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INSTABILITIES INDUCED BY RESONANT ABSORPTION OF AN ELECTROMAGNETIC 
WAVE IN AN INHOMOGENEOUS PLASMA 

J.C. Adam, A. Gourdin Serveniere and G. Lava1 

Centre de Physique Th'hgorique de Z'EcoZe ~ o ~ y t e c h n i ~ u e ~ ,  PZateau de PaZaiseau, 
91128 PaZaiseau Cedex, France 

REsumb - Dans le cas d'une incidence oblique, une onde 6lectromagnQtique co- 
h6rente gQn6re dans un plasma inhomogsne des ondes longitudinales. Ces ondes 
longitudinales se propagent non-lidairement dans le plasma pour des flux 
d'intensit6 modErEe. Ces non-1inEaritQs sont responsables dlinstabilit&s pa- 
ramQtriques couplant les ondes de Langmuir aux ondes ioniques. On observe 
alors une transition entre des comportements psriodiques et chaotiques corres- 
pondant B des Qmissions de solitons. La consQquence de ce comportement sur les 
ondes rEflEchies et le plasma sont discutss. 

Abstract - For oblique incidence and appropriate polarization, a coherent 
electromagnetic wave generates longitudinal Langmuir waves in an inhomogeneous 
plasma. These longitudinal waves propagate non-linearly through the plasma 
even for rather low incident energy flux. This non-linearity induces instabi- 
lities by coupling with two other Langmuir waves and an ion sound waves. For 
weak non-linearity or strong damping, periodic time dependent solutions are 
found. They correspond to periodic emissions of soliton-like perturbations. 
For stronger non-linearity, the solitons are emitted in a chaotic way. The 
consequence of these behaviors on the reflected electromagnetic wave and the 
plasma will be discussed. 

I - INTRODUCTION 

In an inhomogeneous plasma, when the electric field of an electromagnetic wave has 
a component along the density gradient, large amplitude longitudinal waves are exci- 
ted at points where the plasma frequency coincides with the wave frequency. This 
mechanism is called resonant absorption. It takes place for obliquely incident p - 
polarized waves. The large amplitude longitudinal wave can be modulationallyunstable. 
The absorption mechanism becomes non-stationary. We describe here the coupling bet- 
ween these unstable longitudinal waves and the electromagnetic waves. 

I1 - THE ABSORPTION MECHANISM 
A plane electromagnetic wave is supposed to be obliquely incident on an inhomogeneous 
plasma. The plasma frequency wp(x) coincides with the wave frequency w for x=O 

and is an increasing function of x such that w (x) + 0 as x -> -rn. 
P 

-f 
As in Ref. [ 1 1, the wave vector ko of the incident wave is lying in the x,y 

plane and the electric field is contained into the same plane. We assume 

where AD is the Debge length 

When collisional and thermal effects are negligible, the cold plasma approximation 
can be used so that we may write 

- - 
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and the equation for the BZ magnetic field is 

2 2 
with E = 1 - wp/w . 

-ik sin Qy - iwt 
By assuming BZ = B(x) e O , Equation (2) becomes 

Such an equation is singular for x=O. In the vicinity of this point, Eq. 3 has a 
regular solution yl and a singular one y2. In order to find their behavior in 

this region, we set E = -x/L in Eq. 3 where L is the local density gradient 
length. We find 

The appropriate boundary conditions cannot be fulfilled by 
yl since by multiplying * 

Eq. 3 by B and integrating on x we obtain 

For xl + +m and x -> 0, the right hand side vanishes whenever B = y,. Thus we 

have generally B = Xy + uy2 with p # 0. But we also have 

E~ = -C sin CJ E-I B ( 6 )  

and u # 0 implies B(0) # 0. Thus Ex is diverging. 

The physical meaning of this divergence results from the resonant excitation of plas- 
ma waves at the critical density where w = w The model must be improved in order 

0 P' 
to broaden this resonance. The excitation of these plasma waves and their subsequent 
absorption by the plasma is then the dominant absorption mechanism of the incident 
electromagnetic wave. 

111 - EQUATIONS FOR THE PLASMA WAVES 
Since the typical scale length of plasma waves is AD , conditions (1) insures that 

we can neglect the x dependence of the electromagnetic field in the plasma wave 
propagation. For all high frequency quantities ah we set 



ah(x,t) = Re ta(x,t) exp(-iw t)} (7) 

where the time dependence of the enveloppe a is slow enough to be neglected in the 
electromagnetic field equations but at the resonance for the longitudinal waves. Thus 
we shall be able to take into account the time dependence induced by the instabili- 
ties. 

We take into account the finite group velocity of longitudinal plasma waves and the 
low frequency modification of the plasma density n induced by the ponderomotive 

effect of the high frequency electric field. From 

and 

we obtain for the fields enveloppes 

where E is the enveloppe of Ex , y(x) a damping rate, Ve the electron thermal 
2 

velocity andwherewe have used a linear approximation for the x dependence of w . 
P 

The low frequency density perturbation nQ are given by 

Knowing B ( O ) ,  we can solve the non-linear equations (10) and ( 1 1 ) .  However, B ( 0 )  is 
connected to E as we show in the next section. 

