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OPTICAL TURBULENCE : CHAOS I N  OPTICAL B I S T A B I L I T Y  
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Department of Physics, Kyoto University, Kyoto 606, J q a n  

Resume - La lumiere transmise hors d'une c a v i t e  opt ique b i s t a b l e  peut, l o r s -  
w o n  augmente 1 ' i n t e n s i  t@ de l a  lumiere- laser  inc idente,  f a i r e  apparai t r e  
une v a r i e t e  d 'un  phenomene de b i f u r c a t i o n ,  a savo i r  : l e  passage d 'un e t a t  
s ta t ionna i re ,  s u i v i  d'une s u i t e  d ' e t a t s  ~@ri;diques puis  chaotiques, a un 
e t a t  chaotique f i n a l  "conpl Gtement d@velopp@ . Revue d'un p o i n t  de vue t h @ o r i  - 
que des travaux rGcents sur ces phenomenes. 

Abstract  - The t ransmi t ted  l i g h t  from a b i s t a b l e  o p t i c a l  c a v i t y  can e x h i b i t  a  
v a r i e t y  o f  b i f u r c a t i o n  phenomena, passing from a s t a t i o n a r y  s tate,  through 
successive per iod ic  and chaot ic  s ta tes  t o  a f i n a l  f u l l y  developed chaot ic  
s tate,  as the i n t e n s i t y  o f  i nc iden t  l a s e r  l i g h t  i s  increased. Recent s tud ies 
on these phenomena are reviewed from a t h e o r e t i c a l  p o i n t  o f  view. 

Turbulence was f o r  many years one o f  the hard problems i n  physics. The f i r s t  dec i -  
s i v e  a t tack  was made by Ruel le  and Takens /I/ who r e j e c t e d  Landau-Hopf's i n t e r p r e t a -  
t i o n  121 and suggested t h a t  the tu rbu len t  s t a t e  can appear n o t  on ly  i n  f l u i d s ,  b u t  
a l so  i n  non-equi l ibr ium d i s s i p a t i v e  systems w i t h  a few degrees o f  freedom. Being 
d i f f e r e n t  from thermal noise, the tu rbu len t  s t a t e  now i n  quest ion has i t s  o r i g i n  i n  
the n o n l i n e a r i t y  o f  the  system and the  r e s u l t i n g  i n s t a b i l i t y  o f  o r b i t  i n  the phase 
space. A s t a t e  which i s  e r r a t i c  i n  t ime i s  c a l l e d  chaot ic  s tate;  the scheme of 
t r a n s i t i o n  ( b i f u r c a t i o n )  t o  t h i s  s t a t e  has been a subject  o f  a c t i v e  inves t iga t ions  
i n  recent  years 131, espec ia l l y  i n  f l u i d  systems 141. 

I n  a d d i t i o n  t o  f l u i d  systems, nonl inear  o p t i c a l  systems a lso  prov ide t y p i c a l  examples 
of non-equil i b r i u m  physica l  systems. It i s  expected t h a t  these systems wi 11 provide 
good subjects  f o r  the study o f  turbulence. Among the  various systems i n  nonl inear  
op t i cs ,  the o p t i c a l  b i s t a b l e  system /5/ i s  supposed t o  be one o f  the t y p i c a l  examples 
e x h i b i t i n g  chao t i c  behavior. The occurrence o f  chaos i n  t h i s  system was f i r s t  
predic ted t h e o r e t i c a l l y  by the author 's  group 161, and f u r t h e r  inves t iga t ions  have 
been made by us 17-91 and a lso  by several o ther  authors 110-141. The experimental 
evidence of chao t i c  behavior was f i r s t  presented by the Arizona Un ivers i t y  group i n  
a h y b r i d  b i s t a b l e  device 1151. Q u i t e  recen t l y  a  t r a n s i t i o n  t o  chaos has been obserw 
ed i n  an a l l  o p t i c  device by a group a t  Kyoto U n i v e r s i t y  1161. 

I n  t h i s  a r t i c l e  we review the present s t a t e  o f  t h e o r e t i c a l  i nves t iga t ions  on chaos 
o f  an o p t i c a l  b i s t a b l e  system which has been developed by the present author 's  
group. 

