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Abstract

In this paper we introduce a new version of the Prolate spheroidal
wave function using standard methods of g-calculus and we formulate
some of its properties. As application we give a g-sampling theorem
which extrapolates functions defined on ¢" and 0 < g < 1.
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1 Introduction

The prolate spheroidal wave functions, which are a special case of the
spheroidal wave functions, possess a very surprising and unique property
[@. They are an orthogonal basis of both L*(—1,1) and the Paley-Wiener
space of bandlimited functions. They also satisfy a discrete orthogonality
relation. No other system of classical orthogonal functions is known to pos-
sess this strange property. We prove that there are new systems possessing
this property in g-Fourier analysis. In the following we discuss some proper-
ties of the g-Prolate spheroidal wave function using news developments and
technics in g-Fourier analysis. In particular we prove that these functions
forms an orthogonal basis of the g-Paley-Wiener space PW/,. Finally and
as application we give a constructive g-sampling formula having as sampling
points ¢" where n € Z. In the end, we cit the reference [I]], where the re-
producing kernel for the g-Paley-Wiener space was already discussed, and
the explicit formula for the kernel was given, similar to the formula in Re-
mark f. However, the paper [fl] proceeds with a g-sampling theorem which



extrapolates functions defined on the zeros of the ¢-Bessel function. These
zeros are given in the following form

147 " hnen

where 0 < €, < 1, but it is not explicitly evaluated.

2 Preliminary

Throughout this paper we consider 0 < ¢ < 1 and we adopt the standard
conventional notations of [[J]. We put

Rq = {iqna ne Z}? R(—; = {qn, n e Z}a
and if a =¢", n € Z put
0,al, ={¢°, s€Z, s>n}.

For complex z, let

n—1

(z19)o =1, (z:¢)n = H(l —zq"), n=1..00.
i=0

Jackson’s ¢g-integral in the interval [0, a] and in the interval [0, oo[ are defined,
respectively, by(see [[])

/0 " F@)dgr = (1- 9 S " flag),
n=0
| e =a-0 ¥ ara).

For v > —1, let £, ;. be the space of even functions f defined on R, such
that

[e'e) 9 1 1/1’
1l = [ [ i@ dqw} <.

The set £, 2, is an Hilbert space with the inner product

(f.g) = /0 " F gt dyt.
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We consider L, the space of function defined on [0, a], which satisfies

/ |f(:v)|2:c2”+1dq:c < 00,
0

and L} , the subspace of L2, given by the natural embedding of Ly, 4 in
£q727U'

The normalized Hahn-Exton ¢-Bessel function of order v > —1 (see [f])
is defined by

%) qn(n2+1)
Ju(2,q) = -1 P
v(9) nZ:O( " @@ 0

It is an entire analytic function in z.
Proposition 1 For R(v) > —1,a > 0 and y,z € C\{0} we have

a
/0 Jo(yt, ¢*)jo(zt, ¢*) 2 dyt

1 =q  guye Yiheri(ay, )ju(ag 2, ¢?) — 22 juga(az, ¢)julaq Y, ¢2)
T 1 e Y2 — 22 :

1

Proof. See [f] (Proposition 1.3) m
The following results in this section were proved in [J].

Proposition 2

2. .2 2042, 2 :
. —q°;q —q°""%5q 1 if n>0
’jv(qn7q2)‘ S ( )OO( )OO {

(2 ¢%) oo gUHEHIn if n< 0

The g-Bessel Fourier transform F, introduced in [J],[{] as follow

Fauf (@) = g /0 F()gu(wt, g*)t* d,t,

where
1 (q2v+2 , q2)oo

T 1-q (¢*,¢%)

The g—Bessel translation operator is defined as follows:

Cq,v

1Y o f (y) = g /0 Fau(H)(O)dv(@t, ¢ o (yt, )t dyt, Va,y € Ry, Yf € Lo,
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Recall that T/, is said positive if T, f > 0 for f > 0. In the following we

q7$

tack ¢ € @, where
Qv =1{q€]0,1], T, is positive for all z € R,}.

The g—convolution product of both functions f,g € L1, is defined by

o0
frq 9(x) = g / Toaf(W)9(y)y™ dyy.
0
Theorem 1 The operator F,, satisfying

1. For all functions f € Lq20, Foof(x) = f(x), VreR,
2. For all functions f,g € Lg24, (Fauf,9) = (f, Fqv9)-

3. For all functions f € Lg2.0, || Fgofllgv2 = Ifllguve2-

4. For all functions f,g € Lq1,0,

Foo(f ¢ 9) (@) = Fyof(x) X Feog(x), Vo eR,

In the end we consider PW/, the g-Paley Wiener space

PWia={ 1) = [ uoitet ) g, ey},

the set of g-bandlimited signal.

