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The de Haas-van Alphen effect and the Fermi surfaces of rare earth metals 

R. C .  Young 

Department of Physics, University of Birmingham, Birmingham B15 2TT, U.K. 

R6sumC. - On dtcrit I'effet de Haas-van Alphen. On explique les rksultats expkrimentaux pour Y, Pr et Gd par 
des modkles de la surface de Fermi. Ces modkles proviennent d'une structure caractkristique de bande pour les 
terres rares. On trouve un vecteur q pour les structures magnktiques en htlice conforme a la surface exptrimentale 
de Fermi pour Y. 

Abstract. - The de Haas-van Alphen effect is described. Experimental results for Y, Pr and Gd are interpreted 
in terms of Fermi surface models which all relate to a basic rare earth band structure. The q-vector for spiral 
magnetic structures in Y(Gd) alloys is found to be consistent with the experimental Fermi surface for Y. 

1. Introduction. - Almost all useful information 
on Fermi surfaces comes from experiments at liquid 
He temperatures on specimens with long conduction 
electron means free path (n. Assessing Thy residual 
resistivity ratio ( 3  = p,,3,/p,,,), many elements 
can be refined to 3 values of lo4 or more. For these 
there is a wide choice of Fermi surface experiments. 
Where (some transition metals, rare earths, inter- 
metallic compounds) it is difficult to achieve an & 
of even lo3 the only useful methods are the de Haas- 
van Alphen (dHvA) effect and to a lesser extent 
the high field magnetoresistance (MR). 

The dHvA effect can in principle determine all 
Fermi surface information. For a particular orbit it 
can measure the area, cyclotron mass (m,), relaxation 
time (7)  and average g-factor and these can be con- 
verted to local values of k,, velocity, T and g by para- 
meterisation. MR requires a little larger 3t than dHvA 
but is of particular value for examining topological 
properties of Fermi surfaces. 

Only with the application of solid state electro- 
transport refining has a high enough % value been 
achieved for Fermi surface investigation of rare earth 
metals. Substantial dHvA results have now been 
reported for Y [I], Gd [2] and Pr [3]. Also reported 
for Gd is the MR [4] and the pressure dependence of 
dHvA [5 ] .  One dHvA frequency has been reported 
for Lu [6] and several for Tb [7]. 

2. The de Haas-van Alphen (dHvA) effect. - The 
dHvA effect arises from the quantisation of the energy 
states of conduction electrons in a magnetic field. 
The motion of an electron is determined by the 
response of its k vector to the Lorentz force : 

so that in k-space it follows an orbit of constant energy 
in the plane I B. The real space motion I B is an 

orbit of similar shape but scaled in area by (AleB)'. 
The application to the orbit of semi-classical quanti- 
sation, in the form 

$ (Fzk - eA).dr = (n + y) ti 

leads to the rule that real space orbits can take only 
the areas (n  + y) tileB: which may be interpreted as 
asserting that the allowed orbits are those for which 
the linked flux is quantised in units of (hie). Because 
the motion along the field is not restricted, the allowed 
states in k-space are a series of tubes about B with 
cross section areas A, = (n + y )  2 neBlti and energy 
separation ho,, where o, = eBlm,. Such a set of 
tubes is shown in figure 1 in relation to a free-electron 
sphere. All states inside the sphere are occupied and 
the degeneracy of the levels is such that E, is almost 
exactly the same as for zero field. 

As B is increased a tube expands in area and even- 
tually it passes out through the Fermi surface. This 

Fig. 1. - The quantised states in k-space (the Landau levels) for 
a system of free electrons in a magnetic field B. The dashed line 
indicates the Fermi surface. 
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involves a depopulation of the tube and this will be 
most rapid just as the tube passes through the extremal 
cross section of the surface. A singularity of energy 
appears as each tube leaves the surface i.e. when 
(n 4- y )  2 neB/ti = A,, where A, is an extremal cross 
section of the Fermi surface. Electron properties thus 
exhibit oscillations periodic in llB. The frequency, 
defined from fiB = (n + y), is directly proportional 
to the area of the extremal cross section i.e. 
f = AA,i2 ne. These oscillations are most conve- 
niently observed in the conduction electron magne- 
tisation - the de Haas-van Alphen effect [8]. As a 
guide to orders of magnitude, the area of the hexa- 
gonal face of the HCP Brillouin zone of a typical rare 
earth metal would give rise to a frequency of approxi- 
mately 3.5 x lo4 T. 

For a general Fermi surface each extremal cross- 
sectional area I to B gives rise to a frequency. The 
oscillations will be resolved only if kT is much less 
than the level spacing hu,  and m, is determined from 
the temperature variation of amplitude at a fixed 
field. 