I- DELAY INDUCED INSTABILITY : A SIMPLE DESCRIPTION 

For s i m p l i c i t y ,  we consider herea f te r  a  r i n g  c a v i t y  resonator conta in ing a nonl inear  
d i e l e c t  i c  medium o f  lenghth k ,  as shown i n  Fig.1. Le t  us assume t h a t  the  responce 
t ime y-' o f  the nonl inear  medium t o  the e l e c t r i c  f i e l d  i s  so shor t  t h a t  i t  can 
fo l low the temporal change of the e l e c t r i c  f i e l d  ad iaba t i ca l l y .  The phase s h i f t  of 

Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphyscol:1983223

http://www.edpsciences.org
http://dx.doi.org/10.1051/jphyscol:1983223


JOURNAL DE PHYSIQUE 

laser - P///////;///1\ - 
light / Y / / / / / / / / / d  \ 

1 0 nonlinear 
dielectric medium 

' 2 

Fig.1 - Ring resonator model. 

the  e l e c t r i c  f i e l d  i s  then given by n ( / i j ) k ~ .  where n( jE1)  i s  the  nonl inear  r e f r a c -  
t i v e  index and k  the wave number o f  l i g h t .  Thus the e l e c t r i c  f i e l d  a t  the r i g h t  end 
o f  the medium i s  r e l a t e d  t o  t h a t  a t  the entrance on the l e f t  by 

t a k i n g  i n t o  account the  t ime delay due t o  the propagation. Here a i s  the absorpt ion 
coe f f i c ien t  of the medium, and c  the v e l o c i t y  o f  l i g h t  i n  the medium. Another r e l a -  
t i o n  connecting the f i e l d  a t  the entrance o f  the medium w i t h  t h a t  a t  the e x i t  i s  the  
boundary cond i t i on  

where i s  the  e l e c t r i c  f i e l d  o f  the inc iden t  l i g h t ,  L the c a v i t y  leng th  and R 
the r e f l e E t i v i t y  o f  m i r r o r s  1  and 2  (M i r ro rs  3 and 4 are assumed t o  have 100% re -  
f l e c t i v i  t y ) .  combining Eqs. (1 . l )  and (1.2) and expanding n(1 g ( )  up t o  the order  o f  
1 ~ 1 2 ,  we obta in the f o l l o w i n g  two-dimensional mapping r u l e  descr ib ing the dynamics 
o f  the c a v i t y  f i e l d  /6/:  

where the e l e c t r i c  f i e l d  as been scaled i n t o  a dimensionless form. Parameter f 9 A z { ( I -R)k ln2  1 (l-e-clE)/a} / EI (n2:the quadrat ic  c o e f f i c i e n t  o f  the nonl inear  re -  
f r a c t i v e  index) i s  propor t ional  t o  the i n c i d e n t  f i e l d  amp1 i t u d e  and B - ~ e ~ 4  < 1  ) i s  
a  parameter descr ib ing the d i s s i p a t i o n  i n  the cav i t y .  Note t h a t  the t ime delay 
t ~ s L / c  o r i g i n a t e s  from the propagation o f  the  l i g h t  i n  the  cav i t y .  

The mapping r u l e  En+, = U(En) can be reduced t o  a  more s i m p l i f i e d  form: One can 
prove t h a t  a f t e r  a  la rge  number o f  opera t ion to f  U, En f a l l s  i n t o  a conf ined region 

f o r  B<1 /2 .  Having t h i s  i n  mind, we can e a s i l y  prove t h a t  the  i n t e n s i t y  1,- lEnl 
2  

obeys the f o l l o w i n g  one-dimensional mapping r u l e  /6/: 

i n  the l i m i t  o f  B <c 1 w i t h  A*B kept  f i xed .  The s ta t ionary  s o l u t i o n  o f  eq(1.5), 
which i s  denoted by Is, i s  a  mul t iva lued func t ion  o f  the i n p u t  i n t e n s i t y  A~ ( o p t i c a l  
m u l t i s t a b i l i t y ) :  



These I s a r e n o t  always stable. To show t h i s  we cons t ruc t  the i t e r a t e d  s o l u t i o n  
I 2  = f ( I 1 )  , I 3  = f ( I 2 ) ,  - - a  I n + l  = f ( I n )  by the graphica l  method i l l u s t r a t e d  i n  F ig.  
2. 
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2 Fig.2 - Graphical s o l u t i o n  o f  In+1 = f ( A  ; In)  

