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1 Introduction

This paper is devoted to a class of two-player zero-sum stochastic differential game in which
the players have different information on the payoff. In this basic model, the terminal cost
is chosen (at the initial time) randomly among a finite set of costs {g;;, 1 € {1,...,I}, j €
{1,...,J}}. More precisely, the indexes ¢ and j are chosen independently according to a
probability p ® ¢ on {1,...,1} x {1,...,J}. Then the index i is announced to the first
player and the index j to the second player. The players control the stochastic differential
equation

dXs = b(s, X, us,vs)ds + o(s, Xs, us,vs)dBs, s € [t,T],

Xt =z,
through their respective controls (us) and (vs) in order, for the first player, to minimize
Elg;j(Xr)] and, for the second player, to maximize this quantity. Note that the players

do not really know which payoff they are actually optimizing because the first player, for
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instance, ignores which index j has been chosen. The key assumption in our model is that
the players observe the evolving state (X;). So they can deduce from this observation the
behavior of their opponent and try to derive from it some knowledge on their missing data.

The formalization of such a game is quite involved: we refer to the second section of
the paper where the notations are properly defined. In order to describe our results, let us

introduce the upper and lower value functions V™ and V'~ of the game:

V+(t,x,p, q) = inf sup Jp’q(t,x,d,ﬁ),
a€(Ar(t))! BB (1))

V7 (t,z,p,q) = sup inf Jp’q(t,x,ol,ﬁ).
Be(Br(t))? ae(Ar(8)f

where JPU(t, x, &, B) is the expectation under the probability p ® ¢ of the payoff associated
with the strategies & = (i)ieq1,... 1y and B = (Bi)jequ,..,.gy of the players. The strategy &
takes into account the knowledge by the first player of the index ¢ while B takes into account
the knowledge of j by the second player. Our main result is that, under Isaacs’condition,
the two value functions coincide: V*+* = V~. Moreover, V := V* = V™~ is the unique
viscosity solution in the dual sense of some second order Hamilton-Jacobi equation. This

means that
(i) V is convex with respect to p and concave with respect to g,

(ii) the convex conjugate of V with respect to p is a subsolution of some Hamilton-Jacobi-

Isaacs (HJI) equation in the viscosity sense,

(iii) the concave conjugate of V with respect to ¢ is a supersolution of a symmetric HJI

equation,

(iv) V(T,2,p,q) = >, ; piqj9ij(x) where p = (pi)icq1,...1y and ¢ = (q;)jeq1,....}-

We strongly underline that in general the value functions are not solution of the standard
HJI equation: indeed V does not satisfy a dynamic programming principle in a classical
sense.

An important current in Mathematical Finance is the modeling of insider trading (see for
example Amendinger, Becherer, Schweizer [2] or Corcuera, Imkeller, Kohatsu-Higa, Nualart
[7] and references therein). The basic question studied in these works is to evaluate how
the addition of knowledge for a trader—i.e., mathematically, the addition to the original
filtration of a variable depending on the future—shows up in his investing strategies, and

an important tool is the theory of enlargement of filtrations. Our approach is completely
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different. Indeed, what is important in our game is not that the players have “more”
information than what is contained in the filtration of the Brownian motion, but that their
information differs from that of their opponent. In some sense we try to understand the

strategic role of information in the game.

The model described above is strongly inspired by a similar one studied by Aumann
and Maschler in the framework of repeated games. Since their seminal papers (reproduced
in [3]), this model has attracted a lot of attention in game theory (see [11], [13], [15], [16]).
However it is only recently that the first author has adapted the model to deterministic

differential games (see [5], [6]).

The aim of this paper is to generalize the results of [5] to stochastic differential games
and to game with integral payoffs. There are several difficulties towards this aim. First the
notion of strategies for stochastic differential games is quite intricated (see [12], [14]). For
our game it is all the more difficult that the players have to introduce additional noise in
their strategies in order to confuse their opponent. One of the achievements of this paper
is an important simplification of the notion of strategy which allows the introduction of the
notion of random strategies. This also simplifies several proofs of [5]. Second the existence of
a value for “classical” stochastic differential games relies on a comparison principle for some
second order Hamilton-Jacobi equations. Here we have to be able to compare functions
satisfying the condition (i,ii,iv) defined above with functions satisfying (i,iii,iv). While for
deterministic differential games (i.e., first order HJI equations) we could do this without too
much trouble (see [5]), for stochastic differential games (i.e., second order HJI equations)
the proof is much more involved. In particular it requires a new maximum principle for
lower semicontinuous functions (see the appendix) which is the most technical part of the
paper.

The paper is organized in the following way: in section 2, we introduce the main nota-
tions and the notion of random strategies and we define the value functions of our game.
In section 3 we prove that the value functions (and more precisely the convex and concave
conjugates) are sub- and supersolutions of some HJ equation. Section 4 is devoted to the
comparison principle and to the existence of the value. In Section 5 we investigate stochas-
tic differential games with a running cost. The appendix is devoted to a new maximum

principle.

Aknowledgement : We wish to thank the anonymous referee for pointing out a gap

in a proof.
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2 Definitions.

2.1 The dynamics.

Let T' > 0 be a fixed finite time horizon. For (¢,x) € [0,7] x IR", we consider the following
doubly controlled stochastic system :

dXs = b(s, Xs, us,vs)ds + o (s, X, us,vs)dBs, s € [t,T], 2.1)

Xt =, '
where B is a d-dimensional standard Brownian motion on a given probability space (2, F, P).
For s € [t,T], we set

Fis =0{B, — By,r € [t,s]} VP,
where P is the set of all null-sets of P.
The processes u and v are assumed to take their values in some compact metric spaces

U and V respectively. We suppose that the functions b : [0,7] x R" x U x V' — IR" and

0:]0,T] x R" x U x V — IR™ are continuous and satisfy the assumption (H):

(H) b and o are bounded and Lipschitz continuous with respect to (¢, z), uniformly in
(u,v) €U x V.

We also assume Isaacs’ condition holds: for all (¢,z) € [0,T] x R", p € IR", and all

A € S, (where S, is the set of symmetric n X n matrices), we have

inf,, sup,{< b(t, z,u,v),p > +%T7“(Aa(t,:):, u,v)o*(t, x,u,v))} = (2.2)
sup,, inf, {< b(t, z,u,v),p > +3Tr(Ao(t, z,u,v)o*(t, 2, u,v))} '

We set H(t,z,p, A) = inf, sup,{< b(t,z,u,v),p > +%Tr(Aa(t,a:, u,v)o*(t, x,u,v))}.
For t € [0,T"), we denote by C([t,T],IR") the set of continuous maps from [t,T] to IR".

2.2 Admissible controls.

Definition 2.1 An admissible control w for player I (resp. II) on [t,T] is a process taking
values in U (resp. V'), progressively measurable with respect to the filtration (Fis,s > t).
The set of admissible controls for player I (resp. II) on [t,T| is denoted by U(t) (resp. V(t)).

We identify two processes u and @ in U(t) if P{u = a.e. in [t,T]} = 1.

Under assumption (H), for all (¢,z) € [0,7] x R™ and (u,v) € U(t) x V(t), there exists

a unique solution to (2.1) that we denote by X&%wv,
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2.3 Strategies.

Definition 2.2 A strategy for player I starting at time t is a Borel-measurable map « :
[t,T] x C([t,T],IR") — U for which there exists 6 > 0 such that, Vs € [t,T],f,f €
C([t, T,R"™), if f = f" on [t,s], then a(-, f) = al-, f') on [t,(s+ ) ANT].

We define strategies for player II in a symmetric way and denote by A(t) (resp. B(t)) the
set of strategies for player I (resp. player II).

We have the following existence result :

Lemma 2.1 For all (t,x) in [0,T] x R", for all (o, 5) € A(t) x B(t), there exists a unique
couple of controls (u,v) € U(t) x V(t) that satisfies P—a.s.

(u,v) = (a-, XE5WY), B(-, XEZUYYY on [t, T). (2.3)

Proof: The controls v and v will be built step by step. Let § > 0 be a common delay for «
and 3. We can choose § such that T =t + NJ for some N € IN*,

By definition, on [¢,t + 9), for all f € C([t,T],R"), a(s, f) = a(s, f(t)). Since, for all
(u,v) € U(t) x V(t), X™™" = z, the control u is uniquely defined on [t,t + &) by

Vs € [t,t+0),u(s) = a(s, z).

The same holds for v, what permits us to define the process X **** on [t,t+3) as a solution

of the system (2.1) restricted on the interval [¢,t + ).

t,x,u,v

Now suppose that u, v and X
ke {l,...,N —1}. This allows us to set,

are P—a.s. defined uniquely on some interval [t, ¢+ kd),

k k

Vs € [t+ kot + (k +1)9), us = als, X2, v, = B(s, X2,

where
(uk vk) _ (u,v) on [t,t + ko)
’ (ug,vg) else,

for some arbitrary (ug,vo) € U(t) x V(1).

k o,k
LBUTYT a5 a random variable with values in the set of paths C([t,T'), IR"),

Considering X
it is clear that the map (s,w) — us(w) (defined on [t + kd,t + (k+ 1)) x Q) as the compo-
sition of the Borel measurable application « with the map (s,w) — (s,X.t’x’uk’”k (w)), is a
process on [t + ko,t + (k + 1)d) with measurable paths. Further, the non anticipativity of

a guaranties that, for all s € [t + kd,t + (k+1)0), us is F 14 ks-measurable and the process
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Ul i+ (k41)5) 18 (Fi,s)-progressively measurable. The same holds of course for v|; ;1 (k41)s)-
With (u,v) defined on [t,¢ + (k + 1)8), we can now define the process X" up to time
t + (k+1)d. This completes the proof by induction. O

We denote by X"™*? the process X" with (u,v) associated to (o, 3) by relation
(2.3).

