
JOURNAL DE PHYSIQUE 

Colloque C9, supplement au n°12, Tome 43, deaerribre 1982 page C9-615 

THERMAL STRESSES IN GLASS PANELS WITH MULTIPLE HOT ZONES 

S.T. Gulat i , D.A. Nolan and Ch. Janssen+ 

Corning Glass Works, Corning, N.Y. 14830, U.S.A. 
+Covning Research Inc., BP 3, Avon 77211, France 

Résumé. L effet de deux zones chaudes de diamètres différents sur 
les contraintes thermiques existant dans les régions restées 
froides de plaques de verre rectangulaires est investigué par la 
méthode des éléments finis. Comparés à ceux obtenus par une ex­
pression analytique approchée, les résultats sont trouves consis­
tants à 15% près. La simplicité de la solution analytique en fait 
un outil intéressant lors de la conception de panneaux de verre 
destinés a être chauffés de façon non uniforme. L'expression est 
aussi utile pour évaluer la probabilité de fracture thermique en 
comparant les niveaux de contraintes des régions situées entre 
deux zones chaudes à ceux des bords de la plaque. 

Abstract. The interaction of two unequal circular hot zones on 
thermal stresses in the remaining cold region of rectangular glass 
panels is examined via finite element analysis. The results are 
then compared with those given by an approximate analytical solu­
tion. The FEM and analytical solutions agree to within 15%. The 
simplicity of the analytical solution, however, makes it a useful 
screening tool during the design phase of nonuniformly heated 
glass panels. The solution is also useful for assessing the prob­
ability of thermal fracture by comparing stresses in the region 
between the hot zones with those at the edge of the panel. 

Introduction 

The present paper is concerned with the distribution of thermal 
stresses in a rectangular glass panel with two unequal circular hot 
zones. In a previous paper, Gulati et al considered the stress dis­
tribution due to a single circular hot zone. They demonstrated that 
the maximum thermal stress at the cold edge was more than twice that 
given by the simple axisymmetric solution , the added contribution be­
ing due to localized bending produced by the expanding hot zone. They 
also developed an approximate analytical solution which, together with 
the FEM solution, agreed well with experimental results. More re­
cently, Matsumoto and Sekiya^ have treated the two-dimensional thermo-
elastic problem involving an oval region with uniform internal heat 
generation at the center of a square region. Their solution also shows 
good agreement with strain gage data and with the solution proposed by 
Gulati et al1. In the present work, the analytical solution1 is ex­
tended to multiple hot zones, and used to examine the probability of 
thermal fracture from flaws in the region between the hot zones vs 
those at the edge of the panel. 

Finite Element Solution. 

The finite element mesh of the half panel containing two circular 
zones of radii ai and a2 is shown in Fig. 1. The spacing between the 
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boundaries  o f  t h e s e  zones a s  w e l l  a s  between each boundary and t h e  
edge of t h e  pane l  is  denoted by d. We w i l l  examine t h e  v a r i a t i o n  of 
t h e  t a n g e n t i a l  stress, a , wi th  d a t  va r i ous  p o i n t s  a long t h e  a x i s  of 
symmetry, and i n  t h e  i n t g r r e g i o n  bounded by p o i n t s  AIR and A2L. 

The phys i ca l  p r o p e r t i e s ,  
and t h e  zona l  tempera- 
t u r e s  and dimensions, f o r  
t h e  s p e c i f i c  c a se s  exa- 
mined a r e  a s  fol lows:  

E= Young's P4odulus 
= 83 GPa 

a= Coef f .  L inear  - 6 - 1 
Expansion = 1x10 F 

That zone = 1070F 

Tcold  zonez 70F 
al=5cm, a2= 7.6cm1 Fig .  1 F i n i t e  Element ilesh f o r  1/2 Glass  
2.5cm(d(7.6cm Panel  w i th  Two Unequal C i r c u l a r  Hot Zones 

The maximum t a n g e n t i a l  s t r e s s  a t  t h e  edge of t h e  pane l  occurs  a t  p o i n t  
B Z  l o c a t e d  c l o s e s t  t o  t h e  l a r g e r  zone. An approximate s o l u t i o n  f o r  
t h i s  s t r e s s ,  which neg e c t s  t h e  i n f l u e n c e  of  t h e  ad j acen t  h o t  zone of  
r a d i u s  a l l  is  given by 1 

A comparison of  a (B2) ,  a s  given by FEM and eqn. 1, i s  shown i n  Table 1 
f o r  d i f f e r e n t  va lxe s  o f  i n t e r r e g i o n a l  spac ing  d. The agreement between 
t h e  two s o l u t i o n s  i s  e x c e l l e n t .  Thus, t h e  i n f l uence  of  t h e  ad j acen t  
h o t  zone i s  n e g l i g i b l e  and eqn. 1 may be used f o r  e s t i m a t i n g  t h e  maxi- 
mum stress a t  t h e  pane l  edge. 
The t a n q e n t i a l  s t r e s s  a t  t h e  Table 1. Max. S t r e s s  a t  Panel  Edge 

- 
where t h e  s t r e s s  f a c t o r  Ka depends on t h e  r a t i o  (a+d/a ) ;  s e e  Table 2. 
The va lue s  of  a given by equa t i on  2 a r e  compared wi th  t hose  ob ta ined  
from f i n i t e  e l e x e n t  a n a l y s i s  i n  Table 3. Again, t h e  agreement i s  ex- 
c e l l e n t .  

boundary p o i n t s  A and A2R 
1L 

( p o i n t  B z )  f o r  D i f f e r e n t  Values of  d 

Table 2. S t r e s s  F a c t o r s  Ka Table 3. Tangent ia l  S t r e s s  a t  Boundary 
and K- ,  P o i n t s  A,, and A,, f o r  D i f f e r e n t  

a ( B 2 )  , IIPa. 
FE~I' Eqn. 1 

106.2 104.8 
83.5 82.8 
66.9 67.0 
55.2 55.4 
46.2 46.5 

i s  a l s o  given by a s o l u t i o n  
s i m i l a r  t o  t h a t  f o r  t hy  c a s e  
of t h e  s i n g l e  ho t  zone , v l z .  

EaAT a1 
cr = k (-) [I+(----) 1 a t  AIL Y a 2  a l + d  

}(2) Ea AT a 2  
= Ka (-+ [1+ (-) a2+d 1 at A 2 ~  

I 1 I I 1 1 I 

The FEM r e s u l t s  f o r  t a n g e n t i a l  s t r e s s  i n  t h e  i n t e r z o n a l  reg ion  
a r e  shown i n  Fig.  2. The maximum s t r e s s  occurs  a t  p o i n t s  AIR and A2L 

d l  cm. 

2.5 
3.8 
5.0 
6.3 
7.6 

I%aluesL8f  d 

ay (A2R)  ,"Pa. 

FEM Eqn.2 

106.9 107.3 
99.3 99.8 
95.2 95.1 
93.1 92.9 
91.7 91.5 

d,cm 

2.5 
3.8 
5.0 
6.3 
7.6 

cr (AlL) ,P4Pa. 
Y 
FEM Eqn. 2 - 

109.0 99.8 
98.6 93.9 
93.8 91.6 
91.7 94.6 
90.3 94.1 



apprec iab le  i n f l uence  from the  ad j acen t  h o t  zone. which experience an 
These s t r e s s e s  may a l s o  be 
es t imated  from \ 

Table 2. The va r ious  
s t r e s s  f a c t o r s  i n  eqns. 1-3, 
which resemble t h e  ax i -  
symmetric s o l u t i o n ,  r e f l e c t  
t h e  added bending e f f e c t  

"LQ 
and/or t h e  i n f l uence  of 7 0 t R  
t h e  ad j acen t  h o t  zone. 0 2 0  4 06  08 

X/d 

Fiq. 2 D i s t r i b u t i o n  of Tangent la l  S t r e s s  
Approximate Ana ly t i ca l  I n  In t e r zona l  Region (FEil s o l u t i o n )  
Solu t ion  