I f  the parameter C E 2 ~ 2 ~  i s  small enough the  s t a t i o n a r y  s o l u t i o n  Is i s  s tab le  since, 
as i s  shown i n  Fig.Z(a), the sequence {In] approaches t o  IS asympto t i ca l l y  as n-tm. 
For s u f f i c i e n t l y  la rge  C ,  however, a l l  the s ta t ionary  so lu t ions  become unstable. As 
i s  shown i n  Fig.2(b),  the sequence { I n }  wanders i n  a  q u i t e  e r r a t i c  manner over the 
unstable s t a t i o n a r y  so lut ions,  i n  other  words,the t ime dependence o f  the i n t e n s i t y  
i s  chaot ic .  We c a l l  t h i s  phenomenon a  delay induced i n s t a b i l i t y  becuase i t s  o r i g i n  
i s  e s s e n t i a l l y  i n  the t ime delay due t o  the propagation e f f e c t .  

The chaot ic  s t a t e  i s  character ized by the f a c t  t h a t  a  small d i f fe rence  i n  the i n i -  
t i a l  cond i t i on  i s  amp l i f i ed  by a  l a r g e  number o f  operat ions o f  f ( o r b i t a l  i n s t a b i l i -  
t y ) .  Hence i n  the chaot ic  s t a t e  the geometrical average o f  the s i n g l e  s tep a m p l i f i -  
c a t i o n  r a t e  IdI,+l/dIn I = I f '  ( I n )  1 i s  l a r g e r  than un i t y ,  o r  i n  o ther  words, the 
Liapunov exponent 

(1.7) 

i s  pos i t i ve .  I n  case o f  Eq. (1 .S)  the Liapunov exponent i s  qiven by 

where the braket  denotes an average over a la rge  numbe o f  i t e r a t i o n  steps. 5 Therefore, the cond i t i on  f o r  chaos i s  roughly  given by A  B  >0(1 )  because the second 
p a r t  i n  the r i g h t  hand s ide  o f  Eq.(1.8) i s  a  q u a n t i t y  o f  O(1). A  d e t a i l e d  analys is  
shows t h a t  the  cond i t i on  f o r  chaos i n  our r i n g  resonator  model i s  given by 161: 

Q u i t e  recen t l y ,  the t r a n s i t i o n  t o  chaos has been observed i n  an a l l  o p t i c  r i n g  reso- 
na to r / l6 / .  The onset cond i t i on  o f  chaos observed i n  t h i s  experiment i s  consis tent  
w i t h  the i n e q u a l i t y  (1.9). 

Chaotic behavior due t o  delay induced i n s t a b i l i t y  was predic ted a lso  f o r  fo lded 
Fabry-Perot resonators / l o /  and f o r  d is t r ibuted- feedback resonators /11/. An i n t e r -  
e s t i n g  asser t ion has been recen t l y  made by S i lbe rberg  and Bar Joseph /12/ t h a t  the 
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feedback mechanism by mi r ro rs  i s  n o t  necessary t o  induce chaos; two l i g h t  beams 
i n t e r a c t i n g  v i a  a  th i rd -o rder  s u s c e p t i b i l i t y  e x h i b i t s  a  t r a n s i t i o n  t o  chaos as the 
i n p u t  i n t e n s i t y  i s  increased. 

I1 - SUCCESSIVE BIFURCATIONS 

The descr ip t ion  based on Eq.(1.3) i s  simple and al lows an a n a l y t i c a l  treatment t o  
some extent .  I n  r e a l i t y ,  however, the descr ip t ion  based on the  assumption o f  " the  
ad iaba t i c  fo l l ow ing"  i s  v a l i d  on ly  i n  a  l i m i t e d  i n i t i a l  range o f  t ime , because i n  
chaos temporal f l u c t u a t i o n  grows exponen t ia l l y  / 6 / ,  and f o r  longer  times we have 
t o  take i n t o  account the  f i n i t e n e s s  o f  the  r e l a x a t i o n  time. This can e a s i l y  be 
done by rep lac ing  the nonl inear  phase s h i f t  ] E ( t - t R )  l2 i n  Eq. (1.3) by 

Correspondingly, eq.(1.3) should be r e w r i t t e n  as a  se t  o f  coupled d e l a y d i f f e r e n t i a l  
equat i  ons/6/ : 

I n  the l i m i t  o f  6 << 1  w i t h  A ~ B  kept  f i xed ,  Eq. (2.1) reduce t o  the one var iab le  delay- 
d i f f e r e n t i a l  equation corresponding t o  the  one dimensional map (1.5): 

where v - A~/,. We discuss below how the s o l u t i o n  o f  Eq.(2.2) e x h i b i t s  t r a n s i t i o n s  
( b i f u r c a t i o n s )  t o  the chaot ic  s t a t e  as the  i n p u t  parameter v i s  increased s lowly i n  
time. 