The usual experimental technique IS the modulation 
method developed by Shoenberg. A field of order 
10 T is provided by a superconducting solenoid and 
superimposed on this is a small audio frequency 
modulating field. The magnetisation is detected by a 
pickup coil, the output of which is amplified and a 
phase-sensitive detector used to select the component 
at the modulation frequency or its harmonics. The 
resultant patterns of output vs field are Fourier 
analysed to give the dHvA frequencies. 

There are some particular difficulties with magnetic 
metals. Thus the electrons respond to B rather than H 
so that it is essential to choose a specimen with a 
shape, such as a sphere, for which B is uniform in size 
and direction throughout. Strong magnetic anisotropy 
presents the problems both of holding the specimen 
against the torque if M is not parallel to B and of 
interpretation when the direction of B alters with 
changing H. This latter problem has not arisen for 
Gd, Y or Pr, but will be present for Tb and the rest 
of the heavy rare earth series. 

3. Specimen preparation. - The prime requirement 
for the dHvA effect is a long enough lfor electrons to 
actually complete a real space orbit (o, z 2 1). 
The dHvA effect is the least demanding of all Fermi 
surface experiments in this respect and for many 
metals an 33, of 100 has proved adequate and been 
easily attained. Unfortunately the rare earth metals 
have particularly high resistivities at room tempe- 
rature and correspondingly short 5: For example : 
to obtain comparable low temperature a rare earth 
metal needs about 10 times the 3 value of an appro- 
priate sample of copper. 

The critical problem in refining rare earth metals 
is the removal of oxygen and other gaseous interstitial 
impurities. In the past commercial pure rare earths 

could contain as much as a few atomic % of oxygen. 
Such gaseous impurities are now removed by solid 
state electrotransport [9] in high vacuum. In this 
process as large an electric current as possible is passed 
through a sample at a temperature just below its 
melting point. Impurities are shifted by electron 
collision and processing for 1 000 hours or so leads 
to % values adequate for the dHvA effect. Recent 
accounts of current techniques are Muirhead and 
Jones [lo] and Fort et  al. [ll]. 

The dHvA effect is very sensitive to the quality of 
crystal structure. The oscillations from different 
crystallites interfere so that a mosaic structure or a 
high density of dislocations can drastically reduce 
the amplitude of a high frequency. 

4. Band structure and the experimental Fermi sur- 
faces. - 4.1 PARAMAGNETIC ; YTTRIUM AND PRAESO- 

DYMIUM. - dHvA effect results are in the form of 
graphs of frequencies (i.e. extremal cross 'section 
areas) vs the angle between B and crystal axes. To 
interpret this data a model of the Fermi surface is 
required, frequencies being identified with orbits on 
the model by size, anisotropy and symmetry. The 
conduction electrons in a rare earth metal have too 
much d-character for the nearly free electron model 
to be of use and recourse must be made to band 
structure calculations by APW or KKR techniques. 

The band structures of rare earth metals are gene- 
rally similar to those of transition metals and can 
similarly be understood in terms of the s-d hybri- 
disation picture. The s-p electrons form broad bands 
of nearly free-electron shape which are overlapped by 
the much narrower tight-binding bands of the d- 
electrons. All crossing points of the overlapping bands 
are hybridised by the lattice potential but the general 
character of the d-bands is retained. The Fermi level 
is chosen so that the hybridised band structure accom- 
modates the correct number of conduction electrons. 

The shape of the d-bands is mainly determined by 
the crystal structure, so that all rare earth metals 
have broadly similar band structures. Thus in the 
paramagnetic state the HCP rare earths would have 
Fermi surfaces sufficiently the same for one model to be 
used for the interpretation of dHvA results, except 
that most rare earths are ferromagnetic at low tempe- 
ratures and their paramagnetic states are not acces- 
sable to dHvA. One example which has been studied 
in detail [I] is yttrium : a model for the typical para- 
magnetic Fermi surface of the HCP rare earth (except 
for spin-orbit coupling effects). 

Figure 2 shows Loucks' APW Fermi surface for 
Y [12]. The first two Brillouin zones are full and the 
surfaces fall in zones 3 and 4. The spin-orbit energy 
gap is large enough to inhibit magnetic breakdown 
between zones 3 and 4. Loucks' frequencies differed 
from the experimental values by up to 20 % (table I) 
but the model has proved adequate for interpreting 
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Table I. - De Haas-van Alphen efSect frequencies 
(in tesla) for Y and Pr. All the experimental fre- 
quencies [l] for Y are shown and these are compared 

€2 to the predictions .of Loucks 1121 (Y model) who 
neglected spin-orbit coupling. The orbits can be identi- 
jied on the Fermi surfaces of$gure 2. Not all the experi- 
mental frequencies [3] for Pr are shown, but only 
those for orbits which are virtually unchanged on 
remapping into the DHCP zