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SELF-SIMILAR RANDOM FIELDS AND RESCALED
RANDOM BALLS MODELS

HERMINE BIERME, ANNE ESTRADE, AND INGEMAR KAJ

ABSTRACT. We study generalized random fields which arise as rescaling limits of spa-
tial configurations of uniformly scattered random balls as the mean radius of the balls
tends to 0 or infinity. Assuming that the radius distribution has a power law behav-
ior, we prove that the centered and re-normalized random balls field admits a limit
with spatial dependence and self-similarity properties. In particular, our approach pro-
vides a unified framework to obtain all self-similar, translation and rotation invariant
Gaussian fields. Under specific assumptions, we also get a Poisson type asymptotic
field. In addition to investigating stationarity and self-similarity properties, we give
L2-representations of the asymptotic generalized random fields viewed as continuous
random linear functionals.

INTRODUCTION

In this work we construct essentially all Gaussian, translation and rotation invariant,
H-self-similar generalized random fields on R? in a unified manner as scaling limits of
a random balls model. The self-similarity index H ranges over all of R\ Z and the
random balls model is of germ-grain type. It arises by aggregation of spherical grains
attached to uniformly scattered germs given by a Poisson point process in d-dimensional
space. By a similar scaling procedure, we obtain also non-Gaussian random fields with
interesting properties, in particular a model of the type ”fractional Poisson field”. Its
covariance functional coincides with that of the Gaussian H-self-similar field, so that
it fulfills a second order self-similarity property. Although not self-similar in law, this
Poisson field presents a property of ”aggregate similarity” which takes into account both
Poisson structure and self-similarity.

We observe two distinctly separate behaviors depending on whether the self-similarity
index H belongs to an interval of type (m,m + 1/2) or of type [m — 1/2,m) for some
integer m. In the first case, the scaling limit applies to random balls models with balls of
arbitrarily small radii. The asymptotic field then provides spatial dependence of negative
type. In the opposite case, the corresponding germ-grain models have arbitrarily large
spherical grains which lead to spatial long range dependence.

The scaling procedure which acts on the random balls model is based on the assump-
tion that the grains have random radius, independent and identically distributed, with
a distribution having a power law behavior either in zero or at infinity. The resulting
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configuration of mass, obtained by counting the number of balls that cover any given
point in space, suitably centered and normalized, exhibits limit distributions under scal-
ing. For the case of the random balls radius distribution being heavy-tailed at infinity,
the corresponding scaling operation amounts to zooming out over larger areas of space
while re-normalizing the mass. In the opposite case, when the radius of balls is given
by an intensity with prescribed power-law behavior close to zero, the scaling which is
applied entails zooming in successively smaller regions of space. Infinitesimally small
microballs will emerge and eventually shape the resulting limit fields.

Our results unify and extend in some directions the previous works on similar topics in
Kaj et al. [13] and Biermé and Estrade [4]. For example, in terms of the self-similarity
index H, [13] covers the interval —d/2 < H < 0 and [4] the interval 0 < H < 1/2.
Preliminary and less general versions of some of the results presented here have appeared
in Biermé et al. [5].

Dobrushin [7] characterized the stationary self-similar Gaussian generalized random
fields in their spectral form. In this work we obtain the subclass of such random fields
that are isotropic, since the random balls models under consideration are rotationally
symmetric. In order to obtain the whole range of self-similarity behavior it is necessary
to work not only with stationary random fields but with the wider class of generalized
random fields with stationary increments or stationary nth increments. In this sense our
approach also links to the line of work initiated by Matheron [16].

The paper is organized as follows. After having introduced the modeling framework
and the setting of the investigation we discuss in Section 2 some principles for scaling
limit analysis and state two main results, which cover a Gaussian limit regime and a
Poisson limit regime. Section 3 is devoted to the study of all self-similar, isotropic,
stationary generalized random fields. In particular, our main result states that all such
Gaussian fields arise as scaling limits of the random balls model. In Section 4 we give a
pointwise representation of the generalized self-similar fields with positive self-similarity
index H > 0 and discuss a few explicit examples. We conclude with some further remarks
on aggregate similarity.

1. SETTING

We present first a unified framework which includes and extends both of the distinct
modeling scenarios studied in [13] and [4], respectively. Let B(z,r) denote the ball
in R? with center at z and radius 7 and consider a family of grains X; + B(0, R;) in
R generated by a Poisson point process (X;, R;); in R? x R*. Equivalently, we let
N (dz,dr) be a Poisson random measure on R? x Rt and associate with each random
point (z,7) € R x R* the random ball B(z,7). We assume that the intensity measure
of N is given by dzF(dr) where F' is a o-finite non-negative measure on R*. Moreover,
we assume throughout the paper that the ball radius intensity F'(dr) is such that

(1) /R+ rlF(dr) < 4oc0.

Note that if F' is a probability measure, this assumption implies that the expected balls
volume is finite.
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For measurable sets A C R? x Rt we let the map A — N(A) count the number of
balls subject to A with values viewed as real-valued random variables on a probability
space (2, A,P). We recall the basic facts that N(A) is Poisson distributed with mean
[y dzF(dr) (if the integral diverges then N(A) is countably infinite with probability one)
and if Ay,..., A, are disjoint then N(A;),...,N(A,) are independent. We also recall
that for measurable functions k : RIxRT — R, the stochastic integral [ k(z,r) N(dz,dr)
of k with respect to N exists P-a.s. if and only if

(2) /}Rd><R+ min(|k(z,7)|,1) dz F(dr) < co.

1.1. Power-law assumption. For 3 # d we introduce the following asymptotic power
law assumption for the behavior of F' near 0 or at infinity:

A(B): F(dr) = f(r)dr with f(r) ~ Car P71 as r— 047,

where Cz > 0 and by convention 0% = 0 if o > 0 and 0% = +o0 if a < 0.

The range of parameter values under consideration will be d — 1 < § < 2d. Then,
according to (1), under assumption A () it is natural to consider the asymptotic behavior
of F' near 0 for d — 1 < § < d and at infinity for d < 5 < 2d.

1.2. Random field. We consider random fields defined on a space of measures, in the
same spirit as the random functionals of [13] or the generalized random fields of [3]. Let
M denote the space of signed measures p on R? with finite total variation |u|(R?) < oo,
where |u] is the total variation measure of p. For any p € M, u(B(x,r)) is a measurable
function on R? x R* for which

(3) / (B(z, )| dzF(dr) < [B(0,1)] [ul (R / rAF(dr) < +00
RIxR+ R+

in view of (1). In particular, (2) applies for this choice of k. We may hence introduce a
generalized random field X defined on M by

(4) X (p) = /]Rde+ w(B(xz,r)) N(dz,dr), Yu e M.

The condition (3) is even sufficient and necessary for X (u) to have finite expected value,
and in this case

EX (1) = /R (B ) drF(dr) = cap(R) /R ),

where cq = |B(0, 1)] is the volume of the unit ball in RY. Let us also note that the random
field X is linear on each vectorial subspace of M in the sense that for all 1, ..., u, € M
and ay,...,a, € R, almost surely,

X (a1p + .o+ appin) = a1 X () + o+ an X (pn)-

Our first proposition adds to this a simple topological structure.

Proposition 1.1. The random field X is a continuous random linear functional on M.
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Proof. 1t is natural to consider the weak topology on M where the weak convergence
o — b is equivalent to

[ H@mlan) = [ ),

for all f € Cy(RY) the space of continuous and bounded functions on R?. A sequence of
signed measures (ji,),y converges weakly to u € M if and only if the sequence of its
total variations (|pnl), ey converges weakly to |u| in M. This is a consequence of the
Radon Nikodym decomposition theorem (see [19] for instance). Then, in particular, if
i — 0 we have |p,|(R?) — 0.

Now, for any i € M the random variable X (u) is in L?(£2,4,P) and so X can be
considered as a linear functional X : M — L?(Q, A, P). Indeed, for any u € M

Var (X(u)) = /R (B deF(ar)
- / u(dy)u(dy') / B(y.r) 0 B(y/ 1) F(dr)
RIx R4 R+

< e [ rtan) n@y? < oo

Similarly, |E (X (n))| < cq (f0+°° rdF(dr)) || (RY). Then X is continuous since g, — 0
in M implies that E (X (un)?) — 0.
O

The random linear functional X — E(X) is also continuous from M to L2(Q, A, P).
Moreover , by identifying the space M with Co(R%)’, the topological dual space of con-
tinuous functions that tend to 0 at infinity (see e.g. [19] p.161), which is a normed space,
we can consider the subordinated norm of X —E(X). For u = dg, the Dirac mass at the
origin of RY, we get Var (X (6y)) = ¢4 (Jg+ r*F(dr)) and may conclude that

) X~ B(X)) = \/ (ca [ _rr(an)

2. SCALING LIMIT

2.1. Scaled random fields. Let us introduce now the notion of “scaling”, by which we
indicate an action: a change of scale acts on the size of the grains. The scaling procedure
performed in [13] acts on grains of volume v changed by shrinking into grains of volume
pv with a small parameter p (“small scaling” behavior). The same is performed in [4]
in the context of a homogenization, but the scaling acts in the opposite way: the radii
r of grains are changed into r/e (which is a “large scaling” behavior). To cover both
mechanisms we introduce the random field which is obtained by applying the rescaling
of measures u — p”, where uf(B) = u(pB) for p > 0 and measurable subsets B of R
Let us denote by F,(dr) the image measure of F'(dr) by the change of scale r — pr and
remark that

X = [ plBlen) Ndp e dp '), Ve M,
X
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where the intensity measure of N(dp~tz,dp~1r) is p~¥dx F,(dr). It is natural from this
viewpoint to have p representing an observation window and interpret limits p — 0
as zoom-out and limits p — oo as zoom-in of the random configurations of balls in
space. We will see that during zoom-out the appearance of occasional balls of very large
radius provide enough overlap between balls to create strong positive dependence (the
case 3 > d), while zooming in among microballs will generate in the asymptotic limit
negatively dependent spatial random fields (the case 8 < d).

Let us multiply the intensity measure by A > 0 and consider the associated random
field on M given by

/ pu(B(x,r)) Ny p(de,dr) ,
RdxR+

where Ny ,(dz,dr) is the Poisson random measure with intensity measure AdxF,(dr)
and pu € M. Results are expected concerning the asymptotic behavior of this scaled
random balls model under hypothesis A(3) when p — 0 or p — 4+00. We choose p as
the basic model parameter, consider A = A\(p) as a function of p, and define on M the
random field

() X = [ p(Bla) Nyg(da.dr)

Then, we are looking for a normalization term n(p) such that the centered field converges
in distribution,

Xp() = E(X,()) fus

" n(s)

w()

and we are interested in the nature of the limit field W. The convergence (7) holds

whenever
£ <exp < Xole) = (I%XP(“”)) — E exp (W (1),

for all 4 in a convenient subspace of M. A scaling analysis of power law tails reveals
that under A(f3) we expect

Var(X, (1) ~ Mp) o Var(X (n), p*~? =0,

which suggests the asymptotic relation n(p)? ~ A(p) p. However, in view of (5), the
norm of (X, —E(X,))/n(p) as a linear functional from M to L?(2, A, P) is given by

_ ¢ (o] TdF(dﬂmfg;d.

In particular, (8) is not bounded for n(p)? = A(p)p® as p — 0°~¢ and the Banach
Steinhaus Theorem states that there exists a dense subset of M on which the rescaled
process (X, (1) —E(X,(1)))/+/ A(p)p® can not converge. Therefore we study in the sequel
the convergence (7) on strict subspaces of M.

® |

P)
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2.2. Gaussian limit regime. For § # d let us define the space of measures

Mﬁ:{uEM:Elas.t.a<ﬁ<dord<ﬂ<a

and [ o= 0@l de) < +oo),
R4 x R4

We remark that the integral assumption is a finite Riesz energy assumption for g > d
and that M? = {0} when 8 > 2d. In both cases d — 1 < 3 < d and d < 8 < 2d, if
1 € M satisfies

Lo =l ae) < +oc
X

for some a (o < f < d and d < [ < « respectively) then the same holds for any ~
between 8 and «. In particular, for any p € M5,

L= @) @) < oc
X

We also introduce the subspace of finite signed measures of vanishing total mass,

Mlz{ueM:/ u(dz)z()}
R4
and consider the subspaces

~ [ M ford < B < 2d
9) Mﬁ—{Mﬁli ford—1<p<d.

Theorem 2.1. Let d—1 < 3 < 2d with 3 # d. Let F be a non-negative measure on R
which satisfies A(B). For all positive functions \ such that X(p)p® . +00, the limit
p—0P~

Xp(n) —E(Xp(n)  sdd
Ap)p®  p07

Wp(p)

holds for all p € Mvg, in the sense of finite dimensional distributions of the random

functionals. Here Wy is the centered Gaussian random linear functional on Mg with
covariance functional

(10)  Cov(Ws(n), Ws(v)) = E (Ws()Ws(v)) = c3 /R e A (),

X
for a constant cg depending on 3.
Proof. We begin with two lemmas. The first lemma describes the covariance function and
is based on some technical estimates for the intersection volume of two balls. The second
one, inspired by Lemma 1 of [13], stands for Lebesgue’s Theorem with assumptions that
are well adapted to the present setting.
Lemma 2.2. Let d — 1 < 8 < 2d with § # d. With Cg > 0 given in A(f3), there exists
a real constant cg such that for all p € Mg,

0<Cp w(B(z,r))2r P ldrde = Cg/ |z — 2|97 P u(d2)p(d2’) < 4oo0.
RIxR+ RIxR4
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Remark 2.3. The above identity ensures that equation (10) defines a covariance func-
tion, called generalized covariance function in [16].

Proof. Let us introduce the function v defined on [0, c0) by
(11) Y(u) = [B(0,1) N B(ue, 1)[ ,

for any unit vector e € RY, where | - | is the Lebesgue measure. The function 7 is
decreasing, supported on [0,2], bounded by «(0) = |B(0,1)|, continuous on [0, 2], and
smooth on (0,2).

Define ~3 as

(W) —7(0), d—1<pB<d
7ﬁ(u):{z(u), ! d<p<2d.

We notice that for d — 1 < 8 < d, |yg(u)| < ~(0) as well as |yg(u)| < sup,sq |7 (v)| u.
Hence, for some constant C' > 0, |yg(u)| < Cu= for any 0 < d — o < 1, that is any
ain [d —1,d]. For d < 8 < 2d, one can find C > 0 such that |y5(u)| < Cu?"* for any
a > (. In particular, we may take a such that d —1 < a < g for thecase d—1 < < d
and « such that 8 < a < 2d for d < 8 < 2d, and for both cases have a C' > 0 with

(12) Yu > 0, |ys(u)| < Cu™®.

