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Résumé - Le concept (Kléman et Sadoc) d ' un matériau amorphe comme 
cristal dans un espace courbe idéal et projeté dans notre espace 
euclidien ordinaire, incorpore plusieurs de ses propriétés 
structurelles, mais ou se trouve le désordre? Nous démontrons 
ici que le désordre correspond à un arbitraire local dans la 
projection, un pivot aléatoire, et que des desinclinaisons de 2TT 
apparaissent naturellement comme sources d'incompatabilitê dans 
l'espace euclidien. Cet arbitraire est une invariance de jauge. 
Ce fait relie la méthode de projection à d'autres descriptions de 
la structure du verre comme continu élastique sans symétrie, ou 
comme un matériel invariant de jauge, par Duffy et l'un d'entre 
nous. Il suggère aussi une interprétation plus souple de la 
théorie de l'élasticité classique. 

Abstract - Kleman and Sadoc's concept of an amorphous material as 
a crystal in some curved, ideal space, projected into our ordinary 
Euclidean space, has many attractive features, but where does 
disorder come in? We show that disorder corresponds to a specific 
local arbitrariness in the projection (random pivot), and that 
(2TT) disclinations occur naturally as cores of incompatibility 
in Euclidean space. This arbitrariness is a gauge invariance. 
The projection method is thereby related to other descriptions of 
the structure of glass, as an elastic continuum (without genera­
tive symmetry), or as a gauge-invariant material, by Duffy and one 
of us. It also suggests a broader interpretation of the classical 
theory of elasticity. 

I - STRUCTURE OF GLASS BY PROJECTION METHOD 

In 1979 Kleman and Sadoc fl] suggested that the structure of an 
amorphous material could be represented as a crystal in some ideal, 
curved space, projected into our ordinary, Euclidean space |R3. This 
idea gives a direct geometrical interpretation of frustration, i.e. 
competition between the requirements of best possible local packing of 
atoms [2] (corresponding in metallic glasses to combining tetrahedra 
or icosahedra together in curved space to form a polytope) and 
(Euclidean) space-filling. When dealing with covalent glasses, one 
should replace the word "best" by "most probable" local arrangement of 
tetrapods, in order to account for entropy. 

Projection from curved to Euclidean space means decurving. This is 
done by (disclination) lines, as can be easily seen by partitioning 
space into simplices (e.g. regular tetrahedra of 4 atoms) and noticing 
that it is their common edge which carries the mismatch (5.1 such edge-
sharing tetrahedra would fill a region of Euclidean space). This is 
identical, in one less dimension, to Regge's £3; ch 4 2] skeleton 
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geometry i n  genera l  r e l a t i v i t y .  'That l i n e s  a r e  an e s s e n t i a l  i ng red i en t  
of t h e  s t r u c t u r e  of g l a s s  has been recognised independently [4] . 
Pro jec t ion  should somehow map t h e  gene ra t ive  homogeneity of t h e  
c r y s t a l  i n  curved space i n t o  t h e  o v e r a l l ,  non-generative homogeneity of 
t h e  random s t r u c t u r e  i n  Euclidean space. Sadoc [ 5 ]  and Nelson [6], 
i n  t he  method's g r e a t e s t  triumph t o  d a t e ,  have descr ibed  a l l  t e t r a -  
hed ra l ly  close-packed (TCP)  o r  Frank-Kasper phases (Laves, A 1 5  e t c . )  by 
p ro j ec t ion  op polytopes,  a l though a l l  t he se  phases a r e  c r y s t a l l i n e .  
Sethna [ 7 ]  models b lue  phases i n  c h o l e s t e r i c  l i q u i d  c r y s t a l s  by con- 
tinuum e l a s t i c i t y  wi th  a  uniform dens i ty  of d i s c l i n a t i o n s  of i n f i n i t e s i -  
mal magnitude, b u t  t h e  l o c a l  s t r u c t u r e ,  which imposes t h e  f r u s t r a t i o n  i n  
t h e  f i r s t  p l ace ,  i s  l o s t .  F i n a l l y ,  i n  Mosseri and Sadoc 's  [8] h i e r a r -  
c h i c a l  decurving, t h e  end product  i s  a  q u a s i c r y s t a l  with long-range 
o r i e n t a t i o n q l  order  and Bragg peaks. A l l  of t he se  a r e  examples of 
f r u s t r a t i o n  without  d i so rde r .  We s h a l l  prove he re ,  by us ing  t h e  
p ro j ec t ion  method, t h a t  t h e  non-generative homogeneity is  a  gauge, o r  
l o c a l  invar iance  of t h e  d isordered  s t r u c t u r e ,  a  r e s u l t  which has  been 
h i t h e r t o  no more than a  j u s t i f i a b l e  working hypothes is  [9,10] . 
I1 - DISORDER AS RANDOM PIVOT 

