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Abstract

This paper concerns the inverse problem of retrieving a stationary potential for
the Schrodinger evolution equation in a bounded domain of R with Dirichlet data
and discontinuous principal coefficient a(x) from a single time-dependent Neumann
boundary measurement. We consider that the discontinuity of a is located on a
simple closed hyper-surface called the interface, and a is constant in each one of the
interior and exterior domains with respect to this interface. We prove uniqueness
and lipschitz stability for this inverse problem under certain convexity hypothesis
on the geometry of the interior domain and on the sign of the jump of a at the
interface. The proof is based on a global Carleman inequality for the Schrodinger
equation with discontinuous coeflicients, result also interesting by itself.
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1 Introduction

The method of Carleman estimates was introduced in the field of inverse problems by
BUKHGEIM and KLIBANOV in reference [8] (see also [7] and [16]). The first known
results concern uniqueness of inverse problems. Then, one of the first stability result for
a multidimensional inverse problem, dealing with an hyperbolic equation, can be read
in [25] and is based on a modification of an idea of [8].

Carleman estimates techniques are presented in [18] for standard coefficient inverse
problems for both linear and nonlinear partial differential equations; one can also read
in this book the construction of globally convergent numerical methods for coefficient
inverse problems and some concrete applied problems in geophysics, medical imaging
and computational time reversal.
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It is possible to obtain local Lipschitz stability around the single known solution,
provided that this solution is regular enough and contains enough information (see [17]
and [16]). Actually, many of the results using the same strategy we can refer to concern
the wave equation. A complete list is too long to be given here but to cite some of
them, related to the same kind of inverse problems of determining a potential and also
using local or global Carleman estimates, see [24] and [27] for a Dirichlet boundary data
and a Neumann measurement and [14] for a Neumann boundary data and a Dirichlet
measurement.

Recently, global Carleman estimates and applications to one-measurement inverse
problems were obtained in the case of variable but still regular coefficients, see [13] for
the isotropic case, and [19] and [3] for the anisotropic case. It is interesting to note
that these authors require a bound on the gradient of the coefficients, so that the idea
of approximating discontinuous coefficients by smooth ones is not useful. Nevertheless,
uniqueness and Lipschitz stability are obtained in [1] for the inverse problem of retriev-
ing a stationary potential for the wave equation with Dirichlet data and discontinuous
principal coefficient from a single time-dependent Neumann boundary measurement.

One can also note that a global Carleman estimate has been obtained [11] for the
heat equation with discontinuous coefficients. That work was initially motivated by the
study of the exact null controllability of the semilinear heat equation, but the estimate
has been recently used (see [4] ) to prove local Lipschitz stability for a one measurement
inverse problem. In this field, one should also read the recent works [5], [6] and [23].
Up to our knowledge, the result of determination of a time independent potential in
Schrodinger evolution equation with discontinuous principal coefficient from a single
time dependent measurement on the boundary is new. Concerning the simpler case of
a “classical” Schrodinger equation (with a = 1), one can have a look at [2], where the
Carleman estimate and the proof of the stability of the same inverse problem are maybe
easier to read and the philosophy is the same. For the same equation, one can find in [22]
a method with weight functions satisfying a relaxed pseudoconvexity condition, which
allows to prove Carleman inequalities with less restrictive boundary observations than
in [2]. The authors of [20] deal with Carleman estimates for the Schédinger equation
with variable (but regular) principal coefficient and applications to controllability. Let
us notice that in the different context of Cauchy problem, V. ISAKOV in [15] uses local
Carleman estimates for the Schrodinger equation to prove uniqueness of the solution.
Finaly, for the Schrédinger operator i9; 4 div(cV) in an unbounded strip in R2, reference
[9] gives a stability result for the diffusion coefficient ¢ in H' with only one observation
in an unbounded domain. One will see in the proof of our main tool (an appropriate
Carleman estimate) that it is based on the same strong pseudoconvexity condition (Hy)
for the weight ).



1.1 Statement of the problem and main results.

Let T > 0 and let Q@ ¢ RY (N > 2) be a bounded domain with C2?-boundary 09.
Throughout this paper, we use the following notations :

ov ov N 52y
= =—,...,— Av = —
Vo <8£C1’ 76$N>’ v ;axf ’

ov 0%v
/ 1
v =— and v = —
ot o2’
v € RY denotes the unit outward normal vector to 92,
v

= Vo.v is the normal derivative.

v

We will work with the following Schrodinger equation :

iy (z,t) + div(a(z)Vy(z,t)) + p(x)y(z,t) =0, ze€Q, t e (0,T)
y(x,t) = h(z,t), x €, te(0,T) (1)
y(z,0) = yo(x), x € Q.

We consider in this paper the inverse problem of the determination of the coefficient
p of the lower order term in Schriodinger equation (1) from a single time dependent
observation of Neumann data % on the boundary.

The major novelty of this paper is that we deal with a Schrédinger equation in a
bounded domain of RY with discontinuous principal coefficient. Indeed, let  and €
be two open subsets of RV with smooth boundaries I" and I';. We choose € simply
connected and such that Q; C Q and we set Qy = Q\ﬁl. Thus, we have 029 = T"UTY

and we also set:
a(z) = ap €N
a as x € Qo

with a; > 0 for j = 1,2.

