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RAY THEORY OF THERMAL WAVE IMAGING 

J.A. Burt 

Department of Physics, York University, Toronto M2J IPS, Canada 

Résumé - On applique la théorie des rayons à l'étude d'une lame de rasoir 
par onde thermique. Un bon accord est obtenu pour le champ lointain 
lorsque l'on tient compte de la loi de Boltzmann du corps noir. L'effet de 
la variation de la conductivité thermique avec la température est très 
faible. 

Abstract - The thermal ray theory is applied to the expérimental thermal scan 
on a razor blade. Good magnitude agreemettt is obtained using a far-field ray 
formula provided correction is made for the Boltzmann blackbody radiation law. 
The effect of conductivity variation with température is found to be small. 

Introduction 

If a modulated heat source produces thermal waves in a sample then the resulting 
modulated heat diffusion exhibits ray properties and the ray may be considered to 
reflect, refract and diffract just as acoustical rays. As an illustrative example 
we apply the ray theory to Busse's [1] thermal wave apparatus. The theory is not 
restricted to his technique, however, but will describe thermal waves in any sit
uation. In Busse's technique a modulated CW laser beam is incident on the front 
surface of an opaque sample and a sensitive IK. detector is focussed to a point 
opposite the laser beam on the rear surface. The blackbody radiation from the rear 
surface focussing point depends on the thermal.path from the laser incidence point 
on the front surface to the detection point on the rear surface. Any subsurface 
structure within the sample such as holes or inclusions will influence the final 
temperature detected. If, then, the detector is mechanically scanned during the 
measurement, a line or one-dimensional image of the sample structure is obtained. 
To a first approximation, this line image is integrative in sample depth but not, 
as is the case in a sealed photoacoustic cell, integrative over the scanned surface 
since only a single point contributes to the signal rather than the entire rear 
surface. Consequently better spatial resolution is obtained using Busse's technique 
than in the photoacoustic case. 

Any theoretical description of the temperature within the sample (and finally at 
the detection point on the rear surface) must at least be two-dimensional. Since 
few analytic methods are available for solving two-dimensional heat conduction it is 
worthwhile to consider a ray technique based on Keller's [2] optic'al diffraction ray 
theory as it promises to involve less computation than a purely numerical integra
tion such as the finite element method. It is well known that modulated thermal 
waves are rapidly attenuated with distance. Effectively this means that few rays 
need to be considered since many would travel such long distances before arriving 
at the detection point that they contribute virtually nothing to the total signal. 
Thus, unlike optical rays where only problems including diffraction are practicable, 
for the thermal rays (or rays in any lossy medium) solutions may be obtained even if 
nothing more than reflection is present since few rays need be calculated. Such is 
the case for the example under study in this report. We point out that for the 
photoacoustic case, there is yet another technique which does not involve the lengthy 
computation of numerical integration yet is nevertheless applicable to a variety of 
sample structures namely the Green's function method of Thomas et al. [3]. Due to 
the difficulty in finding Green's functions for complicated geometrical boundaries, 
the method is limited in the type of sample subsurface structure that can be 
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considered. The ray method, however, is not  r e s t r i c t e d  t o  any type of subsurface 
geometry. 

Our ana lys i s  beains with t h e  Fourier heat  conduction law: 

T represen ts  the  temperature, t t h e  time, a t h e  thermal d i f f u s i v i t y ,  k t h e  thermal 
conduct ivi ty ,  and Q t h e  energy f l u x .  For a r e a l ,  modulated heat  source, Q is always 
pos i t ive  so t h a t  t h e  temperature, even with modulations, always decreases away from 
the  source. I f  we assume t h a t  t h e  time v a r i e s  a s  exp(-iwt), w being t h e  angular 
frequency, then t h e  Helmholtz equation r e s u l t s :  

- 
with wavenumber equal t o  , i . e . ,  t h e  roo ts  .of t h e  c h a r a c t e r i s t i c  equation have 
r e a l  and imaginary p a r t s .  The r e a l  p a r t  descr ibes t h e  a t t enua t ion  along t h e  ray.  The 
f a c t  t h a t  equation (2) is a Helmholtz equation implies t h a t  t h e  thermal rays w i l l  
r e f l e c t ,  r e f r a c t  and possess t h e  usual  r e f l e c t i o n  and transmission c o e f f i c i e n t s  a t  
media i n t e r f a c e s ,  i . e . ,  a t  t h e  boundaries of t h e  sample. The thermal rays ,  however, 
a r e  not i d e n t i c a l  t o  t h e  so lu t ions  of t h e  Rosencwaig-Gersho theory [4] which f o r  t h e  
case of a plane s l a b  with p a r a l l e l  faces exci ted by a planar  heat  source shows only 
two waves, a forward and a backward t r a v e l l i n g  one. Calculating t h e  thermal rays 
involves a l a r g e  number of r e f l e c t i o n s  s ince  a l l  rays a r e  normal t o  t h e  p a r a l l e l  
faces.  I n  t h i s  case, then, t h e  ray so lu t ion  presen ts  no advantage whatsoever s ince  
many waves must be considered r a t h e r  than t h e  two of t h e  Rosencwaig-Gersho theory. 
I f ,  however, t h e  source i l luminat ion i s  focussed t o  a point  then t h e  Rosencwaig- 
Gersho theory no longer app l ies  s ince  t h e  thermal wavefront is  not planar  and one 
seeks ins tead  a spher ica l  wave so lu t ion  which may be obtained using thermal rays.  

