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~ é s u m é  - Une analyse electrohydrostat ique du modele du cone de  Taylor u t i l a n t  
a l a  f o i s  l e s  c r i t e r e s  de  Taylor e t  de  Zeleny f a i t  r e s s o r t i r  p lus ieurs  contra- 
d ic t ions .  On peut  montrer qu'un t ra i tment  dynamique de l a  geometrie d'equi- 
l i b r e  e t  de  l a  s t a b i l i t y  peut en résoudre l e s  con t rad ic t ions  apparentes. 
Et  precisement, en u t i l i s a n t  l ' equa t ion  electrodynamique l i n e a r i s e  e t  des  
cor rec t ions  au 1 s t  ordre,  on montre qu'au s e u i l  d ' u n s t a b i l i t e  l e  cone prend 
une forme, "cuspidale". La tension c r i t i q u e  de  s e v i l  d ' i n s t a b i l i t e  e s t  obtenue 
pour l e  gallium a p a r t i r  de l a  r e l a t i o n  de  dispersion.  M valeur  ca lcu lee  de 
5.8 kV correspond bien aux mesures experimentales de-4-7 kV. Enfin, l e  
ca rac te re  t r e s  l o c a l i s e  de l l i n s t a b i l i t e  e s t  en accord avec l e s  observations 
experimentales obtenues en TEM par  Sudraud, e t .  a l .  

Abstract  - An e lec t rohydros ta t ic  ana lys i s  of the  Taylor cone model, using both 
the  Taylor and Zeleny s t a b i l i t y  c r i t e r i a  has revealed severa l  inconsis tencies  
i n  t h e  model. It is shown t h a t  a dynamical treatment of t h e  equilibrium shape 
and s t a b i l i t y  can resolve these apparent con t rad ic t ions  i n  t h e  Taylor model. 
Spec i f ica l ly ,  using the  l inear ized  electrohydrodynamic equations with correc- 
t i o n s  up t o  f i r s t -o rder ,  it is shown t h a t ,  a t  t h e  onset  of i n s t a b i l i t y ,  t h e  
cone deforms i n t o  a cuspidal  shape. From the  dispersion r e l a t i o n s ,  t h e  c r i t i -  
c a l  vol tage f o r  t h e  onse t  of i n s t a b i l i t y  is  obtained f o r  l i q u i d  gallium. The 
calculated value of 5.8 kV compares well with experimental values of -4-7 kV. 
Fina l ly ,  t h e  i n s t a b i l i t y  is predicted t o  be highly loca l ized ,  which agrees w i t h  
the experimental observations i n  t h e  Tm images o r  Sudraud, e t .  a l .  

1. INTRODUCTION 

For the  p a s t  severa l  years, we have been inves t iga t ing  i n  a systematic and rigor- 
ous way some of t h e  bas ic  physics of conducting f l u i d s  i n  s t rong e l e c t r i c  f i e l d s t 5 f .  
The ul t imate ob jec t ive  of t h i s  study is  t o  help explain the  mechanism f o r  i o n  (and 
neu t ra l )  emission from a f i e l d  emission l i q u i d  metal ion  source (LMIS). 

In t h i s  study th ree  s p e c i f i c  quest ions a r e  addressed: 

1. What i s  t h e  evolut ion of the  dynamical equilibrium shape of the l iqu id  
metal e lec t rode  with appl ied f i e l d ?  

2. When and how does i n s t a b i l i t y  occur (i.e., breakdown o r  d i s i n t e g r a t i o n  of 
the  l i q u i d  e lec t rode ,  r e s u l t i n g  i n  emission)? 