In the frame of incomplete information it is necessary to introduce random strategies.
In contrast with [5] and [6], where the random probabilities are supposed to be absolutely
continuous with respect to the Lebesgue measure, a random strategy will consist here in
choosing some strategy in a finite set of possibilities, i.e. the involved probabilities are
finite. It is not clear if this assumption is more realistic nor if the notation will be lighter,
nevertheless this alternative allows us to avoid some technical steps of measure theory, in a

paper that is already technical enough.

Notation: For R € IN*, let A(R) be the set of all (ry,...,rg) € [0,1] that satisfy
Zle rp = 1.

We define a random strategy @ for player I by @ = (at,...aft; 7!, ... r®), with R € IN*,
(ab,...afty e (A@)E, (rL,...,rF) € A(R).

The heuristic interpretation of & is that player I's strategy amounts to choose the pure
strategy o with probability 7*.

We define in a similar way the random strategies for player II, and denote by A, (t) (resp.
B, (t)) the set of all random strategies for player I (resp. player II).

Finally, identifying o € A(t) with (a;1) € A, (), we can write A(t) C A,(t), and the same
holds for B(t) and B, (t).

2.4 The payoft.

Fix I,J € IN*. For 1 <i< 1,1 <j<J,let gy :IR" — IR be the terminal payoffs. We

assume that
For 1 <i<1,1<j<J, g are Lipschitz continuous and bounded. (2.4)

For (p,q) € A(I) x A(J), with p = (p1,...,p1), ¢ = (q1,-..qs), we denote with a hat the
elements of (A,(t))! (resp. (B,(t))7): & = (ay,...,ar), B= (By,...,3,).

We adopt following notations :
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For fixed (i,5) € {1,...,1} x{1,...,J} and strategies (o, 3) € A(t) x B(t), the payoff of

the game with only one possible terminal payoff function g;; will be denoted by
J’ij(tvm)av/g) = [ng(tha7B)]

Now let (@, 3) € A,(t) x B.(t) be two random strategies, with @ = (a!,...,af;r!, ... rf)
and B = (B,...,5%s',...,5%). The payoff associated with the pair (@, 3) € A,(t) x B,(t)),
is the average of the payoffs with respect to the probability distributions associated to the
strategies:

R S

Tolty 0 35) = 35 Bl (),

k=1

Further, for p € A(I), j € {1,...,J}, & € (A-(t))! and 8 € B,(t) we will use the notation

I
A - _ t ,
Tt w,a, ) =Y pidij(t, 2,0, B) = szzr s Blgi; (x50,
=1

i=1

~
—_

A symmetric notation holds for @ € A,(t) and § € (B.(t))’. Finally, the payoff of the
game is, for (&, 8) € (A:(t)" x (B:(t)”, p € A(I), g € A(J),

JpthCOéﬁ ZZP@QJ zytxauﬂ)

=1 j5=1

The reference to (¢, x) in the notations is dropped when there is no possible confusion : we
will write Jij(oz, ﬁ), Jij(a, ﬁ), e

We define the value functions for the game by
V*t(t,z,p,q) = infae(a, 1) SUD3ep, (1)) JPA(t, 6, ),
V=(t,x,p,q) = SUD 3¢ (5, (1)) infae(a, () JPA(t, x, &, F).

Again we will write V' (p,q) and V™~ (p, q) if there is no possible confusion on (¢, z).

The following lemma follows easily from classical estimations for stochastic differential

equations :

Lemma 2.2 V™ and V~ are bounded, Lipschitz continuous with respect to x,p,q and

Holder continuous with respect to t.

Following [3] we now state one of the basic properties of the value functions. The
technique of proof of this statement is known as the splitting method in repeated game
theory (see [3], [16]).
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Proposition 2.1 For all (t,z) € [0,T] x R", the maps (p,q) — VT (t,z,p,q) and (p,q) —

V=(t,z,p,q) are convex in p and concave in q.

Proof: We only prove the result for V', the proof for V™~ being the same. First V' can be

rewritten as
J
Vip,q)= inf ¢j_sup J7 (@, B).
de(Ar(t))I; ’ BEB(t)

It follows that VT is concave in gq.

Now fix g € A(J) and let p,p’ € A(I) and a € (0,1). Let p* = ap + (1 — a)p’. Without
loss of generality we can assume that, for all ¢ € {1,...,I}, p; and p) are not simultaneously
equal to zero. For € > 0, let & € (A(t))! be e-optimal for V*(p,q) (resp. &' € (A.(t))!
e-optimal for V*(p/, q)).

We define a new strategy &* = (@f,...,af) by
@l =(af,...,af b B e ) EFED) e {1, T,
with
‘;’;17“]“ for k € {1,..., R},
(1)t =

(1-a)p i,r-;k R forke{R+1,...,R+ R}

P

(it is easy to check that &* € (A,(¢))!). This means that, for all § € (B,(t))”,

R/
JP( Z{apZerJZq 3+ (1 —a)p;ngka(a;k
k=1
Thus
sup UG B) <a sup JPIUG,B)+(L—a) sup  JPUA, ).
Be(B(t))” 56(3r(t)) Be (B (1))

It follows by the choice of & and &' that

VEp®q) <aV*i(p,q) + (1 —a)VT (P, q).
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3 Subdynamic programming and Hamilton-Jacobi-Bellman
equations for the Fenchel conjugates.

Since V* and V'~ are convex with respect to p and concave with respect to g, it is natural to

introduce the Fenchel conjugates of these functions. For this we use the following notations.

For any w : [0,T] x R" x A(I) x A(J) — R, we define the Fenchel conjugate w* of w with
respect to p by

w*(t,x,p,q) = SXI()I){@@ —w(t,z,p,q)}, (t,z,p,q) €0,T] x R* x R" x A(J).
pe

For w defined on the dual space [0,7] x IR™ x IR! x A(.J), we also set

w*(t,z,p,q) = supl{@,p) —w(t,x,p,q)}, (t,x,p,q) € [0,T] x R™ x A(I) x A(J).
peR

*

It is well known that, if w is convex in p, we have (w*)* = w. We also have to introduce

the concave conjugate with respect to ¢ of a map w : [0,7] x IR" x A(I) x A(J) — IR:

wh(t,z,p, 4) = irAl{J){@, q) — w(t,z,p,q)}, (t,2,p,4) € [0,T] x R" x A(I) x R”.
qe

We use the following notations for the sub- and superdifferentials with respect to p and ¢
respectively: if w : [0,7] x R™ x R! x A(J) — IR, we set

oy w(t,x,p,q) = {p € RY, w(t,z,p,q) + (p,0' — p) < w(t,x,p,q) ¥p € R'}
and if w: [0,7] x R" x A(I) x R/ — R
8;w(t7‘/1:7p7 qA) = {q E IR’J7 w(t7x’p’ (j) + <Qa (j/ - (j> Z w(t7 m?p? q/\,) \v/(:?/ 6 RJ}'

In this chapter, we will show that V*# and V—* satisfy a subdynamic programming

property. This part follows several ideas of [10], [11].

Lemma 3.1 (Reformulation of V%)
For all (t,z,p,q) € [0,T] x R" x R x A(J), we have

V7'(t,z,p,q) = inf sup max {ﬁi—Jf(t,x,a,B)}- (3.5)
BE(Br(1)7 acA(t) i€{1,1}

Proof. We begin to establish a first expression for V~*:

VD= Bl e ey (e e ) o
Be(B,(t))! e A (t) i€{1,...I}

9
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(the difference with (3.5) is that player I here can use random strategies.) Let us denote
by e = e(p, q) the right hand side of (3.6). First we prove that e is convex with respect to
p: Fix g e A(J), p,p' € R and a € (0,1). For € > 0, let 3 (resp. )€ (B,(t))’ be some
e-optimal strategy for e(p,q) (resp. e(p',q)). Set p* = ap + (1 — a)p’. We define a new
strategy 3% € (B,(t))” by

By =(B),....05, B, .87 (0 (sH)5T), je {1, T
with
asé‘? for k€ {1,...,5},
(57} =
(1-a)sf™% ke{S+1,...,5+ 5}
Let @ € A,(t). Since the application (x1,...,27) — max{x;,i = 1,...,I} is convex, we
have

mas {5t — J{(@6)} = max; {a(p; — J7(@B)) + (1 - )5} ~ I (@)}

< asupge Ar(t) aX; (ﬁz‘ - ( )
+(1 - a) SUDgc A, (+) MaX; (pz

N.Qv

T (@, )

< ae(p,q) + (1 —a)e(p', q) +e.

Since € is arbitrary, we can deduce that e is convex with respect to p. The next step is to
prove that e* = V~. By the convexity of e, this will imply that V™" =e¢

We can reorganize e*(p, q) as follows :
e*(p,q) = SUDpeR! {Zz‘lzl pipi + SUPGe(B,(t))/ infae A, (1) mini’e{l,...,[}{Jzg (@, B) - ﬁz’}}
= SUDGe (s, ) SWPpet Doimt PiMiNie(1,.. 1) {infaeAr(w TH(@, B) + (pi - ﬁz")}

The supremum over p € IR is attained for py = infzc An(t) Ji(@, B) and we get the claimed

result.

