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THE INTERPLAY BETWEEN F I R S T  SOUND AND ZERO SOUND I N  A F I N I T E  FERMI 

SYSTEM 

J.P. da ProvidBncia 

Departamento de Fisica, Universidade de Coimbra, 3000 Coimbra, Portugal 

R6sum6 - On prcsente une dgrivation de la dynamique fluide nuclcaire 
pour les systPmes finis de Fermi, qui se base sur le principe variation- 
nel dgpendant du temps. La fonc~ion variationnelle considgrge est un 
determinant Slater I Q  > = exp(iF16) > oG I@f> est un dgterminant Slater 
qui comprend des dgformations locales d'gquilibre et oCi F est un ggngrateur 
hermitien dependant du temps de la forme F = x + P . F .  + 4 p,pgQaB. Ce sch6ma 
de dynamique des fluides fournit une description simultan6e des 6tats de 
basse dnergie et des rgsonances g6antes dans les noyaux. Sous llhypothSse 
de forces 6 dgpendant de la densit6 on montre, 2 la limite classique, 
la densit6 de l'stat normal est de po(?) = po(0) 8(R-r) 05 Po(0) est la 
densite d'squilibre de la matisre nucl6aire. 

Abstract-A derivation of nuclear fluid dynamics for finite Fermi 
systems based on the time dependent variational principle is presented. 
As variational function a Slater determinant I $ >  = e~~(ip/*)I+~ > is 
considered where I$f> is a Slater determinant which includes local 
equilibrium deformations and F is an hermitian time dependent generator 
of the form F = x + H.p + 1 ~,p~@,~. This fluid dynamical scheme provides 
a simultaneous description20f low lying states and giant resonances in 
atomic nuclei. Assuming density dependent 6 forces it is shown that in 
the classical limit the ground state density is Po(?) = po(0) B(R-r) 
where po(0) is the nuclear matter equilibrium density. 

1 - INTRODUCTION 

Since the last decade when many Giant Resonances were found there has been 
renewed interest for macroscopic models 11-111 describing nuclear collective motion. 

On the microscopic level the random phase approximation provides a very detailed 
but necessarily numerical description of collective vibrations. It is therefore 
important to have simpler pictures which preserve the physical content of the 
microscopic theory. Macroscopic approaches to the nuclear motion give us the 
possibility of describing general features of collective states in a systematic way 
using a limited set of parameters which characterize global properties of nuclei. 

Though fluid dynamical models admit a completely classical interpretation they 
can be derived starting from a microscopic point of view with the explicit use of a 
quantum energy functional. In particular we will derive a fluid dynamical scheme 
starting from the quantum mechanical lagrangian and taking Slater determinants as 
variational functions. 

2 - THE STATIC CASE 

In the first sound case 11-31 it is assumed that the sphericity of the Fermi 
surface in momentum space is preserved when nuclear collective motion takes place 
(Thomas-Fermi approximation). In particular for a time even deformation we have 
the following distribution function 
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where Uo (;) is the Hartree-Fock ground state potential and w(7,t) accounts for 

local equilibrium distortions. The field w(F,t) is a variational field and is 
also responsible for the interplay between first sound and zero sound. 

The energy functional associated to a distribution function f is 

where dT = gd3rd3p/(2d)3, v stands for the two body interaction, ~ 1 2 3  stands for 
the three body interaction anc!i2 so on. Using 6 forces (v12= t06 (PI-f2) , 
vlZ3= t3 8(F1- P2)6(F2- F3), ... ) the potential part of the energy functional is 

where P is the density corresponding to the distribution function f 

With respect to the kinetic part we will have, for the particular case of a 
distribution function of the type of ff , that the kinetic part of the energy 
functional is also a functional of the density 

Therefore for a distribution function of the type f , which describes a system 
instantaneously at rest, the energy of a time even fdeformation may always be 
written as a functional of the density 

Obviously this functional should also be valid for the ground state. Therefore 
minimizing the energy and taking into account as a subsidiary condition that the 
particle number A remains constant we obtain the ground state density po(t). 

The domain D is the region where p # 0 ,  S is the boundary of the domain D, 6R 
denotes the displacement of the boundary and 6 is the outwards normal. The ground- 
state density p (F)  is a solution of the following set of equations 0 

Equation (8) implies that po is independent of ? and combining (8) and (9) it 
follows that the value of is obtained by minimizing the total energy. 