3 Main Results

We introduce the g-analogue of the Prolate Spheroidal Wave Functions ;
as the eigenfunction of the integral operator 7/ acting on the Hilbert space
Lg.v.qa as follows

a
T?u(z) = cgu / w(t)jolet, @) dyt,
0

then we have
T = Ny

It’s easy to see that the operator 7, is symmetric and compact

/ TPu(t)w(t) " d,t = / u(t) T w(t)t* L d,t,
0 0

then the sequence {1;},.y forme an orthogonal basis of the Hilbert space
Lg.0,q and any eigenvalue ); is real.



Proposition 3 The sequence of eigenvalue {\; }ien satisfying
N> > >0

Proof. The operator 7T is compact, then the spectrum is a countably
infinite subset of R (7)Y is symmetric) which has 0 as its only limit point. If
we denote by

A={Xo,\1,...},

the spectrum of 7 then we can write
Aol = [A1] = ... > 0.

To finish the proof, if suffice to prove that 0 ¢ A. In fact if 7.'¢) = 0 then
Fy0 is an entire function which vanishes on [0, a],. By the identity theorem
for analytic functions, 7, ,% = 0 everywhere and thus ¢ = 0. =

Remark 1 Consider the operator
ki =T, 0T,

then K is an integral operator acting on the Hilbert space Ly, o as follows

Kou(z) = /0 w(y)k(e, y)y™ dyy,

where u
Koy =&, / Jolat, @) (yt, )P 21,
0

The function 1; is an eigenfunction of kg
ki = A7,

Lemma 1 The function 1; initially defined on R, can be extended as an
analytic function on C.

Proof. The result follows from the relation
1 a
02) = goean || Bt
(2
and the fact that j,(.,¢?) is an entire function. m

Proposition 4 The function ; belonging to the Paley-Wiener space PW/ ,



Proof. Let

then -
Faabila) = cou [ 0it)inlat, )t
0
C @ )
=% [0 et gt = (),
i Jo
which implies that ¢; € PW/,. =
In the following we assume that

03l|2 5. = (Wi, ) = 1
Proposition 5 The sequence {1;};cy forme an orthonormal basis of PW,

Proof. The g-Bessel Fourier transform

Fow: Loy — PWS

q,a’

define an isomorphism, and the sequence {¢;};cn form an orthogonal basis
of the Hilbert space LY ,, which lead to the result. m

g,a0

Proposition 6 Let

kpty = k(x,y),
then
fepPwW/, e f(x)=(f k), VreR,
Proof. Let
O'a(y) = fq,v (X[O,a]) (x) = Cq,v/o jv(ty,q2)t2v+1dqt,
therefore
e . " 1
Tt;},xaa(y) = Cq,v/o jv(tw, q2)]v(tyv q2)t2 +1dqt = C—k(x’y)7
q,v
and then

fePW, & Fouf(m) = Fyof(2)X[0,0) () = Fouf(2)Fguoa()
<:>f(1’):f*q0'a( )—Cq7 <f7 q,29 > <f7k96>

This finish the proof m



Corollary 1 We have
k?(:l?,y) :Z%(JU)T/%(Q), V:c,yGRq-
i=0

Proof. In fact k, € PW/,. Then

[e.e]

Fa(y) = Y (ke i) i (y).

i=0
On the other hand
Vi € PW & (Yi, kz) = (),
which prove the result. m

Lemma 2 Fori,j €N
A ¢i(£ﬂ)w]’($)$2v+ldq$ == >\l)\]51]

Proof. In fact
<¢ia¢j> = <fq,v¢iafq,v¢j> = <71Z)Z'?71Z)j>a
and

1 a
<¢z‘7¢j> = T)\J/o T/Ji(x)%(x)x%ﬂdqx.

On the other hand, if i # j then
@us)) = [ o), =0,

Moreover, [|¢;|lg20 = ||¥illg20 = 1 which prove that (¢;,¢;) = J;;. This
leads to the result. m

In order to be more precise about what it means for the energy of a
g-bandlimited single f € PW/, to be mainly concentrated on the interval
[0, al,, we consider the concentration index:

avf _ an f(l’)21'2v+1dq1'
¢ 111502 ’

whose values range from 0 to 1.



Proposition 7 The mazimum value of 02 f is attained for f =g and

Z?:(] )‘12 <fa ¢2>2

S o (s )2 >N\, if f € span{iy,..., ¥},

Oaf =

z;in—i-l )‘12 <fa ¢2>2
z;inJrl <f7 wz>2

Proof. With the Parseval equality

0uf = <Aop1s i f € span{do, ... Pa)}

/0 @)% e = 3 (f, 602

1=0

and the fact that

Z(fa ¢2>2 = Z<fq,vf7 ¢2>2
=0 =0

=N 0 Fuuf o) = 3 N,
=0 =0

(e 9]

F12 02 =D (i),

i=0
We get
Do A (S i)
Zzgi0<f> ¢Z>2

which leads to the result. m

Ouf = < AG = 0o,
Remark 2 Ifb > a then
PW,, C PW/,
Now let {pin }nez the sequence of eigenvalues of the operator Ty then we have
A = 0ubo < By < pig.