1st Step. For p € Mg, let us prove that [pq p: u(B(z,7))?r P~ ldrdz < +o0o. We
introduce the function ¢ defined by

(13) or) = /Rdu(B(x,r))Qda: r>0.

Using successively Fubini’s Theorem, homogeneity and (11) we get

o(r) = / |B(z,r) N B 7| plde)u(dz’) = rf / Yl = #)/r)u(dz)p(dz’).
RIx R4 R

dyRd

Therefore ¢(r) < v(0) |u|(R%)2 r?. Moreover, since u € Mvg,
(14) o(r) = 1 / vl — 2'|/r)p(dz)(dz).
R4 x R4

and we can choose a such that [pa, palz — 2/|7%|u/(d2)|p|(d2’) < 400 and (12) holds.
Then

p(r) < C’ra/ |z = 247l (d2) |l (d2").

R4 x R4
Finally, one can find C' > 0 such that
(15) o(r) < C’min(rd,ro‘),
and

400
/ o(r)yr P tdr = / w(B(z,r))2r P tdrdz < 4o0.
0 R4 xR+

2nd Step. We prove the equality stated in the Lemma, which can be formulated as

+oo
Cg/ gp(r)r_ﬂ_ldr = CI@/ |z — z'\d_’gu(dz)u(dz'),
0 Rd x R4
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using the previous notations. For that purpose we want to replace ¢ by (14) in the left
hand side integral. Using the estimates (12) on |ys|, one can show that the integral
defined by

Ts(u) = / s (ufr)rd=01dr |
R+
is well defined for all w € R. Furthermore, I3 is homogeneous of order d — 3 so that
Yu >0, Ig(u) = Ig(1)u" .

This proves that

+oo
| e ar = 1p) [ = sl
0 R x R4
which completes the proof of the lemma with ¢z = Cglg(1). O

Now let us state a second lemma which is the main tool to establish our scaling limit
results.

Lemma 2.4. Let F' be a non-negative measure on R* satisfying A(B) for 3 # d.
(i) Assume that g is a continuous function on R such that for some 0 < p < 3 < g,
there exists C' > 0 such that

lg(r)| < C'min(r?,rP).
Then
/ g(r)Ey(dr) ~ C’gp’g/ g(r)yr P dr as p — 0774
R+ R+
(ii) Let g, be a family of continuous functions on RY. Assume that

) lim  p7g,(r) =0, and  p’lg,(r)] < Cmin(r?,17),

for some 0 <p< B <qand C >0. Then

p_l}lg[rjlid - gp(r)E,(dr) = 0.

Proof. (i) Let us assume for instance that § < d (the proof of the case 5 > d is similar
and can be found in [13]). Let € > 0. Since F satisfies A((3) there exists § > 0 such that

(16) r<d= ‘f(r) - Cgr_ﬁ_l‘ <er P7L
Let us remark that the assumptions on g ensure that
“+o0o
/ g(r)yr P71 dr < 40,
0
On the one hand, since foépg(r)Fp(dr) = 05p g(r)f (ﬁ) dr " we get by (16)

o) P>

S 5
[ smEan - s [ grroar
0 0

Sspﬁ/ g(r)riﬁ*ldr.
R+
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On the other hand, for dp > 1, since |g(r)| < CrP,

[ onEn - s [ g
)

p op

< G0 )pp+ 70 %P
C)

where C1(9) = +O° rPF(dr) < 6774 o, r¥F(dr) < co. Since p < 3, we obtain (i).

IN

(ii) We follow the same lines as for (i) and can assume similarly that § < d. Since F
satisfies A () there exists § > 0 such that

(17) r< 6= |f(r)] < (Co+ 1r P!

The assumptions on g ensure that for all p > 0,

—+oc0
/ p’g|gp(r)|r_’g_1dr < +o0.
0

Since foép gp(r)E,(dr) = 06’) gp(r)f (;) dr e get by (17)

p oo
/o 9o (1) Fp(dr)) < (Co +1) / PP 1gp(r)| 7= dr.
Thus, by Lebesgue’s Theorem
dp
(18) lim 9p(r)Fy(dr) = 0.
p—+o0 Jo

Moreover, for dp > 1, since C1(0) = ;OO rPF(dr) < +oo and |g,(r)| < Cp~Pr?,

[e.e] [ee]
/ gp(r)Ep(dr)| < C’pﬁ/ rPF,(dr)
op dp
(19) < CCy0)p .
We conclude the proof using (18) and (19), since p < f. O

We start now with the proof of Theorem 2.1. Let us denote

where
(20) T(v) =e® — 1 —iv.
The characteristic function of the normalized field (X,(.) — E(X,(.))) /n(p) is given by

E (exp (z'X”(") — (I%XP("))» = exp ( /}R . )\(p)gop(r)Fp(dr)> .
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By assumption, n(p) tends to +oo as p — 0777 so that ¥ (%) behaves like

_1 (u(B(Iﬂ“))

2
3 ) ) . Therefore, we write

@) [ 0B = =5 [ oMo E ) + [ A

where the function ¢ is introduced in (13) and

(22) A = Aeslr) + Me)nlp) ()

B 1 (u(B ?
g [ (o (HBEDY () o,
y we) ) T2\
Since 1 € M, 3, the function ¢ satisfies (15) and thus the assumptions of Lemma 2.4(i).

Thus, the first term of the right hand side of (21) converges to Cg [+ (r)r=?~!dr, and
using Lemma 2.2 we obtain

i, [N ) = s [ (@)
p—07=d Jr+ R4 x R4

For the second term, let us verify that A, given by (22) satisfies the assumptions
of Lemma 2.4(ii). First let us remark that the function A, is continuous on R* since

i € M. Because “I’(v) - (—%)‘ < % and

| p B e <l [ e (Blar)lde < Callin®
we also check that

3
M) ()2 2,0)| < S )1y

Finally, since |¥(v)| < @, there exists a with (o — 3)(8 — d) > 0 such that by (15)
[Ap) "' n(p)* Ap(r)] < Cr.
Therefore, [p. A,(r)F,(dr) tends to 0 according to Lemma 2.4(ii), and so
X —E(X 1
lim E (exp <z o) ( p(H)))) = exp (——Cg/ |z — z/\dﬁu(dz)u(dz/)> .
p0B—d n(p) 27 Jrixgd

Hence (X, (1) —E(X,(1)))/n(p) converges in distribution to the centered Gaussian ran-
dom variable W (u) whose variance is equal to

E (W (1)?) = cg /Rded |2 = 2| P p(dz)p(dz).

By linearity, the covariance of W satisfies (10). O

With similar arguments we can state an other scaling result leading to a non-Gaussian
limit.
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2.3. Poisson limit regime. In this section we keep the notations introduced in section
2.2 for the Gaussian limit regime.