Po 

From now on we will therefore consider the ground state density 

wh.ere, according to equation (lo), po (0) is the nuclear matter equilibrium density 
and the npclear radius R is fixed by po (0) and A. 



3 - THE GENERALIZED SCALING 1,lODEL 

A typical quantum effect exhibited by Fermi systems is the deformation of the 
Fermi sphere in momentum space while the nuclear collective motion takes place. The 
generalized scaling approach implies such an effect and permits to describe a new 
class of phenomena the most famous of which is the Giant Quadrupole Resonance. 

Let's consider a Slater determinant I $ >  which is related to the Hartree-Fock 
groundstate by means of the hermitian time dependent generators Q and P 

where Q is time even and P is time odd. To derive the equations of motion in the 
generalized scaling approach one looks for approximate solutions of the TDHF 
equations belonging to the family of Slater determinants where P is restricted tothe 
first term in an expansion in powers of the momentum 

p = - p  . - s(F, t) . (13) 

The s_caling field E changes the density of the ground state 14 > by the amount 
6p = V. (po 5) . In fact the density is obtained integrating O the distribution 
function in momentum space 

The generator Q reproduces time odd components in the wave function without changing 
its density, 

In order to allow for vorticity we go beyond the local x approximation considering 
apBQaB. 

The importance of non local components of this kind is also the term 1 p 
- 

suggested for instance by the analysis of low lying vibrations. 

4 - THE INTERPLAY BETWEEN FIRST SOUND AND ZERO SOUND 

Fluid dynamics as based on the generalized scaling approach seemsunable to 
reproduce low-lying states which we would expect in a microscopic theory. 

The truncation of expansions for Q and P imposes a restriction on the trial 
wave functions. This restriction may be compensated in part by allowing the 
canonical transformation generated by Q and P to act not on the groundstate but 
on a deformed state 1 bf> which includes local equilibrium distortions and is 
described by the distribution function ff. It is clear that the extra freedom we 
gain dy deforming /Qf> instead of /40>is redundant if Q and P are the most general 
generators of a canonical transformation. Any further parameters would then be 
necessarilyredundant. This is not the case if Q and P are not the most 
general generators. 

The equations of motion as well as the boundary conditions are obtained by 
minimizing the quantum mechanical action integral. We start from the quantum 
mechanical lagrangian L 

L = iti <$I$> - <$IH/$ > (16) 

where I $ >  is the Slater determinant 

and the generators P and Q are defined by equations (13) and (15). Afterwards we 
allow for arbitrary variations within the family of the Slater determinants I $ > .  

The groundstate density po as well as the density pf are restricted to the 
same domain D such that r<R. It is convenient to introduce the field pil)=p,-p, 

L - 
Since p and pf have the same boundary S it is clear that p(Ohas no singu;arities 
at the O surface of the nucleus. f 

We have now an additional contribution to the transition density Bp because we 
are deforming a state >to which corresponds a density p f' 
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The current j is obtained from its definition. 

Here we encounter the difficulty that the last term in the expression for the 
current leads to a pure surface current unless we impose the boundary condition 

Another reason for imposing this boundary condition is the appearance in < J I I v ! $  > 
of a surface integral 

which will diverge unless we require at the surface the condition (20). We will 
therefore impose (20) as a boundary condition on the variational field 0 . 

Since we are only considering small amplitude oscillations we will t%e into 
account in the.lagrangian terms up to second order in the variational fields x,S,Q 

a B 
and pkl) . The energy functional d2)rPf (I), ; 1 contains all p:') and 1 dependent 
terms of < $ \ H I $ >  . 

Replacing the variational function (17) in the quantum mechanical lagrangian (16)and 
taking into ?count the boundary condition (20) we obtain the fluid dynamical 
lagrangian L 2, 

The equations of motion and boundary conditions are now obtained by minimizing the 
action integral with respect to arbitrary variations of x,Z,Q and p(l) 

aB f 

6 ~dt{L(~! 4 dS Fa ag IaB 1 = 0 (24) 
S - 

being 5 (52) a Lagrange multiplier. 
Arbitrary variation with respect to x yields the continuity equation. 