Finally, to get (3.5), it remains to show that player I can use non random strategies.
Indeed, writing V~* as in (3.6) and since A(t) C A, (t), it is obvious that the left hand side

10
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of (3.5) is not smaller than V~*(p, q). For the reverse inequality, we can write

SUPgeA,(r) Max; {f)z — Ji(a, B)}
< by 7 ma i — J (o, 3)
= SUPReN* SUP(al,...,.aR)e(A(t)E,(rL,....rR)EA(R) Y k=1 TV MAx; | hi i N,

< SUPReN+ SUD(1 . rR)eA(R) Dok T SUDqe A(r) TNAX; {ﬁz’ — Ji(a, 5)}

The result follows after one recalls that Z,le rk =1. O

Proposition 3.1 (Subdynamic programming for V=)
Forall0 <ty <t <T,zg € R",p € R!,q € A(J), it holds that

V™ (to, z0,p,q) < inf  sup E[V‘*(tl,Xff"Bo’o"ﬁ,ﬁ, q)].
BeB(to) ae Alty)

t0,70,0,8

Proof : Set Vi "(to, t1, 20, D, 9) = infgep(1y) SUPacay) EIV " (t1, Xy ,D,q)]. For e >0,
let 3¢ € B(to) be e-optimal for V" *(to, t1, 0, P, ), and, for all z € IR", let B € (B.(t1))” be
e-optimal for V™*(t1,x, p, q). By the uniformly Lipschitz assumptions for the parameters of

the dynamics, there exists R > 0 such that, for all « € A(tp),
P[X:f’mo’a’ﬁe € B(zog,R)] > 1—¢,

where B(zg, R) denotes the ball in IR" of center x¢ and radius R.

Remark that J! and V~* are uniformly Lipschitz continuous in z. This implies that we
can find > 0 such that, for any z € R" and y € B(z,r), 3% is 2e-optimal for V=*(t1,y,p,q).
Now let x1,...,23 € IR™ such that U%ZlB(xm,g) D B(zo, R). Set fm = em for m =
1,...,M and choose some arbitrary 3° € (B,(t1))”.

Each ™ is detailed in the following way:

A" =By B,
with
B}n = (ﬁ;n’l, . ,ﬂ?’s’m; s;n’l, e ST’S;T).
Let § be a common delay for BO, e ,BM that we can choose as small as we need :
0<d< % A (t1 — to), where C' > 0 is defined through the parameters of the dynamics by

Va € A(t), 3 € B(t),t,t' € [to, T, E[\Xfoﬁ‘”oﬁa’ﬂ — Xf?””o"’"BP] < Clt -t

11
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We then have in particular, for all « € A(t) and § € B(t),

P [|xppeoe? — xjomeef) > 7] <. (3.7)
Let (Ep,)m=1,..m be a Borel measurable partition of B(xo, R), such that, for all m €
{1,...,M}, E, C B(zm,5). Set Eg = B(wg,R)°. We are now able to define a new
strategy for player II, 3¢ € (B,(to))’: Fix j € {1,...,J}. For I = (ly,...,lpy;) € L :=
oM_{,... , ST}, set sé- =M —05;" Im " Remark that {s l € L} € A(Card(L)). Then, for

leL,l=(lp,...,lp), we define (Bj) € B(tp) by

Vf e C([to,T],IRn),Vt S [to,T],
. BE(t, f) if t € [to,t1),
B S) =8 i _
63' ’ (taf‘[tl,T]) ifte [th] and f(tl - 6) € Ep.
We set Bj = ((ﬂ;) ,sj,l € L) € B,(ty), and finally B = (Bi, .. ,BS)
For some fixed a € A(tg) and f € C([to,t1],IR"), we define a new strategy oy € A(t;)
by: for all t € [0,7] and f' € C([t1,T],IR"),

B N t) for t € [to, t1],
as(t, 1) = alt, ), with )= { ot €liot
P = F/(t1) + F(t), for t € (8, 7],

Set X¢ = X708 and, for m € {0,...,M}, Ap = {X{ _s € Em}. Set further
A = {|X}§, — X{ 5| < 35} By (3.7), it holds that P[A] < e. Remark also that, on each
AN Ay, X§ belongs to B(xy,,r) and consequently, still on AN Ay, ™ is 2e-optimal for
Vﬁ*(tlaXtﬁlafi Q)
Foralli e {1,...,I},j€{l,...,J} and | € L, we have

t0,70,04(

tl Y, f ’ﬁ
E[gz‘j (XT

’ftl Z 1a,, Egl] )”y X5 =X g, 141

It follows that

to,0,0,(65)"

Jlg(t()a 1'07 05766) = Z] 1 q] ZZGL SJE[QZJ(X )]

= E[Z 1A J (t17Xt17aX€|[t ot ]7/8m)]

12
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And

max;e(1, .1} {ﬁz‘— Jf(to,wo,a,ﬁe)}
M ~ ~
E[} o 14, maxieqr .y {pi — Ji (b, X, axe, 00 8™

IN

IA

E[y N 14, (SUPe Aty) MaXieqy,... iy {Di — Ji (t, X, o, ™I

IN

E[(V™=*(t1, X{,,D,q9) + 26)1A0{X§1€B(x0,R)}]
+maxeqy, .y {Ii| + K}HP[AY] + P[XF, € B(xo, R)]),

A~

by the choice of (8™, m € {1,..., M}) and where K is an upper bound of |g|.

By the choice of R and with the notation K(p) = 4max;cqy .. n{[pil + K} + ¢, we get

maXie{l,...,I} {ﬁl - qu(t07 Zo, &, BE)} < E[Vi*(tly Xt€17ﬁ7 Q) + 26] + K(ﬁ)é

< SUPne ) BIVTH (b1, X070 b, q)] + 2¢(1 + K ()

< Vi (o, t1, w0, B, q) + €(3 4+ 2K (p))

(for the last inequality, recall that 3¢ was chosen e-optimal for Vi~ *(to, t1, zo, D, q))-
We can deduce the result. O

A classical consequence of the subdynamic programming principle for V~* is that this
function is a subsolution of some associated Hamilton-Jacobi equation. We give a proof of

that result for sake of completeness.

Corollary 3.1 For any (p,q) € RI x A(J), V7*(-,-,p,q) is a subsolution in the viscosity
sense of
w; + H*(t, z, Dw, D*w) = 0, (t,z) € (0,T) x R",
with
H>(t,z,p,A) = —H (t,z,—p,—A) =

3.8
infvEV SupuGU{<b(t’$7u7U)ap> + %TT(AO'(I‘I,:L’,U, ’U)O'*(t,IL‘,U,U))}- ( )

Proof : For (tg,z0) € [0,7] x R",p € R, q € A(J) fixed, let ¢ € C™2 such that ¢(tg, o) =
V~=*(to, zo, P, q) and, for all (s,y) € [0,T] x R", ¢(s,y) > V~*(s,y,D,q).
We have to prove that

¢t(t07x0) + H_*(to,l‘o,qu(to,ZC()), D2¢(t0,$0)) > 0.

13
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Suppose that this is false and consider 8 > 0 such that
gf)t(to, 1,‘()) + Hf*(to, xo, D(f)(to, xo), D2(t0, xo)) < —-60<0. (39)

Set A(t,z,u,v) = ¢(t,x) + (b(t,z,u,v), Do(t,z)) + Tr(D2p(t, x)o(t, z,u,v)o*(t, x,u,v)).
Since, for fixed p, V™ is bounded, we can choose ¢ such that ¢; and D?¢ are also bounded.
It follows that, for some K > 0, we have |[A(¢,z,u,v)| < K. Now the relation (3.9) is
equivalent to

inf sup A(tg, zo,u,v) < —0 .

veV uel
This implies the existence of a control vy € V' such that, for all u € U,
260
A(t(], Zo, U, ’U()) S —g.

Moreover, since A is continuous in (¢, x), uniformly in u, v, we can find R > 0 such that,
0
V(t,z) € [to, T] x R™, |t —to] V ||l — xo|| < R,Vu € U, A(t,x,u,vp) < —5 (3.10)

Now define a strategy for player II by 5y (¢, f) = v for all (¢, f) € [to, T] x C([to, T],IR™).
Fix e > 0 and t € (to, R). Because of the subdynamical programming (Proposition 3.1),
there exists a.; € A(tg) such that

B[V (t1, X070 % 5 )] — V" (to, 20, B, q) > —e(t — to). (3.11)

Let (us,vs) € U(ty) x V(to) the controls associated to (., Fo) by the relation (2.3) and
set X, = X'0T00etfo _ xtow0wv (Remark that, by the choice of By, (vs) is constant and

equal to vg.) Now we write Itd’s formula for ¢(t, X):

(t, X1) — Bt wo) = [ Als, X, us, v5)ds

| (3.12)
+ fto (Do(s, Xs),b(s, Xs, us, vs))dBs.
By (3.11), (3.12) and the definition of ¢, we have
t
E[ [ A(s, Xs,us,vs)ds] > —e(t — to). (3.13)

to
In the other hand, there exists a constant C' > 0 depending only on the parameters of X,

such that
C(t —tg)?