Theorem 2.5. Letd—1 < 3 < 2d such that 8 # d. Let F' be a non-negative measure on

R* satisfying A(B). For all positive functions X such that \(p)p® —, a® B, for some
p—0P~

a > 0, we have in the sense of finite-dimensional distributions of random functionals the
scaling limit

fdd
Xp(p) = E(X, (1) = Ja(a),
for all u € Mﬁ. Here Jg is the centered random linear functional on Mﬁ defined as

To) = [ n(Bar) No(da,do)

where ]% is a compensated Poisson random measure with intensity Cg dx r~P=1dr, and

g is defined by pga(A) = u (a_lA).

Proof. The stochastic integral [ k(z,7) N(dz,dr) of a measurable function k : R4 xR —

R with respect to a compensated Poisson measure N of intensity n, exists P-a.s. if and
only if

(23) /]RdX]R+ min(|k(z,7)], k(z,r)?) n(dz,dr) < oo

(see [15] for instance).
By Lemma 2.2, for all 4 € Mg and using once again the function ¢ introduced in

(13),
/ / 2P ldrdx = / o(r)rt P dr < 0.
Re JR+ R+

Hence, in view of (23) with n(dz, dr) Cg dz r=P~1dr and k(z,r) = pu(B(z,r)), the
random field Jg is well defined on M 3, with characteristic function

(24)  E(exp (iJs(n))) = exp ( /R ¥ (u(Bx,r))) Cp da r—ﬂ—ldr> ,

+xR4

where W is given by (20).
On the other hand, the characteristic function for the centered Poisson random balls
model equals

E (exp (¢ (X, (1) — E(X,(1)))) = exp ( /

Define for r > 0,

¥ (u(B(a,r)) do A(p)Fp<dr>> |

+xRd

F0) = [ W (Bl do.
For p € ./\7@, using |¥(v)| < |v[?/2 and (15), there exists C' > 0 such that
|@(r)] < C min(r?,r*),
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for some « with (a — 3)(8 — d) > 0. Thus, by Lemma 2.4 (i),

/ Ap)p(r)Fp(dr) ~ Cg a®p /Oo S(r)r—°ldr
R+

p—08 0
and hence
lim E (exp (i (X, (1) — E(X,(1)))) = exp (cﬁa” G dr).
p—0P—d R+

Finally, it is sufficient to remark that

ath S(r) r Pt dr = a¢ S(atr) r 81 dr
| ae i ar=at [ Bt
with
al Pla=tr) = a® /Rd o (M(B(x,a_lr))) dr = /Rd U (g (B(z,7))) de,

to obtain

p_lggde (exp (i (Xp(p) — E(X,(11))))) = E (exp (i-T(p1a))) -

Lemma 2.2 and (10) yield the following remark.

Remark 2.6. The covariance function of Jg is given for all p,v € ./C(/g by

Cov(Ja(p), Jp(v)) = /RMR+ 1 (B(z,r)) v (B(z,r)) Cs dz v~ P 1dr

— o [ le= (e,
R4 x R4

and so Jg and Wy have the same covariance function on Mg.

A stable limit regime should also be obtained as in [13], under the assumption that
Ap)p® — 0 as p — 0879 The limit is expected to be an independently scattered
f3/d-stable random measure on R? with Lebesgue control measure and unit skewness.

2.4. Properties of the limiting random generalized fields. We complete this sec-
tion by discussing some of the main properties of the fields we obtain as scaling limits.
Due to the stationarity of the random balls field on the one hand and to the performed
scaling on the other hand, the limits inherit a stationarity property. The Gaussian limits
exhibit a self-similarity property as well.

Following the same ideas as in [7] or [16] we define a notion of stationarity which
characterizes the translation invariance of a random linear functional over a subset of
signed measures. We say as usual that a subspace S C M is closed for translations if, for
any p € S and any s € R?, we have 7, € S, where 7,y is defined by 7,u(A) = u(A—s),
for any Borel set A. To provide a more general framework for stationary random fields
we introduce the following subspaces of measures with vanishing moments. For any
n € N~ {0}, denote by M,, the subspace of measures u € M, which satisfy

(25) /Rd 2 p(dz) = /Rd Z{l ...zédu(dz) =0
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for all j = (j1,...,74) € N¢ with 0 < j; + ...+ jqg < n (see [16] where similar spaces
of measures are introduced). Here, the class M; was already used for the setting of
Theorem 2.1. For convenience, we also put My = M. A simple but tedious computation
shows that

M, = {,u eM: |z — 2/ u(dz)p(dz’) = 0 for all integers 0 < k < n} .

Rd xRd
In particular, the subspaces M,,, defined by (25), are closed for translations for any
n € N.

Definition 2.7. Let n € N. Let X be a random field defined on a subspace S C M,
closed for translations. The field X is translation invariant if

(26) Ve S, Vs e RE X (o) ™2 X ().

More precisely, one says that X 1is stationary when n =0 and has stationary nth incre-
ments when n > 0.

It follows that if X has stationary nth increments on a subspace S C M,,, then its
restriction on S N M, 11 C M, 41 has stationary (n + 1)th increments.

By the translation invariance of the Lebesgue measure, for any p > 0 the random field
X, defined by (6) is stationary on M. The fields W and Jg obtained as limit fields on

Mg in Theorem 2.1 and Theorem 2.5 are not defined on the full space M. But M g is

closed for translations. Therefore, when considering the limiting random fields on Mg,
one has the following property.

Proposition 2.8. Letd—1 < 3 < 2d with 3 # d. Then W3 as well as Jg are translation

invariant on Mg.

In other words, from (9), W and Jg defined on M g are both stationary if d < 8 < 2d
and they have stationary first increments if d — 1 < § < d.

We turn now to the self-similarity property. Denote by u, the dilated measure defined
by pa(A) = p(a=tA) for any Borel set A. A subspace S C M is said to be closed for
dilations if, for any p € § and any a > 0, we have u, € S. The following definition
extends the standard definition of self-similarity for pointwise defined random fields.

Definition 2.9. Let H € R. A random field X, defined on a subspace S of M which is
closed for dilations, is said to be self-similar with index H if

Ve S, Va >0, X (ua) = af X (u).

Once noticed that Mg is closed for dilations, and by observing the consequence of
dilation on the covariance of Wp, the following property is straightforward.

Proposition 2.10. The field Wg, defined on Mvg, 1s self-similar with index H = #
that runs over (—d/2,1/2) . {0}.

In contrast to the Gaussian field Wp, the Poisson limit field Jg is not self-similar.
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3. SELF-SIMILAR RANDOM FIELDS OF ARBITRARY ORDER

3.1. Dobrushin’s characterization. Dobrushin [7] gives a complete description of
Gaussian translation invariant self-similar generalized random fields on R?. For this
purpose he considers continuous random linear functionals of S(R?)’, where S(R?) is
the topological dual of the Schwartz space S(R?) of all infinitely differentiable rapidly
decreasing functions on R? (see e.g. [8]). As usual S(R?) is equipped with the topology
that corresponds to the following notion of convergence: ¢, — ¢ if and only if for all
N e N and j € N¢

sup (1 + [2[)V [ D7 (00 — ¢) (2)] — 0,

2€R4

where DJp(z) = %@(z) denotes the partial derivative of order j = (j1,...,jq)-
251 Zd

Then, a linear functional X : S(R?) — L2(2, A, P) is continuous if and only if ¢, — 0
in S(RY) implies that
E (X(¢n)?) = 0.

To each function ¢ € S(RY) C L'(R?) one can uniquely associate a signed measure
© € M defined by ¢(dz) = ¢(z)dz. For the sake of notational simplicity we identify any
function ¢ € L'(R?) with its image @ in M so that L'(RY) C M. Therefore any random
linear functional on M, when restricted to S(R?), can be viewed as a linear functional
on S(RY).