. Po p; 1 -"'+aa i { p, sa +_  [a,~ +T (Taamg, + aBmaB )I I = o (25) 

LSince po is a step function , equation (25) implies at the surface the boundary 
condition 2 . Po 
Xa{pOsa+,[aax +: (+ a a m B B + a B m a B l ~  = o . 

r =X 
(26) 

In an analogous way an arbitrary variation with respect to s leads to the Euler type 
equation 



and to the boundary condition 

where 

The constants c c and ct are respectively the first sound velocity and the zero 
sound longitudinal grid transverse sound velocities. 

l+Fo 
c2 = - P~(-) 9 

f m2 3  
( 3 0 )  

It is interesting to note that the tensor P may be clearly interpreted, in analogy 
a B with continuum classical mechanics, as the stress tensor since the current is equal 

to the derivative of this tensor and also because the boundary condition ( 2 8 )  means 
that at the surface the stress is zero as we would expect on account of the nuclear 
surface being free. Another interesting feature is that the stress tensor can be 
decomposed in the sum of the stress tensor corresponding to the first sound,which 
is diagona1,with the stress tensor correspondin to the generalized scaling model. 
Finally, arbitrary variations with respect to p ( f i  and @ lead to the following 
equations f aB 

- 2 

The set of equations of motion ( 2 5 ) ,  ( 2 7 ) ,  ( 3 4 )  and ( 3 5 )  and the boundary 
condition ( 2 0 ) ,  ( 2 6 ) ,  ( 2 8 )  and ( 3 6 ) ,  obtained by minimizing the action integral, 
determine completely the normalmodes of the system. 

In this scheme the transverse sound velocity is still the same as in the 
generalized scaling model since we are just introducing an additional scalar field 
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having no influence on the magnetic modes which are purely transverse. However we 
have a change with respect to the longitudinal sound velocities which are now cl and 

In fact the introduction of the local equilibrium distortions implies a considerable 
improvement in the description of electric modes as we will see in the next section. 

5 - NUMERICAL RESULTS 

We present results in terms of the unambiguous radial functions j+(r), j (r), 
jcurl (r) defined by - div 

- - - 
Vxj = i j  

curl(r) - 
The radial functions j divand 'curl are a way of investigating the relative - 
magnitude of the longitudinal and transverse components of j. 

The numerical results presented in this section are obtained using zero range 
effective interactions previously used in other macroscopic descriptions /2,7,10/ 
in order to allow for comparison with other results. We will be using a potential 
energy functional of the form 

With the power a chosen to be 116 or 1. For a given a the two constants a2 and 

a2+a are adjusted to give saturation properties of nuclear matter as 

- 3 
kF = 1.26frnl(~~= 0.135 fm 1,  EIA = -13.8 MeV - (40) 

Then we have 

3 
x 1064.4 KeV fm , 1 a3 = - x 17862.9 MeV fm6 , (a = 1) . (41) 

a 2 = - -  8 16 

We will only refer to the results for the electric modes since this scheme 
introduces no changes with respect to the magnetic modes which were already 
considered in the references /2,7/. We will be considering A = 208. 

R K  = o+: Monopole modes are purely longitudinal. When the generator Q 
is defined by (15) the generalized scaling model gives identical results to the 
more simplified approach 1101 where a local approximation is made for Q. Allowing 
for the interplay with first sound we obtain also a very collective state which 
exhausts about 96% (a= 116) of the energy wheighted sum rule (EVSR) and 
having an energy of 13.68 MeV which is slightly lower than the one provided by 
the GSM (13.70 MeV). 

R" = I-: The lowest 1- mode is the uniform translation which occurs at 
w = 0 in both formulations. The strength is mainly fragmented in two states at 
energies 13.6 and 25.56MeV (a= 116) this last state having about 48X of 
the EWSR. 



Table 1 

List of normalmodes (9. < 4) in '08pb 
with the force CL =1/6 

Table 2 

List of normalmodes (R < 4) in '08pb 
with the force a = 1 

-- - 

Q; h w  EWSR f i w  EWSR R; % w  EWSR %tiw EWSR 

For the states listed in the first column energies (in MeV) and contributions to 
the total EWSR are given. The second and third columns show the results 
obtained from the present nuclear fluid dynamical approach (being the variational 
function given by the expression (17) where the generators p and Q are defined 
by (13) and (15)) and the fourth and fifth columns show the results given by 
the GSM (being the variational function defined by (12) where the generators .F 
and Q are again given by (13) and (15) 1. !Je have considered the following 
excitation operators, r2yO0, jl(qr) Y10 with qr = 4.49 and rQyQm for Q > 1. 

Q" =2+: The state with the lowest energy appears at an energy of 8.5 KeV and 
exhausts about 82% of the EWSR. This state is most similar to the one provided by 
previous rotational fluid dynamical models /2,3,6 ,7/. 