Considering equation (1), we know that for each p € L>®(Q), yo € L?(Q) and h €
L?*(T x (0,T)), there exists a unique weak solution y such that

yeC(0,T); H Q) nHY0,T; L*(Q)).

The proof is based on a transposition method, as one can read in [21]. Let us also notice

9y H=2(0,T; H 2(T)).

that the regularity of y also implies 3
v

We will prove the well-posedness of the inverse problem consisting in retrieving the
potential p involved in equation (1), knowing the flux (the normal derivative) of the
solution y(p) of (1) on the boundary. It means that we will prove uniqueness and
stability of the nonlinear inverse problem characterized by the nonlinear application

Jdy
p‘ — a9 — . (2)
“ ov I'x(0,7)



We will more precisely answer the following questions.

Uniqueness :

Does the equality ay_(m = %(4) on I'x (0,7) imply p=¢q on Q7
% %

Stability :

dy(q)  Oy(p)
v oV |py (0.7)

Is it possible to estimate ¢ — p|, by in suitable norms ?

Indeed, we will only give a local answer about the determination of p, working first
on a linearized version of the problem, as shown is Section 3. Assuming that p € L*° is a
given function, we are concerned with the stability around p. That is to say p and u(p)
are known while ¢ is unknown. We can also add that uniqueness is a direct consequence
of stability but historically, uniqueness results were obtain first (see [8]) and stability
was proved using for instance compactness-uniqueness arguments as in [27].

In this work we introduce a Carleman weight whose spatial part is similar to the one
of the weight function constructed in [1] for the two-dimensional case. We prove a new
Carleman estimate for the Shrodinger equation (see Theorem 9) under the hypothesis of
strong convexity -also called uniform convexity- for the interface (roughly speaking, it
means that their curvatures are uniformly bounded from below by a positive constant;
see Definition 6), and some sign for the jump of the main coefficient. The following
result, based on this Carleman estimate, states the stability of the inverse problem.

Theorem 1. Assume that 21 is strongly conver and a1 > as > 0. Let U be a bounded
subset of L>(Q2), p € L*°(Q) and r > 0. If
yo € HY(Q) is real valued (or pure imaginary) and if

lyo(z)| > r >0, a.e. in Q,

y(p) € H'(0,T; L*()),
then there ezists C = C (S0, T, ||pl| 1o (q),U) > 0 such that

Ip— all 2y < € HM . ay_m)H
ov ov H(0.T:L2(T)

q € U, where y(p) is the solution of equation (1) with potential p.

The main idea is that the nonlinear inverse problem is reduced to some perturbed
inverse problem which will be solved with the help of a Carleman estimate. In order to
obtain such an estimate, we first rewrite (1) as a system of two Schrodinger equations
with constant coefficients and solutions y; and s, coupled with transmission conditions.
We then construct a Carleman inequality on each domain with nonzero boundary values
on the interface. Next, we gather all the terms to construct a global Carleman inequality
for the transmission problem. The main point is to look carefully at the interaction of
y1 and yo on the common boundary I'y.

Notice that we state hypothesis for a function which guarantee that it would be a
suitable weight function for a Carleman estimate with the only requirement that the



discontinuities of a are located on I';. We shall only construct an explicit weight func-
tion for the case of a discontinuous coefficient which is constant on each subdomain (i.e.
a; and ag constants). However, we could also construct a weight function for variable
coefficients aj(x) and as(z) such that their traces at the interface are constant, under
additional assumptions of boundedness of Va; similar to those appearing in [13] (in
order that the corresponding weight function would satisfy hypothesis (H3) and (Hy) in
section 2).

This article is organized as follows. Section 2 is devoted to the proof of an appropriate
global Carleman inequality and Section 3 concerns the proof of the Lipschitz stability
of our the inverse problem.

2 A global Carleman estimate

In this step, we will show a global Carleman estimate concerning a function v = v(z,t)
equals to zero on 02 x (=T, T') and solution of a Schrédinger equation with a bounded
potential ¢ = g(x). We set the following notations :

Q:QX(—T,T) Qo= Uy
I'=00 'y =001 N oy
E:PX(—T,T) 21:P1X(—T,T)

and if v is a function defined in €2, for u; we will mean its restriction to the set €2, for
each j =1,2.

The main hypothesis for the Carleman estimate is the existence of a weight function
Y = 9(z) defined on R such that, on the one hand it is pseudo-convex with respect
to the Schrodinger operator in each one of the two sub-domains 2; and €25, and on the
other hand it has a convenient behavior at the interface I'y.

Indeed, we will first suppose that 1) € C*(Q) verifies the natural transmission con-
ditions:

5 P = 7,52 on I'y
alﬂ—i-agﬂ =0 onlI}y. (Tr)
3V1 3V2

We will also suppose the following behavior at the interface

P(x) = cte for all x € I'y, (Hy)
g—?il—{—g—jf <0 on I'y. (H>2)
In the interior Qg we will need that
V| > 6 >0 (Hs)
and that 3 € > 0 such that
2D50(€,€) +2a°A|VY - €7 — aVa - VY[E|* > e¢]” (Ha)



V¢ € C", where

D24 = <a 0 <aa—¢>> .
85% axj 1<ij<N

Finally, it will be useful to consider weight functions satisfying (Hs3) and (Hy) except
in a neighborhood of a point. In this case we will need two weight functions ¢! and 12,
each one satisfying (Hs) and (Hy) in Q3 UQy \ Bo(z1) and €3 U Q9 \ Be(z2) respectively,
(with € small enough) such that

W =P >5>0 in B.(z) (Hs)

for each j,k € {1,2} with j # k.
Summarizing, we set the following

Definition 2. 1. Let U C Q be an open set such that Ty C U and let ¢ € C*(U\T).
We say that 1) is a transmission weight function for equation (1) in U if it satisfies
the conditions (Tr), (Hy) and (Hz) on the interface T'y, and hypothesis (Hs) and
(Hy) in U.

