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ON LANDAU DAMPING IN INTERACTING THE REGULAR WAVE WITH NOISE 

K.A. Naugolnikh and S.A. Rybak 

Acoustical Institute of the Academy of Sciences, Moscow, U.S.S.R. 

Résumé.- On considère l'interaction non linéaire d'une onde régulière et du bruit. Dans l'approxima­
tion des trois ondes on a obtenu par la méthode du champ moyen l'expression du coefficient d'absorp­
tion d'une onde, qui se propage dans une zone perturbée par un bruit intense. L'analyse de cette 
expression montre que l'interaction entre l'onde et le bruit basse fréquence mène à l'atténuation 
de cette onde tandis que dans le cas du bruit haute fréquence l'onde peut se renforcer du fait d'un 
transfert d'énergie du champ de bruit à l'onde. Si la fréquence du bruit est beaucoup plus grande 
que la fréquence de l'onde, le caractère du processus est déterminé par l'interaction entre l'onde 
et le paquet d'ondes du champ de bruit dont la vitesse de groupe coïncide avec la vitesse de phase 
de l'onde considérée. Comme dans l'effet Landau l'onde peut s'atténuer ou s'amplifier en fonction 
des propriétés du spectre de bruit. 

Abstract.- The interaction of the regular wave with the noise is considered in the three-wave appro­
ximation of the nonlinear wave theory. It is the shown that the interaction of the wave with the 
low-frequency noise leads to the wave attenuation, while in the case of the high-frequency noise the 
wave can intensified as the result of the energy transfer from the noise field to the wave. This 
result comply closely with the well-known Landau expression for the damping of the electromagnetic 
wave in plasma. 

The nonlinear interaction of the regular wave 

with noise is considered. In three-wave approxima­

tion by the method of the average field the expres­

sion for the wave absorption coefficient, propaga­

ting in the medium, disturbed by the intensive noi­

se is obtained. The analisis of this expression 

shows that the wave interaction with low-frequency 

noise tends to its damping, while in the case of 

high-frequency noise the wave can amplify as the 

result of the energy transmission from the noise 

field to the wave. 

If the noise frequency is essentialy excee­

ded the wave frequency, then the process nature is 

determined by the wave interaction with the wave 

packet of the noise field, the group velocity pro­

jection of which on the propagation wave direc­

tion is coincidenced with the phase velocity of 

the considered wave. 

In this case as in Landau damping effect the 

wave can damp or amplify depending on the noise 

spectrum propeties. 

When the wave is propagated in the medium, 

disturbed by the intensive noise due to the non­

linear effects, the interaction of the wave and 

the noise occurs, tending to the energy exchange 

between them. Under certain conditions this pro­

cess tends to the Landau effect damping type /1,2/. 

The interaction of the wave with those compo­

nents of the noise field, which produce the reso­

nance or almost resonance triplets, makes the main 

contribution to this process. This allows to des­

cribe the interaction of the wave 

ar exp (i T< r - i <u t) k t 
and the noise which can be represented in the form 

of the discrete wave harmonics 

I C , exp ( i t'r - i w , t) 

pt i 
in three-wave approximation of nonlinear wave theo­

ry. In this case it is convenient to apply the ave­

rage field method and to represent the amplitude of 

the considered wave frequency «* in the form of 

the sum of its mean value and the fluctuation addi­

tion 

a + b (1) 

Thus the amplitude of the wave propagating in the 

direction "£', composes of three components : 

a S , + C , + b , (2) 

tk t k 
Substituting this expression in the equation, des­

cribing three-wave interaction 
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where V, , , - i s  the i n t e r a c t i o n  p o t e n t i a l  and 
kk ' k -k '  

Am+ - i s  expressed i n  terms o f  the  i n t e r a c t i n g  k 
wave frequencies, we ob ta in  two equations. 

One o f  them describes the change o f  the f l u c -  

t u a t i o n  a d d i t i o n  amplitude 

The summation i s  performed using a l l  no ise 

components, producing the resonance t r i p l e t  w i t h  

considered wave. The o ther  equation r e f e r s  t o  the 

average wave amplitude. 

I n  the  l i n e a r  approximation on the  f luc tua-  

t i o n  a d d i t i o n  i t  i s  o f  the form : 

'I, 

Here C, = CZ, t bc - i s  the  mod i f ied  amp1 i tude 
k '  

o f  the noise f i e l d .  