Proposition 3.1. Let p > 0. The random field X, induces a continuous random linear
functional on S(R?).

Proof. jFrom (8), the random field X, is a continuous random linear functional on M.
Then, to prove the continuity of X, on & (R9) it is sufficient, using Lebesgue’s theorem,
to notice that the previous identification implies that if p, = @, — 0 in S(RY) then
tn — 0 in M. O

Now, put

Sp(RY) =SMRHYNM,, n>0.
In particular, So(R?Y) = S(R?). We obtain the continuity properties of Ws and Jg
by observing that S(RY) N Mﬂ = S(R%) when d < 3 < 2d, while S(R%) N Mﬂ =
SRHYNM; =8 (RY) ford —1< g <d.
Proposition 3.2. Let d—1 < 3 < 2d with 3 # d. The random fields W and Jg induce

continuous random linear functionals on S,(R?) for any n > 1 ifd—1 < 3 < d, and
anyn >0 if d<p <2d.

Proof. Note that by (10) and Remark 2.6, for any p € Mﬂ,
e EWaw?) ~E () <leal [l = 0@zl 02,
X

A straightforward use of Lebesgue’s theorem concludes the proof. O

Then, restricted to S, (RY) the Gaussian field W is a translation invariant self-similar
generalized field. We refer to [17] for a synthesis using orthonormal basis of L?(R?)
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in the case d < < 2d and to [6] for other examples of self-similar generalized fields
obtained by random wavelet expansions in the general case. In [7] Dobrushin focuses on
the spectral representation of such Gaussian fields. Since the law of a centered Gaussian
field is characterized by its covariance function, let us introduce a second order self-
similarity property. For H € R we say that X, a random linear functional on S,(R?) is
a second order self-similar field of order H if, for all a > 0, ¢, v € S, (R%),

(28)  Cov(X(pa), X(¢a)) = a* Cov (X(p), X (¥)) , where pq(z) = a”Yp(a” ).

We denote by 11(€) = [pa € **pu(dz) the Fourier transform of any y € M. Then Theorem
3.2 of [7] can be reformulated as follows.

Theorem 3.3. Let n > 0 and X be a continuous random linear functional on S, (R?).
Then X is translation invariant and second order self-similar field of order H € R if
and only if for all v € Sp(RY),

(29)

Cov (X(e) X)) = [ [ 200)op="Nardo(0)+ 3" Ajsa(e)anth).

l7|=[k|=n

where o is a finite positive measure on the unit sphere S41, a;(¢) = [pap(z)2ide =
il DIG(0), for j € N with |j| = n, and A = (Ajvk)\j|:\k|:n is a symmetric positive
definite real matrixz. Moreover, if H < n then A=0; if H=n theno =0; and if H >n
then A =0 and o = 0.

We make the further comment that generalized random fields defined on S,,(R%) for
some n > 0 roughly correspond to suitable derivatives of random fields defined on
S(R%). More precisely, since the Schwartz class is closed under differentiation, if X is a
continuous random linear functional on S(R?) one can define for any j € N the partial
derivative of X of order j as the continuous random linear functional defined by

Vo € S(RY), DIX(p) = (-1)VX(Diy).
Moreover, Lemma 1.2.1 p.23 of [3] states the following property.
Proposition 3.4. For any n € N, S,,(R%) = Span {Dip : ¢ € S(RY),j € N4 |j| =n}.

Therefore, the knowledge of a generalized random field X on S,(R?) is equivalent to
the knowledge of all its partial derivatives D’ X of order j with |j| = n. Furthermore, X
has stationary nth increments if and only if its partial derivatives D7 X of order j with
|7| = n are stationary.

Note that Wj and Jg share the same covariance function by Remark 2.6 so that they
are both second order self-similar fields of order #. Therefore, by Proposition 3.2 and
Theorem 3.3 they have to be considered on S,(RY) for n > ((d — 3)/2),. Moreover,
due to the isotropy of balls and the rotation invariance of Lebesgue’s measure it is
straightforward to conclude that W3 and Jg are isotropic random fields. Thus, the
measure o obtained from Theorem 3.3 is invariant under rotation and hence, up to a
constant, Lebesgue’s measure on the sphere. We obtain the following result, which is of
Plancherel’s type and gives the covariance function of W3 and Jg in spectral form.
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Proposition 3.5. Fix d —1 < 8 < 2d with 8 # d. There ewists kg > 0 such that, if
d < 3 < 2d then for any ¢,v € S(RY) and if d — 1 < B < d for any ¢,¢ € S1(RY), we

have

Cou(Wi(), Wi () = Cov (), Jo(1)
[ = AP s = hy [ EEDO 16

3.2. Higher order stationary random fields as scaling limits. To exploit Do-
brushin’s characterization theorem further, we consider next a general class of Gaussian
random fields. Let H € R with H ¢ N be an arbitrary self-similarity index and write

[ [H]+1, H>0
[Hh_{o, H <0,

where [H] is the integer part of H. Let By denote a continuous random field defined
on Srg,, which is centered, Gaussian and isotropic, and such that for some constant
kr > 0 the covariance functional is given by

(30) Cov (Bi(¢), B (¥)) = kn /R BOD(E) €720 de, o1 € S, (RY).

In the special case H > 0, for which [H |4 = [H], we note that [H]| —1 < H < [H|
and that the random field By has stationary increments of order [H|. It is straight-
forward to show that for all j € N¢ with |j| = [H], the corresponding differentiated
field DI By is stationary and admits a spectral density which behaves near the origin

s |¢]2H —d+2[H] T this situation, following the usual interpretation of the spectral
density close to the origin, we say that By provides long range dependence as soon as
—2H + 2[H] is less than 1, which is equivalent to [H]| — 1/2 < H. In what follows
we will see that for H such that [H]| —1/2 < H < [H]|, the field By may be explic-
itly constructed as the scaling limit of a random germ-grain model where grains have
a heavy-tailed radius distribution at infinity. The overlap of these large grains yields a
strong spatial dependence. In the opposite case, [H]—1 < H < [H]|—1/2, the field By
may be explicitly constructed as the scaling limit of a random germ-grain model where
the radius of grains accumulates at zero. The interaction of the small grains yields a
negative type correlation.

We return to the case of real, non-integer H. In order to link the Dobrushin fields By
and the limit fields W3 we obtained in previous section, we will use fractional integration
and differentiation. In [17] a similar procedure is used to synthesize Gaussian self-similar
random fields with H € (—d/2,0). To introduce the method we consider for ¢ € S(R9)
the usual Laplacian operator
92

‘6

-3 5

QJ
Nw

and recall that for any ¢ € RY,

Ap(€) = —[¢)3(€).
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Next, for any m € Z, we may define formally the operator (—A)fg by the relation

(D) Fp(6) = €| 3(e), £eRY

In order to give a precise meaning to this operator, we introduce the intersection space

Soo(®?) = [ Sn(RY).
n>0

m
2

Proposition 3.6. For any m € Z, the operator (—A) D Seo(RY) — S (RY) s

continuous.

Proof. For any n > 1,
Sa(RY) = {p € S®RY); DIG(0) = 0,j| < n}.