Refer r ing  t o  t h e  dua l  h o t  zones i n  Fig. 3 ,  t h e  t a n g e n t i a l  s t r e s s  
i n  t h e  i n t e r z o n a l  reg ion  and t h f  f l e x u r a l  d e f l e c t i o n  a t  t h e  common 
boundary may be approximated by 

where r i s  t h e  r a d i a l  coo rd ina t e  and b= a+d. Applying eqns. 4 and 5 
t o  each of t h e  ho t  zones, invoking supe rpos i t i on ,  and equa t ing  f l exu r -  
a l  d e f l e c t i o n s  a t  t h e  common boundary, which must remain s t r a i g h t ,  t h e  
combined e f f e c t  of dua l  h o t  zones i s  given by 

3 4 

where r l=d l+x ,  r2=a2+d-X, b l + b ~ = a l + a 2 + d r  and ( b l / b ~ ) s ( a l / a 2 ) .  

The FEM and a n a l y t i c a l  so- 
l u t i o n s  (eqn. 6) a r e  compared 
i n  Fig.  4 f o r  t h e  s p e c i f i c  
case  of d=7.6cm. They agree  
t o  w i th in  15%. A t h i r d  so- 
l u t i o n ,  ob ta ined  by adding 
t h e  FEM r e s u l t s  f o r  one h o t  
zone a t  a  t ime,  i s  l e s s  
accura te  due t o  t he  n e g l e c t  
of t h e  ad j acen t  h o t  zone. 

Fig.  3 Coordinate  System and ~ e o m e t r ~  of 
Dual Hot Zones 
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Assessment of  Thermal-Fracture 

Thermal f r a c t u r e  w i l l  occur  i f  t h e  maximum thermal  stress exceeds 
t h e  s t r e n g t h  of t h e  panel .  The l a t t e r  i s  a  f unc t i on  of  f l aw s e v e r i t y ,  
f a t i g u e  c h a r a c t e r i s t i c s ,  and t h e  temporal  s t a b i l i t y  of  t h e  pane l  ma- 
t e r i a l .  S ince  t h e  maximum thermal  stress a t  t h e  edge and a t  t h e  bound- 
a r i e s  of  t h e  h o t  zones is  of s i m i l a r  magnitude, t h e  f a i l u r e  p r o b a b i l i t y  
w i l l  depend on t h e  s e v e r i t y  of  damage i n f l i c t e d  i n  s e r v i c e .  The f a i l -  
u r e  may be minimized, how- 
eve r ,  by s e l e c t i n g  a  low ex- 
pansion g l a s s ,  c o n t r o l l i n g  
t h e  peak use temperature ,  
and op t imiz ing  t h e  pane l  d i -  
mensions r e l a t i v e  t o  t hose  
of h o t  zones. 

Conclusions 

The i n t e r a c t i o n  o f  t h e  2 
a d j a c e n t  h o t  zone has  been E8q- 
examined: t h e  r e s u l t s  i n d i -  ; 
c a t e  t h a t  

1) t h e  maximum edge s t r e s s  
occurs  a t  t h e  p o i n t  c l o s e s t  
t o  t h e  l a r g e r  h o t  zone and 6 0 ~ ' " " " "  0  2 0 4  0  6 0  8 10 
i s  una f f ec t ed  by t h e  pre-  X/d 
sence  of  t h e  ad j acen t  h o t  
zone ; Fig. 4 Comparison of  Various So lu t i ons  

f o r  Tangent ia l  S t r e s s  i n  I n t e r z o n a l  
Region (d=7.6cm) 

2)  The approximate a n a l y t i c a l  s o l u t i o n  f o r  t a n g e n t i a l  s t r e s s e s  a t  t h e  
edge and a t  t h e  boundaries  of  t h e  h o t  zones prov ides  s a t i s f a c t o r y  
va lue s  f o r  des ign  purposes;  

3)  The FEM and a n a l y t i c a l  s o l u t i o n s  f o r  t a n g e n t i a l  s t r e s s  i n  t h e  i n t e r -  
zonal  reg ion  ag ree  t o  w i t h i n  15%. 

The a n a l y t i c a l  s o l u t i o n  i s  a l s o  u s e f u l  f o r  a s s e s s i n g  t h e  f a i l u r e  
p r o b a b i l i t y  by comparing s t r e s s e s  and f law s e v e r i t i e s  i n  t h e  i n t e r -  
zona l  and edge reg ions .  
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