Rt 7
with the notation [[f[|¢ = supgcp, 4 [f(s)[. Following (3.10), this implies that, for all
t € [to, T A (to + R)],

P[|X. — x|t > R] <

t
0
E |:I{X.—x0||t<R}/t A(s, Xs,us,v5)ds| < —5(t —tp). (3.14)
0

14
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By (3.13) and (3.14), we now have

—e(t —to) < B[fy A(s, Xo, s, 0)dsT (| x. g > RY) + ELfy, Als, Xoy s, 05)dS {1 x. a0, <))

< BE(t—10)* = §(t —to),

or, equivalently,

0 < KC
Since t — tg and € can be chosen arbitrarily small, we get a contradiction. O

For VT we have:

Proposition 3.2 (Superdynamic programming and HJI equation for V)
Forall0 <ty <t <T,zo € R",p e A(I),G € R’, it holds that

V*(to, z0,p,G) > inf  sup E[VF(ty, X[ p g)].
BEB(to) aeAlto)

As a consequence, for any (p,q) € A(I) x R?, V(.- p,q) is a supersolution in viscosity
sense of
wy + HY*(t,z, Dw, D*w)) = 0, (t,x) € (0,T) x R",

where

HY(t,z,p,A) = —H" (t,z,—p,—A) =

3.15
SUPyeu infUEV{<b(taxau7U)7p> + %TT’(AO’(t,l’,u,U)O'*(t,[]},u,?)))}. ( )

Proof : We note that VT is equal to the opposite of the lower value of the game
in which (i) we replace g;; by —gsj, (ii) Player I is the maximizer and in which (iii) the
respective roles of p and ¢ are exchanged. Using Proposition 3.1 in this framework gives
the superdynamic programming principle. Now Corollary 3.1 shows that, for any (p,q) €
A(I) xR7, (=VH)*(-,-,p,4) = =V TE(-,-,p, —§) is a subsolution of

wy + HT(t, 2, Dw, D*w) = 0, (t,x) € (0,T) x R"™.
Hence V*u(-, -, p, —q) is a supersolution of
w; + HY(t, z, Dw, D*w) = 0, (t,z) € (0,T) x R"™.

Since this holds true for any (p, q), this proves our claim. O

15
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4 Comparison principle and existence of a value

In this section we first state a new comparison principle and apply it to get the existence

and the characterization of the value. Then we give a proof for the comparison principle.

4.1 Statement of the comparison principle and existence of a value
Let H:[0,7] x IR" xIR" x S, x A(J) x A(J) — IR be continuous and satisfy

H(3797§2;X27P7Q) - H(tax7§17Xl7p7 Q) 2

(4.16)
—w ([&1 = &l +al(t, ) — (5,9)* +b+[(t,2) = (s5,9)[(1+ [&] +[&2l))

where w is continuous and non decreasing with w(0) = 0, for any a,b > 0, (p,q) € A(I) x
A(J), s,t €[0,T], z,y,&1,& € R™ and X3, Xy € S, such that

-X1 0 I -1
<a + bl
0 Xo —I I

Definition 4.1 We say that a map w : (0,7) x R"™ x A(I) x A(J) — R is a supersolution

in the dual sense of equation
w; + H(t,z, Dw, D*w,p,q) =0 (4.17)

if w = w(t,z,p,q) is lower semicontinuous, concave with respect to q and if, for any
C%((0,T) x R™) function ¢ such that (t,x) — w*(t,z,p,q) — ¢(t,z) has a mazimum at
some point (,Z) for some (p,q) € R x A(J) at which % exists, we have

(bt(t_a 'f) - H( 7f7_D¢(t_7£)7 _D2¢(za f)?ﬁ? (j) Z 0 Whereﬁ = (ﬂjvﬁv (j) .

We say that w is a subsolution of (4.17) in the dual sense if w is upper semicontinuous,
convex with respect to p and if, for any C*((0,T) x R™) function ¢ such that (t,x) —
wh(t, z, P, §) — ¢(t, ) has a minimum at some point (t,Z) for some (5,4) € A(I) x R’ at

‘ 'R
which ‘96% exists, we have

qbt(ﬂ j) - H( 7j7 _ng(ﬂj)a _D2¢(E7 j)7ﬁ7 CY) S 0 where q = (Eaj7ﬁ7 Cj) .

A solution of (4.17) in the dual sense is a map which is sub- and supersolution in the dual

sense.
Remarks :

16
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1. We have proved in Corollary 3.1 that V'~ is a dual supersolution of the HJ equation
w; + H™ (t,z, Dw, D*w) =0,

where H ™ is defined by (3.8), while Proposition 3.2 shows that V' is a dual subsolution
of the HJ equation
w; + HY (t,z, Dw, D*w) =0,

where H™ is defined by (3.15).

2. The necessity to deal with a Hamiltonian H with a (p,q) dependence will become

clear in the next section where we study differential games with running costs.

3. When H does not depend on (p, ¢), one can omit the condition “at which 83—“5 exists”
(resp. ¢ at which ‘987“111 exists”) in the definition of supersolution (resp. subsolution).
q

See Lemma 4.3 below for the proof as well as for an equivalent definition of solutions.

The main result of this section is the following:

Theorem 4.1 (Comparison principle) Let us assume that H satisfies the structure con-
dition (4.16). Let wy be a bounded, Hélder continuous subsolution of (4.17) in the dual sense
which is uniformly Lipschitz continuous w.r. to q and we be a bounded, Holder continuous
supersolution of (4.17) in the dual sense which is uniformly Lipschitz continuous w.r. to p.

Assume that
wi(T,z,p,q) < w2(T,2,p,q)  V(z,pq) € R™ < A(I) x A(J) . (4.18)
Then
wi(t, z,p,q) < walt,z,p,q) V(t,x,p,q) € [0,T] x R™ x A(I) x A(J) .

Remark : For simplicity we are assuming here that w; and wy are Holder continuous
and bounded. These assumptions could be relaxed by standard (but painfull) techniques.
We do not know if the uniform Lipschitz continuity assumption on w; with respect to ¢ and

on wy with respect to p can be relaxed.

As a consequence we have

Theorem 4.2 (Existence of a value) Under assumptions (H), (2.4) and (2.2), the game

has a value:

Vit z,p.q) =V (t,z,p,q)  Y(t,z,p,q) € (0,T) x R" x A(I) x A(J) .

17
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Furthermore V't = V'~ is the unique solution in the dual sense of HJI equation (4.17) with

terminal condition

1 J
VI (T,z,p,q) =V (T,z,p,q) = ZZPingij(fU) V(z,p,q) € R" x A(I) x A(J) .
i=1 j=1
Proof of Theorem 4.2 : The Hamiltonian H defined by (2.2) is known to satisfy
(4.16) (see [9] for instance). From the definition of V' and V= we have V— < V. We have
proved in Lemma 2.2 and Proposition 2.1 that V™ and V'~ are Holder continuous, Lipschitz
continuous with respect to p and ¢, convex w.r. to p and concave w.r. to q. From Corollary
3.1 we know that V'~ is a supersolution of (4.17) in the dual sense while Proposition 3.2
states that V' is a supersolution of that same equation in the dual sense. The comparison
principle then states that V' < V', whence the existence and the characterization of the

value: VT =V~ is the unique solution in the dual sense of HJI equation (4.17). O

4.2 Proof of the comparison principle

The proof of Theorem 4.1 relies on several arguments: first on an equivalent definition and
on a reformulation of the notions of sub- and supersolutions by using sub- and superjets;

second on a new maximum principle described in the appendix.

Here is an equivalent definition of the notion of supersolution.

Lemma 4.3 Letw: (0,7)xIR" x A(I) x A(J) — IR be a lower semicontinuous map which
is concave with respect to q. Then w is a supersolution of (4.17) in the dual sense if and
only if for any C2((0,T) x R™) function ¢ such that (t,x) — w*(t,x,p,q) — ¢(t,=) has a

mazimum at some point (t,Z) for some (p,q) € R x A(J), we have
qbt(fvj) - H( ' T, _qu(fv .CZ'), _D2¢(£7j)7]57 Q) >0 for some p € 61;11}*( s Ty Dy (j) .
Remarks :

1. In particular, if the Hamiltonian H does not depend on the variables (p, ¢), then w is
a supersolution if and only if for any ¢ such that (t,z) — w*(¢t,x,p, §) — ¢(t,x) has a

maximum at some point (£, z) for some (p,§) € R! x A(J), we have



hal-00273223, version 1 - 14 Apr 2008

2. A symmetric result holds true for supersolutions.

Proof : If w satisfies the condition, then it is clear that w is a supersolution in the dual
sense because, if w* has a derivative with respect to p, then@ w*(t, %, p, q) = {2 95 " (£, %,p,q)}.

Conversely, let us assume that w is a supersolution in the dual sense. Let ¢ be such
that (t,2) — w*(t,x,p,q) — ¢(t, ) has a maximum at some point (¢,z) for some (p,q) €
R’ x A(J). Without loss of generality we can assume that this maximum is strict. From
the definition of w*, the map (¢t,z,p) — (p,p) — w(t,z,p,q) — ¢(t,z) has a maximum at
(t,z,p) for any p € agw*(f,:i,f), q).

Let us now fix € > 0 and consider a maximum point (¢, x., pe) of the map

(t,x,p) - <ﬁap> - w(t,:r,p, (D - ¢(t,$) + §|p‘2 .

We note that, up to a subsequence, the (tc,x.,pc)’s converge to (t,Z,p) for some p €
8};10*({,5:,15, q). Let pe = p + epe. We claim that 88% exists at (t.,x,pe) and is equal to
pe. Indeed, the map (t,z,p) — (pe,p) — w(t,z,p,q) — ¢(t,x) + §|p — pe|* has a maximum

at (te,Ze,pe), which implies that p — (pe,p) — w(te, Te, p, §) has a unique maximum at p.
Thus T(te,xe,pe) = {pe}. Since the map (t,z) — w* (¢, z,Pe, q) — ¢(¢,r) has a maximum

at (te, ) and since w is a supersolution in the dual sense, we get

¢t - H(téaxm _D(ba _D2¢ap67q_) Z 0

at (te, Te, Pe, q), from which we deduce the desired inequality as e — 0. O

For I' C {1,...,1} let us denote by A(I') = {p = (pi) € A(I), pi=0ifi ¢ I'}.