3. what i s  the  s p e c i f i c  mechanism f o r  ion formation? 
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The answer t o  t h e  f i r s t ,  and a l s o  t o  a l a r g e  ex ten t  t h e  second quest ion,  requ i res  a 
macroscopic theory using f l u i d  mechanics and e l e c t r o s t a t i c s .  The physical  model(s) 
and ana lys i s  required t o  answer the  l a s t  question a r e  microscopic. and use quantum 
physics. I t  is obvious t h a t  a r e l a t i o n s h i p  e x i s t s  between the  quantum mechanism f o r  
i o n  formation and t h e  'macroscopic' f l u i d  shape. Although this w i l l  not  be discussed 
here,  some i n i t i a l  r e s u l t s  r e l a t i n g  t o  the  f l u i d  shape and ion  formation w i l l  be pub- 
l i shed  elsewhere. In  t h e  c u r r e n t  paper, we s h a l l  be concerned with the  macroscopic 
p a r t  of t h e  problem, s t a t e d  i n  quest ions one and two. Spec i f ica l ly ,  we have used a 
f u l l  electrohydrodynamic (EHD) theory t o  ca lcu la te  the dynamical shape of a three- 
dimensional e l e c t r i f i e d  f l u i d  a t  t h e  onset  of i n s t a b i l i t y .  The r e s u l t s  a r e  applied t o  
a G a  LMIS and both q u a l i t a t i v e  and quant i t a t ive  agreement a r e  found with experimental 
observations. The dynamical ana lys i s  a l s o  resolves c e r t a i n  con t rad ic t ions  and incon- 
s i s t e n c i e s  i n  t h e  Taylor cone model. 

In sec t ion  II, we descr ibe  b r i e f l y  t h e  macroscopic hydros ta t ic  and hydrodynamic 
concepts of i n s t a b i l i t y .  The r e s u l t s  of the e lec t rohydros ta t ic  ana lys i s  a r e  summa- 
r ized  i n  Section III. The electrohydrodynamic ca lcu la t ions  a r e  out l ined i n  Section 
I V ,  and r e s u l t s  and conclusions presented i n  Section V. 

II. MACROSCOPIC DESCRIPTION OF INSTABILITY 

An exac t  theory f o r  the  onse t  of i n s t a b i l i t y ,  o r  breakdown of a f l u i d  surface,  
would t r e a t  the  problem dynamically, using the  complete s e t  of EHD equations. In  
p r inc ip le ,  the  s e t  of equations would be solved, f o r  appropriate  boundary condit ions,  
from zero f i e l d  t o  the  c r i t i c a l  vol tage when i n s t a b i l i t y  i n  the  f l u i d  occurs. For 
convenience, we def ine  two l imi t ing  regimes f o r  an i n s t a b i l i t y :  

1. The e lec t rohydros ta t ic  l i m i t :  This is  character ized by low f i e l d s  and 
small f l u i d  v e l o c i t i e s .  In  t h i s  regime, a quas i - s ta t i c  equilibrium shape is assumed 
t o  e x i s t .  ~y quas i - s ta t i c ,  we mean the  f l u i d  sur face  deforms i n  response t o  the  
e l e c t r i c  f i e l d ,  b u t  t h e  f l u i d  is  s t a t i c .  In  this l i m i t ,  t h e  equilibrium sur face  of 
the  f l u i d  s a t i s f i e s  t h e  Laplace-Young s t r e s s  balance condit ion (LY): 

where the  notat ion is  standard,  and Ap=constant#O, i n  general.  Physical ly ,  an insta-  
b i l i t y  occurs i f  the  outward d i rec ted  s t r e s s e s  a r e  equal t o  o r  g r e a t e r  than the  in- 
ward s t r e s s e s .  Equation 1 can be solved a n a l y t i c a l l y  i n  some cases [2] ,  and numerical- 
l y  i n  o t h e r s [ l , 2 ]  f o r  quas i - s ta t i c  equilibrium shapes. By applying a c r i t e r i o n  f o r  
the  s t a b i l i t y  of the so lu t ion  ( s e e  the  following d i scuss ion) ,  one can solve f o r  Vc, 
the  c r i t i c a l  o r  threshold voltage f o r  breakdown i n  the  s t a t i c  ( o r  quas i - s ta t i c )  model, 
This is  an important parameter, s ince  it can be compared with experiments[ î l .  I t  is 
e s s e n t i a l  t o  know whether t h e  shape determined from t h e  so lu t ion  of ~ q u a t i o n  1 i s  
stable .* We have used two c r i t e r i a  to analyze the s t a b i l i t y  of hydros ta t ic  equi- 
librium shapes. Given i n  reverse  chronological order  i n  which they f i r s t  appeared, 
they a r e  the  ~ a y l o r [ S ]  and Zeleny[6] s t a b i l i t y  c r i t e r i a .  We b r i e f l y  consider each of 
them : 

( i )  Taylor s t a b i l i t y  c r i t e r i o n :  In the  Taylor model[51, i t  is  assumed t h a t  f o r  
equilibrium across  the  f l u i d  i n t e r f a c e ,  t h e  e l e c t r i c a l  s t r e s s  is balanced 
by the  mechanical o r  sur face  tension s t r e s s ,  s o  t h a t  Eq. 1 becomes: 

E~ 1 1  
S = .- - T (- + - ) = O with Ap = 0. 

8ïi R1 Rz 

Although Eq. 2 has been used i m p l i c i t l y  by Tayl0~[51 and o thers  a s  a s ta-  
b i l i t y  c r i t e r i o n  i n  the  ana lys i s  of LMIS[7], it is,  i n  f a c t ,  only a l i m i t -  

As is  well known, "...There must be an exac t  so lu t ion  of the  equations of f l u i d  
dynamics f o r  any problem with given s teady ex te rna l  conditions;. . .yet not  every 
so lu t ion  of the  equation of motion, even i f  it i s  exac t  can a c t u a l l y  occur i n  
Nature. The flows that occur i n  Nature must not  only obey t h e  equations of 
f l u i d  dynamics, b u t  a l s o  be stable."[41 



ing case f o r  an equilibrium condit ion[2] .  Furthermore, i t  is  va l id  only 
f o r  one spec ia l  shape of the  f l u i d ,  w i t h A p = ~  and a spec ia l  form of the  
counter-electrode, a r e s u l t  recognized by several  o ther  groups[8,9]. 

(ii) Zeleny s t a b i l i t y  c r i t e r i o n :  Formally, t h i s  c r i t e r i o n  s t a t e s  t h a t  the  
f i r s t  de r iva t ive  of the  s t r e s s e s  (S)  with respec t  t o  a coordinate ,  Say f3, 
character izing the  f l u i d  sur face  is  zero a t  a po in t  where the  i n s t a b i l i t y  
may a r i s e .  This is  j u s t  the  general  condition f o r  mechanical s t a b i l i t y  
based on energy considerat ions.  It is  equivalent  t o  the  mathematical 
statement t h a t  a 2 ~ / a ~ 2 = 0 ,  where U is  t h e  f r e e  energy of the  system, and 3 
i s  the  sur face  coordinate [ 1 O] . 

Somewhat inexpl icably,  t h e  Zeleny c r i t e r i o n  f o r  s t a b i l i t y  of f l u i d  i n t e r f a c e s  
has general ly  been ignored o r  overlooked i n  the  ana lys i s  of s t ressed  conducting 
f l u i d s  and LMIS. 

2. The electrodydrodynamic l i m i t :  In t h i s  dynamic l i m i t ,  it is  assumed there  
a r e  pressure gradients  which give r i s e  t o  f l u i d  flow. Hence, the  pressure i n  the  LY 
s t r e s s  balance condit ion is  t rea ted  a s  a time-dependent quant i ty .  Fluid flow i s  now 
included i n  the  descr ip t ion  of the  deformation of the  f l u i d  sur face  i n  response t o  
t h e  applied e l e c t r i c  f i e l d .  In  the  EHù l i m i t ,  t h e  i n s t a b i l i t y  i s  determined by solv- 
ing boundary condit ions f o r  t h e  ve loc i ty  and e l e c t r o s t a t i c  p o t e n t i a l s ,  and the  f l u i d  
surface deformation. Then, from the the-dependent  LY s t r e s s  balance condition, one 
ob ta ins  the  dispersion r e l a t i o n  

wherewis t h e  angular frequency of t h e  perturbed eigenmode and k is t h e  wavevector. 
A hydrodynamic i n s t a b i l i t y  occurs when w2 <0[4,111. physical ly ,  t h e  amplitude of the 
eigenmode u increases without l i m i t  leading t o  an i n s t a b i l i t y ,  because the  f l u i d  can- 
no t  follow the  o s c i l l a t i o n  of t h a t  mode. 

It is important t o  recognize the  d i f f e r e n t  physics, and c r i t e r i a ,  necessary t o  
descr ibe  the  onse t  of f l u i d  i n s t a b i l i t y  i n  the  EHS and EHù cases. 

Chung, e t .  a1[2] have given a d e t a i l e d  ana lys i s  of an EHS i n t e r p r e t a t i o n  of the 
Taylor cone model. We b r i e f l y  summarize some of t h e i r  conclusions. 

Their r e s u l t s  of the  ana lys i s  of the Taylor model can be s t a t e d  a s  follows: 
A conical  i n t e r f a c e  between two f l u i d s  can e x i s t  i n  equilibrium i n  the  presence of 
an e l e c t r i c  f i e l d ,  only i f  i) t h e  cone has a semi-vertex angle of 49.3O(Fcx); ii) 
Ap=0 across  the  i n t e r f a c e ,  and iii) t h e  counter-electrode has a shape given by 
r=r, [R,(cos 8 ) I - ~ .  [5,7] Furthemore,  using E q .  2 a s  a s t a b i l i t y  c r i t e r i o n ,  t h e  
c r i t i c a l  vol tage f o r  o n s e t  of i n s t a b i l i t y  i s  found t o  be15,71 

vCT = [ 4 s i n 0 ~ / ~ - +    cos^) 1 / 2 I T r O ~ c o t ~  

where the no ta t ion  i s  defined i n  Refs. 5 o r  7. 

Three d i f f i c u l t i e s ,  o r  contradict ions,  a r e  apparent i n  t h e  Taylor model. 

1. The Taylor form of t h e  s t r e s s  balance condition, Eq.  2, i s  obtained assum- 
ing  Ap=0 i n  t h e  general  LY condition. What is  the  v a l i d i t y  of assuming 
Ap=O? This quest ion has been addressed and discussed i n  Ref. 7, 8, and 9, 
and w i l l  not be t r e a t e d  f u r t h e r  here o ther  than t o  observe t h a t  i n  Our 
dynamic treatment of the  "conical"  model, we f ind t h a t  ApfO a f t e r  defor- 
mation ( s e e  Section IV). 

2. The cone is t rea ted  a s  a hydros ta t ic  o r  quas i - s ta t i c  equilibrium shape. 
However, t h e  Taylor s t r e s s  condition is regarded a s  simultaneously a 
c r i t e r i o n  f o r  s t a b i l i t y ,  yielding vcT. I f  t r u e  (i .e. ,  i f  Eq. 4 is v a l i d ) ,  
then the  Taylor s t a b i l i t y  c r i t e r i o n  pred ic t s  an o v e r a l l  - o r  global  - 
breakdown simultaneously across  t h e  e n t i r e  surface of t h e  cone. This has 
never been observed experimentally i n  3 study of s t ressed  conducting 
f l u i d s  o r  LMIS[8,9,12,131. 
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3. The cone has a s i n g u l a r i t y  a t  t h e  apex, where the  f i e l d  beconies i n f i n i t e .  
This i s  obviously incompatible with a s t a t i c  equilibrium shape. The sig- 
hif icance of s i n g u l a r i t i e s  on s t a b i l i t y  and breakdown was f i r s t  discussed 
by Chung, e t .  a1.[141 i n  t h e  ana lys i s  of an i d e a l  cuspidal  model a s  a 
s t a t i c  equilibrium shape. 

The r e s u l t s  of Our ca lcu la t ions  suggest t h a t  the dynamical treatment of an 
equilibrium shape and s t a b i l i t y  can resolve the  apparent contradict ions and/or in- 
consis tencies  i n  the  Taylor model. It is  shown t h a t  a t  the  onse t  of i n s t a b i l i t y ,  
the  ' s t a t i c '  cone deforms i n t o  a cuspidal  form, a highly loca l ized  i n s t a b i l i t y  is  
predicted and l a s t l y  t h a t  ApfO. It is  a l s o  concluded t h a t  A p = O  is a necessary b u t  
not  s u f f i c i e n t  condit ion f o r  t h e  onse t  of a dynamic i n s t a b i l i t y .  This is  i n  aqree- 
ment with Gabovich.[9] 

To obta in  these r e s u l t s ,  we have assumed t h a t  the  most general  form of the LY 
s t r e s s  condit ion is 

where subscr ip t  I o '  r e f e r s  t o  the  s t a t i c  l i m i t ,  and ,C2 is  t h e  ve loc i ty  po ten t ia l .  
Since the  f l u i d  v e l o c i t y  ;=-?a, flow i s  no" introduced i n t o  the  problem. Before 
discussing t h e  EHD ca lcu la t ions ,  we b r i e f l y  review t h e  EHS ana lys i s  of the  s t a b i l i t y  
of t h e  Taylor cone; Chung, e t .  a1.121 have given a cornpiete treatment of the s ta -  
b i l i t y  of both simple and a r b i t r a r y  shaped f l u i d  surfaces i n  the  EHS l i m i t .  

III. AN ELECTROHYDROSTATIC ANALYSIS OF THE STABILITY OF SIMPLE COORDINATE SURFACES: 
THE TAYLOR CONE. 

The ob jec t ive  of t h i s  ana lys i s  i s  to determine the  s t a b i l i t y  of some known s t a t -  
i c  ( o r  quas i - s ta t i c )  equilibrium shapes. It is  necessary t o  know S, which requires  
a knowledge of t h e  curvature and the e l e c t r o s t a t i c  f i e l d  appropriate  f o r  t h a t  shape 
when an ex te rna l  vol tage is applied. In general ,  f o r  a r b i t r a r y  shapes, t h e  curva- 
t u r e  and f i e l d s  must be obtained numerically[l,81r and the  ana lys i s  f o r  the onset  of 
i n s t a b i l i t y  done by a spec ia l  procedure of numerical simulation of the  f l u i d  sur face  
a s  a funct ion of appl ied voltage. This is described i n  t h e  papers by Chung, e t .  a l .  
11 i21. 

Certain simple coordinate sur faces  ( o r  shapes) a r e  espec ia l ly  useful  because 
there  a r e  experimental images[5,13] t o  suggest t h a t  each of these shapes has been ob- 
served p r i o r  t o  o r  during the onse t  of i n s t a b i l i t y .  Furthermore, f o r  each of these 
coordinate sur faces ,  t h e  cone, t h e  cusp and the  hyperboloid of revolut ion,  t h e  curva- 
t u r e  and t h e  e l e c t r o s t a t i c  f i e l d  can be obtained a n a l y t i c a l l y ,  s o  t h a t  S can be 
evaluated. Therefore, t h e  s t a b i l i t y  ana lys i s  can a l s o  be done a n a l y t i c a l l y ,  a l b e i t  
sometimes approximately. 

We here consider only the  s t a b i l i t y  ana lys i s  of the  cone usinq the  Taylor and 
Zeleny c r i t e r i a .  The d e t a i l s  a r e  qiven i n  Ref. 2 f o r  the  cone and the  o ther  equi- 
librium shapes. 

When t h e  Taylor c r i t e r i o n  ( i .e . ,  m. 2 o r  S=0 with Ap=O) i s  appl ied,  Fiq. 4 re- 
s u l t s .  In  addi t ion,  t h e  following conclusions emerge: 

i) The Taylor cone is  an i sobar ic  surface,  with, i n  f a c t ,  PO. 

i i )  Other cones with semi-vertex angle no t  equal t o  49.3O a r e  net i s o b a r i c  
surfaces.  That i s ,  Ap v a r i e s  i n  value from p o i n t  t o  po in t  on the  surface. 

In the  next  conclusion, we a n t i c i p a t e  r e s u l t s  from t h e  complete EHS ana lys i s  
of s t a b i l i t y .  

iii) The Taylor cone i s  unique i n  t h a t  i t  i s  the only shape of a simple coordi- 
n a t e  system which is allowed hydrostat ical ly .  



One of the  con t rad ic t ions  i n  t h e  Taylor model becomes apparent when vCT (i.e. ,  
Eq. 4 )  is  compared w i t h  experiment. For l i q u i d  Ga, -718 dynes/m, s o  vcT z 12.1 kV 
f o r  ro=lmm and = 17.1 kV f o r  ro=2mm. The measured vcexP = 4-7 kV[131. 

When appl ied t o  t h e  Taylor cone, t h e  Zeleny s t a b i l i t y  c r i t e r i o n  takes the  form 
(a~/a0)&0~=0where  S i s  s t i l l  given by Eq. 2 appl ied t o  the  Taylor cone. This can be 

solved f o r  the  c r i t i c a l  vol tage 

where V o  is t h e  non-integral index of the  Legendre funct ion and r is t h e  pos i t ion  co- 
o rd ina te  w i t h  o r i g i n  a t  t h e  apex of the  cone. An ana lys i s  of Eq.  6 leads t o  t h e  
following conclusions: 

i) (&S/a0),,, <O a s  *O, s o  t h e  cone is unstable  near t h e  apex. A t  r = O  (i .e. ,  
apex), the0cone spontaneously d i s in tegra tes .  

ii) vCZ=vcZ(r),  and there fore  p red ic t s  l o c a l  breakdown. 

When a s imi la r  ana lys i s  i s  done f o r  t h e  cuspidal  model a s  an equilibrium shape, 
i t  is found that[21 

i )  The cusp is  no t  an i sobar ic  surface,  and therefore cannot be a s t a t i c  
equilibrium shape. 

i i )  The cusp is spontaneously unstable  near and a t  the  apex. The reason is 
t h a t  t h e  high f i e l d  s t r e s s e s ,  due t o  t h e  s ingula r  shape, exceed t h e  
mechanical s t r e s s e s .  

Several  important conclusions emerge from the  complete EHS analysis .  

A. Taylor cone model: 

1. The parameter vcT, obtained from t h e  Taylor s t a b i l i t y  condit ion is t h e  vol t -  
age necessary t o  form a s t a t i c  f l u i d  cone w i t h  the  Taylor angle. It is not  
t h e  c r i t i c a l  o r  threshold vol tage f o r  the  onse t  of i n s t a b i l i t y .  

2. In  the  EHS l i m i t  t h e  exis tence of a s i n g u l a r i t y  a t  the  apex (whether mathe- 
matical ly ,  o r  "physically" induced) is  e s s e n t i a l  f o r  t h e  development of an 
i n s t a b i l i t y  there.  

3. The quant i ty ,  vcZ, ca lcu la ted  from t h e  use of Zeleny s t a b i l i t y  c r i t e r i o n ,  
s ' = O ,  i s  t o  be in te rpre ted  a s  t h e  add i t iona l  voltage, over and above vcT 
f o r  the  f l u i d  t o  d i s i n t e g r a t e  i n  the EHS model. Furthemore, Vc"O a s  
rtO and no addi t iona l  vol tage beyond vCT is necessary f o r  i n s t a b i l i t i e s  , t o  
a r i s e  a t  the  apex. 

B. Cuspidal shape: 

1. ~t o r  near onse t  of i n s t a b i l i t y  where cuspidal  shapes a r e  observed experi- 
mentallyil31, an EHD treatment is  necessary t o  describe accurately t h e  
shape and c r i t i c a l  vol tage f o r  the  onset  of i n s t a b i l i t y .  

C. It is  conjectured t h a t  none of the  simple coordinate surfaces,  except the  Taylor 
cone, a r e  allowed s t a t i c  equilibrium shapes. However, according t o  the  Zeleny 
c r i t e r i o n ,  t h e  Taylor cone is  spontaneously unstable. 

D. Final ly,  a r b i t r a r y  shaped f l u i d  sur faces  w i t h  a x i a l  symmetry e x h i b i t  hydrostat ic  
equilibrium, but  only f o r  A&O. 
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I V .  ELECTROHYDRODYNAMIC ANALYSIS OF EQUILIBRIUM SHAPE AND STABILITY 

It is well es tabl ished t h a t  t h e  Taylor cone model has been, and is useful  f o r  
the  study of some q u a l i t a t i v e  and q u a n t i t a t i v e  f e a t u r e s  of LMIS. However, i t  is  a 
s t a t i c  model, and a s  has been demonstrated, it has inheren t  inconsis tencies  (e.g., 
spontaneous d i s i n t e g r a t i o n  a t  the  apex). I t  is apparent t h a t  a dynamical theory is  
necessary f o r  a c o r r e c t  and accurate  descr ip t ion  of t h e  bas ic  physics involved. 
Spec i f ica l ly ,  i n  order  t o  explain the  development and l o c a l i z a t i o n  of i n s t a b i l i t i e s ,  
a s  wel l  a s  the  dynamical shapes observed experimentally, an EHD t reatment  is  required. 
We have there fore  used an EHD theory, v a l i d  t o  f i r s t -o rder  i n  the l i n e a r  approxima- 
t i o n ,  t o  c a l c u l a t e  t h e  dynamical shape of a three-dimensional s t ressed  f l u i d  surface. 
In  this ana lys i s  t h e  zero-order (undis to r ted)  sur face  corresponds t o  one of the  coor- 
d ina te  surfaces of a separable  coordinate system (e.g., cone, cusp, etc...). In  the  
ca lcu la t ion  reported below, t h e  l inear ized  EHD equations a r e  appl ied t o  t h e  exac t  
Taylor cone model because it is  a useful  (i .e. ,  t r a c t a b l e )  zero-order approximation. 
A s  w i l l  be shown, using t h i s  dynamical theory, t h e  cone deforms i n t o  approximately 
t h e  cuspidal  shape ur.der the perturbing ac t ion  of the  ex te rna l  e l e c t r i c  f i e l d .  

