{aM\dk¯nob+hiZ1g0e1] �KÓ�k°h�Z1\d]
q:aM]pb � h�Z�b(\dn%nob cp]ib+eo�Pg>m1k�eVaMcp�lq g>k1e�\dh�\dg>k1]�a�cib�]im1_�_Eg>]pb eoh�g��Eb�_Pb cpt�b+q+hird�|\dn%_Pg>]ib+e
g>klh�Z�b�aM_1_1cpg?Ð5\dn{a�hib©\^k�hib cptOa�q b©g>c�a4h�r^b aM]ph~hiZ1b[nog5e1b+r^rd\^k1}(b cpcig>c~\dk|g>cie�b c~h�g!\dn%_Pg>]pb
h�Z1b%\^non%b+ci]pb eË�Eg>m�k1eVaMc��¯q+g>k1e1\�h�\dg>k1]�\^]�aM]i]pm1n%b+eUh�g8�Ebok1b+}>r^\d}>\^�1rdb|q g>no_VaMcpb eËh�g
h�Z1b�aM_�_1cig:Ð5\^n%a�h�\dg>kvb+cicigMc(g�t�hiZ1bÅ\^non%b+ci]ib+e�\^k�h�b+cptOaMq+bM�
¹Vg>claÃcpb }>m�r
aMc�n%b+]iZ � \dt©hiZ1bvb¦Ð1a�q+h|]pg>r^m�hi\^g>k

ũ
�Eb+r^g>k�}>]�hig

H2(Ω̃) � hiZ1b%t�gMr^r^g?w�\dk1}
b ]�h�\^n%a�hib ][Z1g>rde¿\^k�h�Z1b�aM_�_1cig:Ð5\^n%a�h�b`e1g>n%aM\^k

Ω̃h

±

‖ũ− uh‖H1(Ω̃h) =O(h1/2),

‖ũ− uh‖L2(Ω̃h) =O(h).

Y[Z1b ]pb{b+]ph�\dn{a4h�b ]!gMk1rd�je�b _Pb k1e¯g>kËaM_1_1cpg>_1ci\^a�h�b|k�g>cino]ÅgMtÆhiZ1bog>ci\d}>\^kVa�r�eVa4h$asaMk1e
h�Z1b

H2 ®�k1g>cpnÂgMtKh�Z�b�b¦Ð�aMq+hz]ig>rdm�h�\dg>k
ũ

\^kvh�Z�b�gMci\^}M\^kVaMrPe1g>n%aM\dk
Ω̃
�

¹Vg>c�a×q b+r^r�®¸q b+k	hib cpb e¼¹A?»]iq$Z�b nobUaM]�\dk�h�cig0e1m1q+b e·\^kThiZ1bj_1cib�f0\^g>m1]¿]pb q+hi\^g>k � \dh�\d]
kVa�him1c�aMr�h�gÃg>��h$a�\^kU]p\^no\^r^aMc!b cpcig>c�b ]phi\^n%a�h�b+] �KY[Z1bvk	m1nob cp\^q:a�rÆcpb ]im�rdh�]�cib _Pg>c�h�b eU\^k
ë5b q�h�\dg>k8ç�q g>k�x1cinÂhiZVa�h©hiZ1b!b cpcig>c[gMt�hiZ1bÅe1\^]pq cib�h�b!]pg>r^m�hi\^g>k

uh

cpb ]phici\dq+h�b+eshig
Ω̃h

\d]
gMtÝgMcie1b+c

h
\^k|h�Z1b

L2 k1gMcins��ózb+k1q b�h�Z1b(b ]�h�\dn{a�hib ]�\dkohiZ1b(aM_1_1cpg?Ð5\dn{a�hib[e1g>n%aM\^k
Ω̃h]ib+b n÷k1gMh�hig�e�b _Pb k1eog>k�h�Z1b�cib+}>m1r^aMci\�h���gMtPh�Z�b�x1q+h�\�h�\dg>m1]~_1cpg>�1rdb n ]pg>r^m�hi\^g>k|g?fMb c
Ω
�

Ó�k1e1b+b e � h�Z1bz]ig>rdm�h�\dg>k%g�tÛh�Z�bzw�Z1g>rdb(x1q+h�\�h�\dg>m1]u_1cig>��r^b n
(P)

w�\dhiZ{\dn%nob cp]ib eÄÈpm1no_1]
e1g0b ]�k1gMh�}>b+k1b ciaMr^r��°�Pb rdg>k1}´h�g

H1(Ω)
��w�Z�b k

[[u]]Σ 6= 0
� � �1m�h|hiZ1b¿q g>k�fMb ci}Mb k1q+b

cib+n{aM\dk1]©gMt�xVcp]ph�®�g>cpe1b c©t�g>cÆh�Z1b
L2 ®�k�g>cins�1¹Vg>c.hiZ1bÅô�aM}>ciaMk1}>bÄn�m1rdhi\^_1rd\^b cuaM_�_1cig�a�q$Z �\^kÀ��Í>ä � hiZ1bv]iaMn%boq gMk1q rdm1]i\dg>kU\d]�e1cia?w�kUr^g0g>Ô	\^k1}¿h�gsh�Z1b%k0m�n%b+ci\^q aMru\^k�h�b+ci\^gMc�b+cicpg>c

�O]pb bl_Va�}>blç�ð��>±ê\^ksh�Z1b�\^k�h�b+ci\^gMc(g�t
Ω̃ � uh

_1cig>�1aM�1rd�¿]ia�h�\d]pxVb+]Är^g0q:a�r�b cicpg>c(b ]phi\^n%a�h�b+]
h�ZVa4h�\^k�f>g>r�f>bÅg>k1r��{hiZ1b!fMa�r^m1b+](g�t

ũ
\^k

Ω̃
���

n ooIKQ�ÿKDHNXWPû´SUû0ú:üRF4û!pâCKû0SUû0CEDq+aosrutd/�ú+G�*XWPû	F

Y[Z1b¯�����`���`��n%b�h�Z1g0e·_1cig>_Pg>]pb e¾\dkTh�Z1\d]�_VaM_Pb c¿m1]ib+]´a×]phicim1q�h�m1cpb e �Onog>]phsgMtXhib k
�©aMcphib ]p\
aMkê�vm1k�\dt�g>cpn n%b+]iZÝ�[ºz]8b¦Ð5_1r
aM\dk1b e½\^k·h�Z�bË_�cib+f0\dg>m1]s]ib q�h�\dg>k � h�Z1\d]�n%b+]iZ
e1b+x1k1b ]�aMk�aM_1_1cpg:Ð�\dn{a4h�bu\^k�h�b+cptOaMq+b

Σh

g>k�w�Z1\^q$ZlhiZ1b©�[���`���`�MaMcibÆ\^no_EgM]ib eÛ�?Ó�k|g>cie1b+c

�:Ù
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h�gl\dn%_�cig?f>b�h�Z1bÄaMq q+m1c�aMq��{g�t�h�Z1bz]ig>rdm�h�\dg>k � h�Z1bz_1cib+]ib+k	h[x1q+h�\�h�\dg>m1]ue1g>n%aM\^kon%b�h�Z1g0e
\^]!q+g>nl�1\dk1b ejw�\dhiZËa¿rdg5q aMrân�m1rdhi\^r^b�f>b+r�nob ]pZ¯cpb+xVk1b+n%b+k�h�]pg>rdfMb cÅ\^k´hiZ1b|f0\^q \dk1\dh��8gMt
h�Z1bÅ\dn%nob cp]ib e�\dk�h�b c�tOaMq b

Σ
�

v ß
	 �Ã 5£�ªO¢��M¤¦¢O�{�{��ª � « �

ºÇnlm1rdhi\^}>cp\^e´nob+hiZ1g0eR��ç � \d]!�VaM]ib+eUg>k¯a¿cib q+m1ci]p\dfMb%_1cpg5q+b ]p]�hiZVa�h�q g>k�]i\^]�h�]�\^kÌ}>b+k5®
b cia�h�\dk1}8rdg5q aMr�]im��1}>ci\de1]

Gl, 06 l � ZVa:f0\^k1}sxVk1b+claMk1eËxVk1b+c�e1\d]iq cpb+hi\^Ø:a4h�\^gMk¯]�h�b _�]
hlm1k�h�\dr�cib:a�q$Z1\^k1}%a%}M\df>b+k8rdb+fMb r

l?
�VY[Z1b�e1\�áÛb+cib+k	hi\
aMrÛ_1cig>��r^b nÂm1k1e1b+c`]phim1e��¿\d](]pg>rdfMb e

g>kÌb:aMq$Z¯q g>no_1m�h�a�h�\dg>kVaMrK}>cp\^eÝ�ÝY[Z�bo]pg>r^m5h�\^gMk1]!�Eb�h�w.b+b k¯b:aMq$Z¯r^b+fMb r�aMcpb|q g>k�k1b q�h�b e
h�Z1cpg>m1}>Z�hiZ1b!t�g>r^rdgHw�\dk1}l\dk	hib ciaMq+hi\^g>k1]+±
• hiZ1b{�Pg>m1k�eVaMcp�¯q gMk1e1\dhi\^g>k�]�g>k°hiZ1b{xVk�bv}>ci\de1]

Gl, 0 < l6 l? � aMcpb{\dk	hib cp_Eg>r^a�h�b+e
t�cpg>n»h�Z1bv]pg>r^m5h�\^gMk¯h�g8h�Z1bvk�b�Ð0h�q g�a�ci]ib+cl}>cp\^e

Gl−1
f5\^a´ad�P¤�«4£^«4­W���Mª�¢"«4­Á«_�V��¤p�w�

ª�«4¤
P l−1

l �
• \dkËhiZ1bv_1cpg>�1rdb n»]igMrdf>b+e°g>kUhiZ1b{q+g�aMcp]ib{}Mci\^e�]

Gl, 0 6 l < l? � ]igMn%b%q g>cpcib q�h�\�f>b
hib cino][b+f�aMrdmVa�hib e�t�cig>n h�Z1b!]pg>r^m5h�\^gMkvh�g�k1b�Ð0h�xVk1b+c�}>ci\de

Gl+1 � aMcpbÅaMe1e1b+eshig�hiZ1b
cp\^}>Z�hp®¸ZVaMk1e�]p\^e1bÅ���¿a�¤��$¬�ª�¤¦¢"¨�ªO¢"«4­U«_�V��¤p�Mª,«4¤

Rl+1
l

�
Ó¸h�b+c�a�hi\^g>k1]`gMtuavnlm1r�h�\^}Mci\^es_1cpg5q+b ]i]!q aMkÌ�Eb�cib _�cib ]pb k�h�b+e¯t�g>czb�Ð�aMno_1r^b��	�d?z®¸q+�0q rdb ]
�O]pb b�¹â\^}1��Í����

R : Local restriction of the "fine" solution or of the "fine" defect on the coarse grid
P : Prolongation or interpolation of the "coarse" solution in order to determine the B.C. on the fine grid
S : Solver (exact or inexact) and/or Smoother

P R

P

S

S

S

S

R

S

l+2

l+1

G

G

lG

÷ º�Ï�½�Â}Ãyx£Õ!z"½�Ì�¼oº�Ï�Âoº¯¾ËÍ�Â}È�Ç�Ã�»}»
Ó�kUg>m�c�aM_�_1cig�a�q$Z � b:aMq$Z°rdb+fMb r�gMt©cpb+xVk�b nob k�h

l
q+g>k1]i\d]phi]�gMt[as]pb+h�gMt[r^g0q:a�r~_Va�hiq$Z1b ]

Gl

�Û�ua�q$ZË_1a�h�q$Z
Gl

\d]Äavk1b+]phib eÌ]im1��}>ci\deÌaMcig>m�k1eÌav]i\dk1}>r^b�q gMk	hicig>rKf>g>rdm1nob|a�h`hiZ1b
k1b�Ð0h(q g>aMci]pb c(r^b+fMb r

l − 1
�

v ß � \AV[�À�{��ª � « �

Y[Z1bj_1cp\^k1q+\^_1rdb8gMtÅhiZ1bj¹ârdm5ÐRÓ�k	hib c�tOaMq bË�.g>cpcib+q+h�\dg>k ��¹�Ó��[�Ã�ÉÙ>ð � Ù�� � è ��éH� nob+h�Z�g5eÁ\d]
�VaM]pb evg>koh�Z1b(cib+]i_Pb q�h©gMt�aÅÖVm5ÐowÆb:aMÔ�q gMk	hi\^k	m1\�h���cib r^a�h�\dg>k��Eb�h�w.b+b kvh�wÆgl}>cp\^e1]�h�Z1a�h
aMcib�k1gMk5®�q+g>k1q gMcieVaMk�h �ÝºÇq g>k1]pb c�fMa4h�\dfMboaMe4Èpm1]�h�nob k�h��Eb�h�w.b+b kUhiZ1b�k1b ]�h�b eË]im��1}>ci\de1]
\^]©hiZ1b ksb k1]pm1cib+eÝ�
Ó�k%hiZ1bz]pb æ	m1b+r � w.bzm1]ib�h�Z1b(]�a�n%b(k1gMh�a�h�\dg>k1]�h�ZVa�kohiZ1g>]ibz\^k�h�cpg5e�m1q b+e{\^k%ë5b+q+hi\^g>k{Í��d�M�
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Ñ8g>cpb g?f>b+c©h�Z1bÄ]pm1�1]pq ci\d_�h
l
cib�t�b ci]©hig�h�Z�bÄr^b�f>b rEgMtKcib�xVk1b nob k�h[m�k1e1b c[q+g>k1]p\^e1b+c�a�hi\^g>kÝ�

¹Vg>c
06 l < l? � wÆbze�b k1gMhib`��� Al

h�Z�bzm1k�\^g>kogMtÝq+g>k�h�cpg>rVf>g>rdm1n%b+]ua�hÆhiZ1b(r^b+fMb r
l
h�Z1a�h

aMcib�\dk1q rdm1e1b+e×\^k×h�Z1b�cpb+xVk�b nob k�h%aMcib a��~Y[Z1b¿cib+]phici\^q�h�\dg>k°g>_Pb cia�h�g>c
Rl+1

l

\^]|a´ÖVm0Ð
cib+]ph�cp\^q�h�\^gMksgM_Eb+c�a�hig>c©w�Z1\^q$Z¿h$a�ÔMb ](_VaMc�h(\^k�h�g|h�Z�b�b�f�aMr^mVa4h�\^gMk�gMt~alÖVm0Ðscib ]p\^e1m1aMr�g>k
b:aMq$Zs]i\de1bÅgMtKh�Z1bÅq gMk	hicig>rÝfMg>r^m�n%b

Kl ⊂ Al

�
ô�b+h(m1]�q g>k�]i\^e�b c[h�Z1bÅcpb ]igMr^m�hi\^g>k�gMtKh�Z�bÅt�gMr^r^g?w�\dk1}l_1cpg>�1r^b+n8±

(P)











Lu = f
\dk

Ω

B.C.
g>k

Γ = ∂Ω

º©h�b:aMq$ZÕ\dhib cia�h�\dg>k
k

gMt�hiZ1bs¹âÓ�� a�r^}>g>cp\dhiZ1n � hiZ1bvt�g>rdr^g?w�\^k1}8e1\^]pq cpb+h�b¿_1cpg>�1rdb n \^]
]ig>r�f>b+e8g>k¿h�Z�b�]pm1�Pe1g>n%aM\^k

Ωl
a�]i]ig0q \^a�h�b+e�h�g|h�Z1bÅ}>cp\^e

Gl
±

(Pk
l )











Lk
l u

k
l = f k

l

\dk
Ωl

B.C.
gMk

Γl = ∂Ωl

ô�b+h�m1]�aM]p]im1nobvh�Z1a�hlh�Z�b�g>_Eb+c�a�hig>c
L

q:aMk³�Pb�e1\df0\de1b e×\dk	higjajq g>k�]ib c�f�a�h�\�f>b�_VaMc�h
��w�\�h�Z¿ale1\�f>b cp}>b k�q bÄh�b+cin{�Æ\^k�fMg>rdf0\^k�}�h�Z1bÄÖ1m5Ð F(u)

aMk1e¿alk1g>k0®�q gMk1]ib+cpf�a�h�\�f>b!_Va�cph
G(u)

±
Lu = div(F(u)) + G(u) = f

¹Vg>c�b:aMq$Z
Kl ⊂ Al

g>k{aÅq g>aMci]pbzrdb+f>b+r
l, 0 6 l < l? � a�rdg5q aMr�ÖVm0Ðoq g>cpcib q�h�\dg>k%cpb ]p\^e1mVa�r

rl(F)
\^][e�b+xVk1b+eÃ���

rl(F)(Kl) =
1

meas(Kl)







Rl+1
l (F(u))(Kl) −

∑

σl⊂∂Kl

∫

σl

Fl(u).nKl,σl







� � ä��

w�Z1b cpb
Rl+1

l

\^]©h�Z�bÅÖ1m5Ð¿cib+]phici\^q�h�\dg>k�g>_Pb c�a4h�g>c

Rl+1
l (F(u))(Kl) =

∑

{σl+1⊂∂Kl;Kl+1⊂Kl}

∫

σl+1

Fl+1(u).nKl+1,σl+1

��ÍMð��

º©hÅb:aMq$ZÌ\�h�b cia�h�\dg>k
k � avq gMcicib+q+hi\^g>k´hib cinö\^]!a�e1e1b ejhigvh�Z1b|cp\^}>Z�hp®¸ZVaMk1ej]p\^e1b�gMt�h�Z1b

b æ	mVa�hi\^g>k¿gMtKh�Z�b�_�cig>�1rdb n
(Pk

l )
±















f 0
l = f |Ωl

fk
l = f k−1

l +
∑

Kl⊂Al

χKl
rk
l (F)(Kl)

��Í5�H�

w�Z1b cpb
rk
l (F)(Kl)

\^][hiZ1b�Ö1m5Ð8cib ]p\^e1m1aMrÆ�O]ib+bl��æê�~� � ä��p�[b�f�aMr^mVa4h�b eÃa�h�h�Z1b�\dhib c�a4h�\^gMk
k

t�g>c
u = uk aMk�e

χ
\^]©h�Z�b�q$Z1aMc�aMq�h�b+ci\^]�h�\dqÅt�m�k1q+hi\^g>kÝ�
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v ß 3 > \AV9�{��£�¢}|��z¬?«4£;6M��¤�¶:«4¤!ª � ���©ß��zß���ß��{��ª � « �

Y[Z1b�¹âÓ��½nob+hiZ1g0es\d]©w.b+r^r�a�eVaM_�hib e¿h�goa|q g>k1]pb c�fMa4h�\dfMb�e�\^]iq+cib�h�\^Ø a�h�\dg>k�gMtKh�Z1b!b+æ	mVa4®
h�\dg>k1]Kg>klnlm1r�h�\dr^b+fMb r�k1b+]phib e|nob ]iZ�b ] ��º`]âhiZ1b©¹@?À]pq$Z1b nob©\^k�hicig0e1m1q b+el\^klë5b q�h�\dg>k|Íz\d]
r^g0q:aMrdrd�`q g>k1]pb c�fMa4h�\dfMb � aÄ¹âÓ��U]igMrdf>b+câq aMk|�EbÆm1]ib+elw�\dhiZ�h�Z�b©_1cib+]ib+k	h������`���`�Mnob+hiZ1g5eÛ�

v ß 3 ß
	 ���$¨�ª¸�M­W�M 0£��M¤!£^«?¨i�M£i���Mª�¨ � �$¬
º©h�b aMq$ZUrdb+fMb r

l � as]pb+h�gMt©rdg5q aMr~k1b+]ph�b+eU]pm1�1}>cp\^e1]
Gl

w�\dh�ZÌh�Z�bo]iaMnobo}Mci\^eÌ]�h�b _
hlaMcibÅg>�5h$aM\dk1b e�t�cigMn h�Z�bÅt�gMr^r^g?w�\dk1}l_1cpg5q+b ]i]+±

• Y[Z�b[g>ci\d}>\^kVa�r0q+g�aMcp]ib[}>cp\^e
G0

q+g>cicpb ]i_Pg>k1e�]�higÄh�Z1b[nob ]pZ Th

gMtêh�Z1b©w�Z1gMr^b©e1gMn{aM\dk
Ω
�VY[Z1bÅnob ]pZ8]p\^Ø b

h = h0

�
• º©h�b aMq$Z°r^b�f>b+r

l � 0 6 l6 l? � hiZ1b{a�_1_1cig:Ð5\^n%a�hib|\^k�h�b+cptOaMq+b
Σhl

� hiZ1b{a�_1_1cig:Ð5\^n%a�hib
g>cp\^}>\dkVaMrVe1gMn{aM\dk

Ω̃hl
� h�Z�b!aM_1_1cpg:Ð�\dn{a4h�b(b�Ð0h�b+cikVaMrEe1g>n%aM\^k

Ωe,hl

a�]ÆwÆb r^rÛaM]
ωhl,ΣaMcpb!e1b+hib q�h�b e°�O]pb b�¹â\^}1�5Ùê��a>�i���

• ¹Vg>c
0 6 l < l? � b:aMq$Z¿q+g>k�h�cigMrEf>gMr^m1nob

Kl ⊂ ωhl,Σ

g>c©]im�q$Z¿hiZVa�h EKl
∩ (EΣ)l 6= ∅}>b+k1b cia�h�b+][a�]pm1�1}>cp\^evg>cÆ_Va�hiq$Z¿a�hÆhiZ1bÄrdb+f>b+r

l+ 1
w�\�h�Z{hiZ1b`}>cp\^ev]�h�b+_

hl+1 < hl

�
Y[Z1b�e�g>n{a�\^k°gMt�hiZ1\^]lcpb+xVk�b nob k�h�_Va�hiq$ZR\d]lq g>no_Pg>]ib+e×gMt�h�Z1b%ñ�_VaMcib+k�hpò{q b rdr

Klb+k1r
aMcp}>b eÌgMt
hl+1

g>kËaMrdr~]i\de1b ]%�O]pb bo¹â\d}1�ÝÙê���ê�i�¦���Æ�´hiZ1\^]Äw.a:� � h�Z1b�\dk	hib cp_Eg>r^a�h�b+e
�`���`�Hg>k�b:aMq$Z�]im1�1}Mci\^e

Gl+1
aMcibuk1gMhKe1\dcib q�h�r��!\^no_EgM]ib eÅg>kÅh�Z�bÆ]p\^e1b+]�gMt5h�Z1bu_VaMcpb k�h

q+b r^r�� Ü a4h�m1ciaMr^r�� � \�t.gMk1b%g�t.h�Z�bo]p\^e1b+]�g�t
Kl

r^\^b+]!g>kÌh�Z1bo�EgMm1k1eVaMc��
∂Ω � h�Z1b+cibo\^]

k1g{b k1r^aMci}>b+n%b+k�hÄ\^k8h�Z1\d]Äe1\^cpb q�h�\^gMkÝ�êÓ�k´h�Z1bl]pb æ	m1b+r � wÆblw�\^rdrKe�b k1gMhib|���
Gint

l

hiZ1b
]pb+hlg�t[q g>k�hicig>r�f>g>rdm1nob ]

Kl ∈ Gl

w�Z1\^q$Z°aMcib%k1gMh�\^k¯hiZ1bvb+k1r
aMcp}>b nob k�h�Ø g>k�b{gMt
Gl

�PY[Z�b k � r^b�h Al = {∪Kl;Kl ∈ Gint
l , Kl ⊂ ωhl,Σ

g>c EKl
∩ (EΣ)l 6= ∅} �EbÅh�Z1b

cpb+xVk1b+n%b+k�h`a�cib:a|g>k¿b aMq$Z8rdb+fMb r
l, 06 l < l?