S u b s t i t u t i o n  i n  the  l a s t  r e l a t i o n  the expres- 

s ion  f o r  the  f l u c t u a t i o n  a d d i t i o n  (3)  tends t o  the  

equation f o r  the  average amplitude, the  s o l u t i o n  

o f  which can be w r i t t e n  i n  the form /3/ : 

where 

B, = - 1 V,,,' ",, N* ~(Au,) (6)  
k p, kk 'k -k  k l kk ' -Z  k ' -$  k 

Here N = C @ , - i s  the  number o f  
k ' - k  k l - k  i t ' - k  

t h e  i n t e r a c t i n g  noise waves, r e l a t e d  t o  the densi- 

ty o f  the noise energy by the usual r e l a t i o n  / 2 /  : 

i n  t h i s  case 

1 ~ + d $ '  = 1 E dk '  = E , 
k '  k '  

where E - i s  the energy dens i t y  o f  the  noise f i e l d ,  

Aw, = U, t m+,,- U, - i s  the magnitude o f  the  
k k '  k-k k .. .. 

i n t e r a c t i n g  wave missmatched. 

Expression (6)  i s  the convenient i n i t i a l  

p o i n t  t o  i n v e s t i g a t e  the p roper t ies  o f  the  process 

o f  the wave i n t e r a c t i o n  w i t h  the noise. For t h i s  i t  

i s  convenient t o  r e w r i t e  whis r e l a t i o n  i n  more sym- 

m e t r i c a l  form : 

0, = - 1 
7 C v, + +' ~(AU,) 

k , kk 'k-k  k 

The received expression a l lows t o  determine 

the  process o f  the  wave i n t e r a c t i o n  w i t h  the noise 

occurs a l t e r n a t e l y  f o r  the case o f  the low frequen- 

cy and h igh  frequency noise. 

That i s ,  i f  the  noise i s  low frequency, and 

t h e  r e l a t i o n s  w > w , mi? > w, are v a l i d ,  
t k-k 

then due t o  the  r e l a t i o n s  

= - v, k ' k k ' - Z  , = Vt-zlq~' v, , +' 
kk 'k-k  

we ob ta in  

2 
B,= 1 I V, , , 1 6 (Aa,) N, 

k k k ' k - k '  k k t - %  

thus B > 0 and the wave damping occurs. 
Z 
I f  the wave i n t e r a c t s  w i t h  the h igh  frequen- 

cy  noise so as 

mi?, >.,: %, > ., 
k-k'  k 

then t o  ob ta in  the f i n a l  r e s u l t  i f  i s  convenient 

t o  consider the  next  f a c t o r .  

Wi th in  the  considered approximation and the 

condi t ions o f  t h e  random phases the regu la r  wave 

i n t e r a c t  w i t h  every p a i r  o f  the  noise component, 

forming the t r i p l e t s ,  non i n t e r a c t i n g  w i t h  each 

other .  

Each o f  the t r i p l e t s  i n  formula (7)  takes 

i n t o  account tw ice  when summing on a l l  no ise com- 

ponents, forming the resonance t r i p l e t s .  So we can 

n o t  changing the  r e s u l t ,  pass t o  once summing, 

producing it, f o r  example, us ing on ly  those values 
-+ 
k ' ,  fo r  which w > w,, and simultaneously omit 

i? k-k' 
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the f a c t o r  1/2 ahead o f  formula. 

Considering t h a t  under the cond i t i on  W+ >%, 
k '  

W+ > 7 .  %, > W, .+, , we have 
k -k '  k-k 

- - - - v+ _H 

k 'kk l -% 
- v, -+ + +, ; "*,+ +, - v, ++ 

k-k1krk y k-k k ' k k l - 2  

For damping c o e f f i c i e n t s  B we ob ta in  : 
k 

2 
B,= 1 I V-,+l I (N+ - N+lf 6 (Aw+) 

k kk ' k -k  k t - &  k  k  

As you can see i n  t h i s  case the  term B may 
& 

become negative (under the cond i t i on  N+ k ' - 2  < N&, )9  

t h a t  means the energy i n  t h i s  case would t ransmi t  

from the noise f i e l d  t o  the wave. 

Thus, the noise i n t e r a c t i o n  may tend t o  both 

wave damping and wave a m p l i f i c a t i o n ,  as i t  shown 

p a r t i c u l a r l y  i n  /4-6/. 