I n  order  t o  understand how t o  c a r r y  o u t  t h e  p ro j ec t ion ,  suppose we wish 
t o  impr in t  t h e  su r f ace  of a  f o o t b a l l ,  complete wi th  seams, on a  plane 
(of  i n f i n i t e  e x t e n t )  i n  a  c o n s i s t e n t  manner. A  n a t u r a l  way t o  begin 
would be t o  r o l l  t h e  b a l l  a long one of i t s  seams u n t i l  a  junct ion 
between t h r e e  seams i s  reache-d, where an a r b i t r a r i n e s s  i s  introduced a s  
one is  faced  with a  choice  of d i r e c t i o n s  i n  which t o  proceed. Hence a  
p i v o t  motion i s  requi red ,  t o  r e p e a t  t h e  p a t t e r n  c o n s i s t e n t l y .  I n  f a c t ,  
a t  any po in t  dur ing  t h e  p ro j ec t ion ,  a  p ivo t  can be added which i s  
a r b i t r a r y  except  f o r  t h e  requirement of s a t i s f y i n g  compa t ib i l i t y  
cond i t i ons .  

The seam corresponds t o  t h e  l o c a l  frame ( t e t r apod ,  te t rahedron ,  s h o r t  
range o rde r )  i n  g l a s s .  I t  must be mapped i n t o  Euclidean space (which 
i s  tangent  t o  t h e  curved space) i n  a  compatible fash ion .  A  p i v o t  
(frame r o t a t i o n ,  o r  r o t a t i o n  of t h e  tangent  p lane)  i s  necessary t o  
guarantee compa t ib i l i t y .  Disorder impl ies  t h a t  t h i s  p ivo t  i s  random 
and i t s  a r b i t r a r i n e s s  i s  a  gauge invar iance .  P ro j ec t ion  from curved 
space impl ies  t h a t  frame o r i e n t a t i o n  i n  t h e  tangent  plane cannot  be 
def ined  uniquely.  Physics  must be independent of such a r b i t r a r i n e s s  and 
i n v a r i a n t  under l o c a l  r o t a t i o n  of t h e  tangent  frame. 

P ro j ec t ion  a l s o  impl ies  d i s t o r t i o n ,  and hence s t r a i n ,  and can be r e l a t e d  
t o  c l a s s i c a l  e l a s t i c i t y  theory.  Indeed, both t h e o r i e s  a r e  n a t u r a l  
mappings between spaces with frames, t h e  curved space corresponding t o  
t h e  a c t u a l ,  s t r a i n e d  con f igu ra t ion  of t h e  e l a s t i c  s o l i d ,  compatible wi th  
g loba l  boundary cond i t i ons  (which has Euler  o r  holonomic co-ord ina tes )  
and t h e  tangent  space i n t o  which it i s  mapped corresponding t o  t h e  l o c a l  
r e l axed  con f igu ra t ions  of t h e  s o l i d  (which has non-holonomic o r  Lagrange 
co -o rd ina t e s ) .  A compatible frame must r e t u r n  t o  t h e  same o r i e n t a t i o n  
a f t e r  circumnavigat ion,  modulo an element of t h e  space group. I n  g l a s s  
t h e  space group is  t r i v i a l ,  s o  t h a t  only r o t a t i o n s  by 0 o r  2% ( 2 W -  
d i s c l i n a t i o n s )  a r e  allowed - t he se  a r e  a l g e b r a i c a l l y  i d e n t i c a l  t o  odd 
l i n e s  [4,10] and a r e  t h e  sources of s t r a i n .  

I11 - THEORY OF SURFACES 

The mathematical framework f o r  t h e  p ro j ec t ion  method i s  provided by t h e  
theory of su r f aces  [ 3 ,  ch. 2 1 1  . There a r e  two a l t e r n a t i v e  t rea tments :  

( a )  I n t r i n s i c  (Riemann, C h r i s t o f f e l ,  R icc i ,  Levi-Civi ta ,  E i n s t e i n ) .  