��º`](altOaMq+h � a|q g>k�h�cpg>rÛfMg>r^m1nob!rd�0\dk1}
\dk¿hiZ1bÅb k1r^aMci}Mb nob k�h(Ø g>k1bÅgMt

Gl

e1g5b+]�k1gMh(}>b k�b c�a4h�b�aocpb+xVk1b+n%b+k�h`_Va4h�q$Zsk1b ]�h�b e
\dk
Gl � �1m�h�n%a?�%\^k�e1m1q bÄalcib+x1k1b nob k�h�_Va�hiq$Z¿q g>k1k�b q+hib e¿h�g�alk1b+\^}>Z	�Pg>c._1a�h�q$Z¿gMt

Gl

�

ë5\^k�q b¯aMr^rÄhiZ1bUk1b+]phib eµ]pm1�1}>cp\^e1]8aMcib¯]i\dn%_1r��Á]pZVaM_Pb eÇ��cib q�h$aMk�}>m1r
a�cs\dk � ®,Î!� � hiZ1b
�[���`���`�[]igMrdf>b+cË�O]pb b¯ë5b q�h�\dg>k � �{q:aMk·�Pbjb:aM]p\^r��Á\^no_1rdb nob k�h�b+eÁg>k·b:aMq$Z½_Va�hiq$Z·\^k
a|cib q+m1ci]p\dfMb�w.a:�>�

v ß 3 ß � > \AV9�{��£�¢}|��z¬?«4£;6M��¤
¹Vg>c`]iaMÔMb�gMt�q+r
aMcp\dh�� � wÆb|]im1_1_Pg>]pb|k1g?wÊhiZVa�h

hl+1 =
hl

2

\^k´b aMq$ZÌe1\^cpb q+hi\^g>kÛ�Ûó(b k1q+b �b:aMq$Zs_Va�hiq$Z
Gl

ZVa�]
4d q b+r^rd]�a�h�n%gM]ph � ¢OßO� ß��?è|q+b r^rd][\^k � ®�Î a�k1esèMÙ�q b rdr^][\dk8ÍH®,Î��
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Σ

(generation of
zoom

a refinement patch)

Ω̃hl

Ωe,hl

Σhl

ωhl,Σ

Kl

Ó¬À5Ú�eAÃcÐ5ÃcÌ
l

refinement patch

Σ

Ω̃hl

Ωe,hl

Σhl

ωhl,Σ

Kl

Kl+1

ÓgÎXÚ #.ÀF¼}Ç}¹
Gl+1ÀFÂ}È[½�Ä ¾

Kl

÷ º�Ï�½�Â}Ã&~ ÕW��ÃcÄ ÃcÂeÀF¼oº¯È[Ä�ÈFÊ�¼o¹ Ã�Â}Ã3Æ Ä ÃcÉ�ÃcÄ�¼TÍ;ÀF¼}Çe¹ Ã�»
nJ�})��dø��OA m ü�ûÃÿKFHG�*�GPC@�êQ�D?NOGPCÀGêÿ�û	FHQ�D?GêF

P l−1
lY[Z1b��Eg>m�k1eVaMc��vq gMk1e1\dhi\^g>k�][g>k

Γl = ∂Ωl

aMcibÅe1\�f0\^e1b+es\dk�h�g|h�w.go]im��1]ib�h�] ±

• � k
Γl ∩ Γ � hiZ1b��`���`�Vg�tâh�Z�b�gMci\^}M\^kVaMrP_1cpg>�1r^b+nàaMcpbÅ\^no_Eg>]pb e �

• � k
Γl\(Γl∩Γ) � Î`\dci\dq$Z1r^b�h~�`���`��aMcpb©\^no_Pg>]ib+el���|a`_1cpg>r^gMk1}�a�hi\^g>k�g>_Eb+c�a�hig>c

P l−1
l

�
Y[Z1bv�[���`���`�ânob+h�Z�g5e¯\^k�h�cpg5e1m�q b e¯Z1b cpbvaMrdr^g?w�]©Èpm1n%_�]�gMt.ÖVm5ÐUaMk1e°]pg>r^m5h�\^gMkÝ��Y[Z1b
_1cigMr^g>k1}>a�h�\dg>kµg>_Pb cia�h�g>c

P l−1
l

\^]ÃhiZ1b kÊaMky\^k�h�b+ci_Pg>r
a4h�\^gMk¾g>_Pb cia�h�g>c´w�Z�\^q$Z h$aMÔ�b ]
aMq q+g>m1k�hsgMt�hiZ1bÌ]ig>rdm�h�\dg>k¯Èpm1no_1] �.º`]¿h�Z1bË¹A?î]pq$Z1b nobÁ��]ib+b°ë5b+q+hi\^g>k½Í��{b+kVaM�1rdb ]
uKl−1,σl−1

h�g��Eb(b+f�aMrdmVa�hib ej��]ib+bÄ��æê�Ý�,�?ä��i� � a�r^\dk1b:a�cu\dk�h�b cp_EgMr
a�hi\^g>k|\d]Æ\dn%_1rdb nob k�h�b+e
t�cig>n h�Z1b!f�aMrdm1b ]

(uKl−1
, uKl−1,σl−1

)Kl−1∈Gl−1

�
�UbÅm1]pb!h�Z1b!t�g>rdr^g?w�\^k1}�r^\^k�b:aMc©\dk�h�b cp_EgMr
a�hi\^g>k{t�gMcinlm1r^a

f(a) =
f(a− δ) + f(a+ δ)

2

aMr^gMk1}lh�Z1bÅ]pb }>nob k�h
[a− δ, a + δ]

�
Ó�k·g>m1cvq aM]ib � f(a)

cib _�cib ]pb k�h�]
uKl,σl

�©Y[Z�bË\dk�h�b cp_EgMr
a�hi\^g>kÕk1g0e1b ] {a − δ, a + δ}e1b _Pb k�e¯g>kÌh�Z�b|e1\^nob k1]p\^g>k
d

gMtuh�Z1b�_1cpg>�1rdb ns�Ý¹Vg>c � ®�ÎÇ_�cig>�1rdb no] � f(a − δ)
aMk�e

f(a + δ)
cpb _1cpb ]ib+k�h!b \�h�Z1b+c

uKl−1

gMc
uKl−1,σl−1

� w�Z1\dr^bÅt�g>czÍ4®,Î _1cig>��r^b no]
f(a− δ)aMk1e

f(a + δ)
a�cib��PgMhiZÃ]i\de1b�f�aMrdm1b ]

uKl−1,σl−1

�Xw�\dhiZÃe1\�áÛb+cib k�h
σl−1 ∈ EKl−1

� � ]pb b¹â\^}��Vç|aMk1e8¹â\^}��1è��

D�ECF$GAHJIÆ±~\dt
hl+1 6= hl

2
� hiZ1b�r^\dk1b:aMc�\^k�h�b+ci_Pg>r
a4h�\^gMk¯t�g>cpnlm1r
a8�Eb+q g>nob ]�a´�1\dr^\dk1b:aMc

\^k�h�b+ci_Pg>r
a4h�\^gMkRt�g>cpnlm1r
aËw�Z1b cpbÌhiZ1bÌ\^k�h�b+ci_Pg>r
a4h�\^gMkÀk1g0e1b ]¿a�cib´t�g>m1c�g�t�hiZ1bjf�aMr^m1b+]
uKl−1,σl−1

g�t�hiZ1bÅq b rdr
Kl−1

�
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Ω̃hl

Ωe,hl

Ωl

Σhl

Σhl−1

uKl−1

uKl−1,σl−1

uKl,σl

Σ

÷ º�Ï�½�Â}Ã"�£Õg%�â<à Ç�À[»eÃsÛ�ÞTÈ�¾�Ã�»�ÈFÊ.º�Äk¼}ÃcÂoÍ�È[ÌãÀF¼oº¯È[ÄÁÊ¬È[Â�¼o¹ Ã�Í�Â}È[Ì¯È[Ä�ÏkÀF¼oº¯È[Ä�È[Í�ÃcÂeÀF¼}È[Â
P l−1

l

Õ

Ω̃hl

Ωe,hl

Ωl

Σhl

Σhl−1

uKl−1

uKl−1,σl−1

uKl,σl

Σ

÷ º�Ï�½�Â}Ã"�£Õgx�â<à Ç�À[»eÃsÛ�ÞTÈ�¾�Ã�»�ÈFÊ.º�Äk¼}ÃcÂoÍ�È[ÌãÀF¼oº¯È[ÄÁÊ¬È[Â�¼o¹ Ã�Í�Â}È[Ì¯È[Ä�ÏkÀF¼oº¯È[Ä�È[Í�ÃcÂeÀF¼}È[Â
P l−1

l

Õ

nJ�})��dø��dø m ü�ûÃFHû0ú+D?F4NOLMDHNOGPC³Gêÿ�û0FHQ�D:GPF
Rl+1

lY[Z1b¿cib+]ph�cp\^q�h�\^gMk×g>_Eb+c�a�hig>c
Rl+1

l

\d]l�VaM]pb eÕg>kÕhiZ1b¿¹âÓ��Çcib ]�h�cp\^q+hi\^g>k×gM_Eb+c�a�hig>cs�O]pb b
��æP�[��Í>ð��p����Y[Z1b k � rl(F)

w�\^rdruh�aMÔMb¿\^k�higjaMq q+g>m1k�h�h�Z1bvÖ1m5Ð×cpb ]i\de1mVaMr.�Eb�h�w.b+b k³h�Z1b
r^b�f>b r

l
aMk�e°h�Z1b�rdb+f>b+r

l + 1
�@�·\dh�Z¯h�Z1b¿�[���`���`�ân%b�h�Z1g0e � ]p\^k1q+b{h�Z�b¿aM_1_1cpg?Ð5\dn{a�hib

\^k�h�b+cptOaMq+b
Σhl

\d]{e1b�xVk1b e·g>kÀb:aMq$ZTrdb+f>b+r
l � a¯q g>k�h�cpg>rzfMg>r^m�n%b

Kl ⊂ Ω̃hl

\^kRhiZ1b
aM_1_1cpg:Ð�\dn{a4h�bog>ci\d}>\^kVa�r�e1g>n%aM\^kËq:aMkUq g>k�h$a�\^k°q+g>k�h�cigMrufMg>r^m1nob ]

Kl+1 ⊂ Ωe,hl+1

\^k
h�Z1b�a�_1_1cig:Ð5\^n%a�hib ejb�Ð0hib cik1aMr�e1g>n%aM\^k×�O]ib+bo¹â\^}1� é �¦�Ýº`]ÄhiZ1b�aM_1_1cpg:Ð�\dn{a4h�blg>cp\^}>\dkVaMr
e1g>n%aM\^k

Ω̃h

aMk1eÃhiZ1blb�Ð0hib cik1aMr~g>k1b
Ωe,h

aMcpblm1k1q+g>m1_1rdb e � h�Z1b�Ö1m5Ð´cpb ]p\^e1mVa�râZVaM]zh�g
�Eb�b+f�aMrdmVa�h�b+eÃg>kÃ]i\^e�b ]`g�t�q g>k�h�cpg>r�f>g>rdm1n%b+]z\dk8hiZ1blaM_�_1cig:Ð5\^n%a�h�b�g>cp\^}>\dkVaMrÝe1gMn{aM\dk
g>k1r��>�
Ñ8g>cpb g?f>b+c � g>kTh�Z1bj]p\^e1b+]

σl ∈ (EΣ)l � hiZ1bj\^nonob ci]pb eT�Pg>m1k1e1aMcp�Tq+g>k1e1\�h�\dg>k1]�aMcpb
\^no_EgM]ib eÛ�0Y[Z�b ]ib!]p\^e1b+][aMcpbzh�Z�b k��Pg>m1k1eVa�cp�o]i\de1b ]©g�t�h�Z1b`aM_1_1cpg?Ð5\dn{a�hibzgMci\^}M\^kVaMrVe�g�®
n{a�\^k

Ω̃hl

��ë5g � h�Z1b�ÖVm5ÐÃq g>cpcib q�h�\dg>kjcib+]i\^e�mVaMr
rl(F)

\d]`g>��h�aM\^k�b e´���ÃhiZ1ble1\�áÛb+cib+k1q b
�Eb�h�w.b+b ksh�Z1bÄÖVm0Ð�b+] Fl(u)

aMk1e Fl+1(u)
g>k¿]phici\dq+h�r��{\dk�h�b cp\^g>cÆ]i\de1b ][gMt�hiZ1bÅaM_1_1cpg:Ð�\�®

n{a4h�b.gMci\^}M\^kVaMr	e1gMn{aM\dk1]Kg>k1rd�M�Mó(b k1q+b � a�hâr^b�f>b r l � h�Z1b.\^k�h�b+ci\^gMcKÖVm0Ðlw�\^rdr5�Pb©q+g>cicpb q+hib e
g>kÃhiZ1blaM_�_1cig:Ð5\^n%a�h�b�g>cp\^}>\dkVaMrÝe1gMn{aM\dkÝ�VÓ¸t�wÆble1b k�gMh�b��	�

(Eref)l = {σl ∈ El; σl ∈
(Eint)l \ (EΣ)l; σl ⊂ Ω̃hl

} h�Z1b�]ib�h.g�tÛ]p\^e1b+].a�h�hiZ1b�r^b+fMb r
l
w�Z1\dq$ZvaMcpb�]ph�cp\^q�h�rd��\^k�h�b+ci\dg>c
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Ω̃hl+1

Ωe,hl+1

Ωl+1

Σhl+1

Σhl

Σ

Kl

Kl+1

÷ º�Ï�½�Â}Ã���Õ��<Ä�¼}ÃcÂoº¯È[Â�Ç�È[Äk¼oÂ}È[ÌQÐ5È[Ì�½�É�Ã Kl
Å9º�¼o¹"Ã3Ñ�¼}ÃcÂoº¯È[ÂTÇ�È[Äk¼oÂ}È[Ì7Ð5È[Ì�½�É�Ã�»

Kl+1h�g|h�Z�b�a�_1_1cig:Ð5\^n%a�hib!g>ci\d}>\^kVa�rEe1gMn{aM\dk
Ω̃hl

� h�Z�b k ∀Kl ⊂ Al �
rl(F)(Kl) =

1

meas(Kl)

{

Rl+1
l (F(u))(Kl) −

∑

{σl ⊂ ∂Kl;

σl ∈ (Eref )l}

∫

σl

Fl(u).nKl,σl

} ��Í � �

w�\dhiZ¿hiZ1bÅcib+]ph�cp\^q�h�\^gMksgM_Eb+c�a�hig>c
Rl+1

l

e1b�xVk1b+eÃ���

Rl+1
l (F(u))(Kl) =

∑

{σl+1 ⊂ ∂Kl;Kl+1 ⊂ Kl

σl+1 ∈ (Eref )l+1

σl+1 ⊂ σl ∈ (Eref )l}

∫

σl+1

Fl+1(u).nKl+1,σl+1

��ÍMÍ��

nJ�})��dø���) ��GES¯QVN�CRIKû0L>GPSUÿ�GPú:NXDHN�GECRSUû�DHü�G�Iu+a����r�/Î`m1bvhigÃh�Z1b{_Va�h�q$Z�b ]|b k�r
aMcp}>b nob k�h¿��]ib+b¿ë5b q�h�\dg>k×Ù1��Í��d�?� � h�Z1b+cibv\d]laMk°g?fMb cir^aM_1_1\dk1}
�Eb�h�w.b+b k¿]igMn%bÄ_1a�h�q$Z1b+]©gMt�hiZ1bÄ]�a�n%bzr^b+fMb r���ó(b k1q+b � g>k{b:aMq$Z�rdb+f>b+r

0 < l6l?
�Oa�h©e1b¦®

]iq+b k�h�aMk�elaM]pq b k�h�_�ZVaM]ib+]âgMt5h�Z1bf?z®¸q+�0q rdb ]$� � w.bÆ_Eb+cpt�g>cpnya(]pn{aMrdr�k	m1nl�Pb cKgMt1e1gMn{aM\dk
e1b q+g>no_Eg>]p\dhi\^g>kÌ\dhib cia�h�\dg>k1]o��h��0_1\dq:aMrdrd�´Í��`f5\^a8as]ph�aMk1eVaMcpeUnlm�rdh�\d_1r^\dq:a�hi\dfMb|ë5q$Z�w.aMciØ
_1cig0q b+e1m1cpbo�O]ib+bÅbM�É}1���ÚÙ �H� �©aMq+hi\^k1}�a�][a|]inog5gMhiZ1b c+�VÑ8gMcib g?fMb c � a4h©h�Z1bÅa�]iq b+k�hz_�ZVaM]ib �\^k|g>cpe1b c�h�gÅg>��h�aM\^k�hiZ1b[]�a�n%b©]pg>r^m5h�\^gMklg>koaÄq g>k�hicig>r�fMg>r^m�n%b©�Pb rdg>k1}>\dk1}zhigÅe1\dáEb cpb k�h
_Va�hiq$Z1b ] � hiZ1b[]�a�n%b[b+æ0m1a�h�\dg>k�ZVaM]~h�gÅ�Pb[]ig>r�f>b+e%g>k|hiZ1\^]~q+g>k�h�cpg>r1f>g>rdm1nobM�MY[Z�b(cp\^}>Z�h�®
ZVaMk1e¯]i\de1b�q g>cpcib ]p_EgMk1e1\^k�}shigÃa¿cib+]ph�cp\^q�h�b e¯q g>k�hicig>r~fMg>r^m1nob

Kl ⊂ Al, Kl ∈ Gint
l �\^]�h�Z1b+k´\^no_Pg>]ib+e´aM](ci\d}>Z�hp®�Z1aMk1eÃ]p\^e1b�gMt�a�r^rÝh�Z�b�b æ	mVa4h�\^gMk1]`]pg>rdfMb e´g>ksh�Z1\d]zq+g>k�h�cpg>r

f>g>rdm1nobM�
¹Vg>cÄ]igMn%blÔ	\dk1ejgMtÆaM_1_1cpg:Ð�\dn{a4h�\^gMk1]zg�tuhiZ1b|\^nonob ci]pb e´\dk�h�b c�tOaMq b��O]ib+blt�g>cÄb¦Ð1a�n%_1rdb
h�Z1b.ñ�q m�h�ò[\^k�hib cptOa�q b[gMtPh�Z1bzë5b+q+hi\^g>k%ç>� � q g>k�hicig>r1fMg>r^m1nob ]

Kl ⊂ Al
�Pb rdg>k1}>\dk1}`higÅhiZ1b

aM_1_1cpg:Ð�\dn{a4h�b[b�Ð0hib cik1aMrêe1g>n%aM\^k
Ωe,hl

a�h�hiZ1bzrdb+fMb r
l � n{a:�|q+g>k�h$aM\dkoq+g>k�h�cpg>rVf>g>rdm1n%b+]

Kl+1

\dk1q rdm1e1b es\^k¿h�Z�b�aM_�_1cig:Ð5\^n%a�h�b!gMci\^}M\^kVaMrÛe1g>n%aM\^k
Ω̃hl+1

a�h�h�Z�b�rdb+f>b+r
l + 1

�VÓ�k
h�Z1\d]�q:aM]pb � a�h�h�Z�bzrdb+f>b+r

l+1 � h�Z1b(ÎÄÎ!Ñ ]inog5gMhiZ1\^k�}!\dh�b+c�a�hi\^g>k�]��"ë5q$Z�w.aMciØz\dhib c�a4h�\^gMk1]
aMk1esci\d}>Z�hp®�Z1aMk1e�]i\de1bÅq g>cpcib+q+h�\dg>kê�©aMcpb!cib aMr^r��vk1b+q b ]p]�aMc���h�goZVa:f>b�a��Eb�hih�b+c(aM_1_1cpg?Ð5\�®

� ð
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n{a4h�\^gMklgMtêh�Z1b©Ö1m5Ð Fl+1(u)
g>k|h�Z�b[k1b \d}>Z	�Eg>cp]�_Va�hiq$Z1b ]uaMk1e|hiZ1b k|h�gÅg>�5h$aM\dk|a!}>g5g0e

b+f�aMrdmVa�h�\dg>k�gMtKh�Z1bÅcpb ]phici\dq+h�\dg>k�g>_Pb cia�h�g>c
Rl+1

l

�

nJ�})��dø���n m ü�û´ù©BZ���������àQQ*��PGêF4NXDHü�S
Y[Z1b�nlm1rdhi\^rdb+f>b+rÝ¹âÓ��u®����[�¼aMrd}>g>cp\dh�Z�nÇw�cp\dhib ][t�g>c�?z®¸q+�0q rdb ]+±
B CKNXDHNOQ<*�N�1�Q�DHN�GPCf� �.g>n%_�m�h$a�hi\^g>k�g�t

u0
0 � h�Z1b!]pg>r^m5h�\^gMk{h�glhiZ1b!g>ci\d}>\^k1aMrE_�cig>�1rdb n

(P0
0 )g>k�h�Z1bÅ}>cp\^e

G0

�
B�D:û0FHQ�D?NOGPCKúw� �.g>no_1m�h�a�h�\dg>k�gMt

uk
l

�
� GêF

k = 1
h�g
nbV cycles

I�G
uk

0 = uk−1
0 .

tvû0ú GU*�J�DHN�GECÕGPCÀDHüKû�p~C�û0�êF4N�IKú
Gl

±
� GêF

l = 1
hig
l?