Since the  ca lcu la t ion  is very lengthy and tedious, although straightforward,  
only t h e  forma1 d e t a i l s  a r e  presented here. The mathematical ana lys i s  and calcula- 
t i o n a l  d e t a i l s  w i l l  be published elsewhere. 

The forma1 s e t  of EHD equat ions to be solved are:  

1. The Laplace Equations f o r  the  e l e c t r i c  p o t e n t i a l  @, and t h e  ve loc i ty  poten- 
t i a l  Q: 

v2@ = O Outside t h e  conducting f l u i d  

A'Q = O Ins ide  t h e  conducting f l u i d  

+ + 
where E=-?@ and u=-$Q a r e  t h e  e l e c t r i c  f i e l d  and ve loc i ty  of the f i e l d ,  respect ively.  

2. Bernoul l i ' s  Equation 

a0 
13 + %P (VQ) '  + P + Pgz = Po = constant ( 8 )  

This is  the  equation of motion f o r  an incompressible and i r r o t a t i o n a l  f l u i d  of den- 
s i t y  p .  

3. Boundary condit ions on t h e  po ten t ia l s .  

@=vo on the  f r e e  f l u i d  surface.  (9a) 
@=O on the  r i g i d  counter-electrode. (9b) 
?i*$$d =O, t h e  normal component of the  f l u i d  ve loc i ty  i s  zero  on t h e  (9c)  

a x i s  of symmetry. 

4. Le t  Z(o , t )  be  a (shape) funct ion which describes the  deformation of the  
f l u i d  surface,  and 6=B0 be the  coordinate describing t h e  undistor ted f l u i d  surface.  
W e  de f ine  a funct ion F 6 - Z ( r 2 , t ) - B o ,  where B defines the  deformed surface. Then 

describes the  instantaneous shape of the  f l u i d  surface. The funct ion F must s a t i s f y  
[ 151 

5. The time-dependent LY s t r e s s  balance condit ion,  

evaluated on the  (deformed) f r e e  surface of the  f l u i d ,  6=6, + Z ( a , t ) .  The "exact" 



s e t  of the coupled EHD eqs. and boundary condit ions,  given by Eqs. 7-11, a r e  i n t r i n -  
s i c a l l y  nonlinear i n  t h e  ve loc i ty  term 32. Dtcept i n  very s p e c i a l  circumstances, 
d i r e c t  so lu t ion  of these equations i s  impossible. ~ i n e a r i z a t i o n  of the EHü Eqs. 
makes some problems t r a c t a b l e ,  by which we mean t h a t  we can solve the  equations f o r  
approximate so lu t ions  t h a t  descr ibe  the perturbed motion on t h e  f l u i d  sur face  i n  
terms of simple harmonic o s c i l l a t i o n s .  

I n s t a b i l i t y  i n  the f l u i d  is a manifestat ion of developing non-linearity i n  the  
sur face  waves. Therefore, t o  f ind  t h e  i n s t a b i l i t y ,  it is necessary t o  consider non- 
periodic  motion described by t h e  higher-order cor rec t ions  t o  the  l inear ized  EHü eqs. 

The procedure f o r  obtaining and solving the  l inear ized  EHù eqs. t o  f i r s t - o r d e r  
i s  again s t raightforward,  b u t  very tedious. A d e t a i l e d  mathematical treatment is  
given by Chung[l6] and w i l l  be published elsewhere. We here merely note  t h a t  the  
procedure f i r s t  e n t a i l s  expanding t h e  deformation and p o t e n t i a l s  a s  sums of 'even' 
and 'odd' contr ibut ions.  Assuming t h e  deformation Z t o  be small,  t h e  p o t e n t i a l s  a r e  
expanded i n  a Taylor s e r i e s  about t h e  undistor ted surface,  and subs t i tu ted  i n t o  the  
s e t  of the  EHD equat ions and boundary conditions. By equating terms of equal  order  
i n  t h e  r e s u l t i n g  s e t  of equat ions,  a new s e t  of equations is obtained f o r  each of the 
successively higher-order cor rec t ions  t o  t h e  p o t e n t i a l s  and deformations, i n  terms of 
lower-order contr ibut ions.  Therefore to solve t h e  equations t o  f i r s t -o rder ,  we need 
t h e  zeroth-order so lu t ions  f o r  Q> and Cl on the  undeformed surface. !&en t h e  undeform- 
ed surfaces correspond t o  simple coordinate surfaces (e.g., cone, cusps, e tc . . . ) ,  t h e  
so lu t ions  f o r  Oo(Ro) a r e  known, and the  f i r s t -o rder  equations can be solved f o r  the  
p o t e n t i a l s  O l ( C l l )  and deformation 21. 