Corollary 4.4 Let w be a supersolution (resp. subsolution) of (4.17) in the dual sense. Let
I' and J' be a subsets of {1,...,1} and {1,...,J}. Then the restriction of w to A(I') and
A(J") is still a supersolution (resp. subsolution) of (4.17) in (0,T) x R"™ x A(I') x A(J").

Proof: Let w’ be the restriction of w and assume that ¢ is such that (t,z) — w™* (¢, z, ', 7)—

¢(t,z) has a maximum at some point (f,z) for some (7,¢) € R x A(J') at which
P o= 2wl (4, &, f,7) exists. Let us define p € R, § € R’ and p € A(I) by setting:

pi=p,and p; =p,ifi el and pi=—Mandp;,=0ifi ¢ I,

and

gj = q; if j € J" and g; = 0 otherwise,

19



hal-00273223, version 1 - 14 Apr 2008

where M > max{|p/|cc + 2||Dpw|loo, —w™*(, %, 7', 7) — inf,ea(ryw(p)}. We claim that
aa—lg(f,i’,ﬁ, q) exists and is equal to p. For this we consider p € 5w *(t,Z,p,q) and set
§ = cp P1i- We first show that 0 > 0. Indeed, otherwise, we have (omitting the depen-
dance with respect to (¢, Z,q)):

(,p) = wlp) < =M —minw(p) < w”(F) <w'(p) ,

and there is a contradiction. Therefore ¢ > 0. Next we define p;; = p;/é if i € I’ and
p1,i = 0 otherwise. Then p; € A(I) and we have:

(D,p1) —w(p1) > (P,p) + (D.p1 —p) —w(p) — [|[Dpw|oclp — p1l1
> w(p) = [P'oo(1 = 8) + M(1 = 6) — 2|| Dywl|oo (1 — &)
> wi(p) + (1= 0)(M — [pec — 2[| Dpwlleo) -

Since M > |p|oo + 2||Dpw]| oo, this implies that p; = p and, so, that w*(p) = w™*(p') and

Plan € G;w (t,z,7,q). Since w'™* is differentiable with respect to p at (£,Z, ', q), we get

P =D
So 2 8 " (t, %, p, §) exists and is equal to 5. We also note that (¢, z) — w*(t, z, p, ) — ¢(t, x)

has a maximum at (£, ) since w*(f, %, p, §) = w* (£, T, 7', ). Since w is a dual solution, we

have
oi(t, ) — H(t, 7, ~D¢(t,7), -D*¢(t,7),p,q) 20 at (£,7,5,7) ,
where
H(t,z,—D¢(l,7), -D*¢(t,7),7,q) = H(I,7,— Do (I, 7), —D*¢(1, ), 5, q)
This proves that w’ is a dual supersolution. O

Let us recall the notions of sub- and superjets of a function w : (0,7') x R" — IR: the
subjet D*>~w(t,Z) is the set of (&,&,, X) € R x S, such that

w(t,z) = w(t,2) + &t —1) + & (2 —2) + X( z).(x = 2) + o[t — T + |z — 7[?)
and the superjet D?>%w is given by
D**u(f,7) = — D> (~w)(F,7)

In order to deal with viscosity solutions in the dual sense, we introduce some new notations.
For w = w(t,z,p,§) defined on the dual space (0,T) x R™ x A(I) x R7, we set

(gt,gng; Q) € IRn+l X Sn X A(J) ) H(tn,-fn,pn,(jn) (E z ﬁa Cj)7
Dy w(t,z,p,q) = &, &8, X™) € D> w(tn, Tn, P, Gn) and 3¢ := y(tn,xn,pn,qn)
with (5?7 27Xn7qn) - (é.tagxa )

20



hal-00273223, version 1 - 14 Apr 2008

We use a symmetric notation for 5§7+w(t_, T, P, q), which is a subset of R"™! x S,, x A(I).
The following equivalent formulation of the notion of sub- and supersolution is standard

in viscosity solution theory, so we omit the proof:

Proposition 4.5 A map w: (0,T)xIR" x A(I) x A(J) — R is a supersolution of equation
(4.17) in the dual sense if and only if w = w(t,x,p,q) is lower semicontinuous, concave

with respect to q and if, for any (t,%,p,q) and any (&,&, X,p) € ﬁz’er*(ﬂ Z,p,q) we have
gt - H(77£‘7 _53:7 _vaa Q) > 0.

Symmetrically w is a subsolution of (4.17) in the dual sense if and only if w is upper
semicontinuous, convex with respect to p and if, for any (t,Z,p,q) and any (&,&x, X, q) €
-—=2,— 8T = = 4
D, w*(t,z,p,q) we have
é-t - H(ﬂj) _5567 _Xaﬁa Q) S 0.
Proof of Theorem 4.1 : Let us assume that
sup (wy —wsz) > 0.

t,z,p,q

Since w; and wy are Holder continuous and bounded, classical arguments show that, for

€,n,a >0,
t,x) — (s,vy 2
M@”MX = sup {W1(t,m,p, q) _w2(37y7]3: q) - (|( ) ( )| +*(’.’If‘2+ ‘y’2))+77t}
t,2,5,Y,p,q 2e 2
(4.19)
is finite and achieved at a point (¢, Z, 5, 7, Po, o). One can also show that
lim M, = sup (w; —wo) (4.20)
67777a*)0+ tvmvpvq
and that B )
£ _ (5.0
’( 7:5) 2(37y)’ ’ (X’Q_?P 7 Oz@’Q < 2Moo (4.21)

€
where My, = |w1]oo + |w2|oo. Using (4.18) and the Holder continuity of w; and wy shows

that £ < T and 5§ < T as soon as €,  and « are small enough.

We now fix €, n and « as above and claim that it is possible to find some restriction
I and J' of I and J such that: (i) for any (p',q’) such that (¢,Z,5,9,p,7) is a maximum
point of

/ —
67"’)7& :

|(t,2) — (s, 9)
2e

max {’wl(t,l’,p/,q,) - w2(87y7p/7q,> - (
(t,z), (s,y) €[0,T] x R"™

(.q) € AUI') x A(J)
(4.22)

21
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one has (p',¢') € Int(A(I') x A(J")); (ii) M{, o = Meya-

Indeed let (p,q) € A(I) x A(J) be a pair for which the sum of the number of indices 4
such that p; = 0 and of indices j such that g; = 0 is maximal among all the pairs (p, ¢) such
that (¢,Z,5,7,p,q) is a maximum point in (4.19). Let I’ and J’ be the sets of i and j for
which p; > 0 and g; > 0. We note that (p, ) € A(I') x A(J') and so (¢,%,5,7,D,q) is also a

maximum point of (4.22). Therefore M/, , = Me, o and (ii) holds. To prove (i), we assume

also maximum point in (4.19) and the total number of indices of ¢ or j for which p} = 0 or
cj; = 0 is larger than the corresponding number for (p,¢). This is in contradiction with the
definition of (p, q).

From now on, for fixed ¢, n and a, we replace the sets I and J by I’ and J’, the
maps wy and wy by their restrictions to I’ x J' and problem (4.19) by (4.22). We note

that the new w; and wy are respectively sub- and supersolutions (from Corollary 4.4)

(D, q) € Int(A(I) x A(J)).
From the maximum principle (Theorem 6.1 stated in the Appendix), there are (p, q),
(p,4) and X1, Xs € S, such that

LI

—_ — 7277 e 7] q
n—— — a2, X1,9) € D, wi(t.2,0,9).

5—1) (y—=z _ =2 .
(( 6_)7(6)+ay7X27p)€Dp w2(87y7p7Q)

—X1 0 § « L=t o+ a’e
(0 X2>§(6+2)<_[ ; )+( +afe)l (4.23)

and

Since wj is a subsolution of (4.17) in the dual sense, Proposition 4.5 states that

tii_ _ _7 —
n— S—H<t,x,x y+aa:,—X1,p,q> <0. (4.24)
€ €

In the same way, since ws is a supersolution of (4.17) in the dual sense, we have

€ €

. -
(8 3—H(am—@ @+a%a&mn>zw (4.25)

Using the structure condition (4.16) on H, and plugging estimates (4.20), (4.21) and
(4.23) into (4.24) and (4.25) yields to a contradiction for €, @ and 7 sufficiently small as in
[9]. O
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5 Games with running cost

We now investigate differential games with asymmetric information on the running cost and
on the terminal cost. The framework is basically the same as before. At the initial time,
the cost (now consisting in a running cost and a terminal one) is chosen at random among
I x J possible costs. The index i is announced to Player I while the index j is announced
to Player II. Then the players play the game in order, for Player I to minimize the payoff
and for Player II to maximize it.

In this section we keep the same terminology and the same notations as in the previous
part. There is however a main difference: as we shall see later, in a game with a running
cost, each player needs the knowledge of this running cost to build his strategy. Since
we assume that the running cost depends on the control of both players, this means that
the players have to observe the control of their opponent. This was not the case of the
game before where the players only observed the state of the system. For this reason we
have to change the notion of strategy. To do so, we first endow the sets L°([0,T],U) and
LY([0,T],V) of measurable controls u : [0,7] — U and v : [0,7] — V with the following

distance:

T T
d(u,u'):/t dy (u(s),u'(s))ds and d(v,’u'):/t dy (v(s),v'(s))ds

for any u,u’ € L°([0,7],U) and v,v" € L°([0,T],V), where dy and dy are the distances
on U and V. We are now ready to define the notion of strategy used in this section. This

definition replaces the one introduced in Definition 2.2.

Definition 5.1 A strategy for player I starting at time t is a Borel-measurable map « :
[t,T] x C([t,T),IR™) x L°([t,T),V) — U for which there exists 6 > 0 such that, for all
se[t,T), f,f € C(t,T),R™) and g,g' € L°([t,T),V), if f = f' and g = ¢ a.e. on [t,s],
then a(-, f,9) = a(-, f',g") on [t,s + 4].