2. Let ¥! and ? be two functions in C*(Q1UQ). We say that (', 4?) is an e-pair
of transmission weight functions for (1) if there exist x1,x9 € Qo and € > 0 such

that for each k = 1,2 the function * is a transmission weight function for (1) in
Qo \ B(xx) and the hypothesis (Hs) is fulfilled.

Given 1, for s > 0, A > 0 we define on Q = Q x (=7,T) the following functions:

(@) o — M@

T N ey

where o > [[e*|| Lo ().

We also define the space

v

7= {v € L*(—T,T; H (D)) : Lv € L*(Q), o

€ L*(X) and v satisfies (Tr)} ,

introduce the following norm in Z

T T
lllsns :33)\4/ /Qé??’\w\zdxdt—i—s)\/ /QHNw]dedt (3)
-T =T

and for || - [|s x,»,v we will mean the above terms defined in the set U C €.

We finally set
Lv =iv' + div(a(x)Vu) + qu,

v = e*Fw

and
Pw = e *?L(e**w).



Hence we have

Pw = i +is¢'w+ div(aVw) + 2saVe.Vw
+ sw div(aVp) + s%a|Vo|*w + qu
= Piw+ Pow+ qw

where we denoted

Piw = iw' + div(aVw) + s%a|Ve[w,
Pow = is¢'w + 25aVp.Vw + s div(aV)w.

Our main result is the following

Theorem 3. Suppose there exists for some € > 0 an e-pair of transmission weight
functions (1,12) belonging to C3(Qy U Qy). Let 6F, ©F and w* be the corresponding
functions defined for ¥* as we did before. We also define

Y = {(:U,t) €D x (=T,T) : VF (z, 1) - v(z) > 0}

Then there exists C > 0, sg > 0 and Ag > 0 such that

2

> <lewk(wk)‘ i?(@) " Hwk iwk>
2 X w2

oS (I @l o Lok e

“au
forallve Z, X > Xy and s > sg.

w7 @)

2.1 Formal computations

// |Pw — qw|* dzdt = // |P1w|2dacdt—|—// | Pyw|? dxdt
Q Q Q

+2Re // PrwPow dxdt,
Q

We have

where Z is the conjugate of z and Re(z) its real part.
As v € L*(=T,T; H}(Q)) and v' € L2(=T,T; H~1(Q)) (because Lv € L?*(Q)), we have
v e C([-T,T); L*()) and w € C([-T, T); L*(Q)) with w(z, £T) = 0.

We look for lower bounds for
Re // PrwPoyw dzdt = (Pyw, Pow) ;2
Q

3
We set (Pyw, Paw) 2 = > I;;, where I, j is the integral of the product of the ith-
ij=1
term of Pjw and the jth-term of P,w. The properties of w and some integrations by

parts allow to write the following equalities.



To begin with, we have

I —Re// —is@'W) drdt = ——// ©"|w|? dzdt.

T
Applying the identity Im(z) = —Im(z) for z = 2s\ / / HaV)-Vww' drdt we obtain:
-TJQ

Iy = Re // iw' (2saV - V) dzdt
Q
= sAIm // 0( div(aVy) + \a| V| wuw dadt
Q

—sAIm // at'wV - Vw dzdt

+s\ // wa@w — dadt

Ly = Re// iw's div(aVp)w dedt
Q

We also have

= —sAIm // 0( div(aV) + \a| V> )ww' drdt,
Q

Iy = Re // div(aVw)(—isp'w) dzdt
Q
— . Ow
= sAIm a@wV - Vwdzdt + s Im Y wa— dodt,
Q b ov
and
I»» = Re // div(aVw)(2saVy - V) dxdt
Q
= — sA // Oa|Vw|?( div(aVep) + \a|Vip|?) dadt
Q
— SA // Oa|Vw|*Va - Vip dzdt + 25\ // 0a?| V. Vw|? drdt
Q Q

+ 25\ Re / 0D () (Vw, V) dadt
Q

- 25)\// 9a2(v¢-vw)a—w dadt+s)\// 9a2|Vw|2a—¢ dodt.
b (91/ » 81/



Using integrations by parts we obtain
I3 = Re // div(aVw)s div(aV)w dzxdt
Q
= S)\/ \Vw[*0(a div(aVip) + AaVe|?) dedt
Q
SA 2 3. .
-5 |w|* div(6aV div(aV))) dzdt
Q
)\ 2 .
— \w\ 0aV div(aV)) - vdodt

3)\2/ lw|?( div(adV (a|V)]?)) + div(ab div(aVi)Vi)) dadt

2
43 // w|20a( div(aVy) Ve + V(a|Vy[?)) - v dodt
3
_ A // lw|? div(a®0|Vi|* Vw)dmdt—i——//\ 12a26| V|2 wd dt
—AsRe //2 wha( div(aV) —|—)\|V¢|2a)5 dodt.

and we obviously have

Re // s2a|Vp|*w(—ise'®w) dzdt = 0,
Q

I3p = Re// s2a|Vl*w(2saV - V) dadt
Q
= s3\3 / (w[*0%a (|VY|? div(aVy) + 2aD*(¥)(Ve), Vb)) dadt
Q
+ s3\3 / lw|?6%a|VY|*Va - Vo dxdt
Q
+ 353\ // |w|293a2|v¢|4dxdt—)\353// |w|2a2|v¢|2933—1/’ dodt,
Q b ov
and
Is3 = Re// s2a|Vlw(s div(aVe)w) drdt
Q
= — 53\ / lw|*03a|Vy|? div(aV) dadt
Q

s3I\ / |w|?03a?| V| drdt.
Q



Then we have Re/ PiwPywdzdt = F(w) + G(Vw) + J + X
Q

Fw) = 283)\4/Q|w|293a2|vw|4 dxdt,

G(Vw) = 2s\? // 0a®|\Vy - Vw|? dzdt + 2s\Re // O D2q)(
Q Q

—sA // \Vw|*9aVa - Vi dzdt,
Q

J as the sum of all boundary integrals

= sAIm // a@w'@a—w dodt
sIm// o' wa— dodt

—25\Re / / a’oVip - Vw— dodt
+s)\// a29|Vw|2—¢det

—sARe // w div(afV)) a— dodt
—s3)\3 // a0 |wl? |v¢|2—¢ dodt

L5 // a20]w|2| V2 ¢dodt

+7 // a?0|w|?V (|Vy|?) - vdodt
b

. oY
_ 2 _
+ 5 //2 aflw|” div(aV) ey dodt
SA 2 .
—i—? // ab|lw|*V( div(aV))) - vdodt
)

and X7 as the sum of all the remaining integrals in €.

where we define

Vw, V@) dadt

()

(6)

Moreover, if U C  is an open set, we will write Fi;(w) to denote the sum of integrals
from the definition of F'(w) taken in the set U, and the same for G, Xj...

Noticing that

e 2sAIm // 0 awV).Vw dxdt

< s\ // \Vw Vw|? dedt + s\ // \w\Z dxdt,

e acW?®(Q)and ¥ € C*(Q)

o 6] <CH, |0 < CH? and|¢”| < CO> on (T, T)xQ, C=C(T) >0

10



it is then easy to prove, from simple calculations, that the “negligible” terms X; indeed

satisfy
| X1 < CsA // a?0|V1p - Vw|* + CsA\* // Olw|* 4+ Cs3\3 // 03 |wl?. (7)
Q Q Q

2.2 Proof of the Carleman estimate

In this part of the paper, we prove Theorem 3. We apply the above computations in
each one of the domains 1 and 25 and we sum up all the terms. Since the interface I'y
has null R¥-measure, we get an estimate in all the set 2, plus the boundary terms from
0L), and from the interface itself, where appear terms coming from both 7 and €2,.
Given the hypothesis we have assumed, we prove in the following propositions that we
can deal with all this terms. In the sequel, C' denotes a generic constant, depending on
T and 2.

2.2.1 The interior
Recall the norm || - ||5,x,4 defined in (3) and F(w), G(Vw) defined in (5), (6).

Proposition 4. Suppose that U C Q is a open set and i satisfies (Hs) and (Hy) in
QUQo \U. Then there exist v >0, C € R, so and Ny such that for allv € Z,

F(w) + G(Vw) + X1 2 vl|lwllsng — Cllwllsapu
Vs > sg and YA > ).

Proof :
First, merely by the fact that 1 € C*(Q), we have

[Fu(w)] + [Gu(Vw)| + [ X1u| < Cllwllsapo (8)

for all v € Z.
Now, from (7) and 1 satisfying (Hs) we get that for s and A large enough,

|X1| < sAZ // HaQ\Vw-Vw\2+s3)\4// lw|*03a?| V|t
Q Q

Hence, If 4 satisfies (H3) and (Hy) in Q, = Q; UQy \ U we get that YA > Ao, s > sp

11



Fo (w) + Go.(Vw)+ X0,
> Fo,(w) +Go,(Vw) -
T
> Fo,(w) + Ga,(Vw) —s)\2/ / 0a*| V) - Vwl|?
=T JQ,
T
53)\4/ / |w|293a2|V1,Z)|4
—T JQ*
T T
> 83)\4/ / ]w[263a2lvw\4+s)\2/ / 0a*| V) - Vwl*
T Ja. =T J
T T
+2s)\Re/ / 9D§¢(Vw,vw)—sA/ / \Vw|*0aVa - Vi
-T . =T *
T T
> 33)\4/ / ]w[263a2]V1/1\4+68)\/ / 0| Vw|?
—T JQ. =T JQ
> Allwlls w0 (9)
From (8) and (9) we get the desired result. ]

2.2.2 The boundary

By definition we have w = 0 on the exterior boundary ¥ for each v € Z. Therefore,

ow
Vuw|y, = —v and if we choose the legitimate notation J = Jy, + Jy,, we get here

ov
Jr = —QSARe// a29v¢-vwa—w dadt—i—s)\// aQHIVw]28—¢ dodt
81/ » 81/
= —s\ / / d dt
> —s\ / / dadt
Yy
> —S)\H // aw dodt
Lo () 2+
> —s)\C'// a— dodt (10)
DI

where we have denoted ¥4 = {(z,t) e I' x (=T, T) : Vi(z,t) - v(xz) > 0}.
2.2.3 The interface

We compute the sum of the integrals on the interface ¥;, We write Jy, = Z Ji, enu-

merating the terms in the same order of the list in (7). For each £ = 1,...,10 we denote
as [Ji] the sum of the k-term coming from the integrations by parts in €; with the
corresponding one from €2o.