IV - CONNECTING FORMULAS 

Inside the resonant layer at critical density we have 

B is almost constant across the resonant layer and E is very large over a small 
distance n across x = 0. Thus we may write 

+TI 
[E ] = -iko sin 8 1:; E(x) dx 

-1 

For from the resonance, we have again 

L 

and with E = -x/L, we obtain 
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k: sin B +II 

LC E(x) dx 
-11 

For x > 0, a solution of Eq. 3 such that B + 0 for x + - is of the form 
B = ty 1 + "2 

where 11 is real. 

For x < 0, a solution of Eq. 3 such that it corresponds for x -+ -- to a pure in 
going wave of amplitude unity and given phase is 

B = ayl + Byz 

and for a pure outgoing wave, 

Using Eq. 5, we find that 

which is the condition for conservation of the energy flux. If Bo and B: are the 

magnetic component of the incident and reflected wave, the appropriate solution of 
Eq. 3 for x < 0 is 

and for x > 0 

B+ = P(RY~ + y2) 

We have B-(0) = B+(O) which gives with Eq. 12 : 

For a given Bo , Eq. 15 provides the value of B(0) to be inserted in Eq. 10. 

Solving Eq. 10 determines E(x) from which we obtain the reflected field BL by 

using Eq. 14. 

V - THE WEAK ABSORPTION CASE 

It is well known121 that the absorption coeffic4ent remains much small than unity 

unless (Xo L)"~ sin 0 - I. In such cases p depends only weakly on E. Thus we may 

assume that B(0) is given, does not depend on time and we solve Eqs. 10, 11. This 



approximation has been used l y 3  to obtain stationary solutions. It has been shown 
that non-linear profile modifications by ponderomotive effects lead to a reduction 
of the absorption coefficient a . We find 

3 = 0.8 p-0'90 for 2 < p < 100 (16) 
0 

where a is the linear absorption and 
2 

L 2 Eol~dl 
P = (A) 7 

D 0 

with Ed = sin 9 C B(0). 

If Eq. 10 is solved numerically, keeping the time dependence of E, it is found that 
this statior~ry solution is unstable for p > 1 for all physically relevant values 
of the parameters. It can be stabilized only by introducing large values of y such 
that the non-linear effects become negligible and we recover a --a . 
For p 2 1, the time dependent solution looks like periodic emission of solitons from 
the resonant region where x -- 0 (Fig. 1). These solitons convect towards the low 
density plasma where they are absorbed by Landau damping. For high values of p, the 
soliton emission becomes chaotic (Fig. 2) 
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Figures 1 (a) - Space time representation of E(t) for p = 1.33. Each curve shows 
the x-dependence of E at given time t . This time can be found at the intersec- 
tion of the curve with a vertical axis. 

(b) - Spatial average value of E for p = 1.33 as a function of time. 



Figures 2 (a) - Space time representation of E(t) for p = 38. Each curves shows 
the x-dependence of E at given time t. This time can be found at the intersec- 
tion of the curve with a vertical axis. 

(b) - Spatial average value of E for p = 38 as a function of time. 
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VI - COUPLING 
In order to couple the solutions of Eqs. 10, 11 to the radiation field, we may use 
Eq. 14 to determine the amplitude of the reflected field. It is easier to determine 
the absorption coefficient by noticing that it corresponds to the work of the elec- 
tric field on the plasma particles. We find that the absorbed energy flux is given 
by 

On Figs. 1 and 2, we have plotted the ratio a/ao = IT/", where a is the absorption 

coefficient, a and II being the values of a and II in the usual linear case. 

It is seen that a oscillates with a frequency much larger than the amplitude time 
scale. It must be noticed also that for large p , the average value of a islarger 
than the stationary state estimation given by Eq. 16. 

As regards the high frequency oscillation of a, we can understand its origin in a 
particular case. For weak amplitudes of the incident waves and large L, we can 
have 

so that Eq. 11 reduces to 

and Eq. 10 becomes 

For Ed = y = 0, Eq. 10 can be transformed into a non-linear Schradinger equation (4) 

which can be solved by the inverse scattering method. Numerically, we find that soli- 
tons are emitted in the vicinity of the origin. These solitons reach a large ampli- 
tude before convecting towards x + -m. Thus a solution of Eq. 19 with Ed = 0 has 

some relevance with the real problem, since, part of the time, Ed and yt- are 

small perturbations. Such a solution can be written 

which describes a soliton centered in x = 0 at t = 0 and uniformly accelerated 
towards the low density. For such a solution we find 

Thus, by inserting this result in Eq. 14 we find that such a soliton radiates at a 
frequency w +6w. The intensity of the radiation do not depend on the soliton ampli- 

2 
tude bur theOduration of the emission is ( E ~  a Inc T)'l2 (2L/ID).  These results 



explain the fast oscillation of a and shows that the reflected light should have 
a red-shifted component. 

CONCLUSION 

When the ponderomotive effect is the dominant non-linear mechanism, resonant absorp- 
tion of electromagnetic waves in an inhomogeneous medium is a non stationary process 
for p > 1 and weak damping rates. The non-linear evolution shows a transition from 
a periodic to a disordered regime. Soliton like perturbation plays a dominant role 
in the absorption mechanism as well as in the frequency spectrum of reflected light. 
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