T h i s  i s  c h a r a c t e r i s e d  by a  connec t ion ,  r , r e l a t i n g  f rames a t  d i f f e r -  
e n t  p o i n t s ,  and t o r s i o n  and c u r v a t u r e  (which measure t h e  d e n s i t y  of 
d i s l o c a t i o n s  and d i s c l i n a t i o n s )  a r e  expressed  d i r e c t l y  i n  t e r m s  of t h i s  
connec t ion .  

( b )  E x t r i n s i c  (Gauss,  Codazzi ,  Weingarten) . 
The s u r f a c e  i s  embedded i n  R 3  ( c o n s i d e r i n g  j u s t  t h e  2D c a s e  f o r  t h e  
moment) and c h a r a c t e r i z e d  by t h e  second fundamental q u a d r a t i c  form 
t e n s o r  

where e-. l i e s  i n  t h e  t a n g e n t  p lane  and n i s  t h e  normal t o  t h e  s u r f a c e  
i n  t h e  embedding space R3. 
The two t r e a t m e n t s  a r e  l i n k e d  by ~ a u s s ' e ~ u a t i o n  (iii), s t a t i n g  t h a t  
c u r v a t u r e s  o b t a i n e d  i n  e i t h e r  ( a )  o r  ( b )  a r e  i d e n t i c a l .  

L e t  Z b e  t h e  curved s u r f a c e ,  T  i t s  t a n g e n t  p l a n e  a t  a  p o i n t  P ,  w i t h  a 
n a t u r a l  t a n g e n t  frame ed , and Q i t s  normal a t  P ( s e e  f i g . )  

F i g .  S u r f a c e  x, t a n g e n t  p l a n e  T, and embedding 

When embedded i n  lR3 t h e  s u r f a c e  i s  g iven  by 

r ( x d )  - 
Then 

e4 - = A,, 
is  t h e  n a t u r a l  t a n g e n t  frame and i t s  v a r i a t i o n  i n  t h e  d i r e c t i o n  i of R3 i s  g iven  by t h e  Gauss-Weingarten e q u a t i o n  

where I ' i s  t h e  connec t ion .  Note t h a t  t h e  reason  f o r  t h e  unconventio- 
n a l  d i s t i n c t i o n  between Greek i n d i c e s ,  l a b e l l i n g  t h e  frame { Q c  
t h e  t a n g e n t  p l a n e ,  and L a t i n  i n d i c e s ,  l a b e l l i n g  d i r e c t i o n s ,  i s  t 1 a t  in we 
s h a l l  u s e  t h e  freedom t o  r o t a t e  o r  p i v o t  t h e  t a n g e n t  p l a n e  w i t h o u t  
a f f e c t i n g  t h e  d i r e c t i o n .  The p i v o t  is  t h e  gauge t r a n s f o r m a t i o n .  The 
Greek i n d i c e s  r e f e r ,  t h e r e f o r e ,  t o  t h e  i s o s p i n  space i n  Yang-Mills 
t h e o r i e s ,  which cor responds  h e r e  t o  t h e  o r i e n t a t i o n  of t h e  frame i n  
t a n g e n t  space.  
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The main equa t ions  of su r f ace  theory  a r e  iven below. Thei r  
g e n e r a l i s a t i o n  t o  3 -space embedded i n  fi4 i s  s t r a i  htforward 
(a l though l e s s  e a s i l y  v i sua l i s ed ! )  - simply replace'+ by "r and 
l e t  O( = 1,2 ,3  [ 3 7  . 
Codazzi equa t ion  ( c o m p a t i b i l i t y  automatic  i n  t h e  formalism) 

Gauss' equa t ion  ( r e l a t i n g  i n t r i n s i c  t o  e x t r i n s i c  cu rva tu re )  

which, on s u b s t i t u t i o n ,  can  be w r i t t e n  e x p l i c i t l y  a s  

For a  20 s u r f a c e  embedded i n  R3 then t h i s  can be w r i t t e n  a s  

which is  gauge i n v a r i a n t  under r o t a t i o n  of t h e  tangent  p lane  ( c . f .  
B = c u r l  & i n  SO (2 )  gauge t h e o r i e s )  . - 

Equation ( i v )  i s  s t i l l  v a l i d  i n  3D (embedded i n  R4 ) and 
i s  SO(3) gauge c o v a r i a n t  ( c f  F i j  i n  Yang-Mills gauge t h e o r i e s )  . 
The theory  has  mani fes t  gauge i nva r i ance .  I t s  l i n k s  wi th  e l a s t i c i t y  
t heo ry  [ lo ]  and wi th  measurable q u a n t i t i e s  l i k e  s t r a i n  a r e  e s t a b l i s h e d  
through r and Gauss' equa t ion .  