I t  can be shown[l6] t h a t  t h e  f i r s t - o r d e r  s t r e s s  condit ion y ie lds  the dispersion 
r e l a t i o n  f o r  w, t h e  frequency ( o r  energy) associated with a perturbed sur face  wave. 
From t h e  condit ion u2=0, t h e  c r i t i c a l  vol tage f o r  the onset  of an EHD i n s t a b i l i t y  i s  
obtained . 
V. RESULTS AND CONCLUSIONS 

The above mathematical procedure was f i r s t  appl ied t o  2-dimensional hydrodynamic 
f l u i d  geometries cons i s t ing  of a planar  surface with a normal e l e c t r i c  f i e l d  and a 
c y l i n d r i c a l  f l u i d  with a r a d i a l  f i e l d [ l 6 ]  , respect ively.  For l i q u i d  Ga, Vc -" 50 kV 
and 35 kv f o r  t h e  2-dimensional geometries. 

We used the  Taylor cone model i n  t h e  EHD ca lcu la t ions  f o r  th ree  reasons: 1. I t  
i s  a simple coordinate sur face  and there fore  the  zeroth-order so lu t ions  f o r  t h e  poten- 
t i a l s  a r e  known. 2. It i s  an allowed EHS equilibrium shape, and hence a good zeroth- 
order  model f o r  a dynamical treatment. 3. 1t is a ' r e a l '  3-dimensional model, and, 
t o  Our knowledge, t h e  f i r s t - o r d e r  cor rec t ions  have not  been applied t o  any three- 
dimensional geometry. 

Consider a small deformation c ( r , t )  of  the  l i q u i d  e lec t rode  about the  s t a t i c  
Taylor cone. We descr ibe  the  deformation by O=Oo+<(r , t ) ,  00=130.70 f o r  t h i s  model, 
Eqs. 9a and 11 a r e  appl ied a t  @=Oo+<, Eq. 9b a t  r=ro [P_i,(cos 00) ] -2  and Eq. 9c a t  
0=s. ( 1  71. The technica l  d e t a i l s  and so lu t ions  a r e  d i sc i ssed  elsewhere. Here, we 
merely note  t h a t  a r a t h e r  complicated dispersion r e l a t i o n  y ie lds  t h e  following 
expression f o r  the  c r i t i c a l  voltage: 

which can be compared with experiment and t h e  o ther  t h e o r e t i c a l  expressions, vcT and 
vCZ (Eqs. 4 and 5 ) .  

Vc is r a t h e r  insenqi t ive  t o  the  r e s t r i c t e d  values of the two parameters s and a ,  
where r t a < r o  and OtstO.Z+n, ~ t t l .  For l i q u i d  G a ,  r =2mm, and (r/a)=0.5, Vc=5.5 kV. 
It can be shown[l6] t h a t  i n  the  l i m i t  ( r / a ) + l ,  t h e  c r i t i c a l  voltage has t h e  constant  
value Vc=5.8 kv, which is i n  very good'agreement with vcexP 1: 4-7 kV. For 0ther  
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l i q u i d  metals,  vc s c a l e s  a s  JT. 

Since Vc - rs/2, t h e  i n s t a b i l i t y  i s  highly loca l ized ,  which agrees with experi- 
mental observations [ 1 3 1 . 

Fina l ly ,  t h e  ca lcu la ted  deformation of t h e  cone shows that i t  deforms i n t o  a 
cuspidal  shape. This cuspidal  shape agrees well  with recen t  observations of Ben 
Assayag, e t .  a l .  [13], and pred ic t ions  of Chung, e t .  a l .  [141 and of Kingham and 
Swanson [ 1 8 1 . 

In summary, t h e  r e s u l t s  of t h e  p resen t  electrohydrodynamic ca lcu la t ions  have 
demonstrated t h a t  an a p r i o r i  treatment of the  equilibrium shape and s t a b i l i t y  of a 
s t ressed  conducting f l u i d  is f e a s i b l e .  In  a s p e c i f i c  appl icat ion,  we have predicted 
the  dynamic shape and c r i t i c a l  vol tage of an operating LMIS a t  the  onse t  of i n s t a b i l -  
i t y  t h a t  is i n  good agreement w i t h  expr iment .  
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