Two problems i n  u t i l i s i n g  thermal ray ana lys i s  a re :  (1) t h e  a lgebra ic  representa- 
t i o n  to .be used f o r  t h e  ray magnitude and phase, and (2) determining t h e  number of 
possible  types of rays and devising algorithms f o r  t h e i r  computation. Concerning 
the  second problem, we note t h a t  only two algorithms a r e  necessary f o r  t h e  s o l i d  
sample of t h i s  study: one f o r  t h e  ray proceeding d i r e c t l y  from t h e  source point  t o  
the  de tec t ion  point  and one f o r  rays r e f l e c t i n g  any number of times before reaching 
the detect ion po in t .  We note t h a t  ray types must be determined by t r i a l  and e r r o r  
and t h i s  becomes a se r ious  problem in  more complicated geometries. For example, t h e  
same sample considered here but with a subsurface hole  [6]  would requ i re  a s  many a s  
n ine  d i f f e r e n t  ray types.  

The a lgebra ic  representat ion f o r  t h e  thermal ray need not be a s i n g l e  one s ince  t h e  
thermal waves t r a v e l  through both t h e  near  and intermediate  rad ia t ion  zone before 
severe a t t enua t ion .  Using experimental agreement t o  guide u s ,  t h e  a lgebra ic  re-  
presentat ion we chose was a s i n g l e  one, f o r  s impl ic i ty ,  and moreover it was t h e  
asymptotic fa r - f ie ld  form. Kel le r ' s  r e s u l t s  show t h a t  t h i s  form is  a l s o  a reason- 
ab le  approximation i n  t h e  intermediate  zone. The representat ion chosen was: 

T = l l r  exp ( - r / l ) ,  ( 3 )  
where r is  t h e  path length and 1 t h e  thermal d i f fus ion  length.  

We have reported previously t h e  p r i n c i p l e  of t h e  thermal ray  method [ 5 ] ,  and i t s  
appl ica t ion  t o  a sample containing a s i n g l e  hole  [6 ] .  The present  example considers  
Busse's experimental d a t a  f o r  a thermal scan along a razor  blade. Since t h e  sample 
i s  much thinner  than t h e  thermal d i f fus ion  length,  t h e  r o l e  of r e f l e c t i o n s  should be 
enhanced. Additionally, t h e  4 W argon ion l a s e r  focussed on such a t h i n  sample can 
cause temperatures high enough t h a t  a Boltzmann's rad ia t ion  law cor rec t ion  must be 
applied t o  the  temperature detected.  Further ,  s ince t h e  sample i s  i r o n ,  the  thermal 
conductivity w i l l  change considerably with t h e  induced temperatures. 

Experiment and Discussion 

The representat ion (3)  is  f o r  t h e  three-dimensional case,  but we view t h e  very broad 
sample on i t s  edge so  out-of-plane waves w i l l  never re tu rn  t o  the  so lu t ion  plane. 
One d i f f i c u l t y  i s  t h a t  t h i s  f a r - f i e l d  representat ion i s ,  of course, s ingula r  a t  



zero r. IIow small  r may be with (3) s t i l l  v a l i d  depends on t h e  modulation frequency 
and t h e  d i f f u s i v i t y .  This is  seen i n  f i g u r e  1 which shows only t h e  thermal wave 
magnitude on two d i f f e r e n t  sca les  a s  a funct ion of r ,  t h e  r a d i a l  d i s tance  through 
t h e  sample. The exact so lu t ion  f o r  a 20 Hz thermal wave i n  an i n f i n i t e  i r o n  medium 
[ 7 ]  is presented along with t h e  ray theory calculat2on. Since t h e  medium is  in-  
f i n i t e  t h e r e  a r e  no r e f l e c t i o n s  t o  consider .  The ray representat ion was f u r t h e r  
divided by t h e  f a c t o r  1 + exp(-hr), with h = 5 x lo5 .  This gave a s l i g h t  improve- 
ment i n  t h e  f i t  f o r  t h e  smallest  r values but because of t h e  l a r g e  value of t h e  
exponent t h e  inf luence of t h i s  empirical f a c t o r  f o r  o ther  r values was very small. 
I n  t h e  f igures ,  each magnitude curve was normalized t o  i t s  maximum and t h e  two curves 
p l o t t e d  together  a t  t h e  right-hand end point  so t h a t  t h e  asymptotic behaviour may be 
seen. Figure 1 shows t h a t ,  f o r  t h e  smallest  numerical s tep  which we considered, the  
f a r - f i e l d  spher ica l  wave formulation does not dev ia te  g rea t ly  from t h e  exact analy- 
t i c  form i n  modulation magnitude. 
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Fig. 1 Logarithmic and l i n e a r  magnitude of modulated thermal waves vs .  
r a d i a l  d i s tance  calculated by ana ly t ic  method (bars) and ray 
method ( s t a r s ) .  