Thus, Ss (R?) # () since this space contains any function ¢ € S(R?) such that @ vanishes

m

in a neighborhood of 0. It is therefore clear that (—A)™2 : F (Se(R?)) — F (Soo(R?))
is continuous with F (Sx(R%)) = {&; ¢ € Sec(R?)}. The proof is completed by using
the continuity on F (Sx(R?%)) C S(R?) of the Fourier transform inverse.

O

Theorem 3.7. Let H € R with H ¢ 17 for d = 1 and H ¢ Z for d > 2. Set
m = [H + %] and By = d —2(H —m). Then
fdd m
Br(¢) = Wpu (=8)"™2¢), ¢ € Sx(RY).

Moreover, let F be a o-finite non-negative measure on R satisfying A(By). For all
positive functions \ such that \(p)p®# — L Too the limat
p—0m=

Xp(=A)"29) ~EX,((-A)"%¢))  sad
A(p)pPr p—0m—H Bu(e)

holds for all ¢ € Soo(RY), in the sense of finite dimensional distributions of the random
functionals.
For the case H > —1/2 the covariance functional of By has the representation

Cov(Bil): BuW) = enr [ |z~ 2PHp(0() a2, ot € Su(R

Proof. According to Proposition 3.5, since Sy € (d —1,d+ 1) C (d —1,2d) for d = 1
and By € (d—1,d+1] C (d —1,2d) for d > 2 with By # d, the random field Wy, is
well-defined on Suo(R?). Moreover, for any ¢, € Su(R?), we have

Cov (Wi (=) 7"20)), Wiy ((=2) /24 )

(31) = [l A T () (- A) () dad

——

B = ks [ (CATROA) T P
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By (32) and (30) with kg = kg, , we get

Cov (Wi, (—A)7/26)), Wiay (=8)7"%0)) = kg /Rd@(&)i(s) g —2d=2m g
= Cov(Bu(y). Bu(v)).

Since the two random fields W, and By are Gaussian this is enough to conclude that

f.d.d.

Br(p) Wy (=2)7"2p).

Next, by rewriting (31),

Cov (Brlo), Bin(w)) = ey [ |19 (=) () "20) (2) d
with
(-8 ™ () ™) = [ (A ple - ) (-A) () A
Using Fourier transforms,
(=82 5 (<) () = (~A) 7 (o % 5(2))
so that
Cov (Bia(o), B (0) =y || 17 (=8) o+ )(2)

Here, since A|z|* = 2H (2(H — 1) + d) |2|*12, one can find a constant cp ,,, such that
2|87 = [22H=m = ¢, A™|22H | for any m > 0. Then, for any H > —1, integrating
by parts, we obtain

[ (0™ (o 0(a)) de = e [ [SPHAT ()™ (o4 0(2) dx
Thus,

Cov (Bu(), Buw)) =en | | 12~ Pl dad
R XR4

with cg = (—=1)"cumcay, -

Finally, the last statement follows from Theorem 2.1.
O

Under the same parameter assumptions as in the previous theorem we may define
analogously a continuous generalized random field Py on Sao(R?) by

(33) Pi(0) = Jo, (=8)729), ¢ € Sw(RY).
The effect of a dilation by a > 0, is given by
Tou (=8) ™2 0)a) = Jg, (@™ (=A) "™ (4)) = " Prr(pa).

This allows us to extend Theorem 2.5 to the case of a general index H. By Proposition
3.5, the covariance functional of Py coincides with that of By.
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Theorem 3.8. Take H a real number, H ¢ %Z ford=1, H&ZZ ford>2. As above,
let m = [H+ 3] and By = d — 2(H —m). Let F be a non-negative measure on RF
which satisfies A(Bg). For all positive functions \ such that \(p)p®n — a?H=m)

p;,om—H
for some a > 0, we have in the sense of finite-dimensional distributions of random
functionals the scaling limit

X,(-2)7% ) ~E(X,((-8)"F)) % a"Palpa).

for all ¢ € Syo(RY).

4. POINTWISE REPRESENTATION OF THE RANDOM FIELDS By AND Py

In this section we will discuss the case of a positive self-similarity index, and assume
henceforth H > 0. Recall that the Gaussian field By is defined on Sy (R9) (since in
this case [H|4+ = [H]). By Proposition 3.4,

St (RY) = Span { DVyp : € SR, j e N, |j| = [H]}

A natural question that arises in this context is whether it is possible to find a continuous
random linear functional Y on S(R%) such that

Vo € S(RY), DY (p) = (~1)VIBr(Dip), je N with |j| = [H]?

The same question applies to the Poisson field Py defined by (33). We will use the
representation of generalized random fields as defined by Matheron [16], to provide an
answer (see also the links between “generalized random fields” and “punctual random
fields” in [3]).

4.1. Representation of generalized random fields. Let X be a continuous random
linear functional on a subset S of S(R?). We say that a continuous function X : R% —
L?(, A, P) is a representation of X if, for any ¢ € S

L3(QAP)

X (£)e(t)(d).
R4

X(p)

In order to obtain representations B 1 (t) of By and ﬁH(t) of Py, for any t € R?, we will
consider an approximation in S (R?) of the Dirac mass &; at t.

Following the same ideas as [16], let § € S(R?) be a positive even function such that
its Fourier transform 8 satisfies 4/9\(0) = [ga 0(2)dz =1 and, for any j € N¢, j # 0,

D79(0) = (=i)¥l [ 276(z)dz = 0.
Rd
It follows that, for any k,I € N [o,z5D0(z)dz = iklDkDIg(0). Since DIO(E) =
(i€)!6(¢), we obtain

k! _ sk B )0 iR
/RdzDQ(Z)(dZ)—‘SH 51—{1,ifk:l.
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Let n € N with n # 0 and set 6,(z) = n%(nz). Then for all t € R%, the functions
defined by

P=Th— Y D%
t — tUn T n
|l|<[H]
belongs to So(RY) € S (H] (R%), and we can consider the sequence of random functions

defined by (Bp (©")),,>; and (Py (O")),,>, where By (") : t — By (6}) for alln > 1
and similarly for Py (©7).

Theorem 4.1. Let H > 0 with H ¢ N. The finite dimensional distributions of
(Bu (©")),>1 converge in L*(Q, A,P) to a representation By of By on Spp (RY) with
a covariance function given by

i it - &)F . is &k \, 4
FH(t) S) - kH \/Rd € tE Z ( k[ ) e—ZS'§ — Z ( k') |€| d 2Hd€
0<k<[H] 0<k<[H]
_ 20 (D om | ay2H
(34) =cp | [t—sP = > 7 (D + 2D s|
li<ra]

Similarly, the finite dimensional distributions of (Pg (©")), >, converge in L?(Q, A, P)

to a representation ﬁ;{ of P on S[fﬂ (Rd) with the same covariance function as E;;

Proof. Let n € N~ {0} and t € R?. By choice of # we have !, € Sy (R%), with

- k
616 =0u(0) [ 6= ¥ pief | =(5) (e ¥ ) ceme

! n
il <[H] k<[H]

using the fact

- k
S qtig) = L e

! k!
ll|=k
which is a generalization of the binomial theorem. Let n,m € N~ {0} and ¢, s € R?. By
(30) there exists ki > 0 such that the covariance
Lnm(t,s) = Cov (Bu (07), Bu (O5")) = Cov (Py (©F) , P (6"))
can be written

p—

Ton(t.s) = ki | SFOBF(E) 72" ae.