Successive period-doubl i n g  b i f u r c a t i o n s  - When u i s  increased beyond a  c e r t a i n  
value uA, the s t a t i o n a r y  s t a t e  (1.6) becomes unstable, and a  square wave o f  per iod 
T 0 ( % 2 t R )  appears (Hopf b i fu rca t ion ) .  As v i s  increased f u r t h e r ,  the per iod of the 
square wave T  doubles successively TO+ 2To-f 22TO+ . - .  -+ 2"T0 as i s  shown i n  Fig.3. 

Fig.3 - Change o f  wave forms i n  successive per iod doubl ing b i f u r c a t i o n s  f o r  t ~ y = 4 0 ,  
B  = 0.5 and + - r /2 ;  (a)  period-Zcycle fu  = .50), (b)  period-4 cyc le  (u = .67), ( c )  
period-8 cyc?; j p  = .69) and ( d )  chaos .70) 

A t  a  c e r t a i n  value UF, n  becomes i n f i n i t e ,  i .e. T - f m ,  SO t h a t  the wave form becomes 
chaotic.  This phenomenon i s  an example o f  per iod doubl ing b i f u r c a t i o n s  which f o l l o w  
Feigenbaum's universa l  r u l e  /3/. 

Successive higher-harmonic b i f u r c a t i o n s  - Coarsely seen, the wave form o f  the chao t i c  



o s c i l l a t i o n  i s  s t i l l  square-wave-like w i t h  fundamental pe r iod  To (Fig.4(a)),  i f U  
i s  no t  f a r  beyond VF. When v i s  f u r t h e r  increased, there appears a  chao t i c  s t a t e  

Fig.4 - Successive higher-harmonic b i f u r c a t i o n s .  The parameter values are the same 
as i n  Fig.3; (a)  fundamental (U = .770), (b)  3rd harmonic ( u =  .778), ( c )  5 t h  harmonic 
( u  = .780), and (d)  7 th harmonic ( V  = .822). 

whose wave form i s  much more complicated w i t h  a  shor t  c h a r a c t e r i s t i c  t ime (F ig.6(a)) .  
We c a l l  such a  s t a t e  developed chaos. On the  way from the square wave chaos t o  the  
developed chaos, the re  appears a  new b i f u r c a t i o n  sequence: With the increase o f  
the per iod o f  the coarsely  square wave changes d iscont inuously  i n  the  sequence T  + 

T  13 +To15 + -  .. +To/nmax (n,,: an odd i n t e g e r )  as i s  i l l u s t r a t e d  i n  ~ i g . l ( a ) - ( d y  9 .  Correspondingly, the  p o s ~  t i o n  o f  the h ighest  peak i n  the power spectrum jumps 
ahrup t l y  i n  the  order  wo( 2r/T0 % r / t ~ )  +3w0 +5w0 + - - - The s o l u t i o n  o f  
per iod To/n (n : odd in teger )  i s  thus regarded as a  highe?fbi;t%nic s o l u t i o n  o f  the  
fundamental s o l u t i o n  w i t h  per iod TO. These phenomena are c a l l e d  successive higher- 
harmonic b i f u r c a t i o n s .  These b i f u r c a t i o n s  are q u i t e  novel because they are succes- 
s i v e  f i r s t - o r d e r  t r a n s i t i o n s  accompanied by hysteres is .  

I n  Fig.5 we show the  domain o f  u i n  which the h igher  harmonic so lu t ions  e x i s t  and 
the hysteres is  between them. The o rd ina te  denotes the mean frequency o f  the cor-  
responding h igher  harmonic so lut ion,  so t h a t  n = n  denotes a  pure n - th  harmonic. An 

7th harmonic 
Fig.5 - Domain o f  harmonic so lu t ions  
and hysteres is  between them. The para- 

5th harmonic w t e r  values are the same as i n  Fig.3. 
'/,,, ,,, The s o l i d  l i n e  and shaded par ts  i n d i -  

cates per iod ic  and chaot ic  so lu t ions ,  
repect ively. 