12



Proposition 5. If ¢ satisfies hypothesis (Hy), (Hz2) and (T

sg such that
10

= (Ji(wr) + Jy(wz)) > 0

k=1

Jx,

forallve Z, YA > Xy, s > sgp.

Proof :

It is not difficult to check that [Ji] = 0 for k =

transmission conditions (Tr).

obtain Vi - Vw = 8_¢8_w on I'y.

8w1

r) then there exist \g and

(11)

1,2 since ¥ and w satisfy the
Moreover, 1 is constant on the interface and then we

Therefore, thanks to (Hy) we get

2
I
( 6y1 +

[J3] ap 6u1

ov Ov
—25)\// 0
3
s)\é//
3

dadt.

Vv

al—
V1

Oy
00, > dodt

0
By mean of the orthogonal decomposition Vw = ety + V., w, where V,w is the
v

projection of Vw on the tangent hyper-plane of 9€2;, and from hypothesis (Hs) and

(H3) and the fact that V,w; = V,wy we obtain
ow, |* (0
w1 ( () n

SA 0la
//21 ! 3V1 81/1

+3A/ 0|V, w)’ ( %

:sA//Za 2<3¢1+

6y1

[Jd] =

0 129}

311)1
ai
(91/1

8 1%}

%2) dodt
0o
2
+ 2 8 2> dO’dt
%2) dodt

L

+ s)\/ 0|V, w|? aras (—% — —) dodt
oM o

8w1

2
I
( 6y1 +

Y

8 1%}

s)\//zlﬂ
23>\5//21

wl
al—
V1

dodt

v

0¢1

61,!)2) dodt

<0¢1
(91/1

— 3)\3 // 93
P

> 33)\352/ 93a1]w1]2dadt
P

Since a € W2°°(Q) and ¢ € C*(Q2), we also have

I[Js]] < 052)\3// w1 03dadt+0)\//
21 21

13

Oy
s ) dodt

w1
a—

9 dodt
(91/1 7




and
10

> ]

k=7

< 082)\3// lw1 |03 dodt.
3

Thus, for s large enough, we get the desired result

Zw o= (22 [ pera [ 1nGtee) >0

2.2.4 Carrying all together.

From (10) and Propositions 4 and 5 we obtain

Sy, s\, U
2+

Adding % (|Py(w)[2; + | Pa(w)[2,) to both sides of (12) we obtain

2
< CRe(Pi(w), Py(w))p> (12)

w
a—
v

(IPw) o+ [Pa(w)2) + w2,

—C v WU—SAC//

what means that for all s > so and A > As, since C' > 0 is a generic constant,

aw < C|P(w) — quls.

|P(w) 32 + [P2(w)[F2 + ]l |

(13)

< CIP() —aulfs + C i, 530 [ 0lay

Now, if (1, 1?) is an e-pair of transmission weight functions (see Definition 2), we
have an estimate like (13) for each 1* with U = B.(z)) where z; € Q, j = 1,2 and
e > 0.

We sum up both estimates and we can show that the left hand side of each inequality

can absorb the right hand side term || - [|; y y# p_(z,) from the other inequality provided

(zk
that ¢ is small and ) is large enough. Indeed, by assumption we have that 1> —! > 6 > 0
in B.(x1).

Then, by taking A large enough we have
AP0 5 90 in B.(z)
ie.
co' < %92 in B(z1)
and we conclude that ||w! 1, B. (1) Of the right and side is absorbed by the term [|lw?||

of the left hand side. It is clear that an analogous result is true by interchanging 1! and
)%, Theorem 3 is proved. [ |

14



2.3 Particular case.

In this part of the work, we construct explicit weight functions adapted to particular
discontinuous coefficients.
We need the following definition.

Definition 6. We say that the open, bounded and convex set U C RN (N > 2) is
strongly convex if OU is of class C? and all the principal curvatures are strictly
positive functions on OU .

Remark 1. Let us note that U C RY is strongly convex if and only if for all plane
II ¢ RY intersecting U, the curve I N OU has strictly positive curvature at each point.
In particular, o strongly convex set is geometrically strictly convewx.

We assume that €; C € is a strongly convex domain with boundary I'y of class C3,
and we set Q9 = Q\ Q. Thus, we have 9Q9 = I' UT';, where this is a disjoint union.
We deal with the case where a is locally constant

Jar zey
a(:v)—{ a9 xEQQ (14)

with a; > 0 for j = 1,2.

In order to construct a convenient weight function, take xg € £ and for each x €
O\ {zo} define l(xg,z) = {zo + ANz — x0) : A > 0}. Since Q; is convex there is
exactly one point y(x) such that y(x) € I'y N €(xg, x). Thus, we can define the function
p:Q\ {0} — RT by:

plx) = |zo — y(z)|. (15)
Let € > 0 be such that B. C ©; (and small enough in a sense we will precise later) and
let 0 < g1 < &3 < e. Then we consider a cut-off function € C>(R") such that

0<n<1, n=01in B, (zg), n=1in Q\ B.,(z0).

For each j € {1,2} we take k such that {j,k} = {1,2} and we define the following
functions in the whole domain (2

i(x) =n(x) |z — 20| + M; x €,
! p(z)’ !
where M and M, are positive numbers such that
al —ag = M1 — MQ. (16)

Then, the weight function we will use in this work is
Pi(x) z e
P(z) =
Pao(z) x € Q.

Throughout the paper, we will use the notations a(x) = aslg, (z) + a1lq,(z) and
M = My on 1 and M = M, on 29, so that we can write

(17)

|z — @o|?
p(z)?
As we can see in the following result, the main property of the weight function is a
consequence of the strong convexity of the interior domain €.

P(x) = n(r)a(z) + M.

15



Lemma 7. If Q C RY is strongly convex and if the function ju RY — R is defined

by p(z) = i ? Q;O| then D?pu?(x) is positive definite for all x € RN\{zo}, uniformly in
p(z

bounded subsets of RN\ {zo}.

Proof :

We shall deduce this Lemma from well-known properties of compact convex subsets
of RN (called conver bodies). However, for the sake of completeness of this paper, we
include in the Appendix a self-contained proof of this result.

Assuming without lost of generality that xo = 0, it is not difficult to see that pu is
the gauge function of the convex set Q1 (in other words, p is a seminorm whose unit
ball is €21, see [26], p. 43, and section 2.3 of [10]).

The proof that u is a convex function of class C? (hence D?u > 0) can be read
n [10] (Theorem 2.1). Moreover, it is proved that for each z € RV\{0} the only null
eigenvalue of D?pu(z) corresponds to the direction z (which is the radial direction).
The others eigenvalues, as functions of x, are bounded below by a positive constant,
uniformly in z # 0 given in a bounded subset of RY.

Thus, there exists § > 0 such that for all x € Q we have

D?u(z)(v,v) > 6|v)? Yo ezt ={yeR" : y-x=0}. (18)
1 1

On the other hand, we have Vu(x) = ﬁ% + |z|V—(x). Since p is constant in the
p(z) |z p

radial direction, we get = - V—(x) = 0. Hence we deduce that

|z]
x-Vyu(r) = —= = p(x) #0. 19
(5) = o = (o) (19)
Take z,v € R¥\{0}. Then v = V1757 + v2y, where y is an unitary element of xt.
In view of the fact that D?u?(v,v) = 2uD?u(v,v) + 2|v - Vu|?, from (18), (19) and
D?u(x)(z, ) = 0 we get

2

X
D2 (x)(v,0) > 2u(z)D?u(z)(vay, vay) + 2 v Val)
2 v,
> 2p(x)dvy +2W,U (z)

2
= 2 24 = _?
p(x)ovy + p(x)zvl

> 61(vf +v3)

and we conclude that D?p?(z) is positive definite.
|

Assuming the additional hypothesis about the sign of the jump on the interface, we
can prove that the functions we have defined work as a weight function:
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Proposition 8. Let ©; be an open and bounded set in RN with smooth boundary, and
ay, ag real numbers such that:

1. Q4 is strongly convex.
2. 0<as <a.

Then, for each pair of points x1,x9 € 1, there exists € > 0 such that the above con-
struction gives up an e-pair of transmission weight functions (*,1?) in the sense of
Definition 2.

Proof :

For zg € 4 let ¢ be the function constructed as above and defined by (17). If x € I'y
we have p(z) = |z — xo| and ¢j(z) = a + M;. From (16) we get 1)1 = 1) = ¢ on I';.
Moreover, if x € I'y we have

|z — o
p(x)?

Hence (Tr) and (H;) are satisfied (recall that v; = —v5 on T'y).

a1 Vi (z) = arasV ( > = arVifo ().

On the other hand, since T'; is a level set of 11, then ¢ (x) < ag + My < ¢ (y) for

0
any x € (1 and y € 9, and we have 8—1/}1 >0 on X; and
V1

31/11+5¢2_31/J1 (1_ﬂ><0

81/1 3V2 N 81/1 as

what gives (Ha).

For z € Qp\B:(z0), denoting ¢(x) = pgl(x), we get Vi = 2¢(z)(x—x0)+|x—20]*Ve(z).
By construction ¢(z) is constant in the direction of x — z, hence

(x — ) - Ve(x) =0
and then

IVol? = dc® (@)l — ol + |z — 20| Ve(x)]?
> 4c?(z)|z — 20|

Thus we have

_ 2
2 a 2
VYl 24<m> <

in Qg \ B:(zg) and v satisfies (H3) in that set.
Property (Hy) is deduced from Lemma 7.

One can notice that g can be arbitrarily chosen in 2 since it is convex. Therefore,
we can take two different points z1, zo in 27 and we can construct the respective
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weight functions ¢! and 2. For each k = 1,2, ¢* is a transmission weight function in
Qo \ Bs(z) and it remains to be shown that (H3) is fulfilled in order to finish the proof
of Proposition 8.

