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Abstract

This technical report yields detailed calculations of the paper ] which have been however
automated since (see [ff]). It deals with the stability analysis of various finite difference schemes
for Maxwell-Debye and Maxwell-Lorentz equations. This work gives a systematic and rigorous
continuation to Petropoulos previous work [ff.

1 Introduction

We address the stability study of finite difference schemes for Maxwell-Debye and Maxwell-Lorentz
models. To this aim we selected the same schemes as those already studied by Petropoulos [f]], who
after having correctly defined characteristic polynomials associated to each scheme, merely computed
its roots with a numerical algorithm. This implies having to specify values for the physical parameters
which occur in the models as well for the time and space steps chosen for the discretization. The
analysis has therefore to be carried out anew for each new material or discretization. We perform here
a von Neumann analysis on the characteristic polynomials in their literal form, which yields once and
for all stability conditions which are valid for all materials.

1.1 Maxwell-Debye and Maxwell-Lorentz Models
Le us consider Maxwell equations without magnetisation

(Faraday) 0:B(t,x) = — curl E(t,x),

1
(Ampere) oD(t,x) = Iu—curl B(t,x), (1)
0

~— —

where x € RY. This system is closed by the constitutive law of the material

D(t,x) = epec E(t,x) + 80/0 E(t — 7,x)x(7)dr, (2)

where €4 is the relative permittivity at the infinite frequency and x the linear susceptibility. If we
discretize the integral equation (B), we obtain what is called a recursive scheme (see e.g. [H], [L0]).
We can also differentiate Eq. (B) to obtain a time-differential equation for D which depends on the
specific form of y. For a Debye medium, this differential equation reads

tr(?tD +D = tr606ooatE + €0€SE, (3)

where t, is the relaxation time and ¢4 the static relative permittivity. We can derive an equivalent
form dealing with the polarisation polarisation P(t,x) = D(t,x) — coesoE(t, x), namely

O P + P =ep(es — o) E. (4)



For a Lorentz medium with one resonant frequency wi, we have similarly
O?D + vO;D + wiD = £0e. 07 + £0e0c VO, E + £0eswiE, (5)
where v is a damping coefficient and
OPP + vOP + WP = gy(gs — €00 )W E. (6)
Denoting by J the time derivative of P, Maxwell system (fl) can be cast as

0B(t,x) = — curl E(¢,x),
ot Bt x) = — curl B(t,x) — J(t,%). (7)
Ho

1.2 Yee Scheme

To discretize Maxwell equations in a passive medium (J = 0), we use Yee scheme [§], which consists in
staggering space and time discretization grids for the different fields. We denote by coc = 1/,/E0eccfio
the light speed at infinite frequency. If the space step dx is the same in all directions and dt is the time
step, the CFL condition is .0t /6x < 1 in space dimension N = 1 and c,6t/dx < 1/y/2 for N =2 or 3.
In dimension 1, we can for example only consider fields £ = E, et B = B, which discrete equivalents

1

are BT ~ E(nét, jox) (with similar notations for D = D,) and B::f ~ B((n+ 3)dt, (j + 3)dz). Yee
2

scheme for the initial Maxwell system ([l) in variables E, B and D therefore reads

1 nt3 n—3 _ 1 n n
Lo —pry = L pmti_prt ®
P P = Bt B

In the same way, for Maxwell system (f]) in variables E, B and J, we have the Yee discretization

1 nJr% nf% 1 n

— (B2 -B" ) = ——(E}, —E!

EET B = _MOM(B;LE —B 2 -
2 2

For the matter equations, we address ”direct integration” schemes which discretize the differential

equations (B)-(@) (see [H], [], ).
Before describing and analysing the schemes one by one, we give below the principle of the von
Neumann analysis which allows us to study their stability.

2 Principles of the von Neumann Analysis

2.1 Schur and von Neumann polynomials

We define two families of polynomials: Schur and simple von Neumann polynomials.

Definition 1 A polynomial is a Schur polynomial if all its roots r satisfy |r| < 1.

Definition 2 A polynomial is a simple von Neumann polynomial if all its roots r belong to the unit
disk (r] < 1) and all the roots of modulus 1 are simple roots.



It may be difficult to localise roots of a polynomial with complicated coefficients. On the other
hand, we can turn this difficult problem into the solving of many simpler small problems. To this aim,
we construct a polynomial series with strictly decreasing degree. To a polynomial ¢ defined by

P(2) =co+c1z+ -+t
where cg, ¢1 ..., ¢, € C and ¢, # 0, we associate its conjugate polynomial ¢* which reads
P*(2) = ¢y +cp g2+ A gt
Given a polynomial ¢g, we can define a series of polynomials by recursion

b (2) = Zm(00m(2) = om (007, (2)

z

This series is finite since it is clearly strictly degree decreasing: degpm+1 < degdm, if ¢, Z 0. Besides,
we have the following two theorems at our disposal.

Theorem 1 A polynomial ¢, is a Schur polynomial of exact degree d if and only if ¢pmy1 is a Schur
polynomial of exact degree d — 1 and |, (0)] < |@%,(0)].

Theorem 2 A polynomial ¢, is a simple von Neumann polynomial if and only if
Gm+1 18 a simple von Neumann simple polynomial and |¢n,(0)| < |¢%,(0)],
or
Gmt1 18 identically zero and @), is a Schur polynomial.

To localise roots of ¢g in the unit disk or not, we only have to check conditions at each step m (non
zero leading coefficient, ¢, (0)] < |¢F,(0), ...) until we obtain a negative answer or a polynomial of
degree 1.

The proofs of the above results are based on Rouché theorem and are given in [ff.

2.2 Stability Analysis

The models we consider are linear. They can therefore be analysed in the frequency domain. Hence
we assume that the scheme deals with a variable Uj" with space dependency in the form

Uit = U™ exp(i€ - j),

where € et j € RV, N =1,2,3. Let G be the matrix such that U"+! = GU™ and we assume it does not
depend on time, nor on dz and 0t separately but only on the ratio dz/dt. Let ¢g be the characteristic
polynomial G, then we have the following sufficient stability condition.

Theorem 3 A sufficient stability condition is that ¢g is a simple von Neumann polynomial.

This condition is not a necessary one. The stability is linked to the fact that U = G"U° and
corresponds to the boundedness of the iterates G” of the matrix G. The case of multiple unit modulus
roots can give rise to iterates of G which are bounded (e.g. for the identity matrix) or not. For
example

1 0\" 10 . 1 1\" 1on,
<0 1) _<0 1>1Sb0unded,and<0 1> —< 1>1snotb0unded.

This case occurs for the schemes we are dealing with and have to be treated separately, without the
help of the von Neumann analysis, which handles characteristic polynomials and not the matrices they
stem from, which induces a loss of information.



3 Debye Type Media

For Debye type media, we study two schemes. The first one is due to Joseph et al. [f] and consists
in coupling Maxwell equations in variables E, B and D with the Debye model linking E and D. The
second is due to Young [0 and couples Maxwell equations in variables E, B and J with the Debye
model linking E; P and J.

3.1 Joseph et al. Model
3.1.1 Model Setting
Maxwell system (f) is closed by a discretization of the Debye model ([J), namely

EtL _ pn E™Hl 4 En prtt_pn  prtl 4 pn
t J J J =t J J J J ) 10
€0€c0lr 5t—+6068 9 r St + 5 ( )
System (§)—([[q) deals with the variable
n n—% n mn t n—% n myn\t
U] = (COOBJ+% aE] ,D]/€0€OO) = (BJ+% ,Ej ’D])
and reads
nt+i n—4L Cooét
Bt 7B = T G g,
ntl _n _cooét n+i _ n+i
e T A
Entl_gny iﬁ(s’l+1 +&Y = Dprtl_pr 4 ﬁ(bnﬂ + D7)
J I | I op N Jr
(o] r T
We see that this formulation contains dimensionless parameters:
A = Coo0t/dx CFL constant,
§ = 0t/2t, normalised time step,
el = es/€00 normalised static permittivity.

We write this system into the explicit form

1

1
n—l n—l n n n
D = DB B e 2 )
(L+0e)Eft = (1= 8e)E + (1 + 0N (Efyy — 267 +E1y)
1 1
2 _p"2 n
+(1+ 5))\(BJ+% BJ;% )+ 25D] )
which yields the amplification matrix
1 —A(e —1) 0
G = C(14OA1—e)  (1=8e))+(14+8) A2 (e —2+4e7i¢) 28
1402, C1+el 1+0eg

A1 — e ) A2 — 2 4 %) 1

We set 0 = M(e®® — 1) and ¢ = |o|> = —A2(e€ — 2 + e7%) = 4\?sin%(¢/2). With these notations G
reads

1 —0 0

G — (14+8)o*  (1—6¢el)—(1+6)q 28
- 1+0¢f, 1+0¢f, 1+d¢l,

o* —q 1



3.1.2 Computation of the Characteristic Polynomial

The characteristic polynomial of G is equal to

1 Z -1 o 0
P(Z) = | —(140)0* (140e)Z—(1—0e)+ (1+40)g —20
1+ 05 —o* q ! Z -1
_ 1 (1+6el)Z —(1—0e))+(1+d)g —20 146 =6
- 1+5ag<(z_1)' ] q ] ! Z—1‘Jr ‘ 1 Z—l')
- - +155; ((Z =D {[1+6e]2° = 2= (1 +0)q)Z + [1 - 62, — (1 - §)q]}

+q{[1+0]Z - [1-0]}).
The characteristic polynomial is proportional to

0(Z) = 1+ 6€l)Z3 — [3+ . — (1 4+ 6)q)| 2% 4 [3 — 6, — (1 — 6)q]Z — [1 — d<L].

3.1.3 Von Neumann Analysis

From the polynomial ¢y, we perform the recursive construction of the above-mentioned series of
polynomials. We therefore define

o5(Z) = 1+ 0] — [3+0el — (1 +6)q]Z +[3 — dc. — (1 — 8)q)Z* — [1 — 6€L) Z°.