We define strategies for player II in a symmetric way and denote by A(t) (resp. B(t)) the
set of strategies for player I (resp. player II).

We define random strategies as before (but with the modified notion of strategies) and
still denote by A, (t) (resp. B, (t)) the set of random strategies for player I (resp. player II).

We have an analogue of Lemma 2.1 :

Lemma 5.1 For all (t,z) in [0,T] x R", for all (o, 5) € A(t) x B(t), there exists a unique
couple of controls (u,v) € U(t) x V(t) that satisfies P—a.s.

(u,v) = (a(-, X5 0), B(-, X5 ) a.e. on [t,T). (5.26)
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Let us fix I,J € IN. For1 < ¢ < T and 1 < j < J we consider the terminal cost
gij : R"™ — IR and the running cost 4;; : [0,7] x R" x U x V' — IR on which we do the

following assumptions:

Forany 1 <i<Iand1<j<J,/{;and g;; are continuous in all variables, (5.27)

uniformly Lipschitz continuous with respect to z and bounded.

For fixed (4,7) € {1,...,1} x {1,...,J} and strategies (o, 3) € A(t) x B(t), we set

T
Jij(t, x, a, ) = E[/ eij(S,Xz’x’o"ﬁ, as, Bs)ds + gij<X%z,oc,ﬁ)] 7
t

where as before («,3) denotes the unique pair of controls such that (5.26) holds. The
payoff of two random strategies (@, 3) € A,(t) x B.(t), with @ = (a!,...,af;r!, ... rF)
and B = (B,...,0%s',...,5%), is the average of the payoffs with respect to the probability

distributions associated to the strategies:
R S T
Tyt @, ) = ZZT’“SZE/ s (s, X5 o, gl ds + g (X577,
k=1 I=1
Finally, the payoff of the game is, for (&, 3) = ((&)1<i<r, (B))1<j<s) € (A-(t) x (B.(£))7,
) I
Jpq( OA‘ﬁ :Z Diq; mtxaz’ﬂ)
=1 j=1

We define the value functions for the game with running cost as before by

3@
=

V*t(t,z,p,q) = inf, (A1) SUPjeg, (1)) JPU(t, x
V=(t,x,p,q) = SUD 3¢ (5, (1)) infae(a, 1) JPU(t, x, &, ).

In our game with running cost, Isaacs’ assumption takes the following form: for all
(t,z) € [0,T] x IR"™, (p,q) € A(I) x A(J), £ € IR", and all A € S,:

inf,, sup,{< b(t, z,u,v),& > —i—%Tr(AJ(t, x,u,v)o*(t,x,u,v)) + Zi,j Cij(t, x,u,v)pig; } =

sup,, inf, {< b(t, z,u,v),& > —i—%T'r(AU(t,x,u,v)a*(t,:l:,u, v)) + ZU lij(t, x,u,v)pig;}
(5.28)

We set

H(t,z,¢,A,p,q) = inf,sup,{< b(t,x,u,v),& >
+%TT(AO—(7§7 T, u, ’U)O'* (t7 €, U, U)) + Zi,j EZ] (ta €, U, U)pl(b} .
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Theorem 5.2 Assume that (H), (5.27) and (5.28) hold. Then the game has a value:

V* =V~ which is the unique solution in the dual sense of

wy + H(t,z, Dw, D*w,p,q) =0 (5.29)
with terminal condition
I J
VHT,2,p,q) =V (T,z,p,q ZZ pigigii(x)  Y(z,p,q) € R™ x A(I) x A(J).
Proof of Theorem 5.2 : Following standard arguments, one first checks that V*

and V'~ are globally Holder continuous, and uniformly Lipschitz continuous with respect to

p and q. We now show that V~ is a dual supersolution of the HJ equation
wy + H™ (t,z, Dw, D*w, p,q) = 0 (5.30)

where

H_ (ta Z, 67 A7p) Q) == Supvev inquU{< b(ta l‘, u, U)a 5 >
+%TT(AO-(t7 €, U, U)O-*(t’ z,u, U)) + Z@J &j (ta z,u, U)pij}

For this we introduce an extended differential game in IR"*!/. This game with asymmetric

information and terminal payoff is defined by the dynamics

dXs = b(s, Xs,us,vs)ds + o(s, Xs, us,vs)dBs, s € [t,T],
dZij,S = ‘gij(87X87uS7US)dS7 (531)
Xt =, Zijt = zij,
where (t,,2) € [0,T] x R™ x IR'/, with 2 = (2;;). The terminal payoffs of this new game
are §;j(x, 2) = zij + gij(x). We denote by V= the lower value of this game. We note that
f/i(t,I‘,Z,p, Q) = Vﬁ(tvxapa Q) +ZZZJP1QJ . (532)
]
Following the proofs of Proposition 2.1, one can check that V= is convex in p and concave
in q. Hence sois V™. As in Corollary 3.1, one can also show that vV~ is a dual supersolution

of the HJ equation
Wy + H (¢, z, 2, D, .w, D2w) =0

where, for (t,z,2z) € R"7 ¢, ¢ R" ¢, e R and A € S,,,

-[N{_(ta .T, 27 51‘7 §Z7 A) = SuvaV inquU{< b(t7 :1:7 u, 'U), é.x >
+%TT(AO-(t7 €, U, U)U* (t7 z,u, U)) + Z@,] Zl] (t, xz, U, 'U)éz,ij} .
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Note that it is precisely at this point that the players have to use the new definition of strate-
gies. Indeed, in order to build their strategies in the sub- and superdynamic programming,
they have to compute the state of the system and the running costs Z;; (see the proof of
Proposition 3.1). This is possible since, at time s, they know the controls . and v. and the
trajectory X. up to time s —4, and therefore can compute Z;; , = z;; +ft7; Cij (1, X7, ur, v7)dT
for r € (to,s — 9).

Let now ¢ be a test function such that (¢,x) — V~*(¢,z,p,q) — ¢(t,x) has a maximum

at some point (£,Z) for some (p,q) € R! x A(J) at which 8‘3 exists. Without loss of
generality we can assume that this maximum is global and strict and that ¢ — +oo as

|x| — 400. From (5.32) we have

V>t pg) =V [ ta,zd + (O G2 Y(t,z, 2, 7). (5.33)
J

In particular, 8‘5};* exists at (£, 7,0, p,q) and is equal to p := 6\5};* (t,%,p,q). Equality (5.33)

also implies that the map

(ta,2) =V [tz 2,0+ O G2i)in @ | — o(t,2)
J

has a maximum at (£, Z,0) in (0, T) x R xIR!7. Fix ¢ > 0 and let (t., 2., z.) be a maximum
point of the map (¢, z,2) — V"*(t, 2, z,p,q) — d(t, x) — i|z!2 (we note that this maximum
exists because V~* has at most a linear growth and ¢ — +oc as |z| — +00). From standard
perturbation arguments, %]25|2 converges to 0 as ¢ — 0. Therefore, up to subsequences,
(te, z.) converge to a maximum point of the map (¢, x) — V*(t,z,0,p,q) — (¢, z), i.e., to
(t,z). So we have (t.,zc) — (¢, 7).

Since V* is a subsolution of the dual equation, we have at (te, e, 22,0, q)

1
¢y — inf sup ¢ —(b, Dp) — T'r (D2¢poc™) E Uij Zeij >0. (5.34)
Uy 9
We now claim that
R
lim == = —pig; (5.35)

Indeed, from (5.33) and the optimality of (¢, z., z.), we have for any z

vV (tsal‘z—:yzsa (E Qj(zlj — Ze ’L]))UQ) = V_*(tg,l'g,z,ﬁ, (.7)
< V- “(te, Te, 22, P, ) + 2*15 (|Z|2 - |Z€|2) .
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Let jo with gj, > 0 and h € R. If we choose z = (2;;) such that

e hi
Zij = Z&ij if ¥i 7& Jo and Zz’jo = zE’ijO — % s
djo
then we get
- . e o1 h;  |h|?
V *(t€7x67z87p+h7q)gv *(t67$6727p7q)+7 _2228,2]0%4_% .
2e i djo qjo

Since V~* is convex with respect to p, this shows that V~* has a derivative with respect to

ﬁ at (t67x€7267ﬁ7 Q) Wlth
8‘7_* Zeij
— (¢ , Ley 2 ,7 = =0 .
aﬁz (a £y %€ Q) 8%0

As ¢ — 0, %(ts,xs,ze, p,q) converges (up to some subsquence) to some element of

-V ~*(t,z,0,p,q), which is reduced to {p} since V" oxists at t,7,0,p,q) and equal to
g p,q op
p. Hence ZE% — —P;iqj,- Next we assume that g;, = 0. Choosing

Zij = Zs,ij ifj 7'5 j() and zijo =0 y

we get from (5.30)
7 —% A 7 —% A 1 2
V (tsamsazap, Q) S |4 (téamsaz&p’ Q) + 276 - Za,ijo .
7

Hence 2., = 0 and 220 — —p;G;,. So in any case (5.35) holds.
»2J0 £ Jo

Plugging (5.35) into (5.34) and then letting ¢ — 0 finally yields to the desired inequality:
¢ — H™(t,2,~D¢,~D?,p,q) > 0 at (£,7,p,q) .
So V™ is a dual supersolution of (5.30).
The proof that V' is a dual subsolution of the HJ equation
wy + HY (t, 2, Dw, D%w, p, q)=0

where
H+(t7 xz, fa Aapa Q) = inquU SquGV{< b(tv T, u, ’U), § >
+%Tr(Aa(t, x,u,0)o*(t, x,u,v)) + sum; ;;;(t, x,u,v)pig; }
can be achieved in a completely symmetric way, by studying the upper value function v+
of the extended game.
Combining Isaacs’ assumption, which states that H := H™ = H—, the fact that H sat-
isfies assumption (4.16) and the comparison principle (Theorem 4.1) shows that V* =V~

is the unique dual solution of (5.29). O
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6 Appendix : A maximum principle

The following result—used in a crucial way in the proof of the comparison principle—is an
adaptation to our framework of the maximum principle for semicontinuous functions (see
Theorem 3.2 of [9]):

Theorem 6.1 (Maximum principle) For k = 1,2, let Oy be open subsets of IR™ and
w : O x A(I) x A(J) — R be such that

(i) wy = wi(x,p,q) is upper semicontinuous in all variables, convex with respect to p and

uniformly Lipschitz continuous with respect to q,

(ii) wo = wa(y,p,q) is lower semicontinuous in all its variables, concave with respect to q

and uniformly Lipschitz continuous with respect to p,

(iii) there is some C? map ¢ : O1 x Oy — IR and some point (z,7) € O1 x O such that
the map
(2,y) — max{wi(z,p,q) — w2y, p, q) — #(@,y)} (6.36)

has a mazimum at (Z,7),

(iv) any mazimum point (p,q) in (6.36) with (z,y) = (Z,y) belongs to the interior of
A(I) x A(J).