Let be d = §|z1 — 3| such that & < d. On the one hand, for all « € B.(z1) we have:

¢1(az) < %52 + M < %52 + M,

P1 a1
where oy = d(z1,T'1) > 0. On the other hand, if we denote Dy = max d(y,x2), we get,
yeli
for all x € B.(x1),
a a
¢2(m) > —2d2 + M > ﬁdZ + M
P2 2
Consequently, we have
a? &2
P2 — ! >a< ——> Vo € B:(x1). (20)
D2 a% :
It is clear that an analogous result is true by interchanging z; and zy (now with o and
Dy). Thus, taking £ < min <%‘“ ) %ﬂ) we get (Hs) and Proposition 8 is proved. [

JFrom Proposition 8 and Theorem 3, we obtain the following result:

Theorem 9. Let the coefficient a be constant in the open set Q; and equal to a; for
each j = 1,2. Suppose that as < ai; and that Q1 is an open, bounded and strongly
convez set with smooth boundary. Then we have a Carleman estimate like (4) for the
Schrédinger equation (1) in the domain ).

3 Stability of the inverse problem

As described in the introduction, will only give a local answer about the determination
of the potential p. We will first work on a linearized version of the problem and consider
the following Schrodinger equation :

v + div (a(x)Vu) + q(x)u = f(z)R(z,t), Qx(0,T)
u(z,t) =0, 80 x (0,T) (21)
u(z,0) =0, Q

Here we set y = y(p) the weak solution to (1) and u = wu(f) the one to (21). If we
formally linearize equation (1) around a non stationary solution, we obtain equation
(21). In fact, we notice here that if we set f = p —¢q, u = y(q) — y(p) and R = y(p)
on 2 x (0,7), we obtain (21) after substraction of (1) with potential p from (1) with
potential ¢ and linearization.

Linear inverse problem : Is it possible to determine f|, from the knowledge of

the normal derivative 2 o ‘ 99%(0.7) where R and p are given and u is the solution to (21)?

The following theorem proves that this inverse problem is well posed.

18



Theorem 10. Let g € L>®(Q2) and u be a solution of equation (21). We assume that
R e Wh(0,T,L%°(Q)),

R(0) s real valued and |R(z,0)| > 19 >0, a.e. in Q.
There exists a constant C = C(Q, T, ||lq| = (q), R) > 0 such that if

ou 1 o
v €H (OaTaL (FO))a

then,

ou
ag9—

ov

1 fllz2@) < C

. (22)
H(0,T;L2(5))

Proof :
As we need to estimate ? in H'(0,T; L*?(I'g)) norm, we work on the equation satisfied
v
by v =1u':
i 4+ div(a(z)Vv) + q(x)v = f(z)R (x,t), Qx(0,T)
v(x,t) =0, o0 x (0,7) (23)
v(2,0) = —if(z)R(z,0), 0

The Carleman inequality we just obtained is the key of the proof. We extend the func-
tion v on Q x (=T, T) by the formula v(z,t) = —v(x, —t) for every (x,t) € Q x (=T,0).

Since R(0) and f are real valued, v € C([-T,T]; H(Q)) and ? € L>((-T,T) x ).
V J—
We also extend R on Q x (=T,T) by the formula R(x,t) = R(z,—t) for every

(z,t) € Q x (=T,0) and if we denote the extention of R’ by the same notation, then
R' € L*(—T,T;WhH*(Q)). Thus, v satisfies the same equation (23), set in (=7, 7).
As defined in Theorem 3, for k = 1,2, we set w* = e=5¢"y and
lewk = ipw® + div(aVw®) + s2a|VF 2wk

Therefore, we define the following:

2 0 .
1= Zlm/ / lekwk wk dadt.
=1 T JQ
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On the one hand,
2 0 . .
I = me/ /le w® wk dzdt
k=1 -TJQ
2 0 .
= Zlm/ / (i@twk—i— div(ank)—i—sQa\V(pk]ka) wk dxdt
k=1 -TJQ
210 _ 2 2
= Z/ /Re <8twkwk) —Im (a‘Vwk‘ —SQa]VLPkIQ‘wk‘ ) dxdt
/T /e
2,0
_ 1 k|2
_ 2;/T/Qat<|w 2) dedt
12
= —Z/\wk(x,O)\de
25
1< k
= 52/ |f (@) R(z, 0)Pe™27 (20) da. (24)
k=178

On the other hand, Cauchy-Schwarz inequality and Carleman estimate from Theo-
rem 9 give :

L g vF k2 2 g k|2 2
IgZ//\le]dmdt //\w\dxdt
-T JQ -T JQ

k=1
2 k
< [P0 g ]
1 L2(Q) L2(Q)
2 9 k|2
< Csfgz HPwk(wk)‘ —i—s// kﬁk a(9i dodt
P L2(Q) = ov
i k v |?
< Cs™2 // |fR/|?e"25% dxdt+s// 0% las—| e 2" dodt | .
k=1 Q =y ov
k x
Then, oF(x,t) = % is such that e—2s¢" (@) < e~ 259" (@0) for all x € Q and

k
t € (=T,T) and it is easy to see that fe~25? is bounded on Efﬁ and that using the
definition of the extensions of v and R’, we easily get

2 T
3 k
I1<(Cs 2 g // fR 2¢=25¢7(0) dwdt—i—s//
k=1 < 0 Q’ | i

JFrom R € WY2(0,T,L>()) and |R(x,0)| > ro > 0 almost everywhere in Q, we
deduce that

3_1)
@2 ov

2 dadt) (25)

3 g0 € L*(0,T), |R'(2,1)] < go(t)|R(x,0)|, Yz € Q, t € (0,T).
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Hence, from (24) and (25) we have :

2
S [IPIRO)Pe O o
k=1

2 T 2
< C'sfgz //|fR'|262S‘Pk(O) dwdt—l—s// . QQ@ dodt
k=1 \70 /% gt | oy
& s T 2| 12 2 —2s0F(0)
< C) s ; | fFlaoFIR(O) e dadt

k=1

2
as g_v dodt.