Then Lebesgue’s theorem implies that the limit in I';, ,, (2, s) — T'y(t,s), is given
n,m—-+oo
by

L it - €)* , is-&F\ oy
) e~ itE _ Z ( kf) e—isé _ Z ( kf) €| 2H ddg‘
k<[H] ’ k<[H] ’

Tylts) = CH/

R
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Therefore, the finite dimensional distributions of (B (©")),,5,, converge in L*(Q, A, P)
to a centered random field By. The finite dimensional distributions of (P (07)p>1

converge similarly to ) a limit ]31; Both limit fields have the covariance function I'g.
Let us prove that By is a representation of By on Sy (R9). The covariance function
I'y of By is continuous with respect to each variable and so By : R? — L?(Q, A, P) is

continuous. Then, the random linear functional X : ¢ € S(RY) — [o, B (t)e(t)(dt) is
well defined since

Var(X () = /R d /R Cov (Bu(t), Bu(s)) elt)p(s)dt s < +oo,

using the fact that Var(Bp)(t) < C|t|*. Finally, for any ¢ € Sra (R?) we have
Var(X(p)) = Var(Bp(y)) by Proposition 3.5, since [pqt'o(t)(dt) = 0 for || < [H],

which proves that By is a representation of By on Sy (R?). The same arguments hold

to prove that Py is a representation of Py on S (R9).
It remains to establish (34). By Theorem 3.7, for all n,m € N~ {0},

Lpm(t,s) = CH/ |z — 2/PO1(2)0™ (2')dzd7.
’ R xR

For any 2’ € RY, the function f./(z) = |z — 2/|* admits continuous derivatives of order

l on R? for any |I| < [H]. Therefore, for any 2’ € R,

tl
2H _ l
/]Rd |z = 27700 (2)dz = fax0,(t) — g ﬁD fo % 6,(0)

lU<rH1

_ J12H _ (_1)‘” Ll 1 12H
N [t — 2| Z I t'D* |27
l|<[H]

By Lebesgue’s theorem, as n — 400,

—_
lim Tyn(t,s) = cy 2P - ) !tlDl\z’FH o™ (2)dz .
e R |l <[H] 5

As previously we obtain

l
S
[ p=PenEar — s = 30 (<)l D,

m—-+00
|l|<TH]
while
Dl|z’\2H@T(z’)dz’ N Dl‘8|2H.
R m—-+00
Therefore 'y (t,s) = lim T’y (2, s) is also equal to (34). O
n,m—-+oo

Remark 4.2. In the case H < 0 one can not find any representation of neither By nor
Py on S(R?). This is due to the fact that the variance of a random field which is second
order self-similar of order H < 0 is not bounded around 0.
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Since By is Gaussian, By is also Gaussian as a limit in L?(Q, A, P) of a Gaussian
functional. The spectral representation of By is given by

, k
—— . fdd it —it- & _H_
@) B i [ (e 3 ELE ) gy,
R k<[H] ‘
where W is the complex Brownian measure. This field is called elliptic Gaussian self-
similar random field in [2].

4.2. Properties of the pointwise representation. One can define the [H |th incre-
ments of By with lag h € R, which correspond to the discrete differentiation of order
[H], by

[H]

— H —
A By =3 <[ 1)(—1)”{“0 Bt +ph) .
p=0 p
Then
H < (TH]
. H]—

and the stationarity of By implies that By has stationary [H |th increments in the wide
sense: for all t,s,h,h’ € R%, the covariances Cov (A}EH]EI;(S), A}E{HEE(S + t)) do not

depend on s (see [22] or [10] for instance).

Proposition 4.3. Let H > 0 with H ¢ N. Then the Gaussian random field By has
stationary [H|th increments. Moreover, this field admits continuous partial derivatives

of order 1 € N in mean square for any |I| < [H), such that D'By has stationary
([H] — |l|) increments, is self-similar of order [H]| — |l|, and satisfies D'By(0) = 0
almost surely.

Proof. Recall that T'yy denotes the covariance function of Bp. Since [H] > 1, it is
straightforward to see that I'y admits symmetric partial derivatives of order I € N¢ for

any |I| < [H], with %(5,7&) given by

. k ) k
CH/Rd e itE Z (lt"f) o—isE _ Z (25];:15) f%ﬂfd*QHdﬁ.

k<[H]—|l| ’ k<[H]-|i|

By Theorem 2.2.2 of [1], this means that By admits a continuous partial derivative of
order [ in mean square, D' By, which is a Gaussian random field with covariance given
by Cov(D!By(t), D'By(s)) = %(s,t}. A straightforward change of variables yields
forall a > 0

Cov(D'By(at), D' By (as)) = a*#=DCov(D' By (t), DBy (s)).
Since D'By is Gaussian this implies that D!By is self-similar of order H — |l|, that is

{D@E(m),t c Rd} 14t H-1l {DZ/B\I;(t),t € Rd} for all a > 0.
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Moreover, for all t, s, h, h' € RY,
H]—|l o H]—|l o
Cov (A,E 1D B (s), ATV DU By (s + t))

_ CH/ eIt (i€ _ 1)[H1=ll(gih"€ _ 1y[H]-ll|2l|¢|-2H~d e
Rd

and D'By has stationary ([H] — |I|)th increments. Finally, Var (DZB;(O)) = 0 implies
that D'By(0) = 0 almost surely. O

Specializing to the case d = 1, the covariance function I'f; in (34) equals

e (1= = X -0 (%)) ((;)ZWM (é)ﬂs@) ,

I<[H]

where (QIH) =(2H)-...-(2H — (I —1))/l!. Therefore %Sﬁ By is a [ H |th-order

fractional Brownian motion as defined in [18], with C;' = I'(1 + 2H)|sin(HT)|.

Remark 4.4. -

a) One can prove that By is the only Gaussian random field with stationary [H|th
increments, which is self-similar of order [H| and isotropic.

b) The representation ﬁ;{ of Pr obtained in Theorem 4.1 is not Gaussian but shares
the same covariance function as E;; Therefore it satisfies the same second order prop-
erties: stationary [H|th increments, self-similarity of order H and isotropy.

4.3. Fractional Brownian field and fractional Poisson field. For 0 < H <1, the
random field By corresponds to the well known fractional Brownian field with Hurst
parameter equal to H and (35) is known as the harmonizable representation of the
fractional Brownian field (see [11] for a review).

We consider the special case 0 < H < 1/2 for which d — 1 < 8y =d — 2H < d. For
this range of parameters, [H| =1 and

MﬂH:MﬁHﬂMh Mlz{MEM:/ ,u(dz):()},
Rd

It follows that all pointwise increment measures 6, — g, = € R?, belong to Mng, and are

hence admissible for evaluating the limit fields Wg,, and Jg,,. Using the representations
By and Py in Theorem 4.1 it is verified that By () [ Wy, (6 — o) and Py (z) [
J3y (62 — 00).

To analyze the properties of Py we observe using (24),

(36) logE (exp (i Pu(a))) = /R o Y O(B.r) =~ do(By.r) Cay y v
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Here,
L Jz—yl<r<ly
(5$(B(y,’l“)) —50(B(y,’l“)) = _]-7 ’y| <r< ‘x_y| )
0 otherwise

and hence we may recast (36) into
log E (exp (10Pn(@)) ) = ¥ (0) / Lja—yi<ralyly Coy dy 1= dr
R+ xRd

+¥ (—9))/ L{jy<r<|o—y|} Coy dy v~ 71" 1dr
R+ xR4

= (—cm) |z (2(0) + ¥ (-0)).