The condition |¢(0)| < |¢§(0)] is valid. We define by recursion

1 *
$1(2) = —165(0)¢0(Z) — ¢0(0)d5(2)}
= 26{2e{Z% — [de] — (L + 1)q)Z + [2¢{ — (e — D)g]},
$1(2) = 26{2e] — [4e — (g + 1)) Z + [2¢] — (e, — 1)q) 27}
Since g5 > €00, we have €, > 1 and the quantity e, — 1 is nonnegative. If ¢ = 0 or e, = 1, we have
exactly |#1(0)] = |¢7(0)|, and these specific cases have to be treated separately (see below). In the
opposite case, condition |¢1(0)] < [¢3(0)| reverts to (e} — 1)q < 4el. It is reasonable to assume we will

not obtain a better result than with the raw Yee scheme (A < 1) and therefore g € [0,4]. In that case,
and provided g # 0, we do have |¢1(0)| < |¢7(0)]. Moreover the degree of polynomial ¢; is 2. Last

52) = LG 06(2) ~ n(0)6(2)
= 40%(ef — V)q[(4ef — (ex = D9)Z — (4L — (L + 1)q)]-
Always in the case when €. > 1 and ¢ €]0, 4], the leading coefficient
el — (et — g =el(d—q) +q #0,
and is degree of ¢ is 1. The root of ¢ is

_ 4el — (el + 1)q'
del — (e —1)g

The modulus of this root is strictly lower than 1 if ¢ # 4 and therefore ¢o and hence ¢g are Schur
polynomials thanks to Theorem [l If ¢ = 4, the root of ¢ is —1 and ¢» and hence ¢ are simple
von Neumann polynomials thanks to Theorem [J. In both cases, we obtain the stability with the only
assumption A < 1, provided we treat the above-mentioned special cases.



3.1.4 Case ¢g=0

The case when ¢ = 0 corresponds to the characteristic polynomial
$0(2) = (Z = 1)*([1 + 6] Z — [1 — dey])

which is not a simple von Neumann one. We shall therefore study the amplification matrix directly,
which is then simply

1 0 0

G 1—d¢el 26
1+0el 14 €

0 0 1

We clearly see that the eigenvectors corresponding to the eigenvalue 1 are in two stable eigensubspaces.
The other eigenvalue has a modulus strictly lower than 1. Tterates of this matrix are therefore bounded.
This conclusion is valid for all e > 1.

3.1.5 Casec, =1

The case when e/ = 1 gives rise to a breaking of condition |¢;(0)| < |¢7(0)]. We shall therefore study
directly the nature of ¢ without carrying recursion over. We have

01(Z2) = 46{Z°> —[2—qlZ +1},

which determinant is ¢(q — 4) and is therefore negative if ¢ €]0,4[. The roots of ¢; are therefore
complex conjugate, distinct and their modulus is 1 (their product is equal to 1). The polynomial ¢
is therefore a simple von Neumann one, and ¢q also.

3.1.6 Case g=14

The last case we have to treat is e, = 1 and ¢ = 4, where —1 is a double root of ¢1. It is also a double
root of ¢y which reads

%0(Z2) = (Z+1*([1+0)Z—[1-4]).

Hence we study directly the amplification matrix which reads simply

1 —o 0

1-¢ 29

G=| 0 7% 9 75
o* —q 1

There is no trivial splitting in two distinct eigensubspaces. We compute the eigenvectors associated
to the eigenvalue —1. To this aim we solve

2 —0 0 2 —o O
G+IV=| 0" 5-q¢ 25 |[V=0«< [ 0 1 -1 |V=0
o —q 2 o* —q 2

and we only find one eigendirection, that of V = (¢,2,2)!. A minimal two-dimensional eigensubspace
is therefore associated to the eigenvalue —1 and iterates G™ are linearly increasing with n. Hence we
conclude to instability when ¢ = 4 and £, = 1.



3.1.7 Synthesis for the Debye—Joseph et al. Model
The scheme (§)—(0) for the one-dimensional Maxwell-Debye equation is stable with the condition
0t <0x/coo if 65 > e and 0t < 0x/coo if €5 = Eo-

We have already seen in this first example different types of arguments to conclude to stability: the
generic case (¢ €]0,4[ and &5 > 1) gives rise to a Schur polynomial via Theorem [l, the cases ¢ €]0, 4]
and €, = 1 or ¢ = 4 and €, > 1 to a simple von Neumann polynomial via Theorem [] and last, the
case ¢ = 0 to a (not simple) von Neumann polynomial, but with a double eigenvalue that operates on
two stable and distinct eigensubspaces. We have also encountered an instable case when ¢, = 1 and
g = 4 which nevertheless corresponds to a (non simple) von Neumann polynomial.

3.2 Young Model
3.2.1 Model Setting
Maxwell system (f]) is closed by two discretizations of Debye equation ({), namely

1 1 1 1
prtz _pia prtz 4 pie
J

t—2 5 J = 5 + eo(es — €0) BT, (11)
and 11
41 41 E' + E?
trJ;L ? = _P]n ? + 50(55 - 500)%] (12)

1
Although we make use of J "2 in the description of the scheme, this is not a genuine variable and the

j
system (f)—([1))—([2) deals with the variable

n ”*% n "*% t nfé n ni% t
Uy = (C‘X’Bﬂ% VEFL Py 7 [eoee)” = (Bj+%’gj Py
and reads

ntl nl
sep Bt = MG &)

ntl _ ntg oty ntg ntl

g & = -ABT B 7)+20P; 7 —da(& +£7),
n+x n—2 n+s n—1i
Pj 2 _pj 2 — _5(7>j 2+7Dj ) +26a&;".

In this system, apart from the notations A, § which we have already defined, we have introduced the
dimensionless parameter o = €. — 1 which is , as we already mentioned, a non negative parameter.
We rewrite this system in the explicit form

B = BT AEm, —gn
j+% - ]+% - ( j+1 _7)7
n—j n—3 n n n
(14 da)eptt = (1—6a)5§z—)\(8j+§—Bj7§)+>\2( =287+ EF )
1-0_n-1  40%a _,
I LA

1 nl
L+8)P "2 = (1P ? +20ael,

from which stems the amplification matrix

1 —0 0
= o* (140)(1—=ba)+46%2a—(1+8)g  1-§ 25
- T+da (1+6)gl+6o¢) 1+9 1+doa
0 20a 1-4
1+o 1+6



3.2.2 Computation of the Characteristic Polynomial

The characteristic polynomial G is

Z -1 o 0
. * (146)(1—8c)+46% a—(1+6) 1-6 26
P(Z) = _—15:5(1 A (1+0%5)(1+6Z) : - 1+6 T+éa
0 _ 2 7 1%
1+46 1+

To reduce computations, we set Y = Z — 1, which yields
(146)%(1+6a)P(Z)

Y o 0

= —(14+9d)0c* (14+6)(1+da)Y +20a(l —0)+(14+6)g —26(1—19)
0 260 (1+8)Y +25
Y o 0

= —(14+d6)0c* (14+6)(1+d)Y +(1+6)g (1+)(1—-9)Y
0 —20c (1+0)Y +20

We see that (1 + 9) is a factor in both sides and therefore

(1+6)(1+6a)P(Z) = Y

(146a)Y +q (1-06)Y 1
—26a (1406)Y +26

+q(1 +6) {[1 + 3]y + [20]}
= [(1+6)(1+6a)]Y?+[25(1 + ) + (1 +0)g]Y?
+[(1 4+ 39)q]Y + [24q].

The characteristic polynomial is proportional to

—25(1 — 6)

0 (140)Y +26
= Y{[1+8)1+6a)]Y?+[25(1 +a) + (1 +0)qlY + [25q]}

00(Z) = [(1+06a)(1+8)])Z> —[3+ 0+ o+ 35%a — (1 + 6)q] 2>

+[3 -6 — o+ 30%a — (1 — 8)q]Z — [(1 — 6a)(1 —

3.2.3 Von Neumann Analysis

9)].

Condition |¢g(0)] < [¢5(0)| is valid without any assumption. We define by recursion

01(Z2) = 26{[2(1 + a)(1 + 0%a)]Z% — [4(1 4+ a)(1 + 6%a) — (2 + a + 6%a)q|Z

+2(1 + @) (1 + %) — a(l — 6%)q]}.

The case when 62 > 1 does not allow to fulfil the condition |¢1(0)| < |¢%(0)|. We will assume therefore
for the von Neumann analysis that § < 1, which bounds the time step with respect to the time delay
t.. This is reasonable from the point of view of modelling: we cannot approximate the delay equation
with too large a time step. Such an assumption was however not necessary for the Joseph et al.

scheme.

The equality case |¢1(0)] = |¢1(0)| is obtained when ¢ =0, a =0 (i.e. €, = 1) or 6 = 1. These cases

shall be treated separately again.

If a >0,q>0andd <1, then |¢1(0)] < |#%(0)] is equivalent to a(1 —§?)g < 4(1+ )(1+ 62, which

is clearly true if ¢ €]0,4]. Besides, the degree of polynomial ¢ is 2.
In the general case (o > 0, ¢ €]0,4] and 0 < 1), we then compute ¢

$o(Z) = 46%a(l — H)g{[4(1 + a)(1 + 6%*a) — a(1 — §*)q]Z

—[4(1+ )1 +6%a) — (2+ o+ §%a)q]}].

8

)



We split the study according to the sign of ¢2(0) (¢35(0) is clearly always positive) and in both cases
lp2(0)| < [¢5(0)], for ¢ €]0,4]. The root of ¢ therefore belongs to the interval | — 1,1[ and ¢q is a
Schur polynomial. Hence we obtain the stability with the assumptions A < 1 and § < 1, provided we
treat the above-mentioned specific cases.

3.24 Case ¢=0

The case when ¢ = 0 corresponds to the characteristic polynomial

(1-6)(1 - éa)
(1+0)(1 + da)

$0(Z)=(Z - 1)*(Z - )

and is not a simple von Neumann one. The amplification matrix reads

1 0 0
G — 0 (1+6)(1—da)+46%a  1—5 26
- (1+5)g1+5a) 1+6 T+da
0 20 1-4
144 1+

We clearly see that the eigenvectors corresponding to the eigenvalue 1 are in two stable eigensubspaces.
Iterates of this matrix are therefore bounded. This conclusion is once more valid in the limit cases
0=1and a =0.