1%

2
1
+ CZS 2 //wk
k=1 x4
T
But go € L?(0,T) implies / lgo(t)|? dt < K < +o0 and so we can write

. 0

2 2
) [ = 0w <oty ]
k=18 =17/}

that becomes easily, if s is large enough (s > (CK )%) and C remains a generic positive

constant
[ UPIRO)P (72570 4 2020 ar < o571 ]
Q b

. 95k _9s21 .
Moreover, since |R(x,0)| > ro > 0 and e~2¢" @0 > 272 > ( almost everywhere in

(), we obtain
[ir@pa<c[[
Q b

and therefore, Theorem 10 has been proved. [ |

2

0N dodt

“ v

CK
3
S2

2
as % dodt.

2

v
a9 % dO’dt,

Remark : if we replace the assumption “R(0) is real valued” by the following
“R(0) takes its values in iR” , then the appropriate extensions for (z,t) in Q x (-7,0)
are v(z,t) = v(z, —t) and R(z,t) = —R(z, —t).

We will end this paper by the proof of Theorem 1 which is a direct consequence of
Theorem 10. Indeed, if we set @ = y(q) — y(p), f = p— ¢ and R = y(p), then @ is the
solution of

@ +div(aVa) + (p — fla = f(z)R(z,t) (0,T) x Q

=20 (0,T) x 2 (26)

w(0) =0 Q
where ¢ = p — f € U, with U bounded in L*>() from the hypothesis of Theorem 1.
The key point is that in the proof of Theorem 10, all the constants C > 0 depend on
the L*°-norm of the potential. Thus, with ¢ € U, we are actually, with equation (26) in
a situation similar to the linear inverse problem related to equation (21) and we then
obtain the desired result. [
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Appendix: Direct proof of Lemma 7

Without lost of generality, we can take zg = 0. Now, take z,v € RV \ {0} and define
g(t) = p?(x + tv) for t € R. Then g depends only on the restriction of y? to the plane

= ({x,v}) C RY spanned by the vectors z and v. Moreover, by definition of p, it is
not difficult to see that p|r = po, where we have denoted by pp the function defined in
the plane IT as in (15), but where the closed curve is given by I'y = II N 9y, wich by

hypothesis is strongly convex (see Remark 1).
2

d
It is not difficult to see that E‘g(O) = D*(p?)(x)(v,v) and then this expression

depends only on the curve I'y C II. We conclude that it suffices to consider the two-
dimensional case.
Assuming N = 2, I'; can be parameterized in polar coordinates by

v(0) = (p(#) cos 0, p(0)sinf) 6 € [0,2m).
The expression for the Hessian matrix of second derivatives in polar coordinates is
D*(1?) = QoH (1*)Qf

where Qg is the rotation matrix by angle 6, and

02p? 1(o2p® _ 10p?
or? r 87"80 r 00
H(p?) =
1(2p2 _10u?) 1%  10p?
oroo r 00 r2 002 r Or

a
p(0)?
One can notice that u? is well defined and smooth in Qg \ B:(z¢) (which means {r >

e} \T'1). All the computations that follows are valid in this set. We already said above
that p is constant with respect to r and only depends on # such that ap = 0. Hence, we

get
2a 1 —Le
H(:U'Q):_2<_e g 2 ) (27)

r2+ M.

Now, since zg = 0, we have u2(0,r) =

oo 5305 — ppoo + p7)

where we have denoted py = %g and so on.
We will use the following well known lemma (see [12]) concerning curves in the plane:

Lemma 11. Let v be a C? curve in the plane parameterized in polar coordinates by its
angle: v(0) = (r(0) cos 0,7(0)sinf). Then, the curvature of v is given by the formula

r? 4+ 27“3 — T

/ﬂ((g) = ( —|—’I“ )3/2

Since the polar parametrization of I'; is given by r(0) = p() and €2 is strongly
convex, we obtain

2 2
P+ 2p5 — ppoe
’{1"1( )= .

P+ )2 >0 Vo € [0, 2.
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We will now prove that H(u?) is uniformly positive definite in Qg \ B.(xg), which
will imply that the hypothesis (Hy) is fulfilled in this set, since a is piecewise constant.

The eigenvalues of the matrix %H (u?) satisfy the equation

(d +@ = 4m>

T =

N | =

1

where d = e (3p3 — pPpes + 2p2) and

1
m= (205 — ppoo + p*) =

1
Then 15 = (d+ V&= 4m) <d, and r = TT > % for all @ € [0,2r). Since O
2
is bounded we get the desired result. [ |
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