This is the logarithmic characteristic functional of the difference of two independent
random variables both having a Poisson distribution with intensity (—cz) |z|*#. Hence,
ﬁH(x), x € R? defines a mean zero integer-valued symmetrized Poisson distributed
random field, such that for any z, 2’ € R,

Cov(Py(z), Pu(2)) = (—cg) (Ja|* +[/|PH — |o — o/ |H) .

By analogy with fractional Brownian field this makes it natural to view Pp as a fractional
Poisson field.

Some remarks are in order concerning the fractional fields obtained here in relation
to so called Chentsov random fields, in particular Takenaka fields, see [21], [20] Ch. 8.
By (36),

—~ fdd ~
Prr) ™2 / (Latom @) — Lo @) Nsy (dy, dr),
RIxR+

where NﬁH is a compensated Poisson random measure with intensity Cg,, r=Pr=ldr dy.
Let us assume, for the sake of this discussion, that we fix a parameter 1 < a < 2 and
apply random weights w symmetrically with intensity v(dw) = Cx|w|~*®) to the points
(y,r) of the Poisson measure, and hence replaces NﬁH with a measure wN, 8y (dy, dr, dw).
The resulting field

Y(z) = / (Later) () — Lo () wNs, (dy, dr, duw)
RIxR+ xR

has the representation
fdd
Y@ 2 [ (L) = Lpon () Maldy:dr
R4 xRd

where M, is an a-stable random measure with associated measure proportional to
r=Pr=ldr dy, [20] Thm. 3.12.2. By properties of stochastic integrals with respect to
symmetric a-stable measures we have, for some constant C,

og B (exp (10Y (1)) = —C [ 101 pan(v) — oo ()| dy 7 ar

R+ xR4

= —C’9|Q/R+ R lB(w,r)AB(O,r) (y) dy T_ﬂH_ldra
X
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where A denotes the symmetric set difference. Hence
fad
Y(z) = / 1B(zmaBO,r) (Y) Ma(dy,dr),
Rd xRd

which defines a symmetric a-stable random field which is self-similar with index H' =
(d — Bu)/a € (0,1/a), known as a (a, H')-Takenaka field, [20] Definition 8.4.1 (the
parameter (3 of the reference corresponds to d— (p in our notation). It is noticed in [20],
moreover, that By is a (2, H)-Takenaka field. Kaj and Taqqu [14] (for the case d = 1)
consider random balls models with randomized weights and study limiting schemes in
the Gaussian, Poisson and stable regimes, using in particular Poisson representations of
stable random measures as above.

The fractional Poisson field Py shares with By and with (cv, H)-Takenaka fields ([20]
Thm 8.6.3) a well known interesting invariance property under restriction to lower-
dimensional hyperplanes. For example, any cut along a line through a planar fractional
field in R? generates a one-dimensional fractional process of the same kind. To see this,
let Hy, be a k-dimensional hyperplane in RY. We consider R = H;, @ Hj L and write
7y, for the restriction to Hy, of x = &), + (v — Z3,) € R%. To emphasize the dlmensmnal
dependence we write here E{Jd(a:) and Py q(x) respectively, if the fractional fields are
defined on R¢.

Proposition 4.5. Given H € (0,1/2), let 3}, = g —d+k € (k — 1,k). Then the

measure dz, — 0o belongs to Mﬁ}], and we have

dd ——

By ,a(Tk) /d By i (Zk)

and rad
Ppa(Tx) = P p(Tr)

for H' = h By _ dby _ |

Proof. Tt is enough to consider hyperplanes of the form x = (z1,...,2,0,...,0). Then,
clearly, |Z|*P# = |z |F~Pu, which carries over to showing that the covariances of the

pair of relevant random fields coincide.
O

5. AGGREGATE SIMILARITY

We have seen that the Gaussian limit field Wy is self-similar whereas the Poisson
limit Jg is not. A similarity property which applies in great generality to long-range
dependent processes is discussed in [12]. The following is a version for spatial random
fields.

Definition 5.1. A random field X with EX = 0, defined on a subspace S of M which
1s closed for dilations, is said to be aggregate-similar if there exists a sequence of positive
real numbers (am)m>1, such that

VueS, vm>1, X (u fddZXZ
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where (X%);>1 are i.i.d copies of X.

Thus, a random field is aggregate-similar if the path u,, — X(pa,,) as we trace
m

along the sequence of dilations given by a,, passes all aggregates ZX tof X, in the
i=1
distributional sense. We may write, equivalently,

Yue S, ¥m =1, X () 23T Xi(u, ),
i=1

which immediately shows that an aggregate-similar random field is also infinitely divis-
ible.

Any self-similar, zero mean Gaussian random field is aggregate-similar. Indeed, if X g
is Gaussian with EXgy = 0 and self-similar with index H then letting a,, = ml/2H we
have

fdd fdd - i
(37) Xb(pay) = m"? Xp(p) = > Xj(p), m>1.
=1

In particular, Wy is aggregate-similar on Mvg with respect to the sequence a,, =
m!@=B) For d —1 < 3 < d we have a ! — 0 and hence p,,, represents a zoom-
in of W3, as m — oo. This is in contrast to the case d < 3 < 2d for which a,,! — oo.

m
Consequently, the succession of aggregates Z Wé(u) of Wg(u) appear as the sequence
i=1
of measures ji,,, performs a zoom-out, in the limit m — oo. In agreement with (37),
using again a,, = m'/2 the random fields By are aggregate-similar with respect to
the subspace Sy, that is

m
dd .
Bi(¢an) 2 3" Bis(g), m>1.
=1

Turning next to the non-Gaussian field J3, by (24)

log E (exp (iJ3(pta))) = a”~% log E (exp (iJ3(n))) -

Thus, Jg is aggregate-similar with respect to a,,, given by a2 % = m. The same applies

to Py with a2 = m. This property provides an interpretation of the dilation parameter

B

a in Theorem 2.5. If we assume in the theorem that A(p)p? — a% ? as pP~¢ — 0, for

arbitrary m > 1, then
fad fdd i
Xp(1) = E(X,(0) = Jp(tta,) = Y Tn).

The guiding asymptotic quantity Ap” may be interpreted as the expected number of
very large (8 > d) or very small (8 < d) balls which cover a point asymptotically. Thus,
the more of such extreme grains are allowed asymptotically, the larger number of i.i.d.
copies of the basic field Jg appears in the limit.
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We may continue this line of reasoning by providing a limit result for Jg(uq,,) as
m — o0. In view of Theorems 2.5 and 2.1 this result is not at all surprising.

Proposition 5.2. As a®? — oo, for all pu in Mvg

1 fdd
Wjﬂ(ﬂa) — Ws(p)

Proof. Consider the subsequence a,, = m/(@=8) It follows immediately from aggregate-
similarity and the central limit theorem that

1 fdd 1 & | fdd
Wjﬁ(uam) = ﬁzJﬁ(M) — Wg(u), m — oo,
m =1

since Jz(u) and Wg(p) have the same variance. A standard argument completes the
proof of convergence in distribution along an arbitrary sequence. O
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