fundamenlal I I , / , / / j  
4 1  ' 

PA <B , 
.4 .5 .6 .7 .6 .9 

!-'. 

i n t e r e s t i n g  p o i n t  i s  t h a t  the branch o f  every h igher  harmonic s o l u t i o n  cons is ts  o f  
pu re ly  per iod ic  and chaot ic  par ts .  The successive h igher  harmonic b i f u r c a t i o n  t e r -  
minates a t  n = n m  ,, and w i t h  f u r t h e r  increase o f  p  a  f i n a l  t r a n s i t i o n  t o  the deve lop  
ed chaos takes pyace. The in teger  nmax increases i n  p ropor t ion  t o  ~ R Y ;  i n  the case 
o f  Fig.5 ( t ~ y  = 40) nma, i s  7. The occurrence of the successive higher-harmonic 
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b i f u r c a t i o n s  can be exp la ined  u s i n g  t h e  f a c t  t h a t  i n  t h e  l i m i t  o f  tR:>>l t h e  de lay-  
d i f f e r e n t i a l  equa t i on  (2.2) f o r m a l l y  reduces t o  t h e  d i f f e r e n c e  equation 

which e x h i b i t s  t h e  p e r i o d  d o u b l i n g  b i f u r c a t i o n s  /7/. The success ive  higher-harmonic 
b i f u r c a t i o n s  a r e  gene r i c  phenomena i n  any equat ions  o f  t h e  f o rm (2.2) /7/. 

I n  exper iment,  Hopf e t  a1 observed t h e  d e t a i l e d  s e r i e s  o f  p e r i o d  doub l i ng  b i f u r c a -  
t i o n s ,  which agrees w e l l  w i t h  t h e  t h e o r e t i c a l  r e s u l t s  1151. They a l s o  observed t h a t  
t h e  p e r i o d  o f  t h e  square wave i s  l ocked  t o  t h e  h i g h e r  harmonics o f  t h e i r  fundamental. 
Th i s  phenomenon can be regarded as evidence o f  t he  success ive  higher-harmonic b i f u r -  
c a t i o n .  The p e r i o d  doub l i ng  phenomena were a l s o  observed i n  a r e c e n t  exper iment  f o r  
an a l l  o p t i c  r i n g  resona to r  /16/. 

I 1 1  - FULLY DEVELOPED CHAOS 

The power spectrum o f  t h e  developed chaos s t i l l  have sharp  peaks a t  t h e  fundamental 
and higher-harmonic p o s i t i o n s  w = n q  (n:odd i n t e g e r ) .  A remarkable f a c t  i s  t h a t  t h e  
peak i n t e n s i t i e s  a t  w =  nu0 a r e  a l l  about t h e  same f o r  ncnma, (F ig .6 (a ) ) ,  which 
i m p l i e s  t h a t  t h e  mot ion  i n  t h e  phase space i s  wander ing over  t h e  higher-harmonic 
a t t r a c t o r s  as w e l l  as over  t h e  fundamental one, a l l  o f  wh ich  have a l ready  been de- 
s t royed.  The p e r i o d  f o r  which any higher-harmonic a t t r a c t o r  i s  v i s i t e d  seems t o  be 

F ig .6  - Power spectrum of '$(t); ( a )  developed chaos (U = .88), ( b )  f u l l y  developed 
chaos (U  = 5.6). 

about t h e  same. I n  t h e  l i m i t  o f  l a r g e  u ,  however, t h e  peak s t r u c t u r e  d isappears  
and t h e  power spectrum becomes a smooth f u n c t i o n  o f  w(F ig .6(b) ) .  Cor respond ing ly ,  
t h e  t ime  dependence o f  $ ( t )  becomes q u i t e  random and homogeneous as i n  Fig.7. 

$ 1  

F ig .  7 - l i m e  v a r i a t i o n  o f  + ( t )  i n  t h e  f u l l y  developed chaos (p=  5 .6 ) .  



It reminds us o f  a bounded Brownian motion. We c a l l  such a stage " f u l l y  developed 
chaos". 

I n  t h i s  stage we may expect t h a t  the motion o f  + ( t )  i s  so random t h a t  i t  can be de- 
scr ibed by a simple s tochas t i c  process. To show t h i s  l e t  us in t roduce the normal- 
i zed  c o r r e l a t i o n  funct ion.  