IKG
�O\
�s�.gMn%_1m5h�bÅ�`���`�Vg>k

Γl\(Γl ∩ Γ)
����\^k�hib ci_Pg>r^a�h�\dg>kvgMt

uk
l−1

±
uk

l = P l−1
l uk

l−1

g>k
Γl\(Γl ∩ Γ)w�Z�b cib

P l−1
l

\d]©h�Z1bÅ_1cpg>r^g>k�}�a�h�\dg>kvg>_Pb cia�h�gMc �
��\^\X���.gMn%_1m5h$a�hi\^g>k�gMt

uk
l

���¿]ig>r�f0\^k1}
(Pk

l )
w�\�h�Z

f k
l = f k−1

l

�
�O\^\d\X�{Î`Î!Ñî\�h�b+c�a�hi\^g>k1]!�"ë5q$Z�w.aMciØ�\dh�b+c�a�hi\^g>k�]$���
û5CKI � GêF
��GêFHFHû0LMDHNOGPCÕGECÀD?üKûÃL>GPQ�F�ú+û0�êF�NOIKú

Gl

±
� GêF

l = l? − 1
h�g

0
I�G

�O\
�¿�~f�aMrdmVa�h�\dg>kvgMtKh�Z�bÅÖ1m5Ðscib+]i\^e�mVaMr
rk
l (F)

e1b+xVk�b e8t�gMc ∀Kl ⊂ Al

���

rk
l (F)(Kl) =

1

meas(Kl)

{

Rl+1
l (F(uk))(Kl)

−
∑

{σl ⊂ ∂Kl;

σl ∈ (Eref )l}

∫

σl

Fl(u
k).nKl,σl

}

w�Z�b cib
Rl+1

l

\d]©h�Z1bÅcpb ]phici\dq+h�\dg>k¿g>_Pb c�a4h�g>c+�
��\^\X���.gMn%_1m5h$a�hi\^g>k�gMtVh�Z1b[q+g>cicpb q�h�b e�]pg>r^m�hi\^g>k

uk
l

±�cib ]pg>r^m5h�\^gMklgMtVh�Z�b©_1cigM�1r^b+n

(Pk
l )

w�\dhiZ














f 0
l = f |Ωl

fk
l = f k−1

l +
∑

Kl⊂Al

χKl
rk
l (F)(Kl)

�

�O\^\d\X�{Î`Î!ÑÇ\�h�b+c�a�hi\^g>k1]~�"ë5q$Z�w.aMciØÆ\dhib c�a4h�\^gMk1]ÝaMk�e�q+g>cicpb q�h�\^gMk�g�t5hiZ1b�ci\d}>Z�hp®�Z1aMk1e
]p\^e1b!\dk�h�Z1bÅb k�r
aMcp}>b nob k�h�Ø gMk1b?�

û5CKI � GêFû0CKI � GêF

� �
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Ó�kËhiZ1b�e1\^]pq cpb+h�boq:a�]ib � w�\�h�ZÌh�Z1b�k1g�h$a�hi\^g>k1]`gMt�ë5b+q+hi\^g>kËÍ���� � h�Z�b�Ö1m5ÐÌ\^k�hib }>ciaMr^]ÅaMcpb
aM_1_1cpg:Ð�\dn{a4h�b e�����hiZ1bÆt�gMr^r^g?w�\dk1}�æ0m1aMe1c�a4h�m1cpbÆt�g>cpnlm1r
a � w�Z1\^q$Zl\d]�\dk�a�}>cib+b nob k�hâw�\�h�Z
h�Z1b�¹A?ye�\^]iq+cib�h�\^Ø a�h�\dg>k

∀l, 06l6l?,
∫

σl

Fk
l (u).nKl,σl

= m(σl)
(

Fk
l (u).nKl,σl

)

(xσl
)

��Í�Ù	�

Y[Z1b`]�h�g>_�_1\^k1}�q cp\dhib ci\dm1n²t�g>c�hiZ1b"?(®�q��5q+r^b+]Æ\d]uq$Z�g>]ib+k¿aM] ‖uk+1
0 − uk

0‖
‖uk

0‖
610−4 \dkohiZ1b

t�g>r^rdg?w�\^k1}Åk	m1nob ci\dq:aMrêcpb ]im�rdh�]+�5Y[Z�b`]phib b+_Eb+]ph[cpb+xVk1b+n%b+k�h[r^b�f>b rêh�b+]phib e�Z1b+cib`\d]
l? = 3��¢OßO� ßVÙ%rdb+fMb r^]�\dk1q rdm1e1\^k�}�h�Z1b�\^k�\dh�\^aMrPq g�aMcp]ibÅr^b�f>b+rX����Y[Z1\^]�r^b aMe1][h�goa�q g>k�fMb ci}Mb k1q+b�gMt

h�Z1b�aMrd}>g>cp\dh�Z�nÇw�\�h�Z1\dksaM�EgMm�hÅ�?ð�?z®¸q+�0q rdb ] �

� �8J�SUû	F4NOL>QQ*uFHû0ú:J@*�D?ú

Ó�k%w�ZVa4hÆt�g>rdr^g?w�] � wÆb�t�g5q+m1]ÆgMk � ®�Î¼_1cpg>�1r^b+n%] � b+fMb k{hiZ1g>m1}>Zoh�Z1b(]i\dnlm1r^a�h�\dg>k|gMt�ÍH®,Î
_1cigM�1r^b+n%][\d][]ph�ciaM\^}MZ	hpt�g>cpw.aMcpeÝ�

� ß
	 �Ý«4£;6M��¤�¬

Ó�kÃh�Z�blq g>no_1m�h�a�h�\dg>k1] � \�t~wÆblq g>k�]i\^e�b cÄa�k´\^]pgMh�cpg>_1\^q�e1\�áÛm1]p\^g>k¿h�b+k1]igMc
a = a(x)Id �h�Z1b(e1\d]iq cpb+hi\^Ø:a4h�\^gMkog�t�a�e�\dáEm1]i\dg>k%_�cig>�1rdb n rdb:aMe�]uhig�a�]p�0n%nob+hici\dq[_Eg>]p\dhi\df>b�e1b�xVk1\�h�b

r^\dk1b:aMc�]��5]�h�b+n8��ºÀq gMk4Èpm1}�a�hib©}>ciaMe1\^b+k�hâ\�h�b cia�h�\�f>bÆaMr^}Mg>ci\�h�Z1n÷�ÚÙ�Í � \^]Km1]pb elh�g`]ig>r�f>bÆhiZ1b
r^\dk1b:aMcâ]p�0]phib ns�5ó(g?w.b�f>b c � t�gMc�aÅq+g>k�f>b+q+h�\dg>k5®¸e1\dáEm1]i\dg>k�_1cigM�1r^b+n e1\^]pq cpb+h�\dØ b+eow�\�h�ZoaMk
m1_1]�h�cib aMn ]iq$Z1b+n%b©t�g>cKh�Z1b.q g>k�f>b+q+hi\df>b©Ö1m5Ð � h�Z1bÆr^\dk1b:aMcK]p�0]�h�b n²\^]Kk1g!n%gMcibu]p�0n%nob+h�®
ci\dqM�ÛºÇ�Æ\�®�õ��[ë5YKºÄ�÷�ÚÙ>Ù � a�r^}>g>cp\dhiZ1nã\^]ÄhiZ1b kÌ\^no_1rdb nob k�h�b+eÝ�Ý¹Vg>c!a�r^r�h�Z1b�cib+]im1r�h�\dk1}
r^\dk1b:aMcE]p�0]phib no] � a©e1\^aM}>g>kVa�rM_1cpb q gMk1e1\dhi\^g>k�b cÝ\d]Ým1]ib+e�hig�\^no_1cig?f>b�h�Z1b�\dr^r�®¸q g>k�e1\dhi\^g>k1\dk1}
e1m1bÅh�g|h�Z�b�_Pb kVa�r^\^Ø a�h�\dg>kvq+g5b�Ï%q+\^b+k	hi] �Eô�g5g>Ô	\dk1}lt�g>c(ao�Pb+hph�b+c(_�cib q+g>k1e1\�h�\dg>k1\^k�}lw�\^r^r
�Eb`aMk{\dk�h�b cpb ]�h�\^k�}l]phim1e���t�g>c�t�m1cphiZ1b cuw.g>cpÔ	] �1ó(g?w.b�f>b c � h�Z�b`q$Z1g>\dq bzgMt�a��Pb+hph�b cÆ_1cib¦®
q g>k�hi\^g>k1k�b c�\d]�k1g�hl]igÃq cim�q \
a�rÆ]p\^k1q+b%h�Z�bvnlm1r�h�\^rdb+fMb r�]ig>r�f>b+c�\^k�fMg>rdfMb ]�t�g>cÅh�Z�bvr^g0q:aMr
_Va�hiq$Z1b ]�h�Z1bÅcpb ]igMr^m�hi\^g>k�gMt�r^\dk1b:a�c©]p�0]phib no](w�\�h�Zsa�]in%aMr^rEk0m�nl�Eb+c�gMtâm�k1Ô	k1g?w�k1] �
Y[Z1bl]�h�g>_1_�\^k1}vq+ci\�h�b cp\^m1n gMt�hiZ1b��!cp�0rdgHfs}>ciaMe1\db k�hÄnob+hiZ1g5e�]`\^] ‖rk‖610−9 � w�Z1b+cib
rk

\^]ÆhiZ1b`cpb ]p\^e1mVa�rêfMb q�h�g>c[a4hÆhiZ1b
kth \�h�b cia�h�\dg>k�gMt�h�Z�bÄaMrd}>g>ci\�h�Z1ns�>ó(b k1q+b � h�Z1bze1\
aM}4®

g>kVaMrÛ_1cib+q g>k1e�\dh�\dg>k1b+e�}>c�aMe�\^b k�h[nob+hiZ1g0e1]©q gMk	fMb cp}>b�w�\�h�Z1\dk�aM�Pg>m�h!�:ð�\�h�b+c�a�hi\^g>k1]Æg>k
h�Z1bÅrdg5q aMrÛ_Va4h�q$Z1b+] �
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� ß � �Å¢^¬?¨�¤���ª��Å­Û«4¤¦��¬

Y[Z1bÅb cpcig>cp][�Eb�h�w.b+b k8hiZ1bÅk	m1n%b+ci\dq:aMrÛaMk1esaMkVaMr��	h�\^q`]ig>rdm�h�\dg>k1].higlh�Z1b!t�g>rdr^g?w�\^k1}�h�b+]ph
_1cigM�1r^b+n%]�q:a�k´�Eb�aM_1_�cib q+\
a�hib����¿h�Z�b�q aMr^q+m1r
a�hi\^g>k¿gMtâb \�h�Z1b+c(hiZ1b�e1\d]iq+cib+hib

L2 ®¸k1g>cing>c©h�Z�b
L∞ ®¸k1g>cin �On%a4Ð�k�g>cin{�.\^k

Ω̃h

�
¹Vg>cohiZ1b´a�_1_1cig:Ð5\^n%a�hibs]pg>r^m5h�\^gMk

uh � h�Z1b8e1\^]pq cib�h�b
L2 ®¸k1g>cpn \^kRhiZ1b´a�_1_1cig:Ð5\^n%a�hib

g>ci\d}>\^k1aMrEe�g>n{a�\^k
Ω̃h

\d][e1b+x1k1b e8�	�

‖uh‖L2(Ω̃h) =





∑

K⊂Ω̃h

meas(K)|uK|2




1/2

aMk1e¿t�g>c©h�Z�b�a�kVaMrd�	hi\^qÄ]pg>r^m�hi\^g>k
ũ

h�g|hiZ1bÅg>ci\d}>\^kVa�rPhib ]ph(_1cpg>�1rdb no]

‖ũ‖L2(Ω̃h) =





∑

K⊂Ω̃h

meas(K)|ũ(xK)|2




1/2

.

Y[Z1b kÃa�¤$��£��MªO¢
6M���M¢^¬?¨�¤���ª��
L2 ��­Û«4¤�� gMtKh�Z1bÅb+cicigMc(\d][b+f�aMrdmVa�h�b+e¿�	�

er(uh) =
‖ũ− uh‖L2(Ω̃h)

‖ũ‖L2(Ω̃h)

.

�Æ��e1b�xVk1\�h�\^gMk � h�Z�b�e�\^]iq+cib�h�b
L∞ ®�k1g>cpnÂ\d] ±

‖ũ− uh‖L∞(Ω̃h) = max
K⊂Ω̃h

|ũ(xK) − uK|.

� ß 3 \�¢X¤�¬�ªuª,�$¬�ª��P¤�«M� £^���c�~��`  ��M¤�ª���¤��M¢^¬_|{�0«4�o�M¢X­

�UbË]igMrdf>bËa � ®,Îî�Pg>m1k1eVa�cp�Áf�aMrdm1bÌ_1cig>��r^b n b \dhiZ1b c�t�g>c¿q+g>k�f>b q�h�\dg>k5®�e�\dáEm1]i\dg>k·g>c
e1\dáEm1]p\^g>k�aMr^g>k�bÆ\dkla`æ	mVaMc�h�b+câgMtVhiZ1b.m1k�\dh�e1\^]pÔ

Ω̃
w�\�h�Z�]��0n%nob+hicp��q g>k�e1\dhi\^g>k1]Kg>k�hiZ1b

a4Ð5\^]
Γ̃

�O]ib+b(¹â\^}1��ïV�Oa��i�¦�>Y[Z1b[xVq+hi\dhi\^g>m1]âe1g>n%aM\^kl\d]âh�Z�b(m�k1\dh�]pæ	mVaMcib
Ω =]0, 1[×]0, 1[ �]ib+b�¹â\d}1�1ï1�O�ê�¦�

Y[Z1b�e�g>n{a�\^k
Ω

\^](n%b+]iZ1b+e´���8m�k1\dt�g>cpnà]iæ	mVa�ciblq+b r^rd]
K

w�\dh�ZÃa%}>cp\^es]phib _Ãf�aMc��5\dk1}
t�cig>n

h =
1

4

h�g
h =

1

512

�EY[Z1\d]`e1b�xVk1b+]`h�Z1b�b�Ð0h�b+ci\dg>c`a�_1_1cig:Ð5\^n%a�hib�\dk	hib c�tOaMq b
Σext

h]im1q$Z%h�ZVa�h
Ω̃ ⊂ Ω̃h

aMk1eoh�Z1b(q m�h.aM_1_�cig:Ð5\^n%a�h�b[\dk	hib c�tOaMq b
Σcut

h

w�Z1\^q$Z%n{a:�|q+cig>]p]uhiZ1b
_1Z��0]i\^q aMrÛ\dn%nob cp]ib+e{\^k�hib cptOa�q b

Σ � ]ib+b!¹â\^}��5ä5�5Y[Z1b`cib ]pm1rdhi\^k1}�aM_1_1cpg:Ð�\dn{a4h�b(_1Z��5]p\^q aMr
e1g>n%aM\^k�]

Ω̃h

aMcib�]im1q$Zjh�Z1a�h:± |meas(Ω̃h) − meas(Ω̃)| = O(h) � g>c`nog>cib�_1cib+q \d]ib r�� �
meas((Ω̃ ∪ Ω̃h) \ (Ω̃ ∩ Ω̃h)) = O(h)

�

� Í

ha
l-0

02
74

47
5,

 v
er

si
on

 1
 - 

18
 A

pr
 2

00
8



x

1

1

Ω
∼

Σ

Γ
∼

y

Ó¬À5Ú��TÂoº�Ï�º�Ä;ÀFÌQ¾�È[É�ÀFº�Ä
Ω̃
Õ

x

1

1

Ω

eΓ

eΩ

Ω
∼

Σ

Γ
∼

y

ÓgÎXÚ ÷ º¯Çc¼oº�¼oº¯È[½ »�¾�È[É�ÀFº�Ä Ω
Õ

÷ º�Ï�½�Â}Ã" £Õ��KÉsÉ�ÃcÂ}»oº¯È[Ä"ÈFÊ.¼o¹ Ã,½�Ä�º�¼�¾£º¯»oè�º�Äk¼}È�¼o¹ Ã,½�Ä�º�¼�»}ç�½;ÀFÂ}Ã�Õ

Ó¬À5ÚäÔ%Ñ�¼}ÃcÂoº¯È[Â ÀFÍ�Í�Â}È�Ñ£º�É�ÀF¼}Ã
º�Äk¼}ÃcÂ�ÊDÀ[Ç�Ã

Σext
h

Õ
ÓgÎXÚ.Ø0½�¼%ÀFÍ�Í�Â}È�Ñ�º�É�ÀF¼}Ã�º�Äk¼}ÃcÂ�â
Ê¬À[Ç�Ã

Σcut
h

Õ

÷ º�Ï�½�Â}Ãc¡£Õ�ÞmÈ[Ä£â<Ç�È[Ä£Ê¬È[ÂoÉsº�Ä�ÏìÉ�Ã�»o¹AÝ0ÀFÍ�Í�Â}È�Ñ£º�É�ÀF¼}ÃÁº�Äk¼}ÃcÂ�ÊDÀ[Ç�Ã�» Σh
ÀFÄ ¾ ÀFÍ�Í�Â}È�Ñ£º�É�ÀF¼}Ã�¾�ÈFâ

É�ÀFº�Ä »
Ω̃h
Õ

� ß 3 ß
	 �Å¢ Y� �¬�¢"«4­c�P¤�«M� £^����¬
���})��OAQ�OA �¿NOF4NOL�ü@*Oû�D�ÿ�FHGC¢�*�û0S
¹â\^cp]ph � w.bÅq+g>k1]i\de1b c[hiZ1b!t�g>r^rdgHw�\dk1}lZ1gMn%g>}Mb k1b+g>m1]�Î`\dci\^q$Z�r^b+h�_�cig>�1rdb n

(P̃)



























−4ũ = 4
\^k

Ω̃
∂ũ

∂n
= 0

g>k
Γ̃,

ũ = 0
g>k

Σ (uD = 0),

w�Z1\^q$ZsZVaM][hiZ1b�aMkVaMr��0hi\^qÄ]pg>r^m5h�\^gMk

ũ = 1 − r2 \^k
Ω̃

w�Z1b cpb
r =

√

x2 + y2
e1b k1g�h�b ]�h�Z�b!c�aMe1\dm1]�\^k

Ω̃.
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Y[Z1b|xVq+hi\dhi\^g>m1]`e1g>n%aM\^k´_�cig>�1rdb n \^]!]pg>rdfMb eÌ\^k
Ω

w�\dhiZÌhiZ1b��[���z���`��nob+hiZ1g5e
(D1) �m1]i\dk1}!g>k1r���hiZ1b[]im1c�tOaMq b�_Pb kVa�rdh���g>k

Σh
w�\�h�Z1g>m5h�b�Ð0h�b+ci\dg>c�q g>k�hicig>r � aMk1e (D2) � m1]p\^k1}�Eg�h�ZÌa{]pm1cptOaMq+b|_Eb+kVaMr�h��8gMk

Σh

a�k1eÌa%f>gMr^m1nob
H1 _Pb k1aMrdh��8\^k

Ωe,h � e�b ]iq+ci\d�Eb+ej\^k
h�Z1bÅY�aM�1rdb|��g�t�ë5b+q+h�\dg>k � w�\dh�Z

ue ≡ 0
�

Ó�k¿¹â\^}��P�:ð � wÆb!g>�1]pb c�f>bÄh�Z1a�h.hiZ1b
L2 ®�k1gMcinÇgMt�h�Z�bÄn%g0e1b+r^r^\dk1}Åb cpcig>c.f�aMcp\^b+]Æw�\dhiZvcib¦®

]i_Pb q�h.h�g�h�Z1b(_Eb+kVaMrd\^Ø:a4h�\^gMko_1aMc�aMnob+hib c
η
�Eb�hihib cÆhiZVaMk O(η

1

2 )
t�g>c

(D1) � aMk1e O(η
3

4 )t�g>c
(D2)

�1Y[Z�b ]ib�cib+]im1r�h�](aMcibÅ\dkÃaM}Mcib b+n%b+k�h(w�\�h�Z¿h�Z1b
H1 b ]�h�\^n%a�hi\^g>k�gMt�h�Z1bÅnog5e0®

b rdr^\^k�}jb cicpg>c|\^k¼�ÚÙ � ��Y[Z�b8]�h$aM}>k1a�h�\dg>k³_1r
a�hib:aMm³]pZ1g?w�kÀ\^k×hiZ1\^]|xV}>m�cib¿q g>cpcib+]i_Pg>k1e1]
h�glhiZ1b!fMa�r^m1bÄg�tKhiZ1b!]i_1aMq bÅe1\d]iq cpb+hi\^Ø:a4h�\^gMk�b cicpg>c �5Y[Z1b!t�g>r^rdg?w�\^k1}�q g>no_1m�h�a�h�\dg>k1][aMcpb
_Eb+cpt�g>cpn%b+e´w�\dhiZ

η = 10−12 higs}Mb+hÄhiZ1b�n%g0e1b rdr^\dk1}%b+cicpg>c!k1b }Mr^\^}M\^�1rdb�q+g>no_VaMcib+ejh�g
h�Z1bÅe1\d]iq+cib+hi\^Ø a�h�\dg>k�b cpcig>c+�

10−8 10−6 10−4 10−2 100

eta (penalty coefficient)

10−3

10−2

10−1

100
||u−uh||/||u||

Relative L2 error norms versus eta
Dirichlet diffusion problem − Exterior interface − h=1/512

Surface penalty (no ext. control) => slope= 0.6
Volume penalty (H1 penalty) on the ext. domain => slope= 0.8

÷ º�Ï�½�Â}Ã.�P££Õ[Ø/È[Ä�Ð5ÃcÂoÏ5ÃcÄ Ç�Ã/Ê�È[ÂQ¼o¹ Ã L2 âDÄ È[ÂoÉ ÈFÊ ¼o¹ Ã0É�È�¾�ÃcÌ�Ì�º�Ä�Ï�ÃcÂoÂ}È[ÂQÅ9º�¼o¹
η
º�ÄW¼o¹ Ã/àmº�Âoº¯Ç}¹�Ì¯Ãc¼

Ç�À[»}ÃmÊ¬È[Â
(D1)

ÀFÄ ¾
(D2)

Ô�Õ×Ö�ÕÙØmÕ É�Ãc¼o¹ È�¾�»9Å9º�¼o¹
Σext

h

ÀFÄ ¾
h =

1

512

Õ

Y[Z1b�¹â\^}��Û�>�Å]iZ�gHw�]�h�Z�b!q g>k�f>b+ci}>b+k1q b�gMtKh�Z1b!k	m1nob cp\^q:a�rÝb cpcig>c©w�\�h�Z¿cib+]i_Pb q+h�hig�hiZ1b
e1\^]pq cpb+h�\dØ:a�hi\^g>kÅ]�h�b _

h
�4�.g�h�Zl�[���`���`��nob+hiZ1g5e�]

(D1)
aMk1e

(D2)
b�Ð5Z1\^��\dh�a(xVcp]ph�®�g>cpe1b c

q g>k�fMb ci}Mb k1q+bÄt�g>c�h�Z1b
L2 ®¸k1g>cpn � aM]ub�Ð5_Pb q�h�b e�]p\^k1q+b |meas(Ω̃h)−meas(Ω̃)| = O(h)g>k1r��>���¯b{q:a�k°aMrd]igsg>�1]ib+cpfMb{h�ZVa4h�t�gMc�as}>\dfMb kUe�\^]iq+cib�h�\^Ø a�h�\dg>k

Σh

�Ob+\dhiZ1b c�b�Ð0h�b+ci\dg>c
g>c`q+m�h¦��gMt~hiZ1bl\^nonob ci]pb e8\^k�h�b+cptOaMq+b

Σ � h�Z1b�h�w.gvf�aMcp\
aMk�h�]
(D1)

aMk1e
(D2)

r^b:a�e8h�g
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h�Z1b�]iaMn%b[b+cicpg>ci]+��Ó�k1e1b b+e � _Pb cpt�gMcino\^k1}Åa
H1 _Pb kVaMr�h��lnob+hiZ1g5e�\dk

Ωe,h � h�Z�b[]ig>rdm�h�\dg>k
aMk1e´\�h�](}>c�a�e1\^b+k	h`aMcpb�_Pb kVaMrd\^Ø+b eÝ�Eë5g

uη ' uD
g>k8h�Z1b�b�Ð0h�b+ci\^gMc`e1g>n%aM\dk

Ωe,h
m1k�h�\dr

h�Z1b¿a�_1_1cig:Ð5\^n%a�hib e°\dk	hib c�tOaMq b
Σh

��º`]|k1gj]pg>r^m�hi\^g>k�Èpm1no_×g>k
Σh

\d]laMrd]igj\dn%_Pg>]ib+e
���´_Pb kVaMrd\^Ø a�h�\dg>k � h�Z�b (D2)

nob+hiZ1g0e´r^b aMe1]`hig
uη ' uD

gMk
Σh

aM]`t�g>c(h�Z1bl]pm1cptOa�q b
_Eb+kVaMr�h���n%b�h�Z1g0e

(D1)
�

Ñ8g>cpb g?f>b+c � h�Z1bÅnob+hiZ1g5e�]©w�Z1\^q$Zsm1]ib!hiZ1bÅq m�hzaM_1_�cig:Ð5\^n%a�h�bÄ\dk�h�b c�tOaMq bÅa�cib!nog>cibÅaMq¦®
q m1cia�h�bÅ]p\^k1q+b

Σcut
h

aM_1_1cpg?Ð5\dn{a�hib ]
Σ

n%g>cpb!_1cib+q \d]ib r��vh�Z1aMk
Σext

h

�
Ó�kU¹�\^}1�~� � ��a�� � h�Z�b%b+cicigMc�e�\^]phici\d�1m�h�\dg>k |ũ(xK) − uK| ∀K ⊂ Ω̃h � \dr^r^m�]ph�cia�h�b+]`h�Z1a�h
h�Z1b�n%aM\^kje�\dáEb cib+k1q b+]Å�Eb�h�w.b+b kUhiZ1boaM_1_1cpg?Ð5\dn{a�hibl]igMr^m�hi\^g>kÌaMk�eÌhiZ1boaMkVaMr��	h�\^q�g>k1b
aMcibÅrdg5q a�h�b+e�g>kshiZ1bÅ}>ci\de�q b+r^r^][q+cig>]p]ib+eÃ���vh�Z�b�\dn%nob cp]ib+es\dk�h�b c�tOaMq b��
Y[Z1b kThiZ1b

(D1)
�[���`���`�©n%b�h�Z1g0eÁ\d]{q gMnl�1\^k�b eÁw�\dhiZÀh�Z�bj¹âÓ��u®,���[�ã]igMrdf>b+cÌ�O]pb b