Since t h e  sample mate r ia l  i s  i r o n  whose conductivity v a r i e s  with temperature, hence 
the  conductivity v a r i e s  with d i s tance  throughout the  sample. I n  a t r i a l  calculation., 
temperatures were evaluated i n s i d e  t h e  sample using t h e  thermal ray formulation and 
a t  each r a d i a l  increment t h e  conductivity was changed. Vi r tua l ly  no d i f fe rence  was 
found between t h e  temperatures so calculated and those obtained by using a s i n g l e  
ray representat ion based on t h e  room temperature conductivity. 

Busse's experimental thermal scan of an 0.1 mm t h i c k  razor  blade i s  shown a s  t h e  
barred points  i n  Figure 2. The d i s tance  t h e  de tec tor  is scanned along t h e  sample 
back face is shown on t h e  X-axis a s  SCAN. The magnitude of t h e  20 Hz thermal scan 
s i g n a l  extends over near ly  two log decades. We calculated a d i r e c t  ray from t h e  
l a s e r  incidence point t o  t h e  current  scan detect ion point  on t h e  back sur face  of 
the  sample, and added t o  it 15 mul t ip le  r e f l e c t i o n s  having t h e  same i n i t i a l  and 
f i n a l  po in t s .  The r e s u l t  i s  shown i n  Figure 2 a s  t h e  s t a r r e d  curve where t h e  
calculated phase i s  s h i f t e d  t o  coincide with t h e  experimental a t  t h e  f a r  r i g h t  point. 
The agreement with experiment i s  n e i t h e r  good in  t h e  asymptotic region a t  a scan 
dis tance of 1.2 mm nor a t  small scans. 

F ina l ly ,  t h e  thermal emission was corrected by t h e  Boltzmann r a d i a t i o n  law. This 
correct ion was applied t o  t h e  magnitude only and t h e  r e s u l t  i n  Figure 3 shows much 
improved agreement. An i n i t i a l  spot temperature on t h e  f r o n t  of t h e  razor  blade 
was assumed and t h e  remaining po in t s  calculated using t h e  ray  procedure. The f i t  
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with  experiment depended on t h e  i n i t i a l  laser-focussed spo t  temperature assumed. 
When t h e  b e s t  f i t  was L'ound a t  spo t  temperature 700 K ,  t h i s  r e s u l t  was compared 
w i t h  an a n a l y t i c  c a l c u l a t i o n  f o r  a pulsed hea t  source [ 7 ]  us ing  a pu l se  l eng th  equal 
t o  one h a l f  t h e  20 Hz per iod.  
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Fig. 2 Thermal scan of r a z o r  blade. Experiment ( b a r s ) ,  and theory 
wi th  d i r e c t  and r e f l e c t e d  rays  ( s t a r s ) .  

Fig. 3. Thermal scan of r a z o r  blade.  Experiment ( b a r s ) ,  and theory 
wi th  d i r e c t ,  r e f l e c t e d  rays, Boltzmann r a d i a t i o n  c o r r e c t i o n  
on magnitude ( s t a r s ) .  
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This is  only an approximation t o  t h e  s teady p e r i o d i c  s o l u t i o n  but t h e  agreement 
obtained i s  s i g n i f i c a n t ,  namely, f o r  a spo t  r ad ius  of 10 micrometres and l a s e r  
power 1.7 wa t t s  t h e  f r o n t  s u r f a c e  spot  temperature expected i s  690 K. This spot  
r a d i u s  and power agrees  wi th  experiment. No cor rec t ion  has  been app l i ed  t o  t h e  
phase curve so t h e  experimental and t h e o r e t i c a l  phase remain i n  disagreement.  
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I n  conclusion,  we have i l l u s t r a t e d  some of t h e  cons ide ra t ions  necessary when apply- 
i n g  r a y  theory t o  thermal  waves i n  a p a r t i c u l a r  experimental example. One u l t i m a t e  
o b j e c t i v e  of a n a l y s i s  by r a y  theory  i s  t o  provide t h e  b a s i s  f o r  computer holographic  
image p rocess ing  of t h e  exper imental  d a t a  s o  t h a t  sample subsurface  s t r u c t u r e  may 
be brought i n t o  focus .  
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