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PERFECT AND IMPERFECT ICOSAHEDRAL SOLIDS AND THE PROJECTION METHOD 

D.P. DIVINCENZO 

IBM T.J. Watson Research Center, P.O. Box 218, Yorktown Heights. 
NY 10598. U.S.A. 

Abstract. We consider extensions of the projection technique for describing icosahedral sol- 
ids. The relationship between the projection method and the generalized dual method for de- 
scribing quasiperiodic lattices is considered. Quasiperiodic lattices not fitting into the 
ordinary projection scheme are discussed. Experimental icosahedral solids, which are not 
perfect quasiperiodic structures, can nevertheless be described by a random projection proce- 
dure. 

1. Introduction 
In this paper I report work in progress on descriptions of the underlying lattice structure of 

icosahedral solids.' My studies are based on the projection techniq~e,z-~ in which the icosahedral lattice 
is viewed as a projection of a subset of points drawn from a six-dimensional lattice. By now many au- 
thors have shown this technique to be a reasonable and desirable approach to describing these solids. 

I will discuss two extensions of the projection technique: 1) It is known that a perfect (i.e. 
quasiperiodic) icosahedral lattice can be constructed by the projection of points contained within a 
regular, straight window in six dimensions. However, the work of Socolar et al.9 shows that by another 
method (the so-called 'Generalized Dual Method' (GDM)), infinitely many more distinct quasiperiodic 
lattices can be c o n s t r ~ c t e d . ~ ~ l ~  In this paper, I will mention how the Socolar lattices can be viewed as 
modified projections, and discuss other modifications to  the projection method which will be needed 
before an exhaustive classification of icosahedral tilings can be achieved with this technique. 2) Ex- 
periments have shown13 that real icosahedral solids are not perfect quasicrystals; that is, diffraction 
peaks have a measurable, finite width. It is not guaranteed that this disorder is describable within the 
projection approach. However, there is a particular type of disorder, 'Hendricks-Teller' dis~rder , '~- l~ 
which comes out of the projection scheme naturally. This has been pointed out previously by Stephens 
and G ~ l d m a n , ' ~  and by Elser.16 In this paper I will extend their remarks somewhat, describe the conse- 
quences of Hendricks-Teller disorder as reflected in X-ray diffraction, and show that some of the ex- 
isting X-ray data is consistent with this disordering mechanism. 

While my main interest is in the properties of three-dimensional icosahedral media, for pedagogical 
reasons 1 illustrate many of my results with lower dimensional analogs, both the incommensurate 
projection from two dimensions to  one dimension mentioned by Elser2 and many others,"* and the 
five-fold-symmetry projection (the Penrose projection)3 from five dimensions t o  two. 

2. Perfect Quasicrystal 

Perfect quasicrystals are perfectly quasiperiodic; this means that the X-ray scattering function (the 
square of the Fourier transform of the density- density correlation function) consists of a set of delta 
functions. Let us review why lattices obtained by projection have this property. 

=gure l a  shows the simplest two-to-one dimensional projection which gives the quasiperiodic 
Fibonacci sequen~e.~ The lattice is obtained by multiplying the periodic 2-D lattice by a 'window func- 
tion', which is equal to  I inside the strip indicated and 0 outside. The Fourier transform of the resulting 
set of points is the convolution of the Fourier transform of the 2-D lattice (which is just a set of delta 
functions on 2-D reciprocal lattice points) with the Fourier transform of the window function. The re- 
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sulting function is quasiperiqdic because the Fourier transform of the window function is proportional 
t o  s delta function in q 1. This is so because the window function is flat and structureIess in the x 1 di- 
rection. I t  is this delta function which causes the Fourier transform of the Fibonacci sequence to be 
quasiperiodic, as shown in Fig. lb. 

Fig. 1. a) 2D to  1D projection scheme which produces the 1D Fibonacci sequence, as first discussed by 
Elser. I t  can be viewed as  the product of the shaded window function (1 inside the strip, 0 outside) with 
a 2D lattice. The slope of the strip is I/?. b) Fourier transform of part a). Each 2D reciprocal lattice 
point is streaked in  the direction perpendicular to  q 11 .. but is sharp in the q~ direction. 

The projection procedure which produces a quasiperiodic structure is clearly not unique; any flat 
window function is satisfactory. For example, the disconnected window function in Fig. 2 produces a 
projected structure which is quasiperiodic. However, this structure fails t o  satisfy another condition 
which we have not yet mentioned: It is not a legitimate tiling, that is, the lengths of line segments joining 
adjacent projected points take on many values, not just the two values of the Fibonacci tiing. One might 
thiik that only the window function of Fig. l a  can produce a tiling, and that the window functions for 
the pentagonal and icosahedral cases are similarly unique. 

Fig. 2. 2D t o  1D projection with a disconnected window function. Unlike the example in Fig. 1, the 
projected lattice is not a valid 'tiling'. However, the Fourier transform of the structure is still 
quasiperiodic. 