ë5b q�h�\dg>kÀÙ1��Í�� � h�Z1bscib�xVk1b nob k�h{Ø g>k1bsgMtzw�Z1\^q$ZR\^]�r^g0q:a�hib eRaMcigMm1k1eRhiZ1bs\^non%b+ci]ib+e
\^k�h�b+cptOaMq+bM��Y[Z1bÃh�wÆg�®¸}>ci\deÀaMrd}>g>cp\dh�Z�nÒq gMk	fMb cp}>b ]vw�\�h�Z1\dkÀaM�Pg>m�h8�?ð¤?z®�q��0q r^b+] �uY[Z1b
k	m1nl�Pb cvgMt�?(®�q��5q+r^b+]vt�g>c%hiZ1b´q gMk	fMb cp}>b k1q+bUa�r^nog>]ph%e1g0b ]vk1g�h�\^k1q+cib aM]ibÃw�\�h�ZÀhiZ1b
k	m1nl�Pb cÄgMt�cpb+xVk�b nob k�hÅr^b�f>b rd] �EY[Z1blxVci]�h!q gMk1q rdm1]i\dg>kÃh�g�e�c�a:wyt�cig>n ¹â\d}1��� � �O�ê� � \d]h�ZVa4h|h�Z1b�b+cicigMclfMa�r^m1b+]�aMcib�cpb e1m1q+b e³w�Z1b k³h�Z�b¿¹âÓ��u®,���[�Ç]ig>r�f>b c|\d]|aM_1_�r^\^b+eÝ�A�¯b
q:aMk´aMr^]pg%cpb n%aMciÔ�]pg>n%b�b cpcig>cz]i_1\dÔMb+] �PY[Z1b ]pb|]i_1\dÔMb ]`aMcib�r^g0q:aMrd\^Ø+b esaMcigMm1k1e8hiZ1b�\dn�®
n%b+ci]pb e�\^k�hib cptOa�q b � g>kvh�Z�bÄq b+r^r^]

K ⊂ ωh,Σ = {∪K, K ∈ Th, K ∩Σ 6= ∅} �0Ó�k1e1b+b e �g>k�h�Z1b+]ibÅq b+r^rd] � hiZ1b!b n��Eb+e1e1b e8Î`\dci\^q$Z�r^b+h©�Eg>m�k1eVaMc��vq gMk1e1\dhi\^g>k{\^][]phi\^rdrE\dn%_Pg>]ib+e�g>k
h�Z1b�]i\^e�b ]

σ ⊂ Σh � w�Z1\^rdb�hiZ1b|\^k�h�b+ci\dg>c(Ö1m5Ð5b ]!g>k
σ ⊂ Ω̃h

aMk�ejZ1b k1q+blh�Z1b�\^k�h�b+ci\^gMc
]ig>rdm�h�\dg>k×aMcpbvq gMcicib+q+hib e³���Uh�Z�b¿¹âÓ��u®,���[�÷]ig>r�f>b+c �~¹Vg>c�b:aMq$ZÕq b+r^r

K ⊂ ωh,Σ � hiZ1bn%gM]ph!\dn%_Pg>cph�aMk�h`\d]zhiZ1b|e1\^]�h$aMk�q bl�Pb+h�wÆb b+kËhiZ1b�aM_1_1cpg:Ð�\dn{a4h�b�\dn%nob cp]ib+e´\^k�h�b+cptOaMq+b
Σh

aMk�e¿hiZ1bÅg>ci\d}>\^k1aMrÛ\dk	hib c�tOaMq b
Σ

�O]ib+b�¹�\^}1��ä�� � hiZ1bÅn%gM]ph�\^no_Pg>cph�aMk�h[\^]©hiZ1bÅb cicpg>c �
Y[Z1b

L2 b cpcig>c!k�g>cino]!g>��h�aM\^k1b+ejt�g>c!]ib�f>b ciaMr�r^b�f>b rd]ÅgMt.cpb+xVk�b nob k�h�aMcib�cib+_EgMcph�b+eÌ\^k
¹â\^}��Û�?Í��
º`]�]iZ�gHw�ko\^ko¹â\d}1�0�?ÍÄh�Z1b�q gMnl�1\^k1a�h�\dg>klgMtêh�Z�bz�[���`���`��n%b�h�Z1g0e|w�\dh�ZlhiZ1b(¹âÓ��u®,���[�
]ig>r�f>b+c[q g>k1]pb c�f>b ]�h�Z�bÄxVci]�h�g>cie1b+c[aMq+q m1ciaMq+�vt�gMc.h�Z1b

L2 ®¸k1g>cins��Ñ8g>cib+g?f>b c � h�Z1b!b+cicpg>c
g>kvh�Z�b!g>ci\d}>\^kVa�rPq+g�aMcp]ibÄ}>cp\^ev\d]©]i\dn%\dr
aMc�higlh�Z1bÄb+cicpg>c©g>��h�aM\^k�b evw�\dhiZ1g>m�h©cib+x1k1b nob k�h
g>k�alnob ]pZvw�\dh�Zva�e1\^]pq cpb+h�\dØ:a�hi\^g>k%]phib _�b æ	mVa�rÛh�g�hiZ1bÄrdg5q aMrVxVk1b ]�h�}>ci\de�¥É].e1\d]iq cpb+hi\^Ø:aH®
h�\dg>kÃ]�h�b _Û�ÛY[Z1blk	m1nob cp\^q aMr�cpb ]pm1rdhi]Äb kVa��1r^b�m1]`h�g%q g>k�q r^m�e1b�h�Z1a�h`t�g>c(h�Z1b

L2 ®�k1g>cpn �h�Z1b%aMq+q m1ciaMq+�ËgMtÆh�Z1b%n%b�h�Z1g0eËf�aMcp\^b+]�rd\^Ô�b O(hl?)
w�Z�b cib

hl?
\d]!h�Z1bon%b+]iZ¯]ph�b+_°gMt

h�Z1b�rdg5q aMr�xVk�b ]ph�cib�xVk1b+n%b+k	h�}>cp\^eÕ��r
aM]�hÅr^b+fMb r�gMtÆcib�xVk1b+n%b+k	h$���Kózg?wÆb+fMb c � ]p\^k1q+b�hiZ1b
b cpcig>c�gMt.hiZ1b�w�Z1g>r^boq g>aMci]pb%nob ]pZUe1b+_Eb+k1e1]la�r^]igsg>kËh�Z1bob cpcig>cÅgMt©hiZ1bok1g>k5®¸cib+x1k1b e
Ø g>k�b � h�Z�b�n%b�h�Z1g0e×fMa�ci\^b+]|r^\dÔMb O(hl?)

t�g>c
l?

rdb ]i]lhiZVaMkÕajn{aHÐ�\dnlm1n k	m1nl�Pb c|gMt
cib�xVk1b nob k�hzr^b�f>b rd]��O]pb b�e1b+h�aM\^rd]©\^k8ë5b+q+h�\dg>k8ç5��ç>���
Y[Z1\^][n�m1rdhi\�®�}Mci\^e�h�b+q$Z1k1\dæ0m�b�\d]©r^g?w¼q g>]�h�]i\dk1q b!b aMq$Z8rdb+fMb rÝgMtKcpb+xVk1b+n%b+k�hzq+g>k�h$aM\dk1]�a
]in%aMr^rêk	m1nl�Pb c.gMt�e1b }Mcib b+][gMt�t�cib+b e1gMn8�0Yâa��1r^b � aMk1e¿¹â\d}1�ê�:Ùl]pZ1g?w½hiZVa�h[\dk%hib cin gMt
�©ì�í ��q b k�hic�aMru_1cig0q b+]i]p\^k1}sm1k1\�h¦� � hiZ1boq g>nl��\^kVa�hi\^g>kjg�t.h�Z�b

(D1)
�[���z���`��nob+h�Z�g5e

w�\dhiZ%h�Z�bÄ¹âÓ��u®��u�©�À]ig>r�f>b cÆ�Eb+q g>nob ]Æ\^k�h�b+cib+]ph�\dk1}�t�cpg>nÇa�cpb r^a�h�\�f>b(b cicpg>cur^g?w.b+cÆhiZVaMk
5.10−2 ��¹Vg>c�b¦Ð�aMn%_�r^b � h�Z1bz�©ì�íÁh�\^nob©\d]�e1\df0\^e�b e���� � �Pb+h�wÆb b+k%hiZ1b�b cicpg>c�g>��h�aM\^k�b e
w�\dhiZ

h0 =
1

512

aMk1e
l? = 0

��w�\dhiZ1g>m�hÄcib+x1k1b nob k�hÄ®Å�|rdb+f>b+rX�`a�k1ejh�Z1b|]iaMn%b�b cicpg>c
g>��h�aM\^k1b+e{w�\dhiZ

h0 =
1

128

aMk1e
l? = 2

�OÍlr^b�f>b rd]$�¦�VÑ8g>cpb g?f>b+c � t�gMc[a�}>\�f>b k�b+cicpg>c � h�Z1bn%b+n%gMcp�v]�h�g>ciaM}>b!cpb æ	m1\^cpb es\^]�aMr�w©a:�0]�]in%aMr^rdb c.w�\�h�Z�h�Z�b�¹�Ó��u®,���[�½]pg>rdfMb c+�
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1/41/81/161/321/641/1281/2561/512
discretization step

10−3

10−2

10−1

100

||u−uh||/||u||
Relative L2 error norms versus h

Dirichlet diffusion problem − Surface Penalty  (no exterior control)

Ext. interface => slope=0.9
Cut interface => slope=0.9

Ó¬À5Ú
(D1)

Ô�Õ×Ö�ÕÙØmÕ�É�Ãc¼o¹ È�¾wÕ

1/41/81/161/321/641/1281/2561/512
discretization step

10−3

10−2

10−1

100

||u−uh||/||u||
Relative L2 error norms versus h

Dirichlet diffusion problem − Exterior Volume Penalty (H1 penalty)

Ext. interface => slope=0.9
Cut interface => slope=0.9

ÓgÎXÚ
(D2)

Ô�Õ×Ö�ÕÙØmÕ�É�Ãc¼o¹ È�¾wÕ

÷ º�Ï�½�Â}Ãc�Z��Õ.Ø/È[ÄkÐ5ÃcÂoÏ5ÃcÄ Ç�Ã�Ê¬È[ÂW¼o¹ Ã L2 âDÄ È[ÂoÉ$ÈFÊ9¼o¹ Ã�¾£º¯»}ÇcÂ}Ãc¼oº�ð�ÀF¼oº¯È[Ä>ÃcÂoÂ}È[Â�Å9º�¼o¹
h
Ê�È[Â�¼o¹ Ã

àmº�Âoº¯Ç}¹�Ì¯Ãc¼m¾£ºÒñß½ »}º¯È[ÄÁÍ�Â}È[Î�Ì¯ÃcÉæÅ9º�¼o¹
Σext

h

È[Â
Σcut

h

ÀFÄ ¾
η = 10−12 Õ

�>é

ha
l-0

02
74

47
5,

 v
er

si
on

 1
 - 

18
 A

pr
 2

00
8



¦
§[¨@©«ª;¬®­g¯±°!¬f²´³aµg¶g³�·�³�¶9¬�¦
l? = 0

¨¹¸
max
K⊂Ω̃h

|ũ(xK) − uK | = 7.9 10−2 º

¦}»N¨A©«ª;¬®­�²´³aµg¶g³�·�³�¶[¬P¼
l? = 3

¸
max
K⊂Ω̃h

|ũ(xK) − uK | = 1.1 10−2 º

½ ª;¾Z°!²´³0¿PÀ º{Á ²®²´¯±²�ÂÃª�Ä®¬®²®ª;»!°!¬®ª�¯±¶ÆÅ�ª;¬®­Ç§ 16 × 16
·�³_Ä®­«È
¯±²É¬®­g³

(D1) ÁÊºÌË�ºÎÍ7º ·�³�¬®­g¯wÂÅ�ª;¬®­
Σext

h

»<³aÈÏ¯±²´³�§Ð¶gÂd§ÑÈ}¬´³�²
¬®­g³(Ò_¯±·"»!ª;¶W§Ð¬®ª�¯±¶0Å�ª;¬®­�¬®­g³ ½�Ó ÍJÔ2ÁJËfÍ Ä´¯±Õ;Ö×³�²É¦}Å�ª;¬®­qØ.Ø�Ùª;¬´³�²Ú§Ð¬®ª�¯±¶gÄa¨ Ô Ø.ª;²®ª�Ò´­!Õ�³�¬7ÂÃªÜÛ<°gÄ®ª�¯±¶�Ý!²´¯±»!Õ�³�· º

Þ9ß
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1/41/81/161/321/641/1281/2561/512
discretization step

10−4

10−3

10−2

10−1

100
||u−uh||/||u||

(D1) E.BC. method + FIC−EBC solver + DDM
Dirichlet diffusion problem − Ext. interface

without refinement − l* = 0
2 levels − l* = 1
3 levels − l* = 2
4 levels − l* = 3

Ó¬À5Ú/Ô.Ñ£¼}ÃcÂoº¯È[Â�º�Ä�¼}ÃcÂ�Ê¬À[Ç�Ã
Σext

h

Õ

1/41/81/161/321/641/1281/2561/512
discretization step

10−4

10−3

10−2

10−1

100
||u−uh||/||u||

(D1) E.BC. method + FIC−EBC solver + DDM
Dirichlet diffusion problem − Cut interface

without refinement − l* = 0
2 levels − l* = 1
3 levels − l* = 2
4 levels − l* = 3

ÓgÎXÚ�Ø0½�¼9º�Ä�¼}ÃcÂ�Ê¬À[Ç�Ã
Σcut

h

Õ

÷ º�Ï�½�Â}Ã��Px£ÕAØ/È[ÄkÐ5ÃcÂoÏ5ÃcÄ Ç�ÃJÊ¬È[ÂT¼o¹ Ã L2 âDÄ È[ÂoÉ ÈFÊ0¼o¹ Ãj¾£º¯»eÇcÂ}Ãc¼oº�ð�ÀF¼oº¯È[Ä�ÃcÂoÂ}È[Â,Å9º�¼o¹
h0

Ê¬È[Âm¼o¹ Ã
Ç�È[É�Î�º�Ä;ÀF¼oº¯È[Ä�ÈFÊ.¼o¹ Ã

(D1)
Ô�Õ×ÖmÕÙØmÕ;É�Ãc¼o¹ È�¾ÁÅ9º�¼o¹Á¼o¹ Ã ÷ ��Ø!â<Ô!Ö9Ø »}È[Ì�Ð5ÃcÂ9Ê¬È[Â9¼o¹ Ã�àmº�Âoº¯Ç}¹�Ì¯Ãc¼

¾£ºÒñ�½ »oº¯È[ÄÁÍ�Â}È[Î�Ì¯ÃcÉÁÕ
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à7á ´Pâkµ±ã}ä;µÉãÏåß´Pâ�µÑæK¶�·×â
Σext

h
H

H
H

H
HH

l?
h0 1/4 1/8 1/16 1/32 1/64 1/128 1/256 1/512

0 1.95 10−3 1.95 10−3 3.90 10−3 3.32 10−2 2.38 10−1 6.26 100 6.02 101 4.87 102

1 1.79 10−1 3.90 10−1 1.03 100 3.05 100 1.16 101 8.88 101 4.78 102

2 9.41 10−1 2.31 100 5.99 100 1.80 101 5.98 101 2.44 102

3 3.35 100 8.44 100 2.41 101 7.35 101 2.24 102

çyèA´(ãÏåß´PâkµÐæ<¶�·[â
Σcut

h
H

H
H

H
HH

l?
h0 1/4 1/8 1/16 1/32 1/64 1/128 1/256 1/512

0 1.95 10−3 1.95 10−3 5.86 10−3 3.12 10−2 2.34 10−1 5.76 100 5.53 101 4.97 102

1 1.42 10−1 3.55 10−1 8.73 10−1 2.76 100 1.01 101 7.46 101 4.17 102

2 7.90 10−1 1.99 100 5.20 100 1.52 101 4.62 101 1.96 102

3 2.86 100 7.28 100 1.96 101 5.89 101 1.84 102

¸�ÀFÎ�Ì¯Ãy%
Ø�#Jé ¼oº�É�Ã�Ógº�Ä"»eÃ�Ç�È[Ä ¾�»qÚ0Å9º�¼o¹ÁÂ}Ã�»oÍ�Ã�Çc¼9¼}È

h0
ÀFÄ ¾

l?
Ê¬È[Â9¼o¹ Ã

(D1)
Ô�Õ×Ö�ÕÙØmÕ�É�Ãc¼o¹ È�¾ÁÇ�È[ÉJâ

Î�º�Ä Ã�¾ËÅ9º�¼o¹"¼o¹ Ã ÷ ��Ø!â<Ô�Ö�Ø »eÈ[Ì�Ð5ÃcÂ
Ê�È[Â9¼o¹ Ã�àmº�Âoº¯Çe¹�Ì¯Ãc¼T¾£ºÒñ�½ »oº¯È[ÄÁÍ�Â}È[Î�Ì¯ÃcÉÁÕ
º`]�w.bub�Ð5_1r^aM\^k�b eÅ\^k�ë5b q�h�\dg>kÅÙ1��Í5� � ��Í � hiZ1buÎÄÎ!Ñ \�h�b cia�h�\dg>k1]�a�cib�k1b q+b ]p]�aMc���higzcpb q+gHfMb c
h�Z1bÅ}>g0g0e�]ig>rdm�h�\dg>kvw�\dhiZ8a|q+m�h(\^k�h�b+cptOaMq+bÅaM_1_1cpg?Ð5\dn{a�hi\^g>k

Σcut
h

gMt
Σ
� � kshiZ1bÅgMh�Z1b+c

ZVaMk1e � t�g>c~h�Z1b(b�Ð0hib ci\dg>c�\^k�hib cptOa�q b
Σext

h � a4hÆb aMq$Zor^b+fMb r
l+1 � aMrdr�h�Z�b(q+g>k�h�cpg>r1f>g>rdm1nob ]

Kl+1 ∈ Gint
l+1, Kl+1 ⊂ Ω̃hl+1

ZVa:fMblh�Z1b+\^c`_1aMcib+k	hÄq b rdr
Kl ⊂ Ω̃hl

�Û¹â\^}1���Hç���a��[]iZ1g?w�]
h�ZVa4h � b+fMb kÕw�\dh�Z�g>m�h%ÎÄÎ!Ñ \dh�b+c�a�hi\^g>k�] � hiZ1b¿q g>k�f>b+ci}>b+k1q b8gMt`hiZ1bs�[���`���`��n%b�h�Z1g0e
q g>n��1\^k1b+eUw�\dhiZUh�Z�bv¹âÓ��u®��u�©�÷]pg>rdfMb c�cib n%aM\dk1]�\dk O(hl?)

t�g>c
Σext

h

�âÓ�k¯h�Z1\d]�q:a�]ib
h�Z1bl�©ì�íÊh�\dn%b�\^](cib+e1m1q b+eÕ�O]pb blY�aM�1rdblÍvaMk�ej¹â\^}����Hç1�O�V�i���PÓ�k1e1b+b e � h�g%g>��h$a�\^k8hiZ1b
b cpcig>c!gMt

h0 =
1

512

aMk1e
l? = 0

m1]i\dk1}vh�Z�b%¹�Ó��u®,���[� ]ig>r�f>b c!w�\�h�Z
h0 =

1

128

aMk1e
l? = 2 � h�Z�b��©ì�í h�\dn%bÄ\d][e1\df0\de1b e¿���¿a|tOaMq+hig>c�ä��
ë5\^k�q bÄh�Z�b!n%b�h�Z1g0evw�\dhiZvh�Z1b!b¦Ð5hib cp\^g>c©\dk�h�b c�tOaMq b

Σext
h

e1g5b+][k1gMh[cpb æ	m1\dcibÅÎÄÎ!Ñ»\dhib c,®
a�h�\dg>k1] � hiZ1blc�a4h�\^g%gMt�h�Z�bl_1cib+q \d]i\^gMkÃgMt�h�Z�b�]igMr^m�hi\^g>k8gHfMb cÄhiZ1b��©ì�íÊh�\dn%b�\^]z�Eb�hihib c
t�g>c`hiZ1\^]!nob+hiZ1g5e´hiZVaMkjt�g>c`hiZ1b|nob+h�Z�g5e´w�\�h�ZËavq m�h�\dk	hib c�tOaMq b

Σcut
h

�ÝYKgsa?fMg>\^e´hiZ1b
ÎÄÎ!Ñ ]pn%g0gMh�Z�\^k1}¿\dhib cia�h�\dg>k1]!t�g>cÅh�Z1b%q m�h�\^k�h�b+cptOaMq+bvaM_1_�cig�aMq$Z � ]pg>n%bo_Va�hiq$Z1b ]��OgMt
h�Z1bÅ]iaMn%b!rdb+fMb r�gMt�cib+x1k1b nob k�h¦�©ZVa:fMb�higo�PbÅ}�a�hiZ1b cpb eÝ�
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10−3 10−2 10−1 100 101 102 103

CPU time (s)

10−4

10−3

10−2

10−1

100
||u−uh||/||u||

(D1) E.B.C. method + FIC−EBC solver + DDM 
Dirichlet diffusion problem − Ext. interface

without refinement − l* = 0
2 levels − l* = 1
3 levels − l* = 2
4 levels − l* = 3

Ó¬À5Ú/Ô.Ñ£¼}ÃcÂoº¯È[Â�º�Ä�¼}ÃcÂ�Ê¬À[Ç�Ã
Σext

h

Õ

10−3 10−2 10−1 100 101 102 103

CPU time (s)

10−4

10−3

10−2

10−1

100
||u−uh||/||u||

(D1) E.B.C. method + FIC−EBC solver + DDM
Dirichlet diffusion problem − Cut interface

without refinement − l* = 0
2 levels − l* = 1
3 levels − l* = 2
4 levels − l* = 3

ÓgÎXÚ�Ø0½�¼9º�Ä�¼}ÃcÂ�Ê¬À[Ç�Ã
Σcut

h

Õ

÷ º�Ï�½�Â}Ãc��~ Õ%Ø/È[ÄkÐ5ÃcÂoÏ5ÃcÄ Ç�Ã�Ê¬È[Â�¼o¹ Ã L2 âDÄ È[ÂoÉ$ÈFÊ�¼o¹ Ã�¾£º¯»}ÇcÂ}Ãc¼oº�ð�ÀF¼oº¯È[Ä�ÃcÂoÂ}È[ÂjÅ9º�¼o¹)¼o¹ Ã+Ø�#Jé
¼oº�É�ÃWÊ�È[Âm¼o¹ ÃjÇ�È[ÉWÎ�º�Ä;ÀF¼oº¯È[Ä�ÈFÊ�¼o¹ Ã

(D1)
Ô�Õ×Ö�ÕÙØmÕXÉ�Ãc¼o¹ È�¾?Å9º�¼o¹?¼o¹ Ã ÷ ��Ø!â<Ô�Ö�Ø »}È[Ì�Ð5ÃcÂTÊ�È[Â

¼o¹ Ã�àmº�Âoº¯Çe¹�Ì¯Ãc¼T¾£ºÒñ�½ »oº¯È[ÄËÍ�Â}È[Î�Ì¯ÃcÉÁÕ

Í��
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1/41/81/161/321/641/1281/2561/512
discretization step

10−4

10−3

10−2

10−1

100
||u−uh||/||u||

(D1) E.B.C method + FIC−EBC solver
Dirichlet diffusion problem − Ext. interface

without refinement − l* = 0
2 levels − l* = 1
3 levels − l* = 2
4 levels − l* = 3

Ó¬À5Ú
Ô�ÂoÂ}È[Â�Ð5ÃcÂ}»o½ »
h0
Õ

10−3 10−2 10−1 100 101 102 103

CPU time (s)

10−4

10−3

10−2

10−1

100
||u−uh||/||u||

(D1) E.B.C. method + FIC−EBC solver
Dirichlet diffusion problem − Ext. interface

without refinement − l* = 0
2 levels − l* = 1
3 levels − l* = 2
4 levels − l* = 3
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¼o¹ Ã�Ç�È[ÉWÎ�º�Ä;À�â
¼oº¯È[Ä�ÈFÊ�¼o¹ Ã
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à7á ´Pâkµ±ã�äXµÉãÏåß´PâkµÐæ<¶�·[â
Σext

h

Ó ÷ �oØ!â<Ô�Ö�Ø »}È[Ì�Ð5ÃcÂ�Å9º�¼o¹ È[½�¼Tà�à�záÚ
H

H
H

H
HH

l?
h0 1/4 1/8 1/16 1/32 1/64 1/128 1/256 1/512

0 1.95 10−3 1.95 10−3 3.90 10−3 3.32 10−2 2.38 10−1 6.26 100 6.02 101 4.87 102

1 2.73 10−2 5.08 10−2 1.39 10−1 5.29 10−1 3.09 100 4.46 101 2.83 102

2 9.77 10−2 2.15 10−1 5.12 10−1 1.49 100 5.85 100 5.43 101

3 2.77 10−1 6.62 10−1 8.87 10−1 3.68 100 9.46 100

¸�ÀFÎ�Ì¯Ãyx
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ÀFÄ ¾

l?
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Î�º�Ä Ã�¾?Å9º�¼o¹?¼o¹ Ã ÷ ��Ø!â<Ô!Ö9Ø »}È[Ì�Ð5ÃcÂTÅ9º�¼o¹ È[½�¼,àmà�z º�¼}ÃcÂeÀF¼oº¯È[Ä »mÊ¬È[Â�¼o¹ Ãjàmº�Âoº¯Ç}¹�Ì¯Ãc¼,¾£ºÒñß½ »}º¯È[Ä
Í�Â}È[Î�Ì¯ÃcÉ Å9º�¼o¹

Σext
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Ó�k¿g>cie1b+c©h�glf�aMrd\^eVa�hibzhiZ1b
(D1)
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e1\dhi\^g>k�] � wÆb�k1g?wµ]phim1e��sa|k1g>k�Z1g>nog>}>b k�b g>m1](Î`\dci\dq$Z1r^b�h[_1cigM�1r^b+n

(P̃)
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





















−4ũ = −(2 + 4x2) exp(x2)
\^k

Ω̃,
∂ũ

∂n
= 0

g>k
Γ̃,

ũ = uD = 3 + exp(cos2 θ)
g>k

Σ (
w�Z�b cib

θ = arctan(
y

x
)),

w�Z1\^q$ZsZVaM][hiZ1b�aMkVaMr��0hi\^qÄ]pg>r^m5h�\^gMk

ũ = 3 + exp(x2)
\^k

Ω̃.