I V  - CONCLUSIONS 

Disorder  i s  SO(3) gauge i nva r i ance .  Its sources  a r e  2 r t - d i s c l i n a t i o n  
l i n e s  which appear  n a t u r a l l y  i n  Eucl idean space a s  v e s t i g e s  of t h e  
curved space,  in t roduced  t o  r e p r e s e n t  f r u s t r a t i o n .  They c a r r y  curva- 
t u r e ,  a r e  f rozen  a t  random, t h e i r  d e n s i t y  corresponds t o  t h e  cu rva tu re  
of Kleman and Sadoc 's  i d e a l  space,  and they  a r e  r e spons ib l e  f o r  t h e  
non -co l l i nea r i t y  of l o c a l  r e f e r e n c e  frames e " .  Here i s  t h e  paradox of 
qauge invar iance :  frames a r e  e s s e n t i a l  t o  e s t a b l i s h  t h e  p r o j e c t i o n  and 
j u s t i f y  f r u s t r a t i o n ,  bu t  t h e i r  a c t u a l  o r i e n t a t i o n  i s  p h y s i c a l l y  
i r r e l e v a n t .  

A s  we have seen,  t h e  e x t r i n s i c  formula t ion  y i e l d s  gauge i nva r i ance  
w h i l s t  t h e  i n t r i n s i c  formula t ion  r e l a t e s  it t o  measurable e l a s t i c i t y .  
The l i n k  between t h e  two formula t ions  i s  through cu rva tu re  (Gauss' 
equa t ion  ( i ii)),  which a l s o  i n d i c a t e s  t h a t  2 T - d i s c l i n a t i o n s  a r e  
e s s e n t i a l  i n g r e d i e n t s  i n  g l a s s .  Th i s  e n t i r e l y  r e c o n c i l e s  t h e  pro- 
j e c t i on  method C1 ] with  two o t h e r  t h e o r i e s  of g l a s s  by Duffy and one 
of us: a  man i f e s t l y  gauge i n v a r i a n t  formula t ion  [ g ]  and a  c l a s s i c a l  
e l a s t i c i t y  theory ,  inc lud ing  d i s c l i n a t i o n s  [I 0,11]. ( D i s c l i n a t i o n s  
can occur  i n  3D g l a s s e s  because t h e i r  s t r a i n  is screened by d i s -  
l o c a t i o n s  which a r e  n o t  t opo log i ca l l y  s t a b l e  i n  s t r u c t u r e s  wi th  t r i v i a l  
space groups and can  a c t  a s  l o c a l  f l u c t u a t i o n s  t o  reduce t h e  s t r a i n ) .  

I t  i s  e a s i e s t ,  and most n a t u r a l ,  t o  work and measure i n  t h e  l o c a l ,  
r e l axed ,  t angent  space ,  d e s p i t e  t h e  f a c t  t h a t  i t s  co-ord ina tes  a r e  



anholonomic and only gauge cova r i an t .  

F i n a l l y ,  t h e  p ro j ec t ion  method [ I  2 sugges ts  a  new genera l  approach t o  
e l a s t i c i t y  theory ,  involv ing  s o l i  s l a r g e  enough, o r  d i sordered  enough, 
f o r  g loba l  boundary cond i t i ons  no t  t o  permeate through t h e  m a t e r i a l .  
One r ep l aces  t h e  g loba l ,  s t r a i n e d  frame by a  c r y s t a l  i n  curved space 
express ing  s t r e s s e s  o r  f r u s t r a t i o n  simply, and then works, and measures, 
a s  usua l  i n  t h e  l o c a l ,  Euclidean, re laxed  frame. 

We would l i k e  t o  express  our  thanks t o  t h e  main au tho r s  [ I ,  5,6,7,8,12] 
of t h e  p ro j ec t ion  method f o r  in t roducing  a  simple, e l egan t ,  important  
and p o t e n t i a l l y  u se fu l  idea .  
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