The e f f e c t  o f  t h e  wave a m p l i f i c a t i o n  by noise 

i s  e s s e n t i a l l y  the  r e f l e c t i o n  o f  the f a c t  o f  decay 

o f  high-frequency noise components r e l a t i v e  t o  the  

low-frequency disturbance i n  the form o f  the wave. 

I n  t h i s  case the  wave, amp l i f y ing  due t o  the  noise 

energy, obta ins a l l  the  s t a t i s t i c a l  features o f  

the noise component and becomes ind is t ingu ishab le  

from i t s  o ther  components, i n  the case when the 

wave and the noise are the waves o f  the type. 

I n  t h i s  sense the  process o f  the wave ampli-  

f i c a t i o n  by noise can a lso  be considered as "hea- 

t i  n g '  o f  low-frequency degrees o f  freedom ti l l 

"the  temperature" o f  the noise f i e l d ,  so the wave 

amp1 i ;;ude takes the equi 1  i brum value : 

where T - i s  the f i e l d  temperature /2/ .  

This circumstance imposes the  r e s t r i c t i o n s  

on the process o f  the wave a m p l i f i c a t i o n  as the  

r e s u l t  o f  i t s  i n t e r a c t i o n  w i t h  the noise. I f  the  

i n i t i a l  wave energy i s  smal ler  than the e q u i l i -  

br ium value then i t  ampl i f i ca tes  t i l l  the  e q u i l i -  

br ium value. I f  the i n i t i a l  value o f  the wave am- 

p l i t u d e  i s  more than the e q u i l i b r i u m  value, then 

the processes o f  four-wave i n t e r a c t i o n  as the  

course o f  which the swing o f  low-frequency noise 

occurs f e r s t l y  due t o  decay o f  high-frequency no i -  

se components w i l l  be the main processes, and then 

the wave absorpt ion i n  the low-frequency noise 

takes place. 

Fur ther  we note, t h a t  i f  the noise frequency 

i s  e s s e n t i a l l y  exeeded the frequency o f  the consi- 

dered wave, then the next  r e l a t i o n  r e s u l t s  from the 

synchronism cond i t i on  ( f i g u r e  1) : 

Fig. 1 L- 

from which i s  fol lowed, t h a t  the frequencies o f  the 

noise components, t a k i n g  p a r t  i n  the i n t e r a c t i o n  

w i t h  the considered wave, l i t t l e  d i f f e r  from one 

another. 

This a1 1 ows t o  produce the  expansion 

t h a t  leads t o  the  next  expression f o r  6, : 
k 

1 2 a N ~ 1  
B + = - 7 1  lV+++, I (kI)( ,, 

k xu kk 'k-k  a t  uZ,=t u 
(10) 

where d - i s  the group v e l o s i t y .  

The received expression means t h a t  the wave 

damping occurs due t o  i t s  i n t e r a c t i o n  w i t h  the 

wave packets o f  the noise f i e l d  (formed by two no i -  

se harmonics), the  group v e l o c i t y  p r o j e c t i o n  o f  

which on the d i r e c t i o n  of the wave vector  co inc i -  

dences w i t h  the phase v e l o s i t y  o f  the considered 

wave. This r e s u l t  c l o s e l y  corresponds t o  the known 

Landau expression f o r  the electromagnetic wave dam- 

p ing i n  plasma due t o  i t s  i n t e r a c t i o n  w i t h  the par- 

t i c l e s ,  the v e l o c i t y  o f  which coincidences w i t h  the 

phase wave v e l o s i t y .  

Moreover as we l l  as i n  the considered Landau 

phenomena, the process character  appears t o  depend 

on the p roper t ies  o f  the  noise spectrum ( the  d is -  

t r i b u t i o n  fenc t ion )  2. 
aN+, a2 

I f  - < 0 then we have 0 > 0 and the  wave 
ax 1 a N 2 

damping occurs, i f  , 0 B+'< 0 , and the  wave 

amp l i f i es .  32 k  

P a r t i c u l a r l y ,  f o r  the  e q u i l i b r i u m  spectrum 
we ob ta in  Ng,  = ~ ~ j l  , and 2 < 0 , f o r  a l l  ca- 

ses, when increases w i tak ' i nc reas ing  X '  , so 

the e q u i l i b r i u m  noise absorbs the wave i n  s p i t e  o f  

i t s  energy spectrum appears t o  increase i n  accor- 
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dance w i t h  Rayleigh-Jins law. 
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