Y[Z1b[xVq+hi\dhi\^g>m1]�_1cigM�1r^b+nÊg?f>b+c
Ω

\d]~]ig>r�f>b+eom�]i\^k�}Äh�Z1b
(D1)

�[���`���`��n%b�h�Z1g0eÝ�Mºz]�¹â\^}4®
m1cib%�?èV�Oa��©]iZ1g?w�] � h�Z1b�xVci]�hp®¸g>cie1b+c`a�q q m�c�aMq��Ã\d](cpb:aMq$Z�b e´t�g>c�h�Z1b

L2 ®�k1gMcinàt�g>c(�Eg�h�Z
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(D1)
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n%b�h�Z1g0ejt�g>c!h�Z1b�q+m�h�\^k�h�b+cptOaMq+bM��Y[Z1bocib+]im1r�h�]Åcib+_Eg>c�h�b+e¯\dkU¹â\d}>m1cpbv�?èV���ê�Äb�Ð5Z1\^��\dh�a
xVci]�hp®¸g>cie1b+clq gMk	fMb cp}>b k1q+b¿gMt�h�Z1bvnob+hiZ1g0eUw�\dhiZ×cib ]p_Eb+q+h|higÃh�Z1b�rdg5q aMr�xVk1b+]ph�}>cp\^e�¥É]
e1\^]pq cpb+h�\dØ:a�hi\^g>k¯]phib _

hl?
��Y[Z1\^]|q+g>k�xVcpn%]�hiZVa�h�h�Z1b

(D1)
�����`���`�~nob+h�Z�g5e°b+kVaM�1rdb ]

h�g|h$a�ÔMb�aMq q+g>m1k�h�t�g>c�aMk��¿Î`\dci\dq$Z1r^b�h[b nl�Pb e�e1b es�EgMm1k1eVaMc���q gMk1e1\dhi\^g>k¿a�k1e�h�ZVa�h[hiZ1b
q g>n��1\^kVa4h�\^gMk�w�\�h�Z�h�Z1b(nlm1r�h�\dr^b+fMb rêaMrd}>g>cp\dh�Z�nÊrdb:aMe1]�h�g�aMk O(hl?)

aM]p�0no_�h�gMhi\^q�q gMk5®
f>b+ci}>b+k1q b�t�g>c©h�Z1b
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1/41/81/161/321/641/1281/2561/512
discretization step

10−4

10−3

10−2

10−1
||u−uh||/||u||

Relative L2 error norms versus h
Dirichlet diffusion problem − Nonhomogeneous Dirichlet B.C.

Exterior interface => order= 0.95
Cut interface => order= 0.95

Ó¬À5Ú
(D1)

Ô�Õ×Ö�ÕÙØmÕ É�Ãc¼o¹ È�¾ËÅ9º�¼o¹
Σext

h

ÀFÄ ¾
Σcut

h

Õ

1/41/81/161/321/641/1281/2561/512
discretization step

10−4

10−3

10−2

10−1
||u−uh||/||u||

(D1) E.B.C. method + FIC−EBC solver + DDM
Nonhomogeneous Dirichlet diffusion problem − Cut interface 

without refinement − l* = 0
2 grids − l* = 1
3 grids − l* = 2
4 grids − l* = 3

ÓgÎXÚ9Ø/È[É�Î�º�Ä;ÀF¼oº¯È[Ä?Å9º�¼o¹"¼o¹ Ã ÷ ��Ø!â<Ô�Ö�Ø »eÈ[Ì�Ð5ÃcÂ
Ê�È[Â
Σcut
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h0
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Ä È[Ä�¹ È[É�È[Ï5ÃcÄ Ã�È[½ »�àmº�Âoº¯Ç}¹�Ì¯Ãc¼�¾£ºÒñ�½ »oº¯È[ÄÁÍ�Â}È[Î�Ì¯ÃcÉ Å9º�¼o¹
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���})��OAQ�dø tvGC¢âNOCRÿKFHGC¢�*�û0S
�UbÅk1g?w¾q g>k1]p\^e1b+c[h�Z1b�Þ�g>�1\^k�_�cig>�1rdb n

(P̃)































−4ũ = 16r2 \dk
Ω̃,

∂ũ

∂n
= 0

gMk
Γ̃,

−∂ũ
∂n

= u+ 3
g>k

Σ (αR = 1, gR = 3),

w�Z1\^q$ZsZVaM][hiZ1b�aMkVaMr��0hi\^qÄ]pg>r^m5h�\^gMk

ũ = 2 − r4 \^k
Ω̃

w�\dhiZ
r =

√

x2 + y2.

Y[Z1b�xVq+hi\dh�\dg>m1]�e1g>n%aM\dk!_1cig>��r^b n \d]�]ig>r�f>b e�\^k
Ω

w�\�h�ZÅh�Z1bÆ�[���`���`�Hn%b�h�Z1g0e
(R)

w�\dhiZ5®
g>m�h(b�Ð0hib ci\dg>c[q gMk	hicig>r � aM]�e1b+]iq cp\^�Pb es\^k�h�Z�b�Y�aM�1rdb|�>�<�¯b�\dk�f>b ]�h�\d}�a�h�b!\dks¹â\^}1�Û� é ��a>�h�Z1bob+áEb q�hlgMtÆh�Z1bo}>rdg>�VaMr�q+g>cicpb q+hi\^g>kÌt�g>c!h�Z�bvaM_1_�cig:Ð5\^n%a�h�b|\dk	hib c�tOaMq bo_1cigM_Eg>]pb e¯\^k
ë5b q�h�\dg>k�Í���Í�w�Z1b+cib

εh
\d].q+g>n%_�m�h�b+ev���v��æê��� � ï��u\dk{b aMq$ZvxVk1\�h�bzfMg>r^m�n%b(q cpg>]i]pb e¿���

Σ
�êº`k8aM]p�0no_�h�gMhi\^qÅ]ph�aM}>kVa4h�\^gMk�gMtâhiZ1b�b+cicpg>c�q:aMks�Eb�g>�1]pb c�f>b e´aMk1e¿h�Z1bÅxVci]�hp®¸g>cie1b+c

_1cib+q \d]i\^gMk°\^]lrdg>]ph �â¹Vg>claÃr^g0q:aMruq gMcicib+q+hi\^g>k
εK � \dt(a8r^g0q:aMr�t�g>cin�m1r
aU�O]ib+b¿��æP�[� � Í��p�\^]�aM_�_1r^\db e×w�\dhiZ1g>m�h|h�aMÔ	\^k1}j\dk	higËaMq q+g>m1k�h%hiZ1b¿q g>k�hicig>r©fMg>r^m1nob ]

K ⊂ ωh,Σ

w�\�h�Z
ÊK = ∅ � h�Z1b+cibÅ\^][k1g�b+cicigMc(q+g>k�f>b+ci}>b+k1q bv�O]ib+b�¹â\^}1�Û� é �O�V�i����·Z1b k%h�Z1b`aMq q+m1c�a�hib`rdg5q aMrVq g>cpcib+q+h�\dg>k

εK
�O]pb bÄ��æê�Û� � è��p��h�aMÔ	\^k1}�aMq q+g>m1k�h©g�t�aMr^r1hiZ1b

r^g0q:aMr�n%b aM]im�cib ]ÅgMt
Σl,K

t�g>c
K ⊂ ωh,Σ

\d]Äq gMn%_1m5h�b e � h�Z1b|xVcp]php®¸g>cie�b cÅaMq+q m1ciaMq+�j\d]
h�Z1b+kÃ�0\^b+r^e1b+eÃt�g>c�h�Z1b

L2 ®¸k1g>cpnãb cicpg>c � ]ib+b|¹â\d}1���?ï��Eózb+cibla�}�aM\^k � hiZ1bla�_1_1cig:Ð5\^n%a�hib
\^k�h�b+cptOaMq+b

Σcut
h

}>\dfMb ](a|�Eb�hihib c�_1cib+q \d]i\^gMk¿hiZVaMk�h�Z�b�a�_1_1cig:Ð5\^n%a�hib!\^k�h�b+cptOaMq+b
Σext

h

�
Y[Z1b

(R)
�[���z���`�Vw�\dhiZ�h�Z1b�aMq q+m1c�a4h�bÅr^g0q:aMrÛq g>cpcib q�h�\dg>k¿\^][h�Z1b+k8q+g>nl�1\dk1b e¿w�\dhiZ�h�Z1b

¹âÓ��u®,���[�½]ig>r�f>b c+�êY[Z1b�cpb ]im�rdh�](cib+_EgMcph�b+eÃ\dkÃ¹â\d}1�Ý�?ä�]iZ�gHw a
L2 ®�k1gMcin aM]��5no_�higMh�\dq

aMq q+m1c�a�q+��gMtPh�Z1b�nob+hiZ1g5e|\dk O(hl?) � hl?
�Pb \dk1}!h�Z1b�e1\d]iq+cib+hi\^Ø a�h�\dg>k|]phib _ogMtEhiZ1b�r^g0q:aMr

xVk1b+]phz}>ci\deÝ�
º`]{wÆb´q aMkÁg>�1]pb c�f>bj\^kRYâa��1r^b8Ù×aMk1eT¹�\^}1� � ð � hiZ1b´q gMnl�1\^k1a�h�\dg>kRg�tÄh�Z1b´�����`���`�
n%b�h�Z1g0e�w�\dh�Zoh�Z1bz¹âÓ��u®��u�©�À]ig>r�f>b cu\^no_1cpgHfMb ]�h�Z1bzc�a�hi\^gÅgMtÝhiZ1b(g>��h$a�\^k1b+e%_1cpb q+\^]i\dg>k
g?f>b c%h�Z1b´�©ìuí h�\dn%b¿t�cig>n aËcib+r
a�hi\df>bs_1cpb q \d]i\dg>kÀgMt

10−1 �uY[Z1\^]%\^no_1cig?fMb nob k�h{\d]
�Eb�hihib c�hiZVaMkUt�g>c�h�Z1bvÎ`\^cp\^q$Z1rdb+hlq aM]ib�±�hiZ1b¿�©ì�íÂc�a4h�\^g8\^]�aMcig>m�k1eT�Hç8�Pb+h�wÆb b+k³hiZ1b
b cpcig>cÅg>��h�aM\^k�b ejw�\dhiZ

h0 =
1

512

a�k1e
l? = 0

aMk1eÌh�Z�bo]iaMnobob+cicpg>cÅg>��h$a�\^k1b+eÌw�\�h�Z
h0 =

1

128

aMk1e
l? = 2

�
º`]�\^kÌh�Z1boÎ`\dci\dq$Z1r^b�hÅq:aM]pb � ¹â\^}1� � �	��a>�`b kVaM��r^b ]�m1]Åh�gsq g>k�q r^m�e1b|h�ZVa�h�ÎÄÎ!Ñ \dhib c�aH®
h�\dg>k1]!aMcpblk1gMhÅcpb æ	m1\dcib e´t�gMc`h�Z1b|b¦Ð0h�b cp\^g>c`\^k�h�b+cptOaMq+b

Σext
h

�ÝY[Z�b|cib r^a�h�\�f>b��©ì�í²hi\^nob
\^]Änog>cpb|\^no_1cig?f>b+eÕ�O]pb b�Yâa��1r^boç�aMk1eË¹â\d}1� � �	�O�V�i���ÛY[Z1bo�©ì�í÷hi\^noblc�a4h�\^g{cib:a�q$Z1b ]
� ç|�Eb�h�w.b+b k´h�Z�b�]iaMn%b�b cpcig>c(g>��h�aM\^k�b esb \dhiZ1b c[w�\�h�Z

h0 =
1

512

aMk�e
l? = 0

gMc�w�\�h�Z
h0 =

1

128

a�k1e
l? = 2

��ózg?wÆb+fMb c � b+fMb k°rdg5g>Ô	\dk1}sa�hÅh�Z1bocib+]im1r�h�]�\^kÌh�b cpn»gMt��©ì�í
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1/41/81/161/321/641/1281/2561/512
discretization step

10−3

10−2

10−1

100

||u−uh||/||u||
Relative L2 error norms versus h

Robin diffusion problem − Global epsilon 

Exterior interface => slope=0.85
Cut interface => slope =0.6

Ó¬À5Ú��mÌ¯È[Î;ÀFÌ7Ç�È[ÂoÂ}Ã�Çc¼oº¯È[Ä?Å9º�¼o¹
εh
Õ

1/41/81/161/321/641/1281/2561/512
discretization step

10−3

10−2

10−1

100

||u−uh||/||u||
Relative L2 error norms versus h

Robin diffusion problem − Local epsilon (with local measure only)

Exterior interface
Cut interface

ÓgÎXÚ�eAÈ�Ç�ÀFÌQÇ�È[ÂoÂ}Ã�Çc¼oº¯È[Ä
εK

Å9º�¼o¹ È[½�¼TÇ�È[ÂoÂ}Ã�Çc¼oº¯È[Ä�ÈFÊ
Σl,K

Õ

÷ º�Ï�½�Â}Ã"�^��Õ£Ø/È[ÄkÐ5ÃcÂoÏ5ÃcÄ Ç�ÃTÊ¬È[Â�¼o¹ Ã L2 âDÄ È[ÂoÉïÈFÊw¼o¹ Ã�¾£º¯»}ÇcÂ}Ãc¼oº�ð�ÀF¼oº¯È[ÄËÃcÂoÂ}È[Â!Å9º�¼o¹
h
ÈFÊw¼o¹ Ã

(R)Ô�Õ×Ö�ÕÙØmÕkÉ�Ãc¼o¹ È�¾JÊ¬È[Â�¼o¹ Ã�ÜTÈ[Î�º�Ä�Í�Â}È[Î�Ì¯ÃcÉ Å9º�¼o¹
Σext

h

È[Â
Σcut

h

Û[Ï�Ì¯È[Î;ÀFÌXÇ�È[ÂoÂ}Ã�Çc¼oº¯È[Ä+ÀFÄ ¾sÌ¯È�Ç�ÀFÌ
Ç�È[ÂoÂ}Ã�Çc¼oº¯È[Ä?Å9º�¼o¹ È[½�¼�Ã3Ñ�¼}ÃcÄ »}º¯È[Ä"ÈFÊ�¼o¹ Ã�Ì¯È�Ç�ÀFÌA»o½�Â�ÊDÀ[Ç�Ã

Σl,K
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1/41/81/161/321/641/1281/2561/512
discretization step

10−3

10−2

10−1

100

||u−uh||/||u||
Relative L2 error norms versus h

Robin diffusion problem − Local epsilon

Exterior interface => slope= 0.98
Cut interface => slope= 0.96

÷ º�Ï�½�Â}Ãs�P £Õ!Ø/È[ÄkÐ5ÃcÂoÏ5ÃcÄ Ç�ÃËÊ�È[ÂJ¼o¹ Ã L2 âDÄ È[ÂoÉ ÈFÊm¼o¹ ÃË¾£º¯»}ÇcÂ}Ãc¼oº�ð�ÀF¼oº¯È[Ä ÃcÂoÂ}È[ÂsÅ9º�¼o¹
h
ÈFÊT¼o¹ Ã

(R)
Ô�Õ×Ö�ÕÙØmÕ�É�Ãc¼o¹ È�¾+Ê¬È[Â9¼o¹ Ã�Ü�È[Î�º�ÄÁÍ�Â}È[Î�Ì¯ÃcÉ Å9º�¼o¹

Σext
h

È[Â
Σcut

h

Û£Ì¯È�Ç�ÀFÌ7Ç�È[ÂoÂ}Ã�Çc¼oº¯È[Ä?Å9º�¼o¹
Ã3Ñ£¼}ÃcÄ »oº¯È[Ä"ÈFÊ.¼o¹ Ã�Ì¯È�Ç�ÀFÌQ»o½�Â�Ê¬À[Ç�Ã

Σl,K
Õ

à7á ´Pâkµ±ã}ä;µÉãÏåß´Pâ�µÑæK¶�·×â
Σext

h
H

H
H

H
HH

l?
h0 1/4 1/8 1/16 1/32 1/64 1/128 1/256 1/512

0 3.90 10−3 3.90 10−3 5.86 10−3 3.71 10−2 2.81 10−1 7.43 100 8.04 101 5.89 102

1 4.29 10−2 9.77 10−2 2.13 10−1 6.76 10−1 2.33 100 2.17 101 1.77 102

2 2.22 10−1 4.92 10−1 9.04 10−1 3.44 100 9.84 100 5.17 101

3 7.66 10−1 1.55 100 3.05 100 1.19 101 4.01 101

çyèA´(ãÏåß´PâkµÐæ<¶�·[â
Σcut

h
H

H
H

H
HH

l?
h0 1/4 1/8 1/16 1/32 1/64 1/128 1/256 1/512

0 1.95 10−3 1.95 10−3 5.86 10−3 3.71 10−2 2.89 10−1 7.22 100 7.72 101 6.18 102

1 3.90 10−2 9.77 10−2 2.07 10−1 6.44 10−1 2.17 100 2.20 101 1.83 102

2 2.13 10−1 4.04 10−1 8.77 10−1 2.84 100 9.67 100 4.08 101

3 6.56 10−1 1.50 100 3.75 100 9.86 100 4.01 101

¸�ÀFÎ�Ì¯Ã
~
Ø�#Jé¨¼oº�É�ÃmÓgº�Ä�»}Ã�Ç�È[Ä ¾�»3Ú�Å9º�¼o¹WÂ}Ã�»}ÍßÃ�Çc¼A¼}È

h0
ÀFÄ ¾

l?
Ê�È[Â7¼o¹ Ã

(R)
Ô�Õ×Ö�ÕÙØmÕ�É�Ãc¼o¹ È�¾jÇ�È[ÉWÎ�º�Ä Ã�¾

Å9º�¼o¹Á¼o¹ Ã ÷ �oØ!â<Ô�Ö�Ø »}È[Ì�Ð5ÃcÂ
Ê¬È[Â9¼o¹ Ã�ÜTÈ[Î�º�ÄÁ¾£ºÒñß½ »oº¯È[Ä"Í�Â}È[Î�Ì¯ÃcÉÁÕ

Í é

ha
l-0

02
74

47
5,

 v
er

si
on

 1
 - 

18
 A

pr
 2

00
8



1/41/81/161/321/641/1281/2561/512
discretization step

10−3

10−2

10−1

100

||u−uh||/||u||
(R) E.B.C. method + FIC−EBC solver + DDM

Robin diffusion problem − Local epsilon − Ext. interface 

without refinement − l* = 0
2 levels − l* = 1
3 levels − l* = 2
4 levels − l* = 3

Ó¬À5Ú/Ô.Ñ£¼}ÃcÂoº¯È[Â�º�Ä�¼}ÃcÂ�Ê¬À[Ç�Ã
Σext

h

Õ

1/41/81/161/321/641/1281/2561/512
discretization step

10−3

10−2

10−1

100

||u−uh||/||u||
(R) E.B.C. method + FIC−EBC solver + DDM

Robin diffusion problem − Local epsilon − Cut interface 

without refinement − l* = 0
2 levels − l* = 1
3 levels − l* = 2
4 levels − l* = 3

ÓgÎXÚ�Ø0½�¼9º�Ä�¼}ÃcÂ�Ê¬À[Ç�Ã
Σcut

h

Õ

÷ º�Ï�½�Â}Ã��P¡£ÕAØ/È[ÄkÐ5ÃcÂoÏ5ÃcÄ Ç�ÃJÊ¬È[ÂT¼o¹ Ã L2 âDÄ È[ÂoÉ ÈFÊ0¼o¹ Ãj¾£º¯»eÇcÂ}Ãc¼oº�ð�ÀF¼oº¯È[Ä�ÃcÂoÂ}È[Â,Å9º�¼o¹
h0

Ê¬È[Âm¼o¹ Ã
Ç�È[É�Î�º�Ä;ÀF¼oº¯È[Ä-ÈFÊ�¼o¹ Ã

(R)
Ô�Õ×ÖmÕÙØmÕ/É�Ãc¼o¹ È�¾ Å9º�¼o¹ ¼o¹ Ã ÷ �oØ!â<Ô�Ö�Øò»}È[Ì�Ð5ÃcÂ�Ê�È[Â�¼o¹ ÃáÜ�È[Î�º�Ä

¾£ºÒñ�½ »oº¯È[ÄÁÍ�Â}È[Î�Ì¯ÃcÉæÅ9º�¼o¹�ÀjÌ¯È�Ç�ÀFÌ7Ç�È[ÂoÂ}Ã�Çc¼oº¯È[Ä
εK
Õ

Í>ï
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10−3 10−2 10−1 100 101 102 103

CPU time (s)

10−3

10−2

10−1

100

||u−uh||/||u||
(R) E.B.C. method + FIC−EBC solver + DDM 

Robin diffusion problem − Local epsilon − Ext. interface

without refinement − l* = 0
2 levels − l* = 1
3 levels − l* = 2
4 levels − l* = 3

Ó¬À5Ú/Ô.Ñ£¼}ÃcÂoº¯È[Â�º�Ä�¼}ÃcÂ�Ê¬À[Ç�Ã
Σext

h

Õ

10−3 10−2 10−1 100 101 102 103

CPU time (s)

10−3

10−2

10−1

100

||u−uh||/||u||
(R) E.B.C. method + FIC−EBC solver + DDM 

Robin diffusion problem − Local epsilon − Cut interface

without refinement − l* = 0
2 levels − l* = 1
3 levels − l* = 2
4 levels − l* = 3