That they are in fact not unique is shown by the recent work of Socolar et al.9 With their GDM they 
can produce a vast number of distinct tilings, many more than have been previously reported by the 



Fig. 3. Left panel: The five slices of the window function (as described in the text) for the pentagonal 
quasiperiodic tiling which obeys Penrose matching rules. These five pentagons are known t o  repre- 
sent cross-sections of a rhombic icosahedron. Right panel: The same for a pentagonal quasiperiodic 
tiling which does not obey the matching rules. The window function remains well defied, but is 
much more irregular. 
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projection approach. However, all of the results of Socolar et al. can be transcribed into the projection 
language, as I wiIl now show. 

In the GDM, every vertex of the tiling may be specified as an integer linear combination of a set of 
basis vectors: 

H = C I C ~ ~ ~  . ki = integer. 
i 

In the 1-D case, for example, each lattice point can be specified as an integer linear combination of 1 and 
T (the golden mean). For each of the cases of interest (ID Fibonacci lattice, 2D Penrose lattice, 3D 
icosahedral lattice), it is possible to construct a complementary set of basis vectors r~ such that the 
vectors formed from the direct product of these two spaces, r 11 Ors. form an orthonormal basis set in 
a higher-dimensional space, i.e., are the basis vectors of a hypercubic lattice. For example, the basis 
vectors for the 2D Penrose case can be taken as 

3 = ( cos a, sin a), 3 = ( cos 2a, sin 2a, I), 
2n 3 = ( cos Za, sin 2a), 2 = ( cos 4a, sin 4a. 1). a = - 

-4 
5 ;i = ( cos 3a, sin 3a). rL = ( cos a, sin a, I), 

3 = ( cos 4a, sin 4 4 ,  3 = ( cos 3a, sin 3a, 1). 

These complementary basis vectors permit a reconstruction of the projection description of any tiling. 
If a point R=Zkirill belongs to the tiling, then the point in the complementary space R, = Ekir\ must fall 
within the window function; by taking ali of the tiling's lattice points, we can fill out the window func- 
tion completely. 

I have illustrated this concept by reconstructing the windows for two 2D pentagonal quasilattices 
which were kindly provided to me by J. Socolar, who constructed them using the GDM. One of them 
obeys the Penrose matching N ~ S ,  and the other does not. The reconstructed window functions for these 
two cases are shown in Fig. 3. The complementary space of Eq. (2) is three dimensional; however, a 
property of the pentagonal projection is that points fall on a discrete set of planes in the complementary 

3 

space with integer z values. Furthermore, because = 0, the z plane on which the point falls is only 
defined modulo 5. For these reasons, the windows aie presented as a set of five planes in Fig. 3. The four 
pentagonal segments making up the window for the Penrose-rule tiling have previously been shown to 
be sections through the rhombic icosahedron." which is the shape of the window function for the con- 
ventional projection description of the Penrose tiling. 

The projection window for the non-Penrose pentagonal tiling is obviously quite different. It certainly 
constitutes a proof by example of the assertion made above that the projection window is not unique, 
that even a fragmented and oddly-shaped window can produce a well-defined quasi-periodic tiling. 
There are many questions which these GDM-produced tilings raise for the projection technique: How 
can we tell that a particular window function will produce a tilinq? Is there a way of systematically 
enumerating these windows? Could this enumeration be derived from the known enumeration of pos- 
sible GDM-produced tiligs? These would be worthwhile questions to answer, bemuse although the 
GDM is quite a convenient way to produce tilings, by far the best way of understanding the X-ray 
scattering function is through a knowledge of the projection window function.2 

Fuzzy Projections 

In fact, the possibilities discussed above do not exhaust the complications which the projection 
method must face. What I call the 'fuzy projection' problem is best illustrated by a simple example. 
Consider the subset of points indicated on the 2D square lattice of Fig. 4. They are generated by two 
rules: 1) When going up, always go up by two lattice points. 2) When going to the right, go by either 3 
or 4 points. The threes and fours are drawn from a quasiperiodic sequence which is created by repeated 
application of the replacement rules (3-3334.4-33334). This construction guarantees that the 
projection of this structure is quasiperiodic. We can construct the projection window by the same 
scheme outlined above; what we f i i  is different from previous cases which have b%n examined. 



In the center of the window, all points are accepted. However, on the left and right hand edges of 
the window are regions in which half the points belong to the tiling, and half are excluded from it. The 
xl values of these points are intimately intermingled, implying a very F i n e  window function which 
has the value 1 on one set of irrational points, and the value zero on a disjoint set of irrational points. 
It seems reasonable to conjecture that for purposes of computing the X-ray structure factor, the window 
function can be taken to be 1/2 in these regions. Still, the very existence of such fuzzy projections 
complicates considerably the taxonomy of allowed projections mentioned above; these fuzzy 
projections are not considered in even the most recent classification scheme. I have not found an ex- 
ample of such a projection in the 2- or 3-D case, but I exject that one must exist. 