3.25 Casece, =1

We notice that ¢g is the same as that for the Joseph et al. model for €, = 1. Polynomial ¢ is therefore
a simple von Neumann polynomial for ¢ # 4 (see above). The value of § does not play any role here.
This corresponds to different amplification matrices, operating on different sets of variables, the link
between both formulations being not straightforward. Case ¢ = 4 has therefore to be treated anew.

3.2.6 Case g=4

If ¢ = 4, only the case when a = 0 has not been treated by the general study and —1 is once more a
double eigenvalue

2 -0 0 2 -0 0
(G+IV =| 0" 2—q 2653 |V=0<+«= | o 2—q¢ 0 |V=0,
2
I 00 55

and the only eigendirection is that of V = (o,2,0)!, which gives rise to linearly increasing iterates G™
and to instabilities. The fact that 6 = 1 or not does not play any role in this argument.

3.2.7 Case j=1

There remains to study the case § = 1 for ¢ €]0,4] and o > 0. Then Z = 0 is a trivial root of ¢,
which simply reads

¢0o(Z) =21+ a)Z{Z> — 2 — HLQ]Z +11.

The discriminant of the second order factor is A = ﬁ(q —4(1 4+ «)) < 0. We therefore have
two distinct complex conjugate eigenvalues of modulus 1. Polynomial ¢g is a simple von Neumann

polynomial.



3.2.8 Synthesis for the Debye—Young Model
The scheme ([)—([1))—([J) for the one-dimensional Maxwell-Debye equation is stable with the condition

0t <min(dz/coo, 2t;) if €5 > 0o and 0t < 02/ if €5 = €00

If eg > €0, the stability condition is more restrictive for the Young scheme than for Joseph et al.
scheme. The obtained bound is also related to the good approximation of Debye equation.

4 Anharmonic Lorentz Type Media

For Lorentz type media, we study three schemes. The first one is due to Joseph et al. [J] and consists
in coupling Maxwell equations in the variables E, B and D with the Lorentz model linking E and
D. The second and third are due to Kashiwa et al. [f] and Young [{] respectively and both couple
Maxwell equations in the variables E; B and J with the Lorentz model linking E, P and J. They
differ in the choice of the time discretization of J.

We restrict here to the anharmonic case for which the damping v is non-zero. The harmonic case
(v = 0) is treated with the same schemes but the analysis happens to be much more technical. To
keep proofs readable in the general case we postpone the harmonic case to the next section.
4.1 Joseph et al. Model
4.1.1 Model Setting

Maxwell system (f) is closed by a discretization of the Lorentz equation ([J), namely

Eft —2E + MY Ertt — prt LEMT + B
o0 2 Yy e 2
D;L—}—l _ 2D;L 4 D;L—l D;L—}—l _ D;L—l Dn+1 + Dn 1 (13)
- 5t v 20t el 2 '

The explicit version of system (§)—([J) does not use explicitly the variable D;»‘_l. Indeed we can use

the explicit formula to compute D?H — D} and the implicit one to compute D} — D?fl and therefore
the system deals with the variable

n

1
Uf = (B, | B Dy eoe)' = (B 87,87,
and reads
nal 1
Bj+§ = Bj+%2 — X ;Zrl—gj”),
o1 1
DI = PP M B DA N — 28 8,

(146 +we)&t = 267 + (146 +w)A(Ef — 267 +E-1) — (1 — 6 +wep)Er

|

~20M(B] ¢ ~ B

+ ZwD”

M"“w\»—'

In this system, apart from the already used notations A and €., we have denoted

d = dtv/2 normalised time step,
w = w%&tQ /2 square of the normalised frequency.

10



The amplification matrix of the system is

1 -0 0 0
250 2—q(14+04w)  1-d4we] 2w
G = 14+04wel, 14+04wel, 1+04wel,  140+wel
0 1 0 0
o* —q 0 1

4.1.2 Computation of the Characteristic Polynomial

The characteristic polynomial of G is equal to

Z —1 o 0 0
__ 260* 7 2—q(1+04w) 1=0+we; 2w
P(Z) — 1+64wel, 1+64wel, 1+64wel, 1+64wel,
0 -1 VA 0
—o* q 0 Z—1
Therefore
(1+6+wel)P(2)
Z -1 o 0 0
| 200" (140+we)Z -2+ (1+d04+w)qg 1-0+we, —2w
N 0 -1 Z 0
—o* q 0 Z —1
Z -1 0 0 Z -1 o
= | =200* 1—-0+4we, —2w |+Z| —200c* (1+0+wel)Z—-2+(1+0+w)q
—o* 0 Z —1 —o* q

= (Z -1’1 -6+ we]

0
—2w
7 —1

+Z2(Z - D{[(1+04wel)Z =2+ (1 + 6 +w)q)[Z — 1] + 2wq} + qZ[26(Z — 1) + 2w).

The characteristic polynomial is proportional to

bo(Z) = [1+6+wel]Z* —[4+20 4 2wel — (140 +w)q]Z% + [6 + 2wel, — 2¢] 2>

—[4—20 +2wel — (1 =0 +w)q]Z + [1 — & + weL].

4.1.3 Von Neumann Analysis
We successively compute
01(Z) = 26{[2(1 + wel)]Z® — [6 + dwel, — (2 + w(l + €))q| Z*

+[6 + 2wel — 2¢]Z — [2 + w(el — 1)q]},
$2(Z) = 46°w{[4el(2 + wel) — 4(eh — 1)q — w(ey — 1)%¢%| 27

—[8e4(2 +wel) —4((el — 1) — el(2 + wel))g + 2(el — 1)¢°] Z
+[4el(2 4+ wel) — (el — 1)(2 + wel)g + (2 + w(l + L)) (el — 1)g*]},

$3(2) = 640"w?(eg — 1)(1 +wef)q(2 — q) x
X {[4eh(2 4+ wel) — (. — 1)(6 + 2wel))g + (e —1)(1 + w)

—[4e4(2 + wel) — 2((eh — 1) + €L(2 + wey))g + (e — 1g’]}

The root of ¢3 is

(2 — @)(2e((2 + wel) — (g5 — 1)g)

1z

J =

(2 - @)(2e(2 +wel) = (¢ = 1)) +2(2 + wel)g + (el — (1 + w)g?’
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form on which we easily see that Z remains of modulus < 1 if ¢ €]0,2[, which corresponds to the
condition for a multi-dimensional Yee scheme (A < 1/v/2). We notice from now on that we shall treat
cases ¢ = 0 and ¢ = 2 apart because ¢3 = 0. In the general case, we have to check the intermediate
properties. First, the degree of polynomials ¢1 and ¢5 is 3 and 2 respectively. The degree of polynomial
¢3 is 1 provided e > 1. We shall treat the case e = 1 apart. In the general case (¢ # 0 and £/ > 1),
there remains to check the estimates between

¢o(0) = 1-0+wel,

o5(0) = 148+ wel,

¢1(0) = 26[ -2 —w(e, —1)q],

$1(0) = 20[2(1 + wey)],

$2(0) = 46%w[4el(2 + wel) — 4(el — 1) (2 + wel)g + (2 + w(l + &) (el — 1)¢?],
5(0) = 46%w [48;(2 +wel) —4(el —1)g — w(el — 1)2q2].

It is clear that for ¢ €]0, 2], we have |¢o(0)| < |¢§(0)] and |¢1(0)] < |¢7(0)]. A simple calculation shows
that

$2(0) = 45%w[(2 - q)*2(L +w)(e — 1) + w(eh — 1)%) + 8 + 4w + 4w(el — 1)q],
P5(0) = 48%w[(2—q)(4(c; — 1) + w(el — 1)%q) + 8 + 4w + 8w(el, — 1)],

form on which we readily see that both quantities are positive. Besides
¢5(0) — $2(0) = 86%w(1 + wel) (e, — 1)q(2 — q) > 0.

We therefore checked all the assumptions. In the general case, ¢g is a Schur polynomial.

4.1.4 Case g=0
The case ¢ = 0 gives anew rise to a separate study. We have
00(Z) = (Z-12[(Z-1°+6(2*-1) +wel(Z* +1)].

The corresponding amplification matrix is

1 0 0 0

0 2 1—6+ wel 2w
1+0+wel,  140+we, 1+6+we

0 1 0 0

0 0 0 1

Once more, 1 is a double root but in two distinct eigensubspaces. There remains to check that the
other factor of the polynomial, namely

Vo(Z) = [1 + 6 +wel]|Z% —2Z 4+ [1 — 6 + wel],
is a Schur (or a simple von Neumann) one. We do have [¢y(0)| < |¢§(0)| and we compute
1(Z) = 46{[1 + wel]Z — 1}.

The modulus of both remaining eigenvalues is strictly less that 1 and iterates of the amplification
matrix are bounded. This holds whatever the value of /.

12



4.1.5 Case ¢ =2

In the specific case g = 2, ¢ reads

¢o(Z) = [L+6+wel)Z* — 2+ 2w(el — 1)]Z3 + [2 + 2wel] Z% — 2 + 2w(el — 1)]Z + [1 — § + we]]
(Z2 + D{[1 + 6 +wel]Z% — 2+ 2w(el — )] Z +[1 — 6§ + wel]},

which has +i as simple roots. This is therefore a good candidate to be a simple von Neumann
polynomial. The remains to study the other factor of the polynomial

Vo(Z) =1 +8+wel]Z% — 24 2w(e — 1)]Z + [1 — 6 + wel]
which has not +i as roots. We notice that |¢9(0)| < |¢§(0)| and compute
P1(Z) = 46{[1 + wel]Z — [1 + w(el — 1)]},

which is a Schur polynomial for all .. Polynomial 1)y is therefore a Schur polynomial and ¢q is a
simple von Neumann polynomial.

4.1.6 Casec, =1

If €} = 1, the polynomial ¢3 is identically zero and
$02(Z) = 168°w(2+w){Z? - [2—q|Z + 1},
oh(Z) = 1668%w(2+w){2Z — 2 —q|}.

