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Résumé. 2014 Le nombre de chemins Hamiltoniens sur un réseau régulier de N points, de coordination q,
est de la forme 03C9NH pour N grand. Nous estimons 03C9H ~ q/e en accord surprenant avec les données
dont on dispose en dimension deux.

Abstract. 2014 The number of Hamiltonian walks on a regular lattice of N points, with coordination
number q is of the form 03C9NH for N ~ ~. We obtain an estimate 03C9H ~ q/e in surprising agreement
with available data in two dimensions.
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Conformation of condensed polymer globules [1, 5] or collapsed polymer chains are often
modelled as compactly packed self-avoiding walks. The importance of enumerating such compact
walks in the theory of the glass transition of polymer melts has been much discussed [2, 5].

This is known as the problem of Hamiltonian paths, i.e. paths which visit each point once and
only once. In this Letter we consider only closed paths on a regular lattice.

1. Mean field

Let NH be the number of Hamiltonian paths, N the number of sites, q the coordination number.

The uantit 1 Log JY’ has a limit, which defines c~ as :

Several mean-field theories exist for the evaluation of COH. A Flory-Huggins type of theory [3]
q-l - q - Iyields coH = e and Huggins [4] quotes COR 2 These numbers are off by 10 % to 40 %

for small coordination numbers (q = 3 for the 2D Honeycomb lattice and q = 4 for the 2D
square lattice), but the main disadvantage of these mean-field theories is that they cannot be
corrected in a systematic way.

In this Letter, we present a new mean field theory, which yields WH = qle, in excellent agree-
ment with numerical estimates, and show how systematic corrections to this result can be cal-
culated
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We start with the representation

with periodic boundary conditions on the lattice. Let us note that the nature of the boundary
conditions is crucial in the enumeration of Hamiltonian paths (indeed, Gordon et ale [5] show
that with certain boundary conditions, WH = 0 for the 2D Honeycomb lattice).
The integration variable (p, is an n component field attached to point r of the lattice, and the

matrix drr, is equal to 1 if r and r’ are nearest neighbours, and zero otherwise.
The use of Wick’s theorem on equation (2) leads to a summation over graphs which reproduce

the closed and connected Hamiltonian paths in the limit ~ -~ 0. The difficulty associated with
the non positive definiteness of the matrix drr, (indeed, d,r, is a traceless matrix) could have been
removed by multiplying it by i, and taking absolute values of the integrals. Finally, the analytic
continuation at n = 0 is straightforward, since Carlson’s theorem applies. Indeed, for any
integer n, one has :

For large n, the integral is bounded by a power of n, and thus its analytical continuation at
n = 0 is unique.

X H is calculated by using the saddle-point method on equation (2). To get a uniform saddle-
point, we look for an extremum of the function

where we have used L Ar;,l = 1. Let us note again that a uniform saddle-point exists only if
r’ q

one chooses periodic boundary conditions on the lattice.
The corresponding value of cp2/2 is q, and we obtain WSP = q/e. Since the degeneracy of this

2 ~c"~Z
saddle-point is the surface of the 0(n) sphere, Sn = ï1iiJ’1’j ’" n, we obtainTTn723 -

(1) We wish to thank one of our referees for calling our attention to the fact that this result can be found
by taking the T = 0 limit of equation (5) in reference [13].
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Had we taken n = 1, instead of the limit n = 0, this would have counted the number X K
of non-connected closed paths visiting all sites once and only once. If we define o~ by

the same method yields

We thus expect f%./WH to be ciose to 2. The saddle-point method yields a mean-field approxi-
mation. In the last paragraph, we calculate fluctuations.

2. Numerical estimates.

It is instructive to compare these expressions to some known results. Gujrati and Goldstein [6]
mention that on a two-dimensional square lattice, one has the bounds

where ~H is the analog of WB on a Manhattan lattice, (i.e. a lattice on which the vertical and
horizontal bonds are oriented in alternating directions), which has been calculated exactly by
Kasteleyn [7], whereas Wice is the exponential of the entropy of the 6-vertex model, given by
Lieb [8]

On such a lattice, q = 4, and our estimate is

Schmaltz, Hite and Klein [9] have calculated OJH using strip methods, and they give c~H N 1.472,
whereas Derrida [10] claims a value between 1.4725 and 1.473, Le. larger than equation (9).
On a hexagonal lattice with coordination 3, Derrida obtains cc~ ~ 1.14 whereas 3/e ~ 1.10.
We are not aware of any numerical data in dimension larger than 2. On the same two-dimen-

sional hexagonal lattice, the solution of the Ising model [11] at # = in/2 yields the exact value
ofc~ :

so that the comparison with equation (6) yields :

This ratio is equal to 1.065.
The method used here can be generalized to the case where the path is not constrained to

visit all points of the lattice, which is the case of polymers in a good solvent Perhaps qle and 2 qje
are lower bounds to c~H and cc~, but we have not succeeded in proving it It is however worthwhile
to note the extremely good agreement of this mean field theory with the available data.
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3: Fluctuations.

Finally, we show how to generate a 1 /q expansion of WD around the mean field value.
The loop expansion around the mean field can be performed by shifting the integration field

p, by the mean field (p in equation (2) in a standard way [12]. It is easily seen that this expansion
yields a series for WD in powers of 1/~. This expansion is slightly complicated by the existence
of Goldstone modes, which if not treated properly, give rise to infra-red divergencies. We illustrate
this point by computing the one-loop correction (quadratic fluctuations). The longitudinal mode
and the (n - 1) transverse modes have inverse propagators given respectively by

and

The identity

shows that there are (n - 1) transverse Goldstone modes, due to the 0(n) symmetry breaking.
In addition, if antiferromagnetic ordering is possible on the lattice (e.g. for square lattices,

or hexagonal lattices) the longitudinal inverse propagator has a zero at k = (7c,.... n). This
zero mode can also be interpreted as the Goldstone boson associated with a continuous symmetry
of the mean-field (p. Indeed, we could have chosen the mean field to be equal to a constant T,
on one sublattice and ({J2 on the other sublattice. The mean field equation becomes

which shows that the general solution can be parametrized as qJ = ~/2~ ~ on one sublattice and
/2~ , ,~ = 2013Y2013 on the other sublattice, where ~, is any non zero number.A

Having identified all the Goldstone modes, they can be projected out, using for instance the
Fadeev-Popov method [12]. To first order the result is

where the Goldstone modes are removed from the determinants. By calculating these deter-
minants in Fourier space, it is readily seen that they are equal and thus :

The vanishing of the quadratic fluctuations is perhaps responsible for the very good agreement
of the mean-field results.
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