Fig. 4. A tiling obtained by 'fuzzy projection'. All the points in the central region (marked '1') of the 
window are included, only I out of 2 points in the window regions marked '1/2' are included. 

3. Imperfect Quasicrystal 
All of the structures discussed above are distinguished by having Bragg peaks in the X-ray structure 

factor. Experimental icosahedral solids are distinguished by exhibiting no Bragg peaks; narrow peaks, 
but with widths greater than instrumental resolution, are observed. 

Here we describe the role which the projection technique may play in explaining the nature of dis- 
order in these solids. Obviously, there are many types of disorder (eg., strains, concentration fluctu- 
ations, voids) which bear no relation to the projection description of the solid. However, there is at least 
one type of disorder which is very naturally described in the projection language. This disorder is well 
known in ID, where it goes under the name Wendricks-Teller'.IGl6 Most of what I say here about this 
disorder has been considered already by Stephens and Goldman.'4 and by Elser;l6 what is new is the 
observation that Hendricks-Teller disorder predicts peak broadening as a function of wavevector q 
which is distinguishable from the broadening caused by the more conventional mechanisms just men- 
tioned. In particular, we predict that the broadening should be a function only of q,, and that the peak 
broadening should go to zero as q p O .  An accompanying paper in this conference18 presents some data 
which seems to support this point of view. 

It is convenient to illustrate the concept of Hendricks-Teller disorder with a ID example. The ID 
structure of Fig. l a  is ordered because each successive step in the staircase, whether up or to the right, 
is uniquely determined by the projection strip. Suppose however that we imagine the 1D solid to grow 
by random accretion of long (=T) and short (= I) segments, such that the ratio of the number of longs 
to the number of shorts reaches some limiting value (7). This corresponds to a random staircase model 
in 2D, itiwhich at each vertex a random choice is made to go up or over, as illustrated in Fig. 5. Within 
this model the path of this staircase is simply executing Brownian motion with x 11 as the timelike axis, 
and xs the spacelike axis. 

The X-ray structure factor of this random system can be computed explicitly using the projection 
technique. For any given reali7ation of the random process, an irregular window function W(x) may 
be constructed to reproduce this realization, as shown in Fig. 5a. There is a whole ensemble of such 
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window functions which are in one-to-one correspondence with .the statistical ensemble describing 
Brownian motion. 

Fig. 5. a) A ID tiling obtained by random accretion, represented by a random projection window. In 
this simple case, the window is described by the statistics of Brownian motion. b) The Fourier transform 
of part a). Peaks now have a finite width in the q 1, direction. 

The important step in obtaining the X-ray structure factor is to compute the ensemble average of the 
Fourier transform of the density-density correlation function for the window function W(xL, x 11 ) , 

The detailed behavior of this correlation function over short real space distances is difficult to compute; 
however, its long distance behavior is given by Brownian statistics: 

To within factors of order unity, I, is the lattice spacing. The resulting structure factor is 

As in the quasiperiodic structure, the final structure factor for the random lattice is just the convolution 
of Eq. (5) with the 2D reciprocal Iattice.2 The result is shown schematically in Fig. 5b. The peaks along 
the physical q 11 axis no longer have vanishing width as in the quasiperiodic structure in Fig. 2. Ac- 
cording to Eq. (5). the observed peaks have a Lorentzian lineshape, with the linewidth given by T= 
I, ( QL 1 z, where QJ is the component of the higher-dimensional reciprocal httice vector perpendicular 
to the real (q 11 ) space. 

The above derivation merely constitutes a rederivation of the original Henricks and Teller's result. 
(Actually, Hendricks and Teller obtain an exact solution, while the above derivation is only correct in 
the long wavelength limit.) However, by recasting the Hendricks-Teller mechanism in more geometrical 
language, we have clarified why it differs from all other types of disorder: the Linewidth (and in fact the 
lineshape as well) is a function only of QI; other forms of disorder produce a linewidth which is a func- 
tion of both QL and Q #. There is an analogy of the the Hendricks-Teller disorder in icosahedral solids, 
in which successive icosahedral structural units are joined with identical orientations and along partic- 
ular directions (e.g., along faces), but otherwise randomly. This process has a straightforward inter- 
pretation in 6D; although we cannot exploit the results of simple Brownian motion theory to obtain 
analytic results for the structure factor, the crucial features of the 1D example (linewidth r a function 
only of QI, with r-0 as QL+O) carry over. 



Figure 6 shows experimental data for the X-ray linewidth as a function of Q1 for an annealed AlMnSi 
film. These results are discussed in detail in another paper at this meeting.S8 The correlation of the 
linewidth with QL is quite good; correlation with Q (not shown) is much poorer. This suggests that 
Hendricks-Teller disorder is indeed dominant over other forms of disorder in these samples. 
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Fig. 6. Half width a t  half maximum vs QI for certain selected peaks in the X-ray diffraction pattern of 
an annealed icosahedral AlMnSi film. 
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several 2D and 3D quasilattices. 
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