The root of ¢, does have a < 1 modulus if ¢ €]0,2]. The polynomial ¢y is therefore a simple von
Neumann polynomial.
4.1.7 Synthesis for the Lorentz—Joseph et al. Model

The scheme (§)—([L3) for the one-dimensional anharmonic Maxwell-Lorentz equations is stable with
the condition
5t < 62/V 200
4.2 Kashiwa et al. Model
4.2.1 Model Setting

A modified version of Maxwell system (f]) is closed by a discretization of Lorentz equation (f), namely

1 ""'% n—% _ 1 n n

6t(Bj+% B j+%) - _5x1( j+l _IEJ')’ L

E0€00 1 n+s n+s5 n+1

—X(E"—EY) = — B '?-B. 2)- (P -pr

Y s B LR ”
s BT =P = ST ),
1 v wi(es — €00 )0 w?

+1 _ +1 1\&s ~ oo +1 1 +1

ST = S )+ S (B ) - P P,

The system ([[4) deals with the variable

_1 _1
Ur = (cOOB;L+ I E?, P! [e0eco, 6tJ7 /e0ecc)! = (zs’;f+ 5,5;,?;3 T

13



and reads

B = BUE o aEn, —&n
j+% - j+% - ( j+1 j)a
1+6+ §we;]5j o= 146 §w(6; —)JEF + N (L+6+ S (€ — 287 + &1y
1 onl  al 0 oom
AL+ w)(B f - B f) + WPy - )
T, n+l 1 o n_l 1 ”%_ "*%
(40 + Jwe]PPT = [L46+ Jw(e] = 2P} — S ow(e] (B}, | ijé)
1
tw(eg — DEF + 5)\2(4)(8; = D(Ehq =285 + &)+ T},
1 n 1 n n—2 n—1
1+d+ 5(4)5;]@- o= 16— §w€;]$ —dw(el — 1)(Bj+%2 - Bj_g)

+2w (el — DEP + Nw(el, — 1)(E]y — 28] + &) — 2wPY,

from which stems the amplification matrix

1 —o 0 0
o*(D—zw(el-1) (1-9)D-(2-q)zw(et-1) o -1
G — . D D D D
o*sw(eg—1) (2—q)zw(ei—1) D-—w 1
D D D D
o*w(es—1) (2—qw(e—1) 2w 2-D
D D D D
where, along with earlier notations, D =1+ 9§ + %weg.
4.2.2 Computation of the Characteristic Polynomial
The characteristic polynomial of G is
Z -1 o 0 0
—0* (D—jw(el—1)) 7 _ (1-q)D—(2—q)Fw(et—1) w 1
PZ)=| __.Db,_ N b v
0" yw(es—1) _ 2—g)qw(e-1) 7 _ D-w -1
D D D D
—o*w(e—1) _ 2—quw(ei~1) 2w 7 _ 2=D
D D D D
hence setting X = D(Z — 1)
X Do 0 0
* 1 ! 1 !
- — Lo —1) X4qgD+©2-qlouE —1) - 1
D4P(Z) — o (l)*l 2(‘)/(83 1)) +q +( 1 q)%w(gs ) w
—o*sw(el — 1) —(2—-¢q)zw(el - 1) X+w -1
—c*w(el —1) —(2—qw(el —1) 2w X+2(D-1)
X Do 0 0
_ —o*D X +4qD X 0
| —ofw(E 1) —(2-q)sw(Ei 1) X 4w -1
0 0 -2X X +2D
X +qD X 0 D X 0
= X|-2-qpw(E-1) X+w -1 +qD| tw(El—-1) X+w -1
0 —-2X X+42D 0 —2X X+2D

— X{(X +¢D)(X +w)(X +2D) + (2 - q)%w(ag _1)X(X +2D) — 2X(X + ¢D)}

+4D{D(X +w)(X +2D) — 2DX — %w(ag ~1)X(X +2D)}
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1 ) 3
= X'4+[2D -2+ wel + (D - §w(eg —1))¢] X3 + D[2wel + (3D — 2 + 3w “wel)g X2

2
+D?[(2D — 2 4 4w — wel)q] X + D3[2w(]
1 5
= X*4204we)+(1+5+ §w)q]X3 + D[2wel, + (1 + 36 + iw)q]Xz
+D?[(26 + 4w)q] X + D?[2wq].

The characteristic polynomial is proportional to

1 1
bo(Z2) = [1+5+§weg]z4—[4+25—(1+5+§w)q]z3+[6—w5g+(w—2)q]z2

—[4-20—-(1-0+ %w)q]Z—i— 1—0+ %wag].

4.2.3 Von Neumann Analysis

We successively compute
1
$1(Z2) = 26{[2 +wel]Z3 —[6+we — (2+ 5&)(8; +1)q|Z% +[6 —wel, — (2 —w)q]Z
1
~[2 - wel + (e, — Dal),

6a(2) = 4wl — (L~ 12— wellg — qulel —1)%)2?

1
—[162, — 8elg + (<] — 1)(1 - 5w)e)Z

HI8el = (el = 16 + wel)a — (e~ (1 = )]},

$3(Z) = 46'w(el — 1)g(4 — q)(2 + wel) x
w{[32e) — 16(c) — 1)g + (€] — 1)(2 + w)g?]Z — [32¢] — 16lq + (£, — 1)(2 — w)¢?]}.

We see that the specific cases ¢ = 0 and €. = 1 which make ¢3 vanish shall be treated separately. The
general case is treated by first checking that |¢(0)| < [¢f(0)|, which is obvious. We then notice that
¢7(0) > 0. The relation ¢1(0) < ¢7(0) is equivalent to —w(el, — 1)g < 8, which always holds. As for
relation —¢1(0) < ¢7(0), it can be cast as w(el, — 1)¢ < 4wel, which holds true if ¢ < 4. We therefore
have |¢1(0)| < |¢7(0)| for ¢ €]0,4]. We carry on by studying the sign of
95(0) = 0*wlde; — (5{ — 1)g)[8 + (e5 — 1)wg] > 0

and therefore we have to check that ¢35(0) + ¢2(0) > 0 and ¢5(0) — ¢2(0) >0

$3(0) + ¢2(0) = 26°w[(¢} — Lwg® +32+2(e, — 1)(4 — ¢)%] > 0,

3(0) — ¢2(0) = 26%qu(el —1)(2+ew)(4 —q) > 0,

if ¢ €]0,4[. Last let us study ¢3

¢5(0) = 45'w?(el — 1)q(4 — q)(2 + elw)[32 + (e} — 1)(2(4 — q) + wg?)] > 0,
¢5(0) + ¢3(0) = 85'w?(el — 1)q*(4 — q)(2 + clw)[8 + w(e, — 1)q] > 0,
¢3(0) — ¢3(0) 80w (el — 1)q(4 — q)*(2 + elw)[4el — (¢, — 1)g] >0

Hence we show that ¢3 and therefore ¢q is a Schur polynomial if ¢ €]0,4[ and there remains to treat
the specific cases.
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4.2.4 Case qg=0

The case ¢ = 0 has once more to be treated separately. We have
1
$0(Z) = (Z-1)*[(Z-1)2*+6Z>-1)+ §w€é(Z +1)%].

The corresponding amplification matrix is

1 0 0 0
0 D—w(el—1) w -1
D D D
0 w(el—1) D—w 1
D D D
0 2w(el—1) —2w 2-D
D D D

Anew 1 is a double eigenvalue in two distinct eigensubspaces. The other factor of the characteristic
polynomial, namely

Yo(Z) = [+ 6+ wel) 2 — (2~ wel) Z 4+ [~ 5+ Lwel),

should be a Schur (or a simple von Neumann) polynomial. We do have [1y(0)] < [¢g(0)] and we

compute

91(2) = 46{[1 + 5w) Z — [1 — Zwel]}

Both remaining eigenvalues have a strictly lower to 1 modulus and iterates of the amplification matrix
are bounded. This holds even if &, = 1.

4.2.5 Case q=4

In the case when g = 4,
1 1
do(Z) = [1+0+ §w€;]Z4 + 20 4+ 2w] Z3 + [~2 — wel + 4w] Z% 4 [-20 + 2w Z +[1 — 5 + §w€;]

1 1 1
= (Z+1D*[1+5+ §w€g]22 -2l —-w+ §w€g]Z +[1-0+ §w€g]}

We have a double root Z = —1. We therefore have to study the amplification matrix which reads

1 —0 0 0

o*(D—3w(el-1))  —3D4w(e—1) -1

G — ) D 1 D D D

o*sw(ei—1) —2zw(el—1) D—w 1

D D D D

c*w(el—1) —2w(el—1) —2w  2-D

D D D D

Only the vector (0,2,0,0)! is an eigenvector associated to the eigenvalue —1, and we have increasing
iterates for G, whatever the study of the other factor of the characteristic polynomial. The value g = 4
gives rise to instabilities.

4.2.6 Casec, =1
If €} = 1, the polynomial ¢3 is identically zero and we shall study ¢- for g €]0, 4]
$2(Z) = 320°w{Z% — 2 — q|Z + 1}.