ÓgÎXÚ�Ø0½�¼9º�Ä�¼}ÃcÂ�Ê¬À[Ç�Ã
Σcut

h

Õ

÷ º�Ï�½�Â}Ã$%Z££Õ�Ø/È[Ä�Ð5ÃcÂoÏ5ÃcÄ Ç�ÃjÊ�È[Âm¼o¹ Ã L2 âDÄ È[ÂoÉòÈFÊ�¼o¹ Ãj¾£º¯»}ÇcÂ}Ãc¼oº�ð�ÀF¼oº¯È[Ä�ÃcÂoÂ}È[ÂmÅ9º�¼o¹�Ø�#Jé ¼oº�É�Ã
Ê¬È[Â�¼o¹ ÃÁÇ�È[É�Î�º�Ä;ÀF¼oº¯È[Ä ÈFÊ�¼o¹ Ã

(R)
Ô�Õ×Ö�ÕÙØmÕ�É�Ãc¼o¹ È�¾>Å9º�¼o¹ä¼o¹ Ã ÷ �oØ!â<Ô�Ö�Ø »}È[Ì�Ð5ÃcÂ�Ê�È[Âs¼o¹ Ã

ÜTÈ[Î�º�ÄÁ¾£ºÒñß½ »oº¯È[Ä"Í�Â}È[Î�Ì¯ÃcÉÁÕ
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h�\dn%b � h�Z�b!n%b�h�Z1g0evw�\dhiZ¿hiZ1b!q m5h�\^k�h�b+cptOaMq+b
Σcut

h

aMk1esÎÄÎÄÑî\�h�b cia�h�\dg>k1]©\d].h�Z�b!n%g>]�h
aMq q+m1c�a4h�bÅ\^k�h�Z�b�Þ�g>�1\dk�q:aM]pbM�

à7á ´Pâkµ±ã�äXµÉãÏåß´PâkµÐæ<¶�·[â
Σext

h

Ó ÷ �oØ!â<Ô�Ö�Ø »}È[Ì�Ð5ÃcÂ�Å9º�¼o¹ È[½�¼Tà�à�záÚ
H

H
H

H
HH

l?
h0 1/4 1/8 1/16 1/32 1/64 1/128 1/256 1/512

0 3.90 10−3 3.90 10−3 5.86 10−3 3.71 10−2 2.81 10−1 7.43 100 8.04 101 5.89 102

1 7.81 10−3 2.34 10−2 5.27 10−2 2.32 10−1 1.40 100 2.11 101 1.73 102

2 3.71 10−2 7.42 10−2 1.72 10−1 5.25 10−1 1.91 100 2.40 101

3 9.57 10−2 1.62 10−1 5.21 10−1 1.17 100 3.60 100

¸�ÀFÎ�Ì¯Ãy�
Ø�#Jé¨¼oº�É�ÃmÓgº�Ä�»}Ã�Ç�È[Ä ¾�»3Ú�Å9º�¼o¹WÂ}Ã�»}ÍßÃ�Çc¼A¼}È

h0
ÀFÄ ¾

l?
Ê�È[Â7¼o¹ Ã

(R)
Ô�Õ×Ö�ÕÙØmÕ�É�Ãc¼o¹ È�¾jÇ�È[ÉWÎ�º�Ä Ã�¾

Å9º�¼o¹�¼o¹ Ã ÷ �oØ!â<Ô�Ö�Ø�»eÈ[Ì�Ð5ÃcÂTÅ9º�¼o¹ È[½�¼,à�à�z º�¼}ÃcÂeÀF¼oº¯È[Ä »mÊ�È[ÂT¼o¹ Ã�ÜTÈ[Î�º�Ä?¾£ºÒñ�½ »oº¯È[Ä?Í�Â}È[Î�Ì¯ÃcÉ
Å9º�¼o¹

Σext
h

Õ
D�ECF$GAHJI�MEY[Z1b�q g>k�fMb ci}Mb k1q+blcib+]im1r�h�]�t�g>c[h�Z1b

L∞ ®�k1g>cpnãaMcpb�]p\^no\^r^aMc.h�g�h�Z�g>]ib�_1cib¦®
]ib+k	hib ejt�g>c(h�Z1b

L2 ®¸k1g>cin ��]ib b�h�Z1blq+m1cpfMb ]Å_1rdgMhihib e8t�gMc`q gMk	fMb q�h�\^gMk5®�e1\�áÛm�]i\^gMk´_1cigM�5®
r^b+n%][\dk¿hiZ1b!k1b¦Ð5hz]ib+q+hi\^g>kê�¦±

‖ũ− uh‖L∞(Ω̃h) = O(hl?)aMk1e
‖ũ− uh‖L∞(Ω̃h) = O(h0)

w�Z1b+k8hiZ1bÅcib ]p\^e1m1aMrÝ]ph�aM}>kVa4h�\^gMksb+cicpg>c[\^][cpb:aMq$Z1b+eÝ�

� ß 3 ß � �Æ«4­Q6M�$¨�ªO¢"«4­Q���M¢ Y� 	¬�¢"«4­��P¤�«M� £^����¬
���})��dø��OA �¿NOF4NOL�ü@*Oû�D�ÿ�FHGC¢�*�û0SY[Z1b�q g>k�f>b+q+hi\^g>k5®¸e1\dáEm1]p\^g>k¿Î`\dci\dq$Z1r^b�h�_1cig>��r^b n \^][q+g>k1]i\de1b cpb e8aM][t�g>r^rdg?w�]



























−4ũ+ div(ṽũ) = 4
\^k

Ω̃,
∂ũ

∂n
= 0

gMk
Γ̃,

ũ = uD = 0
gMk

Σ,

w�\dhiZ
ṽ =

r

2
e
r

w�Z1b+cib
r =

√
x2 + y2

aMk1e
e
r

\^]©h�Z�b�ciaMe1\^aMrÛm1k�\dh[f>b+q+hig>c �
Y[Z1b�aMkVaMr��0hi\^qÄ]pg>r^m5h�\^gMk�gMt�hiZ1\^][_�cig>�1rdb n \^]!±

ũ = 4 (1 − exp(
r2 − 1

4
))

\^k
Ω̃.

Y[Z1b�aM]i]pg5q+\
a�hib e�xVq�h�\dhi\^g>m�][_1cig>��r^b n
(P)

\^][]pg>rdfMb esm1]i\dk1}�b \�h�Z1b+c©h�Z1b
(D1)

g>c
(D2)�[���`���½nob+hiZ1g0eU��]ib+b�Y�aM�1rdb|�H����Y[Z1b�t�gMr^r^g?w�\dk1}�cpb ]im�rdh�]�ZVa:fMb��Pb b+k8_Pb c�t�g>cinob e�w�\�h�Z
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1/41/81/161/321/641/1281/2561/512
discretization step

10−3

10−2

10−1

100

||u−uh||/||u||
(R) E.B.C. method + FIC−EBC solver
Robin diffusion problem  − Local epsilon − Ext. interface

without refinement − l* = 0
2 levels − l* = 1
3 levels − l* = 2
4 levels − l* = 3

Ó¬À5Ú
Ô�ÂoÂ}È[Â�Ð5ÃcÂ}»o½ »
h0
Õ

10−3 10−2 10−1 100 101 102 103

CPU time (s)

10−3

10−2

10−1

100

||u−uh||/||u||
(R) E.B.C. method + FIC−EBC solver
Robin diffusion problem  − Local epsilon − Ext. interface

without refinement − l* = 0
2 levels − l* = 1
3 levels − l* = 2
4 levels − l* = 3

ÓgÎXÚ/Ô%ÂoÂ}È[Â�Ð5ÃcÂ}»}½ »mØ�#Jé ¼oº�É�Ã�Õ

÷ º�Ï�½�Â}Ã&%Ã��Õ Ø/È[ÄkÐ5ÃcÂoÏ5ÃcÄ Ç�Ã,Ê¬È[Â/¼o¹ Ã L2 âDÄ È[ÂoÉæÈFÊ7¼o¹ Ã�¾£º¯»}ÇcÂ}Ãc¼oº�ð�ÀF¼oº¯È[Ä"ÃcÂoÂ}È[Â/Ê�È[Â
¼o¹ Ã�Ç�È[ÉWÎ�º�Ä;À�â
¼oº¯È[Ä)ÈFÊ
¼o¹ Ã

(R)
Ô�Õ×Ö�ÕÙØmÕwÉ�Ãc¼o¹ È�¾�Å9º�¼o¹�¼o¹ Ã ÷ �oØ!â<Ô�Ö�Ø »}È[Ì�Ð5ÃcÂ�Å9º�¼o¹ È[½�¼�àmà�z º�¼}ÃcÂeÀF¼oº¯È[Ä »

Ê¬È[Â9¼o¹ Ã�Ü�È[Î�º�ÄÁ¾£ºÒñ�½ »oº¯È[ÄÁÍ�Â}È[Î�Ì¯ÃcÉ Å9º�¼o¹
Σext

h

Õ
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η = 10−12 h�g¿g>��h�aM\^kja�k1b+}>r^\d}>\^��r^b�n%g0e1b rdr^\dk1}%b+cicpg>c!q g>no_VaMcpb e´hig¿hiZ1b|e1\d]iq cpb+hi\^Ø:aH®
h�\dg>k�b cicpg>c ��ºz]Æ\dk|h�Z1b�e1\�áÛm1]p\^g>k�q aM]ib � hiZ1b�h�w.g�Î`\^cp\^q$Z1rdb+hu�[���`���`�	nob+hiZ1g5e�]Æa�cib��Eg�h�Z
xVci]�hp®¸g>cie1b+c.nob+hiZ1g5e�]Æt�g>cuh�Z1b

L2 ®¸k1g>cpn a�k1evr^b aMe%hig�h�Z�b`]�a�n%bzb cicpg>ci]Ä�O]pb bÅ¹â\d}1� �>� �¦�
º`ksaMeVa�_�h�\�f>bÄnob ]pZscpb+xVk�b nob k�h�\^]©_Pb c�t�g>cinob e¿a�cig>m1k�e¿hiZ1bÄ\dn%nob cp]ib e�\dk�h�b c�tOaMq bzt�g>c
h�Z1b

(D1)
�[���z���`�1nob+hiZ1g0eÝ��ºz]©]iZ1g?w�k¿\^kv¹â\^}1� � Í � h�Z�b (D1)

�[���z���`�1nob+hiZ1g0evq g>n|®
�1\^k�b ejw�\dhiZÌhiZ1bo¹âÓ��u®,���[� aMr^}Mg>ci\�h�Z1n \^]ÅavxVcp]ph�®�g>cpe1b cÅnob+h�Z�g5ejt�g>c`hiZ1b

L2 ®�k1g>cpn8�
ózg?wÆb+f>b+c[t�g>c.h�Z�bÄq m�h�\dk�h�b c�tOaMq bzw�\dh�Z�Ù�r^b+fMb rd]Å�

l? = 3
� � al]ph�aM}>kVa4h�\^gMk�aM_1_Pb:aMcp] ±0h�Z1b

b cpcig>c�e1m1b[higÅhiZ1b�k1g>k5®¸cib�xVk1b e%Ø g>k�b(g�tEhiZ1b�g>ci\d}>\^kVa�r5e1gMn{aM\dk|\^]�cpb:aMq$Z1b+eÝ�0ózb+k1q b � hiZ1bq g>n��1\^kVa4h�\^gMk%gMt�hiZ1b!�[���`���`�5n%b�h�Z1g0e�aMk�e{h�Z1bÄ¹âÓ��u®,���[�Á]igMrdf>b+cÆf�aMcp\^b ]Ær^\dÔMb O(hl?)m1k�h�\drÛh�Z1bÅe1\d]iq+cib+hi\^Ø a�h�\dg>k�b cpcig>c�gMtKh�Z1bÅk1gMk5®�cpb+xVk1b+e8Ø+g>k1bÅ\^][gM��h$aM\dk1b eÛ�
Ó¸tâwÆbÅr^g0g>Ô%higHw.aMcpe1][h�Z1b�b cpcig>c[g>�5h$aM\dk1b e�t�g>c©hiZ1b

L∞ ®¸k1g>cpn � wÆbÅq:aMks]ib+b�\dks¹â\^}1� � Ùh�ZVa4h!h�Z1b��Pb ZVa:f0\^g>m�c!gMtÆhiZ1b|n%a4Ðjk1gMcin b+cicpg>c!\^]!]p\^no\^r
a�c(hig¿hiZ1b|�Pb ZVa:f0\^g>m�c�g�tuhiZ1b
L2 ®�k1g>cpn b+cicpg>c �1Y[Z�b��[���`���`�Vn%b�h�Z1g0e�\^][gMt�xVcp]ph�®�g>cpe1b c©t�g>cÆh�Z1b

L∞ ®�k1gMcin � aMk�e¿hiZ1b
q g>n��1\^kVa4h�\^gMk{gMt�h�Z�b

(D1)
�[���`���`�Vnob+h�Z�g5evw�\�h�Zvh�Z�bÅ¹âÓ��u®,���[�T]ig>r�f>b+c[cib n%aM\dk1].gMt

xVci]�hp®¸g>cie1b+c[w�\dh�Z¿cpb ]i_Pb q�hzhig|h�Z1b!xVk1b+]ph(r^g0q:a�rÝ}>ci\de�e1\^]pq cpb+h�\dØ:a�hi\^g>k�]�h�b+_Ý�
Ñ8g>cpb g?f>b+c � h�Z�b!e1\^]pq cib�h�\dØ:a�hi\^g>kvg�tKhiZ1b!q gMk	fMb q�h�\dfMb!ÖVm5Ð¿n%aMÔMb+]©h�Z1bÄÎÄÎ!Ñ»\dh�b+c�a�hi\^g>k�]
k1b q+b ]p]�aMc��Ìb+f>b+kjt�g>c`h�Z�b|b�Ð0h�b+ci\^gMcÄ\^k�h�b+cptOaMq+b

Σext
h

�EY[Z1b|m1_1]�h�cpb:aMnö]iq$Z1b+n%b�n%a?�8cib¦®
æ	m1\^cpbÆh�Z�b©m1k1Ô	k1g?w�k|f�aMr^m1bÆgMtVh�Z�b©k1b \d}>Z	�EgMcâq gMk	hicig>r	f>gMr^m1nobM�4Ó¸têh�Z1\d]âq gMk	hicig>r	f>gMr^m1nob
�Eb+r^g>k�}>]�h�gÅh�Z1b(b k1r^aMci}Mb nob k�huØ g>k1b(gMt�aÅ_Va�hiq$ZvaMk�evaMrd]igÅ�Eb+r^g>k�}>]�h�g�hiZ1b(cib+x1k1b nob k�h
Ø g>k�bsg�t!aMk1g�h�Z1b+co_1a�h�q$Z � hiZ1b¿fMa�r^m1b+]|gMt`hiZ1b¿q g>k�f>b+q+hi\df>bsÖVm5Ð³q aMkRhiZ1b kÕ�Pbscpb:aMrdrd�
e1\dáEb cpb k�h:�VY[Z�\^]�n{a:�{q:aMm1]pbÅr
aMcp}>b!e1\dáEb cpb k1q+b ]�g>k¿h�Z1bÅk1b¦Ð0hzq+g�aMcp]ib c�}>cp\^e1]+�

���})��dø��dø tvGC¢âNOCRÿKFHGC¢�*�û0S
�UbÅk1g?w¾q g>k1]p\^e1b+c[h�Z1b�Þ�g>�1\^k�_�cig>�1rdb n































−4ũ+ div(ṽũ) = 16r2 \^k
Ω̃,

∂ũ

∂n
= 0

g>k
Γ̃,

−∂ũ
∂n

= ũ+ 3
g>k

Σ (αR = 1, gR = 3),

w�\dhiZ
ṽ = 2r3

e
r

w�Z1b cpb
r =

√
x2 + y2

aMk1e
e
r

\d]©h�Z1bÅciaMe1\
a�rÝm1k1\�h©f>b+q+h�gMc �
Y[Z1b�aMkVaMr��0hi\^qÄ]pg>r^m5h�\^gMk�gMt�hiZ1\^][_�cig>�1rdb n \^]!±

ũ = 2 − 5

3
exp(

r4 − 1

2
)

\^k
Ω̃.

ë5\^k�q b |meas(Ω̃h)−meas(Ω̃)| = O(h) � h�Z1b[b¦Ð�_Pb q�h�b+evaMq+q m1ciaMq+�|\d]~gMtêxVcp]php®¸g>cie�b c~t�g>c
h�Z1b

L2 ®�k1gMcins�>Ó�kv¹â\d}1� � ç � h�Z1b(q gMk	fMb cp}>b k1q+bÄgMtEh�Z1b
(R)

�[���`���`�0nob+h�Z�g5eÃ�O]pb b(YâaM��r^b
�H�Æt�g>c.h�wÆg�Ô	\^k1e1]�gMtK]pm1cptOaMq+bÅq g>cpcib q�h�\dg>k�\^][q+g>n%_1aMcib+eÝ��º }>rdg>�VaMrÛaM_1_1cpg:Ð�\dn{a4h�\^gMk{gMt
h�Z1b�q$ZVaMciaMq+hib cp\^]phi\^qÅ_VaMciaMnob+h�b+c

εh
�O]pb b���æP�â� � ï��i�©r^b aMe1][h�g%aMkÃaM]p�0no_�h�gMhi\^q!]�h$aM}>k1a4®

h�\dg>kÌgMt.hiZ1b�b cicpg>c�aMk1eÌh�Z1b+k¯hiZ1box1ci]ph�®�g>cpe1b cÅ_1cpb q+\^]i\dg>kË\^]!r^gM]ph:���·\�h�ZËaMk¯aMq q+m1c�a4h�b
r^g0q:aMrPq gMcicib+q+hi\^g>kË��]ib bÅ��æê��� � è��i� � hiZ1bÅaM]p�0no_�h�g�h�\^q aMr^r��|xVci]�hp®¸g>cie1b+c[aMq+q m1ciaMq+�{\^].hiZ1b k

Ù �
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1/41/81/161/321/641/1281/2561/512 discretization step
10−4

10−3

10−2

10−1

100
||u−uh||/||u||

Relative L2 error norms versus h
Dirichlet convection−diffusion problem − Surface penalty

Exterior interface => slope = 0.9
Cut interface  => slope = 0.9

Ó¬À5Ú
(D1)

Ô�Õ×Ö�ÕÙØmÕ�É�Ãc¼o¹ È�¾wÕ

1/41/81/161/321/641/1281/2561/512
discretization step

10−4

10−3

10−2

10−1

100
||u−uh||/||u||

Relative L2 error norms versus h
Dirichlet convection−diffusion problem − H1 exterior volume penalty

Exterior interface => slope = 0.9
Cut interface  => slope = 0.9

ÓgÎXÚ
(D2)

Ô�Õ×Ö�ÕÙØmÕ�É�Ãc¼o¹ È�¾wÕ

÷ º�Ï�½�Â}ÃÉ%Z%£Õ.Ø/È[ÄkÐ5ÃcÂoÏ5ÃcÄ Ç�Ã�Ê¬È[ÂW¼o¹ Ã L2 âDÄ È[ÂoÉ$ÈFÊ9¼o¹ Ã�¾£º¯»}ÇcÂ}Ãc¼oº�ð�ÀF¼oº¯È[Ä>ÃcÂoÂ}È[Â�Å9º�¼o¹
h
Ê�È[Â�¼o¹ Ã

àmº�Âoº¯Ç}¹�Ì¯Ãc¼mÇ�È[ÄkÐ5Ã�Çc¼oº¯È[Ä£â<¾£ºÒñ�½ »oº¯È[Ä�Í�Â}È[Î�Ì¯ÃcÉ Å9º�¼o¹
Σext

h

È[Â
Σcut

h

Õ
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1/41/81/161/321/641/1281/2561/512
discretization step

10−4

10−3

10−2

10−1

100
||u−uh||/||u||

(D1) E.B.C. method + FIC−EBC solver + DDM
Dirichlet convection−diffusion problem − Ext. interface

without refinement − l* = 0
2 levels − l* = 1
3 levels − l* = 2
4 levels − l* = 3

Ó¬À5Ú/Ô.Ñ£¼}ÃcÂoº¯È[Â�º�Ä�¼}ÃcÂ�Ê¬À[Ç�Ã
Σext

h

Õ

1/41/81/161/321/641/1281/2561/512
discretization step

10−4

10−3

10−2

10−1

100
||u−uh||/||u||

(D1) E.B.C. method + FIC−EBC solver + DDM
Dirichlet convection−diffusion problem − Cut interface

without refinement − l* = 0
2 levels − l* = 1
3 levels − l* = 2
4 levels − l* = 3

ÓgÎXÚ�Ø0½�¼9º�Ä�¼}ÃcÂ�Ê¬À[Ç�Ã
Σcut

h

Õ

÷ º�Ï�½�Â}Ã�%Zx£ÕAØ/È[ÄkÐ5ÃcÂoÏ5ÃcÄ Ç�ÃJÊ¬È[ÂT¼o¹ Ã L2 âDÄ È[ÂoÉ ÈFÊ0¼o¹ Ãj¾£º¯»eÇcÂ}Ãc¼oº�ð�ÀF¼oº¯È[Ä�ÃcÂoÂ}È[Â,Å9º�¼o¹
h0

Ê¬È[Âm¼o¹ Ã
Ç�È[É�Î�º�Ä;ÀF¼oº¯È[Ä�ÈFÊ.¼o¹ Ã

(D1)
Ô�Õ×ÖmÕÙØmÕ;É�Ãc¼o¹ È�¾ÁÅ9º�¼o¹Á¼o¹ Ã ÷ ��Ø!â<Ô!Ö9Ø »}È[Ì�Ð5ÃcÂ9Ê¬È[Â9¼o¹ Ã�àmº�Âoº¯Ç}¹�Ì¯Ãc¼

Ç�È[Ä�Ð5Ã�Çc¼oº¯È[Ä£â<¾£ºÒñß½ »oº¯È[Ä�Í�Â}È[Î�Ì¯ÃcÉÁÕ
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1/41/81/161/321/641/1281/2561/512
discretization step

10−4

10−3

10−2

10−1

100
max |u−uh|

(D1) E.B.C. method + FIC−EBC solver + DDM
Dirichlet convection−diffusion problem − Ext. interface

without refinement − l* = 0
2 grids − l* = 1
3 grids − l* = 2
4 grids − l* = 3

Ó¬À5Ú/Ô.Ñ£¼}ÃcÂoº¯È[Â�º�Ä�¼}ÃcÂ�Ê¬À[Ç�Ã
Σext

h

Õ

1/41/81/161/321/641/1281/2561/512
discretization step

10−4

10−3

10−2

10−1

100
max |u−uh|

(D1) E.B.C. method + FIC−EBC solver + DDM
Dirichlet convection−diffusion problem − Cut interface

without refinement − l* = 0
2 grids − l* = 1
3 grids − l* = 2
4 grids − l* = 3

ÓgÎXÚ�Ø0½�¼9º�Ä�¼}ÃcÂ�Ê¬À[Ç�Ã
Σcut

h

Õ

÷ º�Ï�½�Â}Ãy%Ð~ ÕßØ/È[ÄkÐ5ÃcÂoÏ5ÃcÄ Ç�ÃWÊ�È[Â�¼o¹ Ã L∞ âDÄ È[ÂoÉ ÈFÊ%¼o¹ Ã�¾£º¯»}ÇcÂ}Ãc¼oº�ð�ÀF¼oº¯È[Ä�ÃcÂoÂ}È[Â�Å9º�¼o¹
h0

Ê¬È[Â9¼o¹ Ã
Ç�È[É�Î�º�Ä;ÀF¼oº¯È[Ä�ÈFÊ.¼o¹ Ã

(D1)
Ô�Õ×ÖmÕÙØmÕ;É�Ãc¼o¹ È�¾ÁÅ9º�¼o¹Á¼o¹ Ã ÷ ��Ø!â<Ô!Ö9Ø »}È[Ì�Ð5ÃcÂ9Ê¬È[Â9¼o¹ Ã�àmº�Âoº¯Ç}¹�Ì¯Ãc¼