Proposition 8 The g-Paley-Wiener space PW/, is a closed subspace of
ﬁq,27’0'



Proof. First we show that PW/, is a subspace of L2 ,. In fact let
ferw/,

then there exist u € L , such that

f(x) =cqu /Oa u(t) g (xt, qz)t%“dqt = Fyo(u)(z).

As Ly, C Lg2, and from the Theorem [ we show that F,,(u) € Lg2.4
which implies
PW;’G C ‘Cq,2,v-

Now, given f € L2, and let {f,}nen be a sequence of element of PW/,

which converge to f in L?-norm. For n € N, there exist u,, € Ly o such that

fnlx) = cqﬂ,/o un(t)jv(xt,qz)tQUJrldqt.

Moreover
lim [|fn = fllg2.0 =0,
n—oo
this give
lim || Fgofn — Foufllg2n =0,
n—0o0
and then

/ | Fovfn(z) — fq,vf(x)IQmQUquw + / ]fq,vf(x)l%%ﬂdqx — 0,
0

a

which implies 7y, f(z) =0 if z € R; and 2 > @ and then f € PW/,. =

Theorem 2 For any function f € PW], we have

F)= 0= @ f(k(¢"), vzeC. (1)
kEZ

Proof. In fact f is an analytic function, and from Proposition [

f(.%') = <f7 ka:>7 Vo € Rq-
We have
<f7 ka:> = <-7:q,vfa fq,vkm> = Cq,v(-Fq,Ufa jv(x-a q2)X[O,a]>

— o [ Fanf Ot
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which prove that
z = (f,kz),
is an analytic function. On the other hand
(fh) =1 =) > T f(gM)k.(dh),
keZ
and

(f k) = f(d"), VkeL.

As {0} is an accumulation point of the following set
{d*, kez},
we conclude that (f,k,) = f(z), VzeC. m

Remark 3 In many fields , telecommunication in particular, the Whittaker-
Shannon-Kotel’nikov sampling theorem plays a central role. It is know that
sampling is the process of converting a signal (e.g., a function of continuous
time or space) into a numeric sequence (a function of discrete time or space).
Namely this theorem say that every function in the cosine Paley- Wiener

space:
= {f(w) = \/g/oa u(t) cos(xt)dt, wu € Lz[o,a]} )

can be written as

=

PW,

CRBWE=

Then the above theorem can be viewed as a sampling formula where the
sampling points are q" independent of a. By the use of Proposition 1 we get

1

k ( n) _ %GZU—FQ % q2njv+1(aqn7 q2)jv(aq7 2, q2) - Z2jv+1(az7 q2)jv(aq71+n7 q2)
2\q ) = 1— q2U+2 q2n — 2 ’

Proposition 9 Given a function f € L42, and let

fa(x) = (f, kz),

then
fo € PW?

q7a7

and for all 6 > 0 we have
lm  sup |f(2) = fal@)] = 0.

=00 p>5xeR,y
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Proof. First
|fa(@)] < | fllgw,2llkzllgu,2 < oo

Now we can write
fa(CU) - <f’ kx> = <fq,vf, fq70k$> = Cq,v<-7:q7vf, jv(xw qz)X[OJID
a
= oo [ Faud ol )P .
0
which prove that f, € PW/,. On the other hand

f(x) = cq,v<fq,vf7jv(w-7q2)>7

and therefore
2

|f(2) = fa(@)]* = ¢,

/ Fyof (jolat, )2 d,t

2

< o ( / | Fao f ()]0 (2t q2)\t2”+1dqt>

(e 9] oo
<o [ IFI O [ LGt ) P

a a

Cgv * 2,204+1 < 2412,204+1
<t [ 1B OPE g [P

a ax

IN

2 1 2\12
caolldn( @) gue [ _—
- 2202 - /a | Fowf ()12 dyt.

Using the fact that

o0
/O [ Faof O dgt = | Foo flg02 = 1 £1l30,2 < o0,

we finish the proof. m

4 Application

In this section we tack v = —1/2 and ¢ = 0.5 and we put

1
fe) =1
an even function belong to the space £, 2. Using the sampling formula ()
for the function f,(z) = (f, k,) respectively for a = 1, a = 1/q and a = 1/¢>
with sampling point
qg*, n=-1...10
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we obtain

] 0.5 ]
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