This polynomial has two distinct complex conjugate roots with unit modulus. Polynomials ¢ and
therefore ¢ are both simple von Neumann polynomials.
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4.2.7 Synthesis for the Lorentz—Kashiwa Model

The scheme ([[4) for the one-dimensional anharmonic Maxwell-Lorentz equations is stable with the

condition
0t < 0x/Coo-

4.3 Young Model
4.3.1 Model Setting

The Maxwell system (f]) is closed by a discretization of (f), namely

1 1
+1 _ g+l
b o) = 15
1 n—l—% n—% v n—l—% n—% 2 n 2 >0 ( )
The explicit version of system (f])—(H) deals once more with the variable
n ”*% n pn ”*% t n*% n pn ”*% t
U] :(CoijJr%,Ej’Pj/eOeoo’ét‘]j /60600) :(BJJF%’E]’,PJ’% )
and reads
ntl n1
_1 _1
[L+0EMH = [1+6—2w(el — DIEF + N1+ 0)(E7y, — 267 + &) — A(BJZ; —~ B;Lf%?)
_1
+2wP) — [1- 4T, 2,
1
n—1
[140PH = [1+6—2w|P} + 2w(el — 1)E} + [1 - 6T, 2,
1 _1
L+0772 = 107" ? +2w(e - DEr — 2wPY,

from which stems the amplification matrix

1 —0 0 0
+  (1—¢9)(149)—2wa 2w _1-6
e 1490 146 190
0 2wa 14+0—2w  1=0
1+0 1£6 149
0 2wa S 159
149 1+6 )
4.3.2 Computation of the Characteristic Polynomial
The characteristic polynomial of G is
Z -1 o 0 0
_o* 7 - (1=9(1+40)2wa 2w 1-6
P(Z) — 1446 149 149
0 _ 2wa 7 _ 14+0—2w _1-4
149 146 )
0 _2wa 2w 7 — 1=4
149 1446 149
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Therefore setting X = (14 96)(Z — 1),

X (1+6)0 0 0
4 | (1 46) X+ (1+0)¢g+2wa  —2w 1-96
(L+0)°P(2) = 0 2wa X+2w —(1-0)
0 —2wa 2w X +26
X (1+0)o 0 0
| —o*(140) X+ (1+)q X 0
N 0 —2wa X +2w —(1-9)
0 0 -X X414
X+(1+6q X 0
= X —2wa X+2w —(1-9)
0 -X X414
1 0 0
+(14+0)%q| 2wa X +2w —(1-9)
0 -X X414

= X{X® 420 +2wel + (1 + 6)q] X? + [2(1 + 0)wel, + 2(1 4 6) (6 + w)q] X
+2(1+6)2wq]} 4+ (1 +8)%¢{X?* + [2(6 + w)]X + [2(1 + 8)w]}
= X%+ X326 + 2wel + (14 0)q] + X?[(1 + 0)(2wel, + (1 + 36 + 2w)q)]
+XT(1 4+ 6)%q(26 + 4w)] + [2(1 + 0)3wq].

The characteristic polynomial is proportional to

0o(Z) = [146]Z* —[4+20 — 2wel, — (1 +6)q)Z> + 2[3 — 2wel, + (w — 1)q] 22
—[4—26 — 2wel — (1 = 0)q]Z + [1 — 4.

4.3.3 Von Neumann Analysis

We successively compute

$1(Z) = 406{Z% —[3 —we. — q|Z% + [3 — 2we. + (w — 1)q]Z — [1 — wel]},
$2(Z) = (40)°w{[el(2 — we)] 2% — [264(2 — wel) + (ef(w — 1) = 1))q]Z
§(2 —wep) — (eg — Dal},
(e = D{[2e(2 — wel) — (¢ — 1)q]Z

—[2e4(2 —weg) — (55 = 1)g — (2 — we)q]}-

[N}

$3(Z) = (40)qw

We see that we shall once more treat the cases ¢ = 0 and £, = 1 separately since ¢3 is identically
zero. Let us check the conditions in the general case. First, |¢o(0)] < |¢(0)| clearly holds as well as
|$1(0)| < |#5(0)] under the condition w < 2/el. If &/, > 1 and g # 0, the condition |¢2(0)] < |¢5(0)| is
equivalent to

(el — 1)q < 2eL(2 — wel).
If the worst case is ¢ = 2, we must have (¢, —1)2 < 2¢/,(2—wel), which is equivalent to w < (g, +1) /g%

If the worst case is ¢ = 4, we must have (¢} — 1)4 < 2¢/(2 — we!), which is equivalent to w < 2/¢.%.
We wait until the study of ¢3 to choose between ¢ < 2 and ¢ < 4. The root of ¢3 is

26((2 —we) — (e —1)g — (2 —we)q

7 —
2e4(2 —wel) — (el — 1)q
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The denominator is positive under the same assumption found to ensure |p2(0)| < |¢3(0)|. If we want
|Z| < 1, the condition is hence

(2 — wel)q < 4e(2 — wel) — 2(el — 1)q.
If the worst case is ¢ = 2, we must have 2(2 — wel) < 4el(2 — wel) — 4(e, — 1), which is equivalent to
w < 2/(2eL —1). If the worst case is ¢ = 4, we must have 4(2 — wel) < 4el(2 — wel) — 8(el — 1), which
is equivalent to 4wel (el — 1) < 0, which is false. We therefore choose to take ¢ < 2 and the successive
conditions found are

< 2 <€;—{—1 < 2
w — w w .
e’;‘g’ 5g2 ’ 2€g—1

The more restrictive condition that we have encountered is w < 2/(2¢., — 1), this is therefore our final
stability condition in addition to g < 2, for which ¢q is a Schur polynomial.

Which are the limiting case we have to study? The three conditions are equivalent if and only if
el = 1. In this case, if w has its limit value w = 2 and ¢ its limit value ¢ = 2, we have ¢o(Z) = 0. If
el #1,g=2and w = 2/(2¢, — 1), then the modulus of the root of ¢3 is 1, and we conclude that ¢3
and therefore ¢y are simple von Neumann polynomials.

4.3.4 Case ¢=0

If ¢ = 0, the characteristic polynomial has the double eigenvalue 1
$0(Z) = (Z —1)*((Z - 1)* +6(Z* — 1) + 2welZ).

The corresponding amplification matrix is

1 0 0 0
0 14+0—2wa 2w _1-9
G = 140 1+ 446
- 0 2wa 14+0—2w 1-6
146 1496 1+49
0 2wa —2w 1-6
146 1446 1446

The double eigenvalue operates on two distinct eigensubspaces. We have to study the other factor of
the polynomial
Yo(Z) = [1+0]2% — [2(1 — wel)]Z + [1 — 4.
We clearly have |1(0)| < [¢5(0)|. Moreover we compute
1(Z) = 40{Z — [1 — we(]}.

We recover the condition w < 2/, under which we have a Schur polynomial. For w = 2/&., we have
a simple von Neumann polynomial (—1 is a root), which allows to conclude.

4.3.5 Casec, =1

In the case when €, = 1, only the lasts steps have to be considered. The only problems are the
condition |¢2(0)] < |#5(0)| and a vanishing ¢3. In this specific case,

62(2) = (46)%0(2 — {22 — 2 - qZ +1}.
If w < 2/el, i.e. w < 2, this polynomial is identically zero, and
$5(2) = (40)°w(2 — w){2Z — [2 — ql}-

Polynomial ¢} is a Schur one if ¢ €]0,2] and hence ¢y is a simple von Neumann polynomial.
If w = 2, polynomial ¢5 is identically zero and we compute

61(Z2) =46(Z + 1){Z* — 2 —q|Z + 1}.
For ¢ €]0,2] the roots of Z2 — [2 — ¢]Z + 1 are complex conjugate, distinct, and their modulus is 1.
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4.3.6 Synthesis for the Lorentz—Young model

The scheme (9)—([[) for the one-dimensional anharmonic Maxwell-Lorentz is stable with the condition

ot §min<

ox 2
\/icoo’ wiy/2el —1 '
5 Harmonic Lorentz Type Media

Harmonic Lorentz type media are treated thanks to the three above mentioned schemes. The com-
putation of the amplification matrices and the characteristic polynomials remains unchanged. The
harmonicity ¥ = 0 is expressed by the parameter § = 0. This vanishing value makes ¢; identically
zero for the three schemes and the above analysis breaks down. We resume to the analysis of the three
schemes.

5.1 Joseph et al. Model
5.1.1 General Case

Since ¢; is identically zero, we want to apply Theorem f| and study the derivative polynomial of ¢y,
which we denote by

Yo(Z) = [4 + 4wel] Z3 — [12 + 6we, — 3(1 + w)q] Z% 4 [12 + 4wel, — 4] Z — [4 + 2wel, — (1 + w)q].

We notice that 1§(0) > 0 and ¢y(0) = —(4 — q) —w(2e., — ¢) < 0 for ¢ < 2. We therefore have to check
that —(0) < 9§(0), which is equivalent to —(w + 1)g < 2we;, and always holds. We therefore have
[0 (0)] < [4§(0)]. Let us now compute

V1(Z) = [Awel(4+ 3wel) +4(1 + w)(2 + wel)g — (1 + w)?*¢*) 2>
+[—16wel (2 + wel) + 8(w?e. — 2)g + 4(1 + w)¢* 1 Z
+[Awel (4 + wel) + 4(2 — wel + 6w + 3w?el)g — 3(1 + w)?¢?.

Anew we have
P (0) = dwel (4 + 3wel) + (1 + w)q[4(2 + wel) — (1 +w)q] > 0.

Instead of studying the sign of 1 (0), we will check that —;(0) < 7(0) and ¥ (0) < ¥(0). The
relation —11(0) < 97(0) is equivalent to

dwel (2 + wel) + (4 — @) (1 + w)?q + 4dw?(e, — 1)g > 0,

which clearly holds. There remains 1 (0) < ¥(0) which reverts to

12
S

42l +dw(el —2 —wel) + (1 +w)?¢* > 0.

Cast like this it is not easy to conclude, but we can write it has a polynomial of the variable w
w2 (26l — )2 + 2wq(2(el —2) + @) + > > 0.

The reduced discriminant of this polynomial is

A= —8(el = 1)¢*(2 — q) <0,
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if 0 < ¢ <2 and €, # 1. The polynomial (in w) is therefore always positive, which we were seeking.
Hence we have [11(0)| < |17 (0)| and we can profitably carry on with the computation of 12(Z) which
is the product

Vo(2) = 8[4w?e? + (dwe! — dw?e! — 8w)q + (1 4 w)?¢?] X
><{[4w26;2 + 8wel + (4 + dwel 4 8w)g — (1 +w)?¢})Z
2
—[4w?el” + Bwey + (4 — 2wel)g — (1 +w)g’]}
We notice that
8[4w28g2 + (dwe, — 4w?el — 8w)q + (1 + w)?¢?] = 8[(4l — q)w — ¢]? + 16wq[4(cl — 1) + 2] > 0
and we simplify by this factor denoting
U (Z) = [4w25é2 + 8wel + (4 + dw?el + 8w)g — (1 +w)?¢}Z
—[4w?e? + 8wel + (4 — 2wel)g — (1 + w)g?.
We see that B
$5(0) = 4w?el” + (el — g + (1 +w)’q(4 — ) 2 0
and to prove |1p2(0)] < [15(0)|, we only have to check that 13(0) + 12(0) > 0 and 3(0) — 12 (0) > 0.
We "notice” that
¥5(0) +12(0) = wal(4el — @w +2(8 — q)] > 0,
¥3(0) —2(0) = [2weq + (1 +w)ql[(4e — @)w +2(4 — q)] > 0,

which ends the proof in the general case for § = 0.