Ç�È[Ä�Ð5Ã�Çc¼oº¯È[Ä£â<¾£ºÒñß½ »oº¯È[Ä�Í�Â}È[Î�Ì¯ÃcÉÁÕ
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�0\^b rde1b e�t�g>c�h�Z1b
L2 ®�k1gMcinµb+cicigMc ���.g>no_VaMcib+e�higze1\�áÛm�]i\^gMk�_1cpg>�1rdb no] � h�Z�b©aM]��5no_�higMh�\dq

]ph�aM}>kVa�hi\^g>k�g�t�hiZ1bÄf�aMci\^aMk�h�\^k�f>g>r�f0\^k1}�a|}>rdg>�VaMr
εh

a�_1_Eb aMci][b aMcird\^b+c � t�cpg>n hiZ1b
8 × 8n%b+]iZËt�g>c�hiZ1b{q+m�h�\^k�h�b+cptOaMq+b

Σcut
h

�K¹êgMc�Þ�g>�1\dkT��g>cÅk1g>k°Z1gMn%g>}Mb k1b+g>m1] Ü b m�n{aMk�kê�
_1cigM�1r^b+n%] � a|r^g0q:aMrEq g>cpcib q�h�\dg>k8\d]©h�Z	m1]�cib+æ	m1\^cpb e¿h�g�ÔMb+b _8hiZ1b!xVci]�hp®¸g>cie1b+c�n%b�h�Z1g0eÝ�
ºµnlm1r�h�\�®�r^b�f>b+rEa�r^}>g>cp\dhiZ1n w�\dhiZvr^g0q:aMrPk1b+]ph�b+e¿_Va�h�q$Z�b ]�aMcpg>m1k1evhiZ1b!\^non%b+ci]pb e{\dk�h�b c,®
tOaMq b�\^](_Pb cpt�gMcinob e¿w�\dh�Z¿h�Z�b�nob+h�Z�g5es\^k�f>gMrdf0\^k1}oaor^g0q:aMr�]pm1cptOaMq+b�q+g>cicpb q�h�\^gMkÝ�êº`](\^k
h�Z1b�Î`\dci\dq$Z1r^b�h�q:aM]pb � h�Z�b�¹âÓ��u®����[�½]pg>rdfMb c�cib+e1m1q b+](hiZ1b�g>ci\d}>\^kVa�rEq+g�aMci]pbÅb cicpg>c�m1k�h�\dr
h�Z1bo]ph�aM}>kVa4h�\^gMkËe�m1bohigshiZ1bo}>r^g>�1aMrâb+cicigMc�\dkÌhiZ1bok1g>k5®¸cib+x1k1b e¯Ø g>k1bÃ�O]pb b%¹â\^}�� � è��¦�Y[Z1b k � hiZ1b�q+g>nl�1\dkVa�hi\^g>k�gMt�h�Z1b��[���z���`�ênob+h�Z�g5e¿w�\dhiZshiZ1b�¹�Ó��u®,���[�¼]pg>rdfMb c(r^b:a�e1]
h�gËaÌq g>k�f>b+ci}>b+k1q bst�g>clh�Z�b

L2 ®¸k1g>cpn \^k O(hl?)
a�]ordg>k1}ÌaM]|hiZ1b¿n%g>]�h�\^no_EgMcph$a�k	h

b cpcig>c[cpb n%aM\^k1]�a�cig>m1k�eshiZ1b!\^non%b+ci]pb e¿�EgMm1k1eVaMc��>�
Y[Z1b´n%a4ÐÕk1g>cpn q+g>k�f>b+ci}>b+k1q bjgMt!hiZ1bÃb+cicpg>c{g>�5h$aM\dk1b eÕw�\dh�ZRh�Z1b8q g>nl��\^kVa�hi\^g>kÕgMt
(R)

�[���`���`�1n%b�h�Z1g0e¿aMk1e�hiZ1bÅ¹âÓ��u®,���[�T]igMrdf>b+c[\^][a�r^]ig�gMt�x1ci]ph�gMcie1b+c � ]pb b�¹â\d}1� �Mé �¹Vg>c�h�Z�bsq+m�hoaM_1_�cig:Ð5\^n%a�h�bv\dk�h�b c�tOaMq b � h�Z�bs]iaMnobv]ph�aM}>kVa�hi\^g>k³a�]lt�g>clh�Z1b
L2 ®¸k1g>cinaM_1_Pb:aMcp] �5Y[Z1b`n%a4Ð%k1g>cpn b+cicpg>c.\d]Æh�Z�b kvq+g>k�h�cigMr^r^b+e{�Pb`h�Z�b`n%a4Ð%k1g>cinÇb+cicigMc.gMtÝhiZ1b

k1g>k5®¸cib�xVk1b esØ gMk1bM�

� ß v �Ý�$¨$«4­P�%ª��$¬�ªJ�P¤�«M� £^���c�~��¨$«4¤�­Û��¤��0«4�o�M¢X­

�Ub(k1g?wTq+g>k1]i\de1b cÆaMk%g>ci\d}>\^kVa�r�_Pg>rd�0}>g>k1aMrVe1g>n%aM\^k
Ω̃

\dn%nob cp]ib+eo\dkohiZ1b`m�k1\dhu]iæ	mVa�cib
Ω = ]0, 1[×]0, 1[

�VY[ZVa�hÄe�b+xVk1b+]Äaoq g>cpk1b cz\^non%b+ci]ib+e8\dk�h�b+cptOaMq+b
Σ = Σ1 ∪ Σ2 � ]pb b¹â\^}�� � ïV��a��¦�Eºz]Ä\^k8h�Z1blæ	mVa�cph�b+cÄe1\d]iÔsq:aM]pb¿�O]pb b|]ib+q+hi\^g>kËç5��Í�� � hiZ1b�xVq�h�\dhi\^g>m�]`]iæ	mVa�cib

e1g>n%aM\^k³\d]%nob ]pZ1b eÀw�\�h�ZÀa¯}>cp\^eÕ]ph�b+_Àf�aMcp�0\dk1}Ët�cpg>n
h =

1

4

h�g
h =

1

512

�uY[Z1b
aM_1_1cpg:Ð�\dn{a4h�b[\^nonob ci]pb eo\^k�h�b+cptOaMq+b

Σh � r��0\^k1}Åg>ko]i\de1b ]ugMtÛhiZ1b(n%b+]iZ � \d]uq$Z�g>]ib+kv]im1q$Z
h�ZVa4hl\dh�q cpg>]i]pb ]�hiZ1bv_1Z��0]i\dq:aMrÆ\^non%b+ci]pb eË\^k�h�b+cptOaMq+b

Σ � ]pb b�¹�\^}1� � ïV���ê����Y[Z1b+k � hiZ1baM_1_1cpg:Ð�\dn{a4h�b!_1Z��0]i\dq:aMr�e1gMn{aM\dkvf>b+ci\dx1b ]
meas((Ω̃ ∪ Ω̃h) \ (Ω̃ ∩ Ω̃h)) = O(h)

�
�Ub!w.aMk�h�h�go]ig>r�f>b!h�Z1b SUN�ê�û0I _�cig>�1rdb n

(P̃)















































−4ũ = 4
\dk

Ω̃,
∂ũ

∂n
= 0

g>k
Γ̃,

ũ|Σ1
= −4

3
x2 +

2√
3
x + 1

g>k
Σ1 (uD = −4

3
x2 +

2√
3
x + 1),

−∂ũ
∂n

|Σ2
= ũ|Σ2

+ 4x2 − 6x+ 1 +
√

3
g>k

Σ2 (αR = 1, gR = 4x2 − 6x+ 1 +
√

3).

w�\dhiZ¿hiZ1b�aMkVaMr��	h�\^q`]ig>rdm�h�\dg>k
ũ = 2 − (x2 + y2)

\dk
Ω̃
�

Y[Z1\^]sno\�Ð5b e½_1cigM�1r^b+n \^]s]ig>r�f>b+e¾g?f>b+c8h�Z�b¯]pæ0m1aMcib¯e1g>n%aM\^k
Ω

w�\�h�Z·h�Z1bU�����`���`�
n%b�h�Z1g0e

(D1)
g>k

Σ1,h

aMk1e¯h�Z1b{�����`���`�ânob+hiZ1g5e
(R)

g>k
Σ2,h

w�\dhiZ×a8rdg5q aMr�q g>c,®
cib+q+h�\dg>kÃ_1aMc�aMnob+hib c

εK
�Q�¯b�q gMnl�1\^k�b�hiZ1b ]pbl�[���z���`�En%b�h�Z1g0e1]�w�\dh�Zsh�Z1b�¹âÓ��u®,���[�
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1/41/81/161/321/641/1281/2561/512 discretization step
10−4

10−3

10−2

10−1

100
||u−uh||/||u||

Relative L2 error norms versus h
Robin convection−diffusion problem − Global epsilon

Exterior interface 
Cut interface 

Ó¬À5Ú��mÌ¯È[Î;ÀFÌ7Ç�È[ÂoÂ}Ã�Çc¼oº¯È[Ä?Å9º�¼o¹
εh
Õ

1/41/81/161/321/641/1281/2561/512 discretization step
10−4

10−3

10−2

10−1

100
||u−uh||/||u||

Relative L2 error norms versus h
Robin convection−diffusion problem − Local epsilon

Exterior interface => slope = 0.9
Cut interface => slope = 0.85

ÓgÎXÚ{e7È�Ç�ÀFÌAÇ�È[ÂoÂ}Ã�Çc¼oº¯È[Ä
εK
Õ

÷ º�Ï�½�Â}Ã7%Z�£Õ£Ø/È[ÄkÐ5ÃcÂoÏ5ÃcÄ Ç�ÃTÊ¬È[Â�¼o¹ Ã L2 âDÄ È[ÂoÉïÈFÊw¼o¹ Ã�¾£º¯»}ÇcÂ}Ãc¼oº�ð�ÀF¼oº¯È[ÄËÃcÂoÂ}È[Â!Å9º�¼o¹
h
ÈFÊw¼o¹ Ã

(R)Ô�Õ×Ö�ÕÙØmÕ�É�Ãc¼o¹ È�¾JÊ¬È[Â%¼o¹ Ã9Ü�È[Î�º�Ä�Ç�È[Ä�Ð5Ã�Çc¼oº¯È[Ä£â<¾£ºÒñß½ »}º¯È[Ä�Í�Â}È[Î�Ì¯ÃcÉ Å9º�¼o¹
Σext

h

È[Â
Σcut

h

Û[Ï�Ì¯È[Î;ÀFÌ
Ç�È[ÂoÂ}Ã�Çc¼oº¯È[ÄáÀFÄ ¾ËÌ¯È�Ç�ÀFÌAÇ�È[ÂoÂ}Ã�Çc¼oº¯È[Ä?Å9º�¼o¹"Ã3Ñ£¼}ÃcÄ »oº¯È[Ä"ÈFÊ.¼o¹ Ã�Ì¯È�Ç�ÀFÌ7»}½�Â�Ê¬À[Ç�Ã

Σl,K
Õ
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1/41/81/161/321/641/1281/2561/512
discretization step

10−4

10−3

10−2

10−1

100
||u−uh||/||u||

(R) E.B.C. method + FIC−EBC solver + DDM
Robin convection−diffusion problem − Local epsilon −Ext. interface

without refinement − l* = 0
2 levels − l* = 1
3 levels − l* = 2
4 levels − l* = 3

Ó¬À5Ú/Ô.Ñ£¼}ÃcÂoº¯È[Â�º�Ä�¼}ÃcÂ�Ê¬À[Ç�Ã
Σext

h

Õ

1/41/81/161/321/641/1281/2561/512
discretization step

10−4

10−3

10−2

10−1

100
||u−uh||/||u||

(R) E.B.C. method + FIC−EBC solver + DDM
Robin convection−diffusion problem − Local epsilon − Cut interface 

without refinement − l* = 0
2 levels − l* = 1
3 levels − l* = 2
4 levels − l* = 3

ÓgÎXÚ�Ø0½�¼9º�Ä�¼}ÃcÂ�Ê¬À[Ç�Ã
Σcut

h

Õ

÷ º�Ï�½�Â}Ã�%Z�£ÕAØ/È[ÄkÐ5ÃcÂoÏ5ÃcÄ Ç�ÃJÊ¬È[ÂT¼o¹ Ã L2 âDÄ È[ÂoÉ ÈFÊ0¼o¹ Ãj¾£º¯»eÇcÂ}Ãc¼oº�ð�ÀF¼oº¯È[Ä�ÃcÂoÂ}È[Â,Å9º�¼o¹
h0

Ê¬È[Âm¼o¹ Ã
Ç�È[É�Î�º�Ä;ÀF¼oº¯È[Ä-ÈFÊ�¼o¹ Ã

(R)
Ô�Õ×ÖmÕÙØmÕ/É�Ãc¼o¹ È�¾ Å9º�¼o¹ ¼o¹ Ã ÷ �oØ!â<Ô�Ö�Øò»}È[Ì�Ð5ÃcÂ�Ê�È[Â�¼o¹ ÃáÜ�È[Î�º�Ä

Ç�È[Ä�Ð5Ã�Çc¼oº¯È[Ä£â<¾£ºÒñß½ »oº¯È[Ä�Í�Â}È[Î�Ì¯ÃcÉ Å9º�¼o¹�ÀjÌ¯È�Ç�ÀFÌAÇ�È[ÂoÂ}Ã�Çc¼oº¯È[Ä
εK
Õ
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1/41/81/161/321/641/1281/2561/512
discretization step

10−4

10−3

10−2

10−1

100
max |u−uh|

(R) E.B.C. method + FIC−EBC solver + DDM
Robin convection−diffusion problem − Ext. interface

without refinement − l* = 0
2 grids − l* = 1
3 grids − l* = 2
4 grids − l* = 3

ë
ì×í�î�ïÃð´ñ�ò®ó�ô±òfó;õ9ð´ñ�ò�ö
ì±÷_ñ
Σext

h ø

1/41/81/161/321/641/1281/2561/512
discretization step

10−4

10−3

10−2

10−1

100
max |u−uh|

(R) E.B.C. method + FIC−EBC solver + DDM
Robin convection−diffusion problem − Cut interface

without refinement − l* = 0
2 grids − l* = 1
3 grids − l* = 2
4 grids − l* = 3

ë}ùiíÊúAû!ð�ó;õ9ð´ñ�ò�ö
ì±÷_ñ
Σcut

h ø
ü ó;ýZû!ò´ñyþ×ÿ

ø
ú�ô±õ��×ñ�ò®ý×ñ�õg÷_ñ"öÏô±òÊð��gñ

L∞ � õgô±ò�� ôÐö�ð��gñ��Ãó	�´÷�ò´ñ�ð®ó�
^ìÐð®ó�ô±õ ñ�ò®ò´ô±ò
��ó;ð�� h0
ö
ô±ò�ð��gñ

÷_ô��yù!ó;õWìÐð®ó�ô±õ ôÐöyð��gñ
(R)

î
ø
�
ø
ú
ø
��ñ�ð��gô�����ó;ð��,ð��gñ ü�� ú � î � ú��´ô����×ñ�ò öÏô±ò ð��gñ��fô±ù!ó;õ

÷_ô±õ��×ñ_÷�ð®ó�ô±õ � �Ãó��Nû��®ó�ô±õ��!ò´ô±ù���ñ�� ø
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Σ 1

eΓ

Σ 2

x

1

1

ΩeΩ

Ω
∼

Γ
∼

y

0

60°

60°

Ó¬À5Ú��TÂoº�Ï�º�Ä;ÀFÌ�Ç�È[ÂoÄ ÃcÂÁ¾�È[É�ÀFº�Ä-ÀFÄ ¾ Æ;Çc¼oºÒâ
¼oº¯È[½ »�»}çk½;ÀFÂ}Ã,¾�È[É�ÀFº�Ä

ÓgÎXÚ�Ø0½�¼¨ÀFÍ�Í�Â}È�Ñ£º�É�ÀF¼}Ã º�ÉJâ
É�ÃcÂ}»}Ã�¾Áº�Äk¼}ÃcÂ�ÊDÀ[Ç�Ã

÷ º�Ï�½�Â}Ã
%Z £Õ�à�Ã�»}ÇcÂoº�Í�¼oº¯È[Ä"ÈFÊ.¼o¹ Ã,Ç�È[ÂoÄ ÃcÂ�¾�È[É�ÀFº�ÄAÝ;À[»}»}È�ÇcºãÀF¼}Ã�¾�Æ;Çc¼oº�¼oº¯È[½ »�¾�È[É�ÀFº�ÄÁÉ�Ã�»}¹"ÀFÄ ¾ÀFÍ�Í�Â}È�Ñ�º�É�ÀF¼}ÃWº�ÉsÉ�ÃcÂ}»}Ã�¾Áº�Ä�¼}ÃcÂ�Ê¬À[Ç�Ã�Õ
]ig>r�f>b+c`\^k8g>cie�b czhigv\^no_1cpgHfMb�hiZ1bla�q q m�c�aMq��ÃgMtâh�Z1bl]pg>r^m5h�\^gMkÃaMcpg>m1k1e8h�Z1b�\^non%b+ci]ib+e
\^k�h�b+cptOaMq+bM�VY[Z1bÅcpb ]im�rdh�](aMcpbÅcib _Pg>c�h�b e¿\dk8¹�\^}1� � ä��Y[Z1\^]�hib ]ph�q:a�]ib�b kVa��1r^b+]�m1]�higzq+g>k1q rdm1e1b�h�Z1a�hKb+f>b+k�w�Z1b+k�hiZ1bÆ]pZVaM_Pb�gMt5hiZ1bu\^non%b+ci]ib+e
\^k�h�b+cptOaMq+b`\d]Ænog>cib(]i\dk1}>m1r^aMcz��w�\�h�Zvq+g>cik1b+ci]ut�g>c.b¦Ð1a�n%_1rdb?� � hiZ1bÄ�[���`���`��nob+h�Z�g5e%\^]u\^k
O(h)

t�g>cuh�Z1b
L2 ®�k�g>cins�	Y[Z1b k � h�Z1bÄq+g>nl�1\dkVa�hi\^g>kow�\dh�Z%h�Z1b!¹�Ó��u®,���[�T]ig>r�f>b c.r^b:a�e1]

h�g%aoq+g>k�f>b+ci}>b+k1q bl\dk O(hl?) � w�\�h�Z
l?

h�Z1bÅxVk1b+]phz}>ci\de¿r^b+fMb r � m1k�h�\^rÝhiZ1b�b cicpg>c�gMtâhiZ1b
k1g>k5®¸cib�xVk1b e%Ø g>k�b`\^]�cpb:aMq$Z1b+eÝ��Ñ8g>cib+g?f>b c � hiZ1b ]pb`cpb ]im�rdh�]uq gMk�xVcin hiZVa�huh�Z1b�xVq�h�\dhi\^g>m�]
e1g>n%aM\^k³nob+hiZ1g5eR_1cib+]ib+k	hib eT\dkÕhiZ1\^]%aMcphi\^q+r^b¿q:aMkR�Ebsm1]pb eÁw�\dhiZ1g>m�hoe1\�Ïoq m1r�h��×t�g>c
n%\�Ð5b e��Pg>m1k1eVa�cp�%q g>k1e�\dh�\dg>k1]+�5Ó�k1e�b b e � t�g>c.b aMq$Z8}Mb k1b+c�aMrE�Eg>m�k1eVaMc��vq gMk1e1\dhi\^g>k � hiZ1b]�aMnobÄ}>b+k1b cp\^qÄt�g>cpnlm1r^a�h�\dg>kow�\�h�Z¿aM_�_1cig>_�ci\
a4h�b`q+g5b�Ïoq \^b+k�h�]�\^]©m�]ib e�hig|b+f�aMr^m1a�h�b`hiZ1b
k	m1n%b+ci\dq:aMrÛÖ1m5Ð5b ] �

� ß � > ­P�M£�¥?¬�¢^¬��M­P�¿¨$«4�|�{��­VªX¬l«4­jª � �!­V 5�{��¤¦¢"¨i�M£Ý¤��$¬� 0£�ª�¬

Ó�k�aMr^r	h�Z�b[_1cib�f5\dg>m1]~b¦Ð�aMn%_�r^b ] � hiZ1b[]i_Va�q b[e1\d]iq cpb+hi\^Ø:a4h�\^gMk�b cpcig>câ\^]~k	m1nob cp\^q:a�r^rd�Ånob:aH®
]im1cpb e¼�	�·]pb+fMb c�a�r�n%aMk1k�b ci]+�[Y[Z1b

L2 ®¸k1g>cpn%]Ë��bM�É}1�[¹â\d}1�Ä�?ä��{gMc
L∞ ®¸k1g>cino]Ì��bM�É}1�

¹â\^}�� � Ù	�!gMt©h�Z�b{b cpcig>c�\^k�]i\^e�b�hiZ1bva�_1_1cig:Ð5\^n%a�hib%g>cp\^}>\dkVaMr~e�g>n{a�\^k
Ω̃h

aMcibo_1rdgMhihib e
w�\dhiZËcpb ]p_Eb+q+hÅh�gvhiZ1b�e1\^]pq cib�h�\dØ:a�hi\^g>k´]�h�b+_

h0

gMtuh�Z1b|}>rdg>�VaMrKq g>aMci]pbonob ]pZÝ�ÝY��0_1\^q aMr
e1\^]�h�cp\^�1m�hi\^g>k�]z\dk1]i\de1b

Ω̃h

g�t�h�Z1b�aM�1]igMr^m�hib�b cpcig>czq:aMrdq m1r^a�h�b+e8w�\�h�Z´g>c�w�\dhiZ1g>m�h`r^g0q:aMr
cib�xVk1b nob k�h%aMcpb�cib _�cib ]pb k�h�b+eÀ\dk³¹â\^}1�Æ� � ��Y[Z1b ]pb8k	m1nob cp\^q:a�r.cib+]im1r�h�]�b k1aM�1r^b{m1]|h�g
e1c�a:wÊh�Z1blt�g>rdr^g?w�\^k�}vq g>k�q r^m�]i\^gMk1]Ät�g>cÄe1\�áÛm�]i\^gMkjg>c!q g>k�fMb q+hi\^g>k0®�e1\�áÛm1]p\^g>kj_�cig>�1rdb no]
w�\dhiZ8Îz\^ci\dq$Z1r^b�h � Þ�g>�1\dk�g>c[no\�Ð5b e¿b n��Eb+e1e1b e8�EgMm1k1eVaMc���q gMk1e1\dhi\^g>k�] ±
• t�gMc%h�Z�b

L2 ®¸k1g>cpn a�k1eÁh�Z1b
L∞ ®¸k1g>cpn � h�Z�b´n%b+]iZTq+g>k�f>b cp}>b k�q bÌgMtÅh�Z1b´�����`���`�

nob+hiZ1g5e�]�aM]p�0no_�h�g�h�\^q aMr^r��!f�aMci\db ]~rd\^ÔMb O(h0) � w�Z1b+cib
h0

e1b k1g�h�b ]~hiZ1b[}>rdg>�VaMr0n%b+]iZ
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1/41/81/161/321/641/1281/2561/512
discretization step

10−4

10−3

10−2

10−1

100
||u−uh||/||u||

(D1) + (R) E.B.C. methods + FIC−EBC solver + DDM
Mixed diffusion problem − Local epsilon − Cut interface 

without refinement − l* = 0
2 grids − l* = 1
3 grids − l* = 2
4 grids − l* = 3

½ ª;¾Z°!²´³�À#" ºUÍ ¯±¶[Ö×³�²®¾×³�¶gÒ_³$È
¯±²7¬®­g³ L2 Ô ¶g¯±²®· ¯ÐÈA¬®­g³�ÂÃª�ÄÚÒ�²´³�¬®ª�$^§Ð¬®ª�¯±¶�³�²®²´¯±²&Å�ª;¬®­ h0
È
¯±².¬®­g³

Ò_¯±·y»!ª;¶W§Ð¬®ª�¯±¶�¯ÐÈ�¬®­g³
(D1)

§Ð¶gÂ
(R) ÁÊºÌË�ºÎÍ7º ·�³�¬®­g¯9Â!ÄfÅ�ª;¬®­�¬®­g³ ½lÓ ÍJÔ2ÁJËfÍ Ä´¯±Õ;Ö×³�²�È
¯±²{¬®­g³·�ª�%!³_Â�ÂÃªÜÛ<°gÄ®ª�¯±¶�Ý!²´¯±»!Õ�³�· ¯±¶�¬®­g³
Ò_¯±²®¶g³�²fª;·�·�³�²´Ä´³_ÂcÂ!¯±·(§Ðª;¶ º

&('�)+*-,
• .�/ )+01' / )3254768'�986:)<;=)+6?>A@CBED�F
G3BH&JI�68;=)LKM9:&N47&J)+O-P=' / )�2Q)+& /1R I=0�;=)+KCS=)+0 R )UTV) R I=2Q)+&980 O(hl?) .�/ )+KC) hl?