Then, for any € > 0 small, there are (p,q) € A(I) x A(J), (p,q) € RI x R and
(X1, X2) € Sy, X Sn, such that the map

(z,9,p,q) — wi(z,p,q) —w2(y,p,q) — ¢(x,y)
has a mazimum at (Z,y,p,q),
o =2 o N
(—D¢(2,9), X1,q) € D, w(z,5,4), (Dyo(z,y), Xo,p) € D, wh(y,p,q) (6.37)

and

1 -X; 0
( + HAH) I< ! < A+ eA? (6.38)
€ 0 X

with A = D?¢(z, 7).

Remark : Compared with the classical maximum principle, the additional difficulty

is the fact that we need elements of ﬁg’_wﬁ and of ﬁz’er; while we have only information
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on the behavior of the difference w; — wo — ¢.

Proof of Theorem 6.1 : We follow closely the proof of Theorem 3.2 of [9]. Let us
start by some reductions:
Reductions : As in [9], we can assume without loss of generality that O = IR"*, w; is

bounded from above and ws is bounded from below. We can also assume that z =y = 0
and ¢(z,y) = (A(z,y), (z,y)) and

max {wy(x, p, q) — wa(y,p,q) — (A(z, ), (z,y))} = 0. (6.39)

Z,Y,P,q

Step 1 : introduction of the inf- and supconvolutions. As in [9], we have

Ay~ y) < (At eA?)(xy). (x.y))  (6.40)

A
' —z)?) = (wa(y', pyq) + 5

(wl(aj/’p) q) - 2

for any (z,2',y,y',p,q), where A = % + || A||. Let us set for \' > A,

A N
~ _ ! NN 2 12
w1 (2,p,q) = xlem$i¥eA(J)(wl($ 0,q) = Gl = 2" = Sl —af)

where (z,p,q) € R™ x A(I) x R? and

A X
W ., — min w /’ /7 +Z /2 4+ = I 12
2(y, P, q) y,emnw,&m( 2,0, + 51y =yl + Sl = pl)

where (y,p,q) € R™ x IRT x A(J). Note that 1 and 1 are defined in a larger space than
wy and wg and that

. N ) N

w1 (z,p,q) <C — §|q\ and wa(y,p,q) > —C + §|p‘

for some constant C'. In particular,

f(,p,4) = inf {G.q—in(z,p,q)}
geR

is well defined and so is 7.

We also note that 17 is semiconvex in all its variables with a modulus X', semiconvex
in  with a modulus A and convex in p (because w; is convex in p by assumption). In the
same way, w9 is semiconcave in all its variables with a modulus )\, semiconcave in y with

a modulus A\ and concave in q.
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Step 2 : localization of the maxima of a perturbed problem. Let us now in-
troduce some small pertubation of the maximization problem (6.39): for «,5 > 0 and
(= (Cxa Cya Cpa Cq) € IRn1+n2+I+J7 we set

ZC(:vavpa Q) = ’UA)1($,p, q) - w?(yapv Q) - <(A + EAQ)(:L‘,y), (SE,y)>
—a(pl* —la?) = B(l=* + yI?) — (¢, (z, 9, p,9)) -
We claim that,
for any n > 0, we can choose X' large and v and « small such that,

for any ¢ with |[¢| <, any maximum point (z,y,p,q) of zc in R™1"2 x A(I) x A(J)
satisfies (x,y) € B, and (p,q) € Int(A(I) x A(J)).

(6.41)
To prove our claim, we introduce the maps
A
A/ _ / M 2
0 (@,p,0) = ax (un(a',p,0) — 512’ = af?)
and
A
A1 _ : / A2
w3(y,pq) = min (wa(y',p.a) + 5l —ul) -
From (6.40) we have
@i (x,p,q) — W5y, p,q) — ((A+€eA®)(2,9), (2,9)) <O ¥(z,y,p.9) - (6.42)

Since w; is Lipschitz continuous with respect to ¢ while ws is Lipschitz continous with

respect to p, we have

. . C . . C
wl('rvpv(I) Swll(x7p7Q)+y and w2($,p,(]) Zw/Q(va%Q)_y )
for some constant C, so that, in view of (6.42),
2C
ZC(:U7y7p7 q) S N, Oé(‘p|2 - |q‘2) - 6(|$‘2 + ‘y|2) - <C7 ('ivvyvpa Q» . (643)

)\/
Let X, — 400, (p, n, — 0 and (2y, Yn, Pn, gn) be a maximum point of z¢,. From (6.43) the
sequence (Zp, Yn, Pn,Gn) is bounded and we can assume that it converges to some (Z,, p, q)

which is a maximum point of

20(x,y,p, q) = W) (z,p,q) — Wy, p, q) — (A+ eA®)(2,y), (z,9)) — B(|z|* + [y|*)

We are going to show that (Z,7) = (0,0) and that (p,q) € Int(A(I) x A(J)), which proves
claim (6.41). Let (0,0, p, ¢) be a maximum point in (6.39). Since @} > wy and W) < wsy, we
have,

20(0,0,p,q) = w1(0,p, q) — w2(0,p,q) — ¢(0,0) =0 .

30



hal-00273223, version 1 - 14 Apr 2008

Combining this inequality with (6.42) shows that
max zg = 0 and (z,y) = (0,0) .

We now show that w (0, p, ) = w}(0,p,q) and wa(0,p,q) = wh(0,p, 7). Indeed, let 2,3’ be
such that

. _ _ A . _ _ A
w,1(07p7 Q) = ’lUl(-’El,p, Q) - §’$/|2 and wé(07p7 q) = wQ(y/>p7 Q) + §’y/|2 .

R A o o o R A A

W (2, p, @) —h(y', p, q) = wi(2',p,q)—w2(y, P, q) = W} (0,p,q)—i5(0,p, q)+§(\x’!2+|y'l2) :
But from the maximality of (0,0, p, ) we also have

12)’1(0,]57 47)712)5(07]37 q_) Z UA),I(J’J?p’ Q)iwé(y/aﬁa Q)7<(A+€A2)($/7y,), ($/,y,)>fﬂ(|$/|2+|y/|2) .

Putting together the two inequalities above shows that 2/ = ¢’ = 0 as soon as A > 2(|| 4| +
e||A||? + ), i.e., from the definition of ), as soon as € is small enough. Then w1 (0,7, q) =
w1 (0,p,q) and wa(0,p, ) = wh(0,p, g) and the maximality of (0,0, p, q) gives

wl(O,ﬁ, Cj)—w2(0,]5, CY) = 12),1(0,]5, Q)_wé(ovpa 67) > 12),1(0,]), C])—wé(o,p, C]) > ’LU1(0,]9, Q)_’wQ(O’pv Q)

for any (p,q). Hence (0,0, p, q) is a maximum point in (6.39). This shows from assumption
(iv) that (p,q) € Int(A(I) x A(J)) and completes the proof of claim (6.41).

Step 3 : use of Jensen maximum principle. Let )\, v and « as above. Since zj is
semiconvex, has a maximum at (0,0, p,q), Jensen maximum principle (see Lemma A.3 of

[9] for instance) states that the set

(z,y,p,q) € By x Int(A(I) x A(J)), 3¢, |[¢| <7, such that
E, = (i) z¢ has a maximum at (z,y,p,q) and

(7i) w; and wy have a derivative at (x,y,p, q)

has a positive measure. We note that in the quoted Lemma A.3, the maximum is required
to be strict ; this assumption is only used in [9] to localize the maximum points, which is

not needed here.