5.1.2 Case q¢=0

In the case when g = 0, along with the fact that 1 is a double root ”which does not cause any trouble”,
#o has the same roots as those of [1 + we’]Z? — 27 + [1 + we’] which are complex conjugate, distinct,
and their modulus is 1, if €/, > 1.

5.1.3 Case g =2

The same holds for ¢ = 2 and this time, along with the roots +i, we have the roots of the polynomial
[1+wel] 22 —2[1+w(el —1)]Z +[1 +wel] which has two complex conjugate, distinct roots with modulus
1,if ¢, > 1.

514 Casece,. =1
Finally if ¢/, = 1 (and ¢ €]0, 2[), we shall return to the polynomial ¢y which can be cast as
0o(Z2) =2 - (2—q)Z +1)[(1 +w)Z? —2Z + (1 + w))].

Each of the second degree polynomials has two distinct complex conjugate roots. We therefore have a
simple von Neumann polynomial except in the particular case when the two polynomials are propor-
tional and have the same roots, which are then double roots. This is reached if (2 — ¢) = 2/(1 + w),
namely ¢ = 2w/(1+w) or equivalently w = ¢/(2— ¢). In this case, von Neumann analysis is not useful
anymore and we have to revert to the amplification matrix

1 —0 0 O

_ 0 —2q+2 -1 ¢
G = 0 1 0 0
o* —q 0 1
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The two double eigenvalues of this matrix are (2 — ¢ +i1/q(4 — ¢))/2 and their each only have one
corresponding eigenvector

@q¥iqM—QQQ—@¥N%w)QM—@-ﬂihhﬂ—ﬂy_

2 ’ 2 ’ 2

For each eigenvalue the associated minimal eigensubspace is therefore two-dimensional, which corre-
sponds to an unstable case. We can say that the scheme is stable for ¢ € [0,2w/(1+w)[. If we rewrite
this in physical variables, we have

203 5t?
2+ w%étZ'

If 22 < 4c2,/w?, this is not a bound on the time step. If 6z if large enough, the bound on the time
step is

5 2

2cs,  wi

5.1.5 Synthesis for the Harmonic Lorentz—Joseph et al. Model

The scheme (§)—([J) for the one-dimensional harmonic Maxwell-Lorentz equations is stable with the
condition

ox o2 2
if eg > 65 and 0t < — if &5 = €00,
V2es i

2¢2,  wi
this last condition being meaningful only if 0z > 2c¢/wy. It is therefore advisable not to use the
Lorentz—Joseph et al. scheme in the harmonic case for e = €.

ot <

5.2 Kashiwa Model
5.2.1 General Case

Anew the polynomial ¢ is identically zero and we study the derivative of polynomial ¢g, which we
denote

o(Z) = [4+ 2wel) Z% — [12 — 3(1 + %w)q]ZQ 12— 2wel — (4 —2w)qlZ — [4— (1 + %w)q].

The condition [19(0)| < [1§(0)| is equivalent to (8 — ) + 3w(4e, — ¢) > 0 which holds for ¢ < 4. Then
we compute

1
¥i(2) = [+ weos; +42+w)g - (1+50)%")2°
—[32wel + (16 — 8w — Swel, — 4w?el)q + (w? — 4)¢*1Z
1
+[4(4 — wel)wel + 4(2 — 2wel + bw)q — 3(1 + §w)2q ].

We check that

Pi(0) = 3[4@2; + (2 + w)q][16 + dwel, — (2 + w)q] > 0,
PE0) +91(0) = g4 —q)(w+2)* +4q(e, — w® + 82,(4 — q) + 8¢ > 0,
U0 ~1(0) = {4, — g — 20 +32(c, ~ 1)} >0,
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under the only condition that ¢ € [0, 4], which ensures that |¢)1(0)] < |17 (0)|. Last we compute 1)2(2)
which can be cast as

$a(2) = S{1(=8 + A€ + @) + 24 + 16a(4  0)}2(2)
with
V2(Z) = [(2+w)?q(4 = q) + 4((el — Dw?q +2(el — Dw(4 — ¢) +8)]Z — [8 — (2 + w)q][dwe + (2 — w)q].

We check that

P3(0) > 0,
$3(0) +92(0) = qul(6e — q)w +2(8 — q)] > 0,
P5(0) — 2(0) = 2(4 — q)[4ew + (2 +w)q] > 0.

These two last inequalities are strict only if ¢ €]0,4[, and we then have [12(0)| < |¢5(0)|. The case
el =1 is not specific in this general study.

5.2.2 Case q=0

To treat the specific case when ¢ = 0, we have to revert to the study of ¢y which is here
1 1174 3 1772 1 !
oo(Z) = [1+ gweS]Z —4Z° + 6 —we]Z° —4Z + 1 + Ewes]
1 1 1
= (Z-1D)*[1+ 5wag]ZQ —2[1 - Ew&té]Z + 1+ §w5g]}.

The double eigenvalue Z = 1 is the same as in the anharmonic case and does not cause any trouble
either (minimal eigensubspaces are still one-dimensional). The other factor of the polynomial has
clearly two distinct complex conjugate roots of modulus 1. This configuration corresponds to a stability
case for the scheme.

5.2.3 Caseqg=14

The analysis performed in the anharmonic case remains valid here. The eigenvalue Z = —1 is double
and the associated minimal eigensubspace is two-dimensional. Iterates of the amplification matrix are
therefore linearly increasing and the case is unstable.

5.2.4 Synthesis for the Harmonic Lorentz—Kashiwa Model

The scheme ([[4) for one-dimensional harmonic Maxwell-Lorentz equations is stable with the condition
0t < 0x/Coo-

5.3 Young Model

5.3.1 general Case

Once more, the polynomial ¢; is identically zero and we study the derivative of polynomial ¢g, which
we denote

Vo(Z) = 423 + [12 + 6wel, + 3¢] 2% 4 [12 — Swel, + 4(w — 1)q]Z + [—4 + 2wel + q].
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The condition |¢9(0)] < [¢§(0)] is equivalent to (4 — 2wel) + (4 — ¢) > 0, which we assume (w < 2/e
and g € [0,2]). We carry on computing

01(Z) = [(weg +q)(8 — (2wel + )] 2% + [(2weg + q) (4(2weg + q) — 16 — dwq) + 16wq)Z
+[(2we 4 q)(8 — 3(2wel, + q)) + 16wq].

We see immediately in this formulation that ] (0) > 0. Besides

YE0) +91(0) = 4{—dw?el” + 8wel + 4(w(el + 1) + 1)g — %},
PE0) =91 (0) = 2{[2w — q)* + dw(el — 1)[g + w(el +1)}] >0,

Let us note f(w) = —4w?e’? + 8wel, 4+ 4(w(el + 1) + 1)g — ¢%, we want to prove that this quantity is
positive for w €]0,2/(2¢, — 1)]. We derive to obtain f'(w) = —4e’q — 8we’? + 8¢/, + 4q which vanishes
at w = (2¢, — () — 1)q)/2.*. This corresponds to values of w between 1/¢.? (value for ¢ = 2) and
1/el (value for ¢ = 0), which always belong to the interval |0,2/(2¢ — 1)]. At this point we have a
maximum of the function f(w). To conclude, we only have to evaluate the limit for f(w) as w — 0
and the value of f(w) at w = 2/(2¢, — 1). If both values are positive, f(w) will be positive on the
whole interval.

Im fw) = 4g-¢*>0,
f(2/(2e 1)) = (2L —1)3(2—q)+2(2<. — 1) +4(. — 1)(2eL +1) > 0,

Ifel =1, ¢ = 2 and w = 2, we have 9] (0) = —11(0). We will treat this case apart. We finally compute
19(Z) which can be cast as

ba(Z) = 8[(2we] — q)* + 8w(el — 1)g]2(Z)
with
Po(Z) = [~Aw?el® + 8wel, + A(w(e, + 1) + 1)g — ¢*1Z — [(2wel + (1 — w)g)(—4 + 2wel, + q)).

We notice that v, is identically zero if e = 1 and ¢ = 2we’, = 2w, which has to be treated separately.
In the opposite case, we check that

¥3(0) > flw)>0,
$3(0) +¢2(0) = qu[8 —2we; —q] >0,
¥5(0) = 2(0) = [2we + q][8 — dwe + (w — 2)q].

The quantity 8 — 4dwel + (w —2)q is minimum if ¢ = 2 (since w < 2) and is then equal to 4 —2w(2e, —1).
As in the anharmonic case if w < 2/(2¢, — 1) this quantity is positive, and if w = 2/(2¢, — 1) this
quantity is zero. Yet we want to show that 1y is a Schur or a simple von Neumann polynomial, we
therefore have to revert to the study of ¢y. Once more the cases e, = 1, ¢ = 2 and w = 2 have to be
treated specifically.

5.3.2 Case q=0

In the case when ¢ = 0, we revert to the direct study of ¢q

$o(Z) = Z* —[4—2wel)Z3 +2[3 — 2wel]Z? — [4 — 2wel)Z + 1
(Z —1)?[Z2% = 2(1 —wel)Z + 1],
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which has Z = 1 as a double root, which is no more a problem as in the anharmonic case. Both
other roots are complex conjugate, distinct and have a unit modulus if we, < 2. If ¢ = 1 and w = 2,
Z = —1 is also a double root. Then we have

—0

N[

2 0

o* 1 —
G+1d= 0 1
0

O O N
i L

-2

which has only (o,2,0,0)" as eigenvalue (associated to 0). This is a cause of instability for the scheme.

5.3.3 Case g=2

The case ¢ = 2 is treated by the general case except when w = 2/(2¢/ — 1). In this case 2wel, = 2 + w,
hence

¢0(Z2) = Z'+wZP+2w- 122 +wZ+1
= (Z+1D3(Z2-(2-w)Z+1).

We therefore have to study the stable subspaces through the amplification matrix for the eigenvalue

—1. We have
2 —0 0 0
o w—2 2w -1
0 2—w 2—2w 1

0 2—w 2w 2

G+1d =

which has a unique eigenvector (associated to 0), namely (o,2,—1,—2)¢. This is an unstable case.