OW)+07I�'�)L&X' / )QO79:& R KJ)<'�9:Y+Z�'�98I=0[&C'J)+*\I�]^' / )Q68I R Z�6A_`07)+&C'aS=KJ98Ob 6cZ�&('^68)L;=)L6-I�]dKC)L_`07)+2Q)+0�'<ef,W@�0WOW)L)+O�P7' / )g&C6:I=*h)gI�]iZ�6:6j' / )g*W6:I�'C'�)LO R 4WK(;=)L& b 9:0�6:I=S�D68I=S�KC)+*WKC)+&J)L0�'fZ�'J9:I=0hek98&g0W)+Z�KJ6mlnI�0W)�oh' / )1Z RLR 4WKJZ R ln&C'J9:6:6p;�Z�KC9:)+&qZ�& O(h0)
,prsI=KJ)tD

I#;=)LK+P`' / )X)LKJKJI�KUI�T7'fZ�980W)+O . 98' / l? KJ)L_W0W)+2Q)+0�'q68)L;�)+6:&3]uKCI=2vZQS�98;=)L0wS�6:I=T`Z�6�2x)L& /&('�)+* h0
9:&dKJ)LOW4 R )+O5'�I�' / )y)LKJKJI�KzI=T?'fZ�980W)+O . 98' / I=47'iKJ)<_`0W)+2Q)+0�' b 2QI=0WI=S=KC9:O R Z�6 R 4?D6:Z�'�98I=0he . 9m' / ZUS=6:I�T`Z�6�2Q)+& / &C'J)+*5)L{|4WZ�6|'JI hl?

,�}UI . )<;=)+Kz' / ) O(hl?) R I=0�;=)LKJS=)L0 R )
/ I�6:OW&U4W0�'�986AZ�2xZ�~?9:2a4W2�0�4W25Th)+KqI�]MKJ)<_`0W)+2Q)+0�'�68)L;�)+6:&k9:&kKJ)�Z Rf/ )+O�PVI#;=)+K .�/ 9 Rf/0WI�2QI=KC)^9:2Q*WKCI�;�)+2Q)+0�'MI�]j' / )3OW9:& R KC)L'�98Y�Z�'J9:I=0X)+KCKJI=KM98&AI=TW&C)+K(;=)+O b &C)+)�>A98SW, Þ�� Z�0WO>A98SW, Þ�� et,W� / )+0�P`I=0768l�' / ) O(h0) R I=0�;=)LKJS=)L0 R )XKJ)+2xZ�980W&+,

• ' / )n&('fZ�S�0`Z�'�98I=0�I�]�' / )�)LKJKCI=K+P .�/ 9 Rf/�R Z�0�Th)nI=T7&J)+K(;=)LO .�/ )L0�' / )n0|4725TV)LK�I�]KC)L_`0W)L2x)L0�'�6:)L;�)+68&39:0 R KJ)�Z�&J)+&LP`9:&3OW47)q'�I�' / )�KC)+&C9:OW4`Z�6�OW9:& R KC)L'�98Y�Z�'J9:I=0�)+KJKCI=K39:0�' / )0WI�0?D�KC)L_`0W)LO�YLI=0W)�I�]�' / )�S=6:I�T`Z�6g2Q)+& / ,�� / 9:&�KC)+&J98OW4`Z�6�)LKJKCI=K�9:&�Z�68&JIHI�]a_WKJ&C'(DI=KCOW)+KL,-@�0WO7)+)+O-PpZ�& . )�&JI=6m;=)�)L6:6:98*7'�9 R *WKJI=T76:)+2Q&+Pj' / )�9:07�`47)+0 R )5I�]E' / )aTVI=470WO`Z�K(l
R I=0WOW9m'�9:I�0W&�9:&�;|9:&C9:TW68)�I=0�' / ) .�/ I=6:)�OWI=2xZ�980�Z�0WO R I=0W&C)+{�4W)+0�'J68l�KJ)+2xZ�980W&10WI=00W)LS=6:98S=9:T76:)�]�Z�KxZ . Z�l�]uKJI=2�' / )�TVI�4W0WO`Z�K(l=,
� / )�)LKJKJI�K�OW98&C'�KC9:TW4?'�9:I�0�980W&J98OW)s' / )Z�*7*WKJI�~?9:2xZ�'�)�I=KJ98S=9:0`Z�6^OWI=2xZ�980 R I=07_WKJ2Q&1' / 9:& R I=0 R 6:4W&C9:I=0�PA&J)+)w>A98SW,�� Þ ,A� / 47&+P' / )�OW9:& R KC)L'�98Y�Z�'J9:I=0�)LKJKCI=K�I�]a07I=0?D�KC)L_`07)+O�Y+I=0W) b .�/ 9 Rf/ OWI|)+&�0WI�' R I=0�'fZ�980�' / )982x2Q)+KC&J)+O�ThI=4W0WOWZ�KClWe�9:&sZ�6 . Z�l|&�&J*hI=9:68)+O�T�l�' / )�*VI|I=K�OW98& R KJ)L'J9:Y+Z�'�98I=0�I�]X' / )
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\dn%nob cp]ib e|\dk�h�b c�tOaMq b[���|]�h$aM\dc�q:aM]pb ] � b+f>b+k%w�\�h�Zoa!r^g0q:aMr5n%b+]iZ�cib�xVk1b nob k�h.aMcigMm1k1e
hiZ1\^]K\^non%b+ci]pb e��Pg>m1k�eVaMcp�M�9�·ZVa4h�b+fMb câhiZ1b©k	m1nl�Pb c�gMtêcib�xVk1b+n%b+k	h~r^b+fMb rd]

l?
\^] � hiZ1bcpb ]i\de1mVaMrub cpcig>c�q g>k�f>b+ci}>b+]|r^\dÔMb O(h0)

aMk1e×k1b�f>b c|rd\^Ô�b O(h2
0) � w�Z1\^q$Z³\d]�q rdb:aMcprd�

g>��]ib c�f>b+eÃ\^k�hiZ1bÅn%b+]iZsq g>k�f>b+ci}>b+k1q b�cib+]im1r�h�] �
Y[Z1b ]pb%_�cib+f0\dg>m1]Åcib+n{aMcpÔ	]�]pm1}>}>b+]phÅh�Z1a�hÅh�Z1b�e1\d]iq cpb+hi\^Ø:a4h�\^gMk´b cpcig>cÅ\^kjhiZ1boaM_1_1cpg?Ð5\�®
n{a4h�b!g>cp\^}>\dkVaMrPe1g>n%aM\^k

Ω̃h

q g>k�fMb ci}Mb ]zt�gMc©h�Z1b
L2 ®�k�g>cinÂaMk1es�	�{h�Z1bÅ]�a�n%b!w.a?�{t�g>c

h�Z1b
L∞ k�g>cin w�\dh�Z�hiZ1b!t�g>r^rdgHw�\dk1}lr^a?w

er(uh) ' c0h0 + Cl?hl?, 0 < c0 < C0 < C1 < · · · < Cl?, hl? =
h0

2l?
,

��Í>ç>�
w�Z1b cpb�hiZ1b�q+g>k1]�h$aMk�h�]

c0, Cl, 06l6l
? e1gok1gMhze1b _Pb k�e´g>k¿h�Z1b�e1\^]pq cpb+h�\dØ:a�hi\^g>k¿]�h�b _�] �

Y[Z	m1] � h�Z�bÅhib cpn
c0h0

\^]©hiZ1bÅcib ]p\^e1m1aMrÝ]ph�aM}>kVa4h�\^gMksb+cicpg>c[\^k�h�Z�b�k�g>k5®�cpb+xVk�b esØ g>k1b��
Y[Z1\^]�k	m1nob cp\^q:a�rÝb ]�h�\^n%a�hi\^g>kv]pm1non{aMcp\^Ø+b ]©h�Z�b�_�cib+f0\dg>m1]�q g>k�q r^m�]i\^gMk1] ±
• w�\�h�Z1gMm�h!cib�xVk1b+n%b+k	h{�

l? = 0
� � h�Z�b�x1ci]phÅgMcie1b+c�a�q q m�c�aMq��´w�\dhiZjcib ]p_Eb+q+h�h�g

h0

\d]
g>�5h$aM\dk1b e

er(uh) ' (c0 + C0)h0.

• w�Z�\^r^b
l?

\^][]pm�Ïoq \^b+k�h�rd�¿]pn{a�r^rÛ\dk¿g>cie1b+c©h�g�ZVa:f>b
c0h0 � Cl?hl?,

hiZ1bÅn%b+]iZ¿q g>k�fMb ci}Mb k1q+b�f�aMci\db ]�r^\dÔMb O(hl?)
�

• a�]`]ig0g>kÃaM]`h�Z�b�k	m1nl�Pb czgMt�cib�xVk1b+n%b+k	hÄr^b+fMb rd]
l?

\^](�1\^}>}Mb c�h�ZVaMk´a�ñ,]�h$aM}>k1a�h�\dg>k5ò
k	m1nl�Pb c�gMt[cpb+xVk�b nob k�hlrdb+f>b+r^]

l?stag � h�Z1b%cib+]i\^e�mVaMr�]ph�aM}>kVa�hi\^g>kËb cpcig>c�\^]Åcpb:aMq$Z1b+eÝ�
ë5g|wÆb�Z1a?fMb

Cl?hl? � c0h0, l?>l?stag,w�Z1b+cib
Cl?stag

hl?stag
' νc0h0, ν � 1.

Y[Z1b+k � t�g>c l? ��\^}>}>b+c�hiZVaMk
l?stag =

ln

(

Cl?stag

νc0

)

ln 2
� w�Z1\^q$Z×\d]|a´�Pg>m1k1e1b+e×k	m1nl�Pb c

gMt©cib+x1k1b nob k�h�r^b�f>b+r^]�\dk1e1b+_Eb+k1e1b k�h|g�t
h0 � h�Z�bv}>r^gM�VaMr�b cpcig>c

er(uh)
\^]�b æ	mVaMruh�g

hiZ1b`cpb ]i\de1mVaMrPb cpcig>c
c0h0

�0Y[Z1bÄq+g>cicpb q+hi\^g>k{gMt�h�Z1bz]ig>rdm�h�\dg>kva�cig>m1k�e{h�Z1b`\^non%b+ci]ib+e
\dk	hib c�tOaMq b�\^]~hiZ1b k%k1b }Mr^\^}M\^�1rdb.q gMn%_Va�cib e�h�gÅh�Z�b(cpb ]p\^e1mVa�rPb+cicpg>c�gMtEhiZ1b(k1g>k5®¸cib+x1k1b e
_Va�cph:�

Y[Z1bÅxV}>m1cpb ]�gMtKh�Z1bÅe1\d]iq cpb+hi\^Ø:a4h�\^gMksb+cicpg>c©f>b+ci]im�]zh�Z�b��©ì�íµh�\dn%bo�O¹â\^}M] �Û� Ù{aMk�e � ð��aMk1e�q+g>cicpb ]i_Pg>k1e�\^k1}lh�aM�1r^b+].w�\dhiZ�cib+]i_Pb q+h�hig
h0

a�k1e
l?

��Yâa��1r^b+] � aMk1e�Ù	�Æ]pZ1g?w¼hiZ1b
_Eb+cpt�g>cpn{a�k1q b+](g�t�hiZ1bÅnlm1rdhi\^rdb+f>b+rÛ]pg>rdfMb c �
Ó�kÃf0\^b�wygMt�aMrdr�h�Z1b�_1cib�f5\dg>m1](q g>nonob k�h�] � hiZ1b�g>_5h�\^n%aMrÝ]�h�cia�h�b+}M�¿h�g{gM��h$aM\dkÃa%}>\dfMb k
b cpcig>c(\^]�xVci]�hzhig{\dk1q cpb:aM]pb�hiZ1b�k	m1nl�Pb c(gMt�cpb+xVk�b nob k�hÄrdb+f>b+r^]

l?
�Eb�t�g>cibÅh�g%e1b q+cib aM]ib

h0

\�t�hiZ1bÅcib ]p\^e1m1aMrÝ]ph�aM}>kVa4h�\^gMk�b cicpg>c�\^][cpb:aMq$Z1b+eÝ�
Y[Z1blcpb ]igMr^m�hi\^g>k8gMt�Í4®�Î²_1cigM�1r^b+n%]�w�\dhiZÃh�Z1b�_1cib�f5\dg>m1]`�����`���`�Ûnob+hiZ1g5e�]`q gMnl�1\^k�b e
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w�\dhiZ´h�Z1bo¹âÓ��u®��u�©�y]pg>rdfMb c!]iZ�g>m1r^ejt�g>rdr^g?w h�Z�b|]�aMnob|]phic�a�hib }M�M�ÝÓ�kÌ_VaMcphi\^q+m1r
aMc � hiZ1bn%b+]iZ¿q gMk	fMb cp}>b k1q+b�w�\dr^rP�Eb!g�tKx1ci]ph�®�g>cpe1b c+± O(hl?)
g>c O(h0)

aM]©\dk � ®,Î���Y[Z1b+cibÅ]phi\^r^r
b�Ð5\^]�h�]!a%n{a4Ð5\dnlm1nãk	m1nl�Pb czgMt�cib�xVk1b nob k�h!rdb+fMb r^]z\^k1e�b _Pb k1e1b+k�hÅgMt

h0

g?f>b czw�Z1\^q$Z
k1g�\dn%_�cig?f>b+n%b+k	hÆgMtÝhiZ1b`]pg>r^m5h�\^gMk%\d]Æg>��]ib c�f>b+eÝ�1ó(gHwÆb+fMb c � w.bzn{a:��b¦Ð�_Pb q�h©h�Z1a�hÆhiZ1b
nlm1r�h�\^rdb+fMb r1]pg>rdfMb c�w.gMm1r^eo�Eb(cib+r
a�hi\dfMb rd��r^b+]i]�b+Ïoq \db k�huh�ZVaMko\^k � ®�Î���Ó�kohiZ1\^]�q aM]ib � hiZ1b\^no_1cig?fMb nob k�hlgMt.h�Z1b%c�a�hi\^gs�Eb�h�w.b+b k×h�Z1b{]ig>rdm�h�\dg>k¯_�cib q+\^]p\^g>kUaMk1eUhiZ1b��©ì�í hi\^nob
w�\^rdrÛ�Pb�]pm1cib+rd�¿a|rd\dhihir^bz�1\dh�rdb ]i]�\dn%_Pg>cph�aMk�h:�

� ��GPC�L!*OJKú:NOGPCÕQVC�ITÿ�û	F4ú ÿ�û0LMDHNXWEû0ú

º`k×a�q q m�c�a�hib{xVq+hi\dhi\^g>m1]Åe1gMn{aM\dkUa�_1_1cig>aMq$Z°h�g8]ig>r�f>b{b+r^rd\^_�hi\^q|_1cpg>�1r^b+n%]Åw�\dhiZ°}>b+k5®
b ciaMr��EgMm1k1eVaMc��jq gMk1e1\dhi\^g>k�]ÄZVaM]Å�Pb b k¯\^k�h�cpg5e�m1q b+eÝ�ÝY[Z1\d]�nob+hiZ1g0eË\d]!�VaM]pb eUgMkÌhiZ1b
\^k�h�cpg5e�m1q+hi\^g>k!gMt5b n��Eb+e1e1b e�h�ciaMk1]ino\^]p]i\dg>k!q g>k�e1\dhi\^g>k1]�rd\^k1Ô	\dk1}KÈpm1no_1]�gMt0ÖVm5Ð�aMk�e�]pg�®
r^m�hi\^g>k|hiZ1cig>m�}>ZohiZ1b(\^non%b+ci]ib+e�\^k�h�b+cptOaMq+bM��Y[Z1\d]Ænob+hiZ1g5eo\^]�rdgHwÀq g>]�hu]i\^k�q bza�m1k�\^æ	m1b
�©aMcphib ]p\
aMkÁnob ]pZÀgMt!hiZ1b8x1q+h�\�h�\dg>m1]�e1g>n%aM\^kÕ\^]ocib+æ	m1\^cpb eÝ�Æº`]%hiZ1\^]onob+h�Z�g5eÕ�5\db rde1]
asxVcp]ph�®�g>cpe1b c�q g>k�f>b+ci}>b+k1q bvt�gMc�hiZ1b

L2 aMk�e
L∞ ®�b cpcig>c�k1g>cpn � a�k×aMeVaM_5h�\dfMb%cpb+xVk�b�®

n%b+k�h(aMr^}>gMci\dhiZ1nÇ\^]©\dn%_�r^b nob k�hib evh�g�\dn%_1cpg?f>b`hiZ1b�aMq q+m1c�aMq���gMtKh�Z1b!]pg>r^m5h�\^gMkÝ��Y[Z1\d]
aMr^}Mg>ci\�h�Z1n÷h$a�ÔMb ]zaMq+q g>m1k�h(gMtKh�Z1bÅ_1cpg>_Pb cphi\^b+](g�t�hiZ1b!xVq+hi\dh�\dg>m1]©e�g>n{a�\^k�nob+h�Z�g5e¿\^k0®
h�cpg5e1m�q b eUZ1b cpb�aMk1eUhiZ1b k³a�k°aM]��5no_�higMh�\dq%q+g>k�f>b cp}>b k�q b¿\^k O(hl?) � hl?

�Pb \dk1}8hiZ1b
e1\^]pq cpb+h�\dØ:a�hi\^g>k|]�h�b+_%gMtPh�Z�b©xVk1b ]�h.rdg5q aMr�}Mci\^e � q:a�ko�Pb�g>�1]pb cpfMb e%m1k�h�\^r5h�Z1b�e1\d]iq cpb+hi\^Ø:aH®
h�\dg>kÃb+cicigMcÄgMt�h�Z�blk1g>k5®¸cib�xVk1b ejØ+g>k1bl\d]`cpb:aMq$Z1b+eÝ�ÝY[Z1b�k0m�n%b+ci\^q aMrKcib ]pm1rdhi]Äg>��h�aM\^k�b e
t�g>c�Î`\dci\^q$Z�r^b+h � Þ�g>�1\dksgMc[n%\�Ð�b+e¿_1cig>��r^b no]�aMcpbÄf>b c��¿]�a�hi\^]�tOaMq+hig>cp�M�
ë5m1q$Z a³xVq+hi\dhi\^g>m1]¿e1gMn{aM\dk¼nob+hiZ1g0e¼\d]st�m1rdr!gMt|_1cpg>no\^]ib � b ]p_Eb+q \
a�r^rd�Àh�gÀ]p\^nlm�r
a�hib
n%g?f0\^k�}�aMk1e¿e1b+t�gMcin%aM�1r^b`�Eg>m�k1eVaMcp\^b ]Æw�\dh�Zsa|q$Z1b aM_8q+g>no_1m�h$a4h�\^gMkVaMrPq g>]�h�]i\^k�q bÅk1g
�EgMm1k1eVaMc���®¸x1hph�b e×cpb nob ]pZ1\^k1}Ã\^]�cpb æ	m1\dcib eÛ� � k1rd�Ìh�Z�bvr^g0q:aMr�_Va4h�q$Z1b+]og�t�cib+x1k1b nob k�h
ZVa:f>bjh�g³�PbÌaMe4Èpm1]�h�b+e¾aMcpg>m1k1eThiZ1bjn%g?f0\^k�}×\^non%b+ci]ib+eT�EgMm1k1eVaMc��>�©Y[Z�bË}Mb k1b+c�aMr�®
\^Ø a�h�\dg>k¯g�t©h�Z1\d]�b+nl�Eb+e1e1b+e°�EgMm1k1eVaMc��Ëq g>k1e�\dh�\dg>k1]�n%b�h�Z1g0e¯higÃh�Z�b{q gMcicib+]i_Pg>k1e1\dk1}
_VaMciaM�EgMr^\^q�b�f>g>rdm�h�\dg>k�_1cig>��r^b no]K\^]KaMr^]pg`]�h�c�a�\^}>Z�hit�gMcpw.aMcieÝ�?Y[Z�b.k1b¦Ð5h~]ph�b+_�w�\^rdr>q gMk1]i\d]ph
\^k¿b�Ð0hib k1e1\dk1}�h�Z1\d]�x1q+h�\�h�\dg>m1]©e1gMn{aM\dk�n%b�h�Z1g0e�h�g�h�Z1bÅcpb ]igMr^m�hi\^g>k�gMt Ü a:f0\^b+c�®�ë	h�g>Ô�b ]
b æ	mVa�hi\^g>k�]Å��w�\�h�Z¿a�_1cpg4Èpb q�h�\dg>k�]phib _�t�g>c.b¦Ð�aMn%_�r^b?��w�\dhiZ�n%g?f0\^k1}��EgMm1k1eVaMcp\^b+]©_1cigM�5®
r^b+n%][rd\^ÔMbzh�w.go_1ZVaM]pb!ÖVg?wµ]i\dnlm1r^a�h�\dg>k1].gMc©ÖVm1\^e`��]phicim1q�h�m1cpb�\dk�h�b ciaMq+hi\^g>k�]��O]ib+bo�ÉÙ	ç � �¦�

o%L���C�G5ý�*�û5IJ�PSUû0CEDHú

Y[Z1bÌaMm�hiZ1g>cp]vw.g>m�r^eTr^\dÔMbÃhig°h�ZVa�k1ÔÁó��[ô�g>n%b+kW� e�b´t�g>cvZ1\d]vq g>k�hici\^��m�h�\dg>kÀh�g°hiZ1b
e1b+fMb rdg>_1nob k�h`g�t~h�Z1b�¹A? q g0e1b��PY[Z�blaMm�hiZ1g>cp]`aMq$Ô	k1g?w�rdb e1}>b�h�Z1b�]im�_1_EgMcph(t�cig>nÂhiZ1b
¹Vcib k�q$Z´�©��º����uÎ`¹ Ü b+_�h�m�k1b�ì�cpg4Èpb q�h:�

çMÍ

ha
l-0

02
74

47
5,

 v
er

si
on

 1
 - 

18
 A

pr
 2

00
8



tvû � û	FHû5CKL>û0ú

� �J�� JÕ¢¡sÕ�í£ÀF½�Ìu£×ÃcÐßÕh�TÄ ¼o¹ Ã>»eÈ[Ì�½�¼oº¯È[Ä ÈFÊ+»}È[É�Ã¨Î�È[½�Ä ¾ ÀFÂo¿ Ð[ÀFÌ�½ Ã¨Í�Â}È[Î�Ì¯ÃcÉ�»ìÈ[Ä ¹�º�Ï�¹
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Ø/È[Ì¯ÃcÌ�ÌãÀ£Ý/ÀFÄ ¾ ë�Õd¯kÈ[¹;ÀFÄ »}ÃcÄAÕ å Ø
ÀFÂo¼}Ã�»}ºãÀFÄ Ï�Âoº¯¾ ÃcÉ�ÎßÃ�¾�¾�Ã�¾
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