We also note for later use that, if (x,y,p,q) € E,, there is some ¢ = ((z, §y, (p, {g) With
|¢| < 7 such that z has a maximum at (x,y,p,q). In particular, this implies that

q — w1 (z,p,q) — w2y, p,d) + ald|* = (¢4, 7)
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has a maximum at ¢. Since w3 is concave in ¢, w; coincides with its concave hull with

respect to g at (z,p,q). Hence, if we set § = %ﬂg’p’q), then
Wy (z,p,q) + Wi (z,p.4) =q.¢  and g€ i (z,p,q) . (6.44)
In the same way, if we set p = %‘Z’p’q), then we have

Wa(w,p,q) +W3(y, p,q) =pp  and  p € Iyw5(x,p,q) - (6.45)

Step 4 : measure estimate of a subset of F,. Let E; be the set of points (z,y,p, q) € Ey
such that wﬁ‘ has a second order Taylor expansion at (z, p, 88—1{’11(9:, p,q)) and w3 has a second
order Taylor expansion at (y, %’f(m, D,q),q). Our aim is to show that Eﬁy has a full measure

in E,.
For this we note that E’7 = E% N Eg where

E! =

{ (z,y,p,q9) € Ey , uﬁﬁ has a second order Taylor expansion }
by

oWy

at (5177]77 Tq(xapa Q))
and
B2 { (x,y,p,q) € E , w3 has a second order Taylor expansion }
7 - ~
at (y, %2 (z,p,q),q)
It is enough to show that E% and E% have a full measure in E,. We only do the proof for
E%, the proof for E,% being symmetric.

Let us set, for any (z,y,p),

E\(z,y,p) ={q € A(J), (z,y,p,q) € Ey}

and
E\(z,y,p) = {g € A(J), (z,y,p,q) € E}}

Since E, has a positive measure, from Fubini Theorem we have to show that, for any (z,y, p)

such that the set £, (x,y,p) has a positive measure, the set E%(w, y,p) has a full measure

in B, (z,y,p).

%ﬂg’p”) defined on E,(z,y,p). We are going

For this, let us introduce the map ® : ¢ —
to show that

1
Vai,q2 € Ey(z,9,p), |¢1 — q2| < %@(fh) - ®(q2)| , (6.46)

32



hal-00273223, version 1 - 14 Apr 2008

which will imply that

1
(2)"

VE C E,(x,y,p) measurable, L/ (F) < LY(®(E)), (6.47)

where £/ denotes the Lebesgue measure in IR7. Then we will prove that (6.47) implies our

claim.

Proof of (6.46) : Let qi,q2 € Ey(z,y,p). There are (; and (» such that z has a
maximum at (z,y,p,qx) for kK =1,2. The first order optimality conditions imply that

a L ) )
D(qy,) = wQ(gqm —20q + Gy fork=1,2.

Using again the optimality of z¢, at ¢; and the fact that ¢ — w2(y, p, q) is concave, we have

1 (z,p,q2) < Wi(z,p,q1) + <<%¢}Ml) —2aq1 + Cl,q) (@2 —q)) —alge —q

‘ 2

‘ 2

IN

w1 (z,p,q1) + (1), (@2 — @) — algz — @
Reversing the role of ¢; and ¢o gives

w1 (x,p, q1) < Wi(z,p,q2) + (P(q2), (1 — q2)) — alge — (J1’2

Adding the two previous inequalities then leads to

0 < (®(g2) — D(q1),q1 — q2) — 2c|ga — q1|* .

Whence (6.46).

Proof of (6.47) : Let E be a measurable subset of £, (z,y,p). We note that (6.46)
states that ® is a bijection between E and its image, with a i—LipSChitZ continuous inverse.

Hence
1

(20)

£(B) = LY@~ (2(B))) < Lh(e(p),

i.e., (6.47) holds.

We finally show that E%(xhy,p) has a full measure in E,(z,y,p) for any (z,y,p) such
that E,(x,y,p) has a positive measure. Let F' be the set of (x,p,q) such that 1ZJ§ has
a second order Taylor expansion at (z,p,q). Since F has a full measure, for almost all
(z,p) € R™ x A(I), the set F(z,p) = {¢ € R’ , (x,p,§) € F} has a full measure in
IR’. Let (x,p) be such a pair and such that E,(z,y,p) has a positive measure. Then
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®(E,(x,y,p)) also has a positive measure from (6.47). Since ®(E,(x,y,p))\F(x,p) has a

zero measure and since

O (D(By(z,y,p))\F(z,p)) = Ey(x,y,p)\E,(z,y,p) ,

using again (6.47) shows that Ev(x,y,p)\E%(x,y,p) has a zero measure. This completes

our claim.

Step 5 : (further) magic properties of sup-convolution. We now explain that one
can use second order Taylor expansions of uﬁji and w5 to get elements of DQ’*wﬁ, D>y,
D%%w} and D% .

From the definition of w; and ﬁ)g we have

/

A
Zg )2 = w2, p,q")) (6.48)

. . . LA
@i(@,p,9) = min ¢4+ Fla' —af + 3

/ ”

x',q',q

where the minimum is taken over the (z/,¢’,¢”) € R™ x IR’ x A(J). In particular ¢’ =
q¢” — ¢/N is always optimal in (6.48) and we have
[—

-~ -~ » Ao A bl
W} (z,p,q) = *27,+g11qr,3(q ~q+§!$'*$l2*w1(:v’,p,q )

So
. . A .
#(e.p.d) =~ min(la’ — af? + wi(@p.) (6.49)

and w§ is nothing but the inf-convolution in space of the map wg.

Let us now assume that (z,y,p,q) € E., set § = %@’M) and let (Z',7,7") be a

minimum point in (6.48). Since uf)ji has a second order Taylor expansion at (z,p,q), we

have, following the proof of the “magic properties of sup-convolution” (Lemma A.4 of [9]):
g

¢ =Dt (,p,§) = Az -7, q= ¥ (z,p,9) = q € Int(A(I))

and ¢ + N (7 — @) = 0. This implies that the minimum problem in (6.48) has a unique
solution (7,7, 7”) = (x — §/N\, ¢, ¢+ G/ N).

Using (6.49) we see that ¢” is optimal in (6.48) if and only if ¢” € 8;10% (', p,q). Since
there is a unique optimal solution in (6.48), the set aqmﬁ (7', p, q) is reduced to the singleton

]
{qg+ G/N}. So aa—? exists at (x — &/, p,§) and we have

8w§

93 (x—&/Ap,@) =a+a/X. (6.50)
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Furthermore, since w1 has a second order Taylor expansion in z at the point (x,p,q), the
classical “magic properties” of inf-convolution (Lemma A.4 of [9]) applied in (6.49) state
that

(D} (x, p, §), D*if (z,p, ) € D>~ wh(z — &/A,p,q) - (6.51)

Following [1] we also note that for any 2’ close to z, we have

W (2, p,q) < q.q— @t (2!, p, §) = w1 (z,p, §) + @ (2, p,§) — @ (¢, p, §)

because w1 (x,p,q) + uﬁ’i (x,p,4) = q.q. Since w§ has a second order Taylor expansion at x,

this gives
— (D (x, p, §), DX (w,p, §)) € D* i (w,p, q) - (6.52)
In a symmetric way, if (z,y,p,q) € E’, and p = %p’pq) then
(D3 (y, p, q), D*W5(y, b, q)) € D> T ws(y — £/A, P, q) , (6.53)
where § = Dw3(y, p, q),
ows 1,
iy 2(y —&/Np,q) =p+ VP (6.54)
and
— (D (y, b, q), D*w3(y, b, q)) € D> ib2(y,p.q) - (6.55)

Step 6 : conclusion. From the previous steps, we know that the set EﬁY defined in step 4
has a positive measure for any X sufficiently large, any «, v > 0 sufficiently small and any
(3 > 0. Hence we can find sequences X, — 400, an, Bn, 7n — 07, ¢ = (7, s G Cg) — 0,
(Zny Yn, P, @n) converging to some (0,0, D, q) such that (T, Yn, Pn,qn) € Eﬁy and such that

the map z¢, has a maximum at (2, Yn, Pn, qn)-

Let us set D ) diy )
W2(Yn, Pn,dn A W1\ Tn, Pn, qn
n == 5 n = 5 656
P 9 q 94 (6.56)
(&8, X7) = (Do} (2, s Gn)s D205 (2 Pros )
and
(&2, X5) = (DW3(Yns Prs @n)s D203 (Y Py ) -
From (6.50) and (6.54) we have
1 ows 1 i awﬁl 1 .
Pn + Epn ap ( — &5 /N Pnyqn) and qn + - )‘n = o4 (zn — fn/)\’p”’qn) . (6.57)

From (6.52) and (6.55) we have
— (€1, XT) € D* M1 (wn, Py gn) and — (€5, X3) € D>~ w2(Yn, Pn, dn) -
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Since furthermore (z,y) — 2¢, (¢,Y, Pn, ¢n) has a maximum at (2, Yn, Pn, ¢n), the first and

second order optimality conditions imply that

(=&1,&5) = (A + GAQ)(mna Yn) + 26n(Tn, yn) + (¢, C;]) (6.58)
and
(2 1a1) 1< ( A ) <A+ eA?+28,1 (6:59)
¢ 0 X

The left-hand side inequality is due to the fact that w; and wsy are semiconvex and semi-
concave w.r. to « and y respectively with a modulus A = 2 + ||A||. Using (6.51) and (6.53)

gives
(5?7 X{L) S Dz,iwg(‘rn - é?/Aapnv qAn) a‘nd (637 Xg) € DQHFZUT(?Jn - ég/Aaﬁnv Qn) (660)

We now note that (X7"), (X3'), (pn) and (g,) are bounded. For (X7), (XJ) this is an
obvious consequence of (6.59). For (p,) and (§y,) this comes from (6.56), from the Lipschitz
continuity assumption of we and w; with respect to p and ¢ respectively and from the
definition of w; and ws.

We now let n — +o00. From (6.58), we have £, 5 — 0. We can assume that (py, Gn) —
(P, 4), X7 — X1 and X3 — X5. Then we have from (6.57), (6.60) and (6.59) that:

_ -—=2,— N _ —2,+ « n
(0,X1,9) € D, wh(0,5,G) and (0, X2,5) € D, wi(0,p,q)

-X1 0
<1+||A|])I§ ! < A+ eA?.
€ 0 Xy

and
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