2" = 3-, 4: For R >, 3 this scheme succeeds in producing low lying states at 
the correct energies and with an appropriate strength (for comparison see for 
!instance reference /I I/).  

A common feature of all the states produced in this "square well" formulation 
-113 

is the dependence of the energy on A which is due to the fact that ,the boundary 
conditions determine a variable z = kR for each mode. For each normalmode we will 
have the energy and the different wave numbers related by the equation 
w = ktct = klcl = k2c2 . 
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- 
Fig. 1 - The r a d i a l  func t ions  of j and - - 
V . j  according t o  eqs .  (38) f o r  t h e  f i r s t  
exc i t ed  0' s t a t e  (a = 1/61. 

- - 
Fig. 2 - The r a d i a l  func t ions  of 3, V . j  

-. - 
and Vxj according to  eqs. (38)for the four th  
exci ted 1- s t a t e  (a = 116) 

Fig. 3 - Same a s  f i g .  2 f o r  t h e  f i r s t  Fig.  4 - Same a s  f i g .  2 f o r  t h e  f i r s t  
exc i t ed  2+ s t a t e .  exc i t ed  3- s t a t e .  
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Fig. 5 - Same as fig. 2 for the first Fig. 6 - Same as fig. 2 for the first 
excited 4+ state. excited 5- state. 

Another important aspect is that although the Landau parameter Fo and the 
incompressibility K have rather different values for a = 116 (Fo = -0.12, K =I75 FeV) 
and for a = 1 (Fo = 0.66, K = 327 MeV) the energy and the strength remain approxima- 
tely constant for the mode with lowest energy for each multipolarity equal or 
greater than 2. 

In figs. 4-6 the low lying states are represented for 11 =3,4 and 5. From the 
behaviour of the curve jfYrl it is clear that for these states the transverse 
components are very signi ~cative. 

6 - CONCLUSION 

In the present contribution we have derived a variational principle taking 
Slater determinants as variational functions which allows for the interplay between 
first sound and the generalized scaling model. Due to the special ansatz (15) 
for the generator Q this model also allows for vorticity which is shown to be 
specially important for the description of the so called low lying modes ( R  > 3). 

In analogy with previous variational approaches 12, 7,10/ this formulation is 
a genuine variational principle in the sense that first we consider a truncated 
variational space and only afterwards we allow for arbitrary variations within 
this space. 

When comparison is made with previous results /10,11/ of microscopic 
calculations we find good agreement for the energy levels and the strength 
distributions. Another-success of the present formulation is that all the sum 
rules correctly reproduced by the GSM are also reproduced in this scheme. 
Additionally also the inverse energy wheighted sum rule is preserved. 

ACKNOWLEDGEMENTS 

I would like to express my ,gratitude to Professor G. Holzwarthforhelpful and 
stimulating discussions during my stay at Siegen where a large part of this 
work was done. 

The present work has been partially supported by the Instituto Nacional de 
Investigafao Cientif ica, Lisboa. 



JOURNAL DE PHYSIQUE 

REFERENCES 

/I/ BOHR A. and MOTTELSON B., Nuclear Structure (Benjamin, N.Y.,1975) vol.2,ch.6A. 
/2 /  PROVIDENCIA J.P. da, Ph. D. Thesis, Siegen 1983. 
/3/ ECKART G., HOLZWARTH G. and PROVID~NCIA J.P. da, Nucl. Phys. A364 (1981) 1. 
/4/ BERTSCH G.F., Ann. of Phys. 86 (1974) 138; Nucl. Phys. A249 (1973) 253. 
/5/ STRINGARI S., Nucl. Phys. A279 (1977) 454; E(1979) 199; Ann. of Phys. 151 

(1983) 35. 
/6/ HOLZWARTH G. and ECKART G., Nucl. Phys. A325 (1979) 1. 
171 PROVID~NCIA J. P. da and HOLZWARTH G., Nucl. Phys. A398 (1983) 59. 
/8/ DI TOR0 M. and BRINK D.M., Nucl. Phys. (1981) 
/9/ SERR F.E., BERTSCH G.F. and RORYSOWICZ J., Phys. Lett. (1980) 241. 
/lo/  AND^ K. and NISHIZAKI S., Progr. Theor. Phys. 68 (1982) 1196. 
/11/ SERR F.E., DUMITRESCU T.S., SUZUKI T. and DASSO~.H., Nucl. Phys. (1983) 359. 