5.34 Casece,. =1

Only the case when ¢/, = 1, ¢ = 2w remains to study, in which case t¢); vanishes. We compute ¢y which
is equal to
Vo(Z) = (22 = 2[1 — w]Z + 1)°.

The two complex conjugate roots 1 — w + i\/w(2 — w) are both double with modulus 1. We there-
fore have to study the associated stable subspaces. The only associated eigenvectors are (o,w F
iv/w(2 — w))! respectively and the associated minimal eigensubspaces are two-dimensional, which leads
to instability. If €, = 1, we should assume ¢ < 2w, which in physical variables reads dx > 2¢s /w1
which is not a stability condition. It should therefore be avoided to use the Lorentz—Young scheme in
the harmonic case for 5 = €5, when ¢ can reach the value 2w, i.e. if w > 1. Another way to see this
condition is to give w < 1 as a stability condition if e = 1.

5.3.5 Synthesis for the Harmonic Lorentz—Young et al. Model

The scheme (f)-([LH) for the one-dimensional harmonic Maxwell-Lorentz equations is stable with the

condition
ox 2 S V2

0t < min , ifeg >e¢ and Jt < min ,— | if eg = epo,

(\/5000 W1\/26é—1> ® * <\/§Coo wl) ° =

6 Basic Polynomials in Dimension 1

The previous computations lead us to define basic polynomials associated to each one-dimensional
scheme. We will see that these polynomials will prove useful in higher dimensions.
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Debye (Joseph et al.)

Ppj(Z) = [1+6ch)Z% — [3+0el — (14+0)q)Z* +[3 —de, — (1 — 6)q]Z — [1 — 6€l]
= [1+8el]Y? + 206 + (1 +6)q]Y? + [(1 + 38)q]Y + [20q].

Debye (Young)

Ppy(Z) = [(1+6a)(1+0)]Z3—[3+6+da+36%a— (1+0)q)Z*
+[3 =6 —da+35%a — (1 —6)q]Z — [(1 — ba)(1 — 6)]
= [(1+86)(1+6a)]Y?+ [20(1 + ) + (1 +6)g]Y? + [(1 + 35)q]Y + [2dq].

Lorentz (Joseph et al.)

Prj(Z) = [1+06+we]Z* —[4+264 2wel — (140 +w)qZ% + [6 + 2wel, — 2¢] 2>
—[4—20 +2wel — (1 =3 +w)q]Z + [1 — 6 + wel]
= [14+64+wel]V* 4120 4+ 2wel + (140 +w)q]Y> + [2wel, + (1 + 36 + 3w)q] Y2
+[2(0 + 2w)q]Y + [2wq].

Lorentz (Kashiwa et al.)

1 1
Prg(Z) = [1+6+ §weg]z4 —[A+20—(1+6+ iw)q]Z?’ +[6 — wel + (w — 2)q) Z*
=25 (1= 6+ S0)Z + [ 5+ el

= [14+d6+ %wsg]Y‘* +[2(6 + wel) + (1 4+ + %w)q]y3

)
+[2wel + (1 + 35 + §w)q]Y2 + [2(0 4 2w)q]Y + [2wq].

Lorentz (Young)
Pry(Z) = [1+62Z% —[4+26 — 2wel, — (14 6)q)Z3 + 2[3 — 2wel, + (w — 1)q] 2>
—[4—26 — 2wel, — (1 —0)q]Z + [1 — 4]
= [148Y* 420 4 2wel + (1 +0)q]Y3 + [2wel, + (1 4 35 + 2w)q|Y?
+[2(0 + 2w)q]Y + [2wq].

7 The Two-Dimensional Space Case

7.1 Maxwell Equations

In dimension 2, the field may be decoupled into two polarisations which lead to different schemes
and also a different number of variables. We use here similar notations as those introduced in the
one-dimensional case, namely \; = coo0t/d, Ny = Coo0t/dy, 0 = Az(e®® — 1), 0, = Ap(e — 1),
z = |Jx|2 and qQy = |Jy|2-
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7.1.1 Polarisation (B, By, E.)

The polarisation (By, By, E.) is also called the transverse electric polarisation TE..

n+% nf% . n n
:v,j,kJr% o B:v,j,kJr% - _)‘y ( z,.5,k+1 ZJJC) ’
nt+i n—4i

B2, BT = A (8- £
yitsk  ygtgk o (8250 = E25n)

n+1 n+1 n+i n+i
Dl Dt = N (B 2, —B -\ B 2 =B 2 .
Z’]7k Z7j’k £ yv]+%7k y.]févk Y :B,j,k+% JB,_],]C*%

7.1.2 Polarisation (B,, E,, E,)

The polarisation (B, E,, E,) is also called the transverse magnetic polarisation 7M.

1 1
n+3 n—s
B BT = (8 Ee) (€ )
zjtgkty  zjtgkty 2 \Cygrrhed T Cyanrt) T\ Cagrt i T Sogadn )
42 n+2
prtl, —D" = N\ (B 2 -B_ .2
1’7]+%7k ‘T7]+%7k Y Z7]+%7k+% 27]4"»%71‘:7% ’
n+1 _pn Y ”+% o "JF%
vik+y T uikts T\ ziti ks Tai—tkti )

7.2 The Debye—Joseph et al. Scheme
7.2.1 Polarisation (B, B, E.)

Coupling polarisation (B, By, E,) with the Debye-Joseph et al. scheme, we obtain the amplification
matrix

1 0 —0oy 0

0 1 oo 0

G=1| 0oy (400t (1-8)-(1+8)(gotay) 26
170e] JER = T+oe, T+oe]

oy —0y —(qz + qy) 1

n

1 1
: : n—3 2 n n
associated to the variable (B$7j,k+%’8y7j+%7k’gz,j,k’Dz,j,k

tional to the characteristic polynomial in dimension 1 for the same scheme with 1 as an extra root

)t. The characteristic polynomial is propor-

¢o(Z) =Y Ppy(Z).

In polynomial Ppj(Z), the variable ¢ means ¢ = ¢, + g, in the two-dimensional case. The polynomial
only depends on this sum and not on the separate values of ¢, and gy.

The general case treated in dimension one concludes to a Schur polynomial, we therefore have a
von Neumann polynomial here. We also see easily on the amplification matrix in the case ¢ = 0 (if
¢z only or g, only vanish, we do not have a specific case), that the eigensubspaces associated to the
eigenvalue 1 are indeed stable. As for the particular case €, = 1, which gave rise to two complex
conjugate eigenvalues, different from 1, we may add this new eigenvalue with the same conclusion,
namely stability with the condition ¢ = ¢, + ¢, < 4 i.e. V2¢s00t < 0z if . = 6y.
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7.2.2 Polarisation (B,, E,, E,)

Coupling polarisation (B, E,, E,) with the Debye-Joseph et al. scheme yields the amplification
matrix

1 Oy 0 —0g 0
_(40)ay  (1-8e)—(1+8)qy _ 26 (148)oz0;y 0
1+0ef 1+d¢el, 1+0ef 1+0€f
G = —o, —qy 1 oL0y 0
(1+0)oy (1+d)os 0y 0 (1-0e)—(146)qa 26
1+d¢el, 1+d¢el, 1+0¢f 1+6¢f,
oy R0y 0 —qx 1

n
associated to the variable (B 2 . . n D™
( 25 k+y Tt sk T i+ 5k Tkt vkt

tional polynomial to that of the one-dimensional case with two extra roots

)t. Anew we have a propor-

$0(Z) = Y[(1 4 de,)Y + 20| Pps(Z),

which are equal to 1 and (1 — del)/(1 + del) respectively and which are not roots in dimension 1 in
the general case.

Only the root 1 could induce stability problems and we have seen that only the case ¢ = 0 would
make it a multiple root. The matrix G is then block-diagonal, with two rank-two blocks identical to
that of the one-dimensional case. The stability is once more ensured with the condition ¢ = ¢, +¢, < 4.
7.3 The Debye—Young Scheme
7.3.1 Polarisation (B, B, E.)

Coupling polarisation (B, By, E.) with Debye-Young scheme, we obtain the amplification matrix

1 0 —0oy 0

0 1 O 0
G= oy _oi  (1+80)(1-8a)+45%a—(1+8)g 1-§ 24
1toa T+da (1+5)g1+5a) 110 T+da

0 0 20a 1-96

1+6 1+6

1 1
. . n—y n—s n n t . < e
associated to the variable (Bm,j,k+%’8y,j+%,k’ ik z,j,k) . The computation of the characteristic

polynomial leads to the same polynomial as in one dimension but with 1 as an extra eigenvalue
$o(Z) =Y Ppy(2).

Anew we revert to the arguments of the one-dimensional case, the double eigenvalue 1 of the ¢ = 0
case not being a problem.

7.3.2 Polarisation (B,, E,, E,)

Coupling polarisation (B, E, E,) with the Debye-Young scheme, we obtain the amplification matrix

1 Oy 0 —0y 0
oy (1+0)(1—da)+462a—(1+6)qy  1-5 26 oz0y, 0
1+d0c (1+6)g1+604) 1+6 1+d0a 1+0a
= 1+6 1+
al okoy 0 (140)(1=0c)+46% a—(1+6)ge  1-5 25
1+ 1+ (1+5)g1+5a) 1+ 1+
0 0 0 20 1-4
1+6 I+

28



el
associated to the variable (B 2 e n en .
( 245 k43 Twitg. kT et s R Tydkts’ vdkts

characteristic polynomial leads to the same polynomial as in dimension 1 but with two extra eigenvalues

)!. The computation of the

60(Z) = Y[(1+6)(1 + 6a)Y + 25(1 + a)| Ppy (2)
which are 1 and (1—6)(1—da)/(149)(14+ ). Anew we revert to the argument in the one-dimensional
case, the triple eigenvalue 1 of case ¢ = 0 not being a problem.
7.4 The Lorentz—Joseph et al. Scheme
7.4.1 Polarisation (B, B, E.)