, where z + ( t )  - <+> and < >denotes a long t ime average. Some examples o f  the 
c o r r e l a t i o n  funct ions obtained from a numerical s imulat ion are shown i n  Fig.8 by 
s o l i d  curves. I t  i s  we11 known t h a t  i n  a Gaussian s tochast ic  process h igher  order  

F ig .  8 - Higher order t ime c o r r e l a t i o n  funct ions ( u =  100/a) 

c o r r e l a t i o n  fun t i o n s  can be expanded i n t o  polynomials o f  the lowest order corre la-  
t i o n  f u n c t i o n  R?z)( t )  as 

~ ( ~ ) ( t )  + 1 + 2 ~ ( ~ ) ( t ) ~  

~ ( ~ ) ( t )  + 3 ~ ( ~ ) ( t ) ( 3  + 2 ~ ( ~ ) ( t ) ~ )  

~ ( ~ ) ( t )  + 3(3 + 2 4 ~ ( ' ) ( t ) ~  + 8 ~ ( ~ ) ( t ) ~ )  e tc .  

We examine whether the polynomial expansion i s  v a l i d  i n  our case; the r e s u l t s  of 
polynomial expansion are ind ica ted  by c i r c l e s  i n  Fig.8, which f i t  very we l l  w i t h  
the  s o l i d  curves. We may, therefore,  conclude t h a t  the  f u l l y  developed chaos obeys 
a Gaussian s tochas t i c  process. 

The o r i g i n  o f  the  Gaussion behavior can be explained i n  the f o l l o w i n g  way: From 
Eq.(2.2) + ( t )  i s  expressed as 

t - y ( t -  s )  
+ ( t )  = YJ-,~ g(s)ds + const , 

w i t h  

I n  the l i m i t  o f  l a rge  u ,  the f l u c t u a t i o n  o f  $ i s  much enhanced, and i t  takes a very 
small t ime (say T ~ )  f o r  + t o  change by O(a). The "delayed fo rce"  g ( t ) ,  therefore,  



C2- 1 90 JOURNAL DE PHYSIQUE 

changes i t s  s ign  i n  a t ime scale o f  O(rC), and the c o r r e l a t i o n  t ime o f  g ( t )  i s  e s t i -  
mated t o  be O ( T ~ ) .  Since $ ( t )  i s  a  l i n e a r  superposi t ion o f  such shor t  l i v e d  forces 
g ( t ) ,  the  motion of C$ becomes a Gaussian one due t o  the cen t ra l  l i m i t  theorem. 

The above explanat ion shows t h a t  w i t h i n  the t ime scale O ( T ~ )  the motion o f  $ ( t )  w i l l  
s i g n i f i c a n t l y  dev iate from the Gaussian process. To show t h i s  we in t roduce the  t ime 
f l a t n e s s  f a c t o r  def ined by 

which i s  convenient i n  studying the s t a t i s t i c s  o f  a  s l i g h t  change o f  $, and i n  the 
Gaussian process i t  reduces t o  a constant (2n + l ) !  !. We show i n  Fig.9 two t ime 
f l a t n e s s  factors  ~ ( 4 ) ( t )  and ~ ( ~ ) ( t )  as func t ions  o f  time. I n  a s u f f i c i e n t l y  s h o r t  

Fig.9 - Time f l a t n e s s  fac to rs  ( v =  100/a). 

t ime regime i n  the u n i t  o f  ( ~ I T ~ B Y ) - ~ ,  they dev iate s i g n i f i c a n t l y  from the Gaussian 
value. They approach the Gaussian value f o r  t ime greater  then 2 0 / ( 2 1 r ~ B ~ ) ,  which 
can be i d e n t i f i e d  w i t h  the c o r r e l a t i o n  t ime r,. The motion o f  + looks gaussian on 
a coarse t ime scale l a r g e r  than 2 0 / ( 2 a u ~ ~ ) .  

One can in t roduce an in tegrab le  s tochas t i c  model reproducing exac t l y  the  s t a t i s t i c a l  
p roper t ies  o f  the shor te r  t ime behavior /8/. This problem i s ,  however, a  l i t t l e  
complicated, and we do not  go f u r t h e r  i n t o  i t  i n  t h i s ' a r t i c l e  . Before c los ing  t h i s  
sect ion,  we summarize the b i f u r c a t i o n  sequences leading t o  the f u l l y  developed 
chaos : 

s t a t i o n a r y  s t a t e  + square wave -. successive per iod doubl ing b i f u r c a t i o n s  -t square 
wave chaos + successive higher-harmonic b i fu rca t ions  -+ developed chaos - - - - - -  + 
f u l l y  developed chaos 

The way of t r a n s i t i o n s  from the developed chaos t o  the f u l l y  developed one looks SO 

complicated t h a t  i t  i s  s t i l l  n o t  c lear .  

Nutat ion chaos - The delay induced i n s t a b i l i t y  takes place under the two condi t ions 
(1)  ~ R Y  >> 1 and (2)  A ~ B  > 1; the l a t t e r  cond i t i on  means t h a t  the nonl inear  phase 



s h i f t  4 i s  much l a r g e r  than u n i t y .  I n  the inverse l i m i t  regime namely t R y < <  1 and 
@<<I, a new k i n d  o f  i n s t a b i l i t y  may occur. I n  t h i s  case Eq.(Z.la,b) can be approxi- 
mated by a d i f f e r e n t i a l  equation: 

(4. l a )  

(4.1 b)  

where T - t y ,  and the f i e l d  and medium var iab lesare scaled as (5,n) = (EIG , r l / rR)  
( ~ ~ ' y t ~ ) -  The parameter a, b, and no, which are def ined by A / ' ~ ~ / ~ ,  (1  - B!/TR and 
+O/TR, respect ive ly ,  are assumed t o  be q u a n t i t i e s  o f  t h e  order  o f  u n i t y .  Note t h a t  
Eq. (4.1a) has the same form as the o p t i c a l  Bloch equation, i f  Re5 and Im5 are 
regarded as the two components of the Bloch vector.  The t o t a l  phase s h i f t  ( n  - r lo)  
plays the r o l e  of the Rabi nuta,tion frequency and b the damping one. 

A c h a r a c t e r i s t i c  o f  our system i s  t h a t  the Rabi n u t a t i o n  i s  se l f - induced as a r e s u l t  
o f  i n t e r p l a y  between 5 and n , i f  the c a v i t y  l i f e  t ime t R / ( l  - B) i s  longer than the 
medium r e l a x a t i o n  t ime Y-1, i .e. b < 1 /9/. The fundamental frequency o f  n u t a t i o n  i s  
a2/3b-113 , which i s  much longer than 7 1 / t ~ ,  the frequency o f  the delay induced insta- 
b i l i t y .  Th is  nu ta t ion  becomes chaot ic  i n  a parameter domain where the three s ta -  
t i o n a r y  so lu t ions  ( "b is tab le "  so lu t ion )  e x i s t .  The negative slope s o l u t i o n  acts  as 
a saddle l i k e  f i x e d  po in t ,  and i t  d is tu rbs  the regu la r  nu ta t ion  t o  a chaot ic  o s c i l -  
l a t i o n  /9/. 

Transversal chaos - The i n t e n s i t y  d i s t r i b u t i o n  o f  the i n c i d e n t  l a s e r  beam i s  n o t  
always hom n6ous i n  i t s  t ransversal  d i r e c t i o n .  The nu ta t ion  frequency 

= a2/3b-?gg i s  . then inhomogeneous, and the c a v i t y  f i e l d  tends t o  o s c i l  l a t e  w i t h  
d i f f e r e n t  frequencies a t  d i f f e r e n t  par ts  i n  the t ransversal  d i r e c t i o n .  Usual ly,  the 
d i f f r a c t i o n  i s  s t rong enough t o  e n t r a i n  a l l  the o s c i l l a t i o n s  t o  a s i n g l e  frequency 
one. However i f  the l a s e r  beam has a s t rong t ransversal  inhomogeneity overwhelming 
the d i f f r a c t i v e  coupl ing, one can expect t h a t  the mutual entrainment i s  destroyed 
and a t r a n s i t i o n  t o  chaos occurs. The p o s s i b i l i t y  o f  t h i s  type o f  chaos i s  being 
inves t iga ted  by Davis and Ikeda. 

The e f f e c t  of the t ransversal  inhomogeneity on the  delay induced i n s t a b i l i t y  was 
inves t iga ted  by Moloney e t  a1 /14/. They repor ted b i f u r c a t i o n s  through quasi- 
pe r iod ic  o s c i l l a t i o n s  and frequency locked ones, analogous t o  observed i n s t a b i l i t i e s  
i n  f l u i d  systems. 
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