Coupling polarisation (B, By, E,) with the Lorentz-Joseph et al. scheme, we obtain the amplification
matrix

1 0 —o, 0 0

0 1 O 0 0

G = 200, 260} 2—(1+0+w)g  1-d4we] 2w
1+6+wel, 1+6+wel, (14+0+wel) 1+d+wel  1+0+wel

0 0 1 0 0

oy -0 —q 0 1

1 1
: : n—s n—3 n n—1 n
associated to the variable (Bm7j,k+%,8y7j+%7k, ik Z,j,k:’DZ,j,k‘

istic polynomial leads to the same polynomial as in dimension 1 but with the extra eigenvalue 1

)t. The computation of the character-

00(Z) =Y Pr;(2).
The triple eigenvalue in the ¢ = 0 case is not a problem.

7.4.2 Polarisation (B, E,, E,)

Coupling polarisation (B, E;, E,) with the Lorentz-Joseph et al. scheme, we obtain the amplification
matrix

1 oy 0 0 —0y 0 0
260y 2—(140+w)qy  1=d+wel 2w oz0, (1+0+w) 0 0
14+-04wel, 1+64wel, 1+o04wel  140+wel 1+64wel,
0 1 0 0 0 0 0
G = —oy, —qy 0 1 00, 0 0
260 ooy (14+0+w) 0 0 2—(14+0+w)ge  1-0+wel 2w
14+6+wel, 14+0+wel, 14+0+wel, 14+04wel,  14+64wel
0 0 0 0 1 0 0
o 0,0y 0 0 —Qz 0 1
1
. . n—3 - -
associated to the variable (B 2 e et pn e gt pr )t. The

zjtgk s Ty k) ety k) T a gy k Ty gkt T ydk s’ T vkt
characteristic polynomial is once more proportional to the one-dimensional polynomial

do(Z) = Y[(1+0+wel)Y?+2(6 +wel)Y + 2wel P (Z)
= Y[ +64+we)Z?—2Z+ (1 -6+ wel)|Prs(Z).

In the anharmonic case, and by the von Neumann technique, we check easily that
Vo(Z) =1+ 0 +wel)lZ? =27 + [1 — § + wel

is a Schur polynomial. Besides the double root 1 if ¢ = 0 is still no problem.
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In the harmonic case, ¥y(Z) has two distinct complex conjugate roots with modulus 1. This is not
a problem in itself, except if €, = 1 in which case ¢y(Z) is also a factor in Pp;(Z)

$0(Z2) = (Z-D)|(1+we)Z? —2Z + (1 + wel)|Pry(Z)
= (Z-D[Q+we)Z?-2Z+ (1 +we)*[Z2* - (2 - q)Z +1].
This is already the case when we have detected double eigenvalues in dimension 1, giving rise to
instabilities for ¢ = 2w/(1 + w). It is better to avoid this scheme in the case when e..
7.5 The Lorentz—Kashiwa et al. Scheme
7.5.1 Polarisation (B, By, E.)

Coupling polarisation (B, By, E,) with the Lorentz-Kashiwa et al. scheme, we obtain the amplifica-
tion matrix

1 0 —0o, 0 0
0 1 Oz 0 0

G- U;(D—%wa) _og(Dféwa) (lfq)Df(qu)%wa w 1
0, Fwa _ ozwo (2—q) swa D—w 1
D D D D D

Tywo orwa (2—q)wa 2w 2=D
D D D D D

. . 77/—5 n n n t . . .
associated to the variable (Bm,j,k‘Jr% , B% 1 &l ik Pri ks z,j,k) . The calculation of the characteristic

polynomial leads to the same polynomlal as in dimension 1 with the extra root 1
00(Z) =Y Prg(Z).

The triple eigenvalue 1 of case ¢ = 0 is not a problem.

7.5.2 Polarisation (B,, E,, E,)

Coupling polarisation (B, E;, E,) with the Lorentz-Kashiwa et al. scheme, we obtain the amplifica-
tion matrix

1 o, 0 0 o 0 0
O’Z(D—%UJO&) (lfqy)Df(quy)%wa w 1 axUZ(D—%woz) 0 0
1D D 1 D D D1
o, swa (1—gy) swa D—w 1 020y W 0 0
D D
ocfwa (1—qy)wa ) 2D OO wa
— Yy Yy W Y
G= D . D L D D D 1 0 0
_U;(D7§wa) U;Jy(D7§wa) 0 0 (lfqz)Df(quz)Ewa w 1
? ) D ) D D
_ orpzwa OO0y 5Wwa 0 0 (2—qz) swa D—w 1
D D D D D
_ opwa TROoywa 0 0 (2—qz)wa 2w 2-D
D D D D
1
nl
associated to the variable (B 2 En " En " t. The
( zj+4 k437 Tr i+ K ,J+ k’j,a+2,k’ Y.d, k+1’ ,J k+3 ‘7,J k+3 1)

computation of the characteristic polynomial leads to a polynomlal proportlonal to the one—dlmensional
one

1
po(Z) = Y[1+5+ gwgg)w + (2(6 + wel))Y + (2wel)|Pri(Z)
1 1
= Y[1+d+ §w5é)Z2 —(2-we)Z4+(1—-0+ §w€é)]PLK(Z).
In the anharmonic case, and by the von Neumann technique, we check easily that

1 1
Vo(Z) =[1+6+ §w5g]22 —R2-we)Z+[1 -5+ §w€g]
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is a Schur polynomial. Besides, the root 1, which is a double one if ¢ = 0, does not lead to any problem.

In the harmonic case, we have the extra roots 1 and two complex conjugate roots of modulus 1,
which are not roots of Prx(Z). The stability is hence given under the same conditions as in the
one-dimensional case.

7.6 The Lorentz—Young Scheme
7.6.1 Polarisation (B,,B,, E.)

Coupling polarisation (B, By, E.) with the Lorentz—Young scheme, we obtain the amplification matrix

1 0 —oy 0 0
0 1 o 0 0
o * +  (1+9)(1—q)—2wa 2w 1-§
G=| o, —0; 1+6 1+ 110
0 0 2wa 14+0—2w 1—0
149 ) 1+9
0 0 Z2wa 2w 1=
149 149 )
: : n—% n—% n n n—% t :
associated to the variable (Bx7j7k+%,8y7j+%7k, ik PZJ’,C, jm.’k )*. The computation of the character-

istic polynomial leads to the same polynomial as in dimension 1 but with 1 as an extra eigenvalue
$o(Z) =Y Pry(Z).
The triple eigenvalue 1 of the case ¢ = 0 is not a problem.

7.6.2 Polarisation (B,, E,, E,)

Coupling polarisation (B, E,, E,) with the Lorentz—Young scheme, we obtain the amplification matrix

1 oy 0 0 —0y 0 0
x  (1+0)(1—gy)—2wa 2w 1—0 *
Oy ) ire 1% Oz0y 0 0
0 2w 14+6—2w 1-6 0 0 0
%+6 1-12-6 %+§
o wa —2w —

G = 0 15 Tre 175 . 5)(10 s 0 0
* * + —Qa)—2wa 2w _1-4
Oz 020y 0 0 1+6 1+0 110
0 0 0 0 2wa 1+6—2w 1-6
%+5 140 %Jrg

wa —2w —
0 0 0 0 1446 1446 1446

1 1
n—s n—z n—s
associated to the variable (B 2 En . 124 2 e 24 2 )t The
( sitgkty’ gk x,J+%J€"7x,J+%J€’ yodk+3’ y,J7k+%"7y,J7k+%)

computation of the characteristic polynomial leads to a polynomial proportional to that of dimen-
sion 1

$0(Z) = Y[1+6)Y?+ (26 +wel))Y + (2wel)|Pry (Z)
= Y[1+0)Z% - (2-we)Z + (1 —-6)|Pry(2).

In the anharmonic case, and by von Neumann technique, we check easily that
Vo(Z) =1 +06)12% — [2 — 2wel]Z + [1 — 9]
is a Schur polynomial. Besides, the root 1 which is a double one if ¢ = 0 is not a problem.
In the harmonic case, we have the extra roots 1 and two complex conjugate roots of modulus 1,

which are not roots of Pry(Z). The stability is therefore ensured under the same conditions as in the
one-dimensional case.
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8 Conclusion

We have studied the stability of numerical schemes for Maxwell-Debye and Maxwell-Lorentz equations
in space dimension 1 and 2. In dimension 2, the characteristic polynomials of each scheme and in both
polarisation happen to be proportional to the characteristic polynomials for the same scheme in space
dimension 1. In all the cases, the extension to dimension 2 goes with an extra root 1 compared to the
one-dimensional case. This is the only extra root in the T E, polarisation. For the T'M, polarisation,
there is one other extra root for the Debye equation and two other extra roots for the Lorentz equation,
all these roots being on the unit circle. For the Yee scheme applied to the raw Maxwell equations,
the stability condition is ¢ < 4 in dimensions 1, 2 et 3, recalling that ¢ = ¢, + ¢, in dimension 2
(¢ = max(gz + qy, ¢z + ¢z, ¢y + ¢-) in dimension 3). The results are gathered in two tables according
to € = €5 OF NOt.

Model Scheme dimension 1 dimension 2 (dz = 0y)

Debye | Joseph et al. q<4 ot < % ot < \fcoo

Debye Young g<4,0<1 ot < min(c‘s—x, 2t,) 0t < min( \/‘%xoo ,2ty)

Lorentz | Joseph et al. q<2 ot < \/_COO ot < 2‘?

Lorentz | Kashiwa et al. q<4 ot < c‘% ot < \/5600

Lorentz Young g<2, w< 255—1 0t < min( \/gioo, “’1\/%) ot < min(ﬁi, M\/%)

Harm. | Joseph et al. qg<2 ot < \/—Cm ot < 2‘2”6

Harm. | Kashiwa et al. qg<4 ot < % ot < \/‘%ioo

Harm Young 9<2 Cgrg f{l 0t < min( #) ot < mln(‘s— #)
| §<2, 0 < g Ve or o1 Tooe? /2T

Table 1: Stability of schemes for 5 > €.

For each model, we have at least one scheme for which the stability condition is the same as for the
raw Maxwell equations (¢ < 4). In Young models, the extra conditions correspond to a fine enough
discretization of Debye and Lorentz equations respectively,... because stability is not the only issue.
Applications to classical materials show in general that the condition due to the Maxwell equations is
the more restrictive one and not conditions due to the constitutive law of the material.

Computations in dimension 3 are too tedious to be carried out by hand. They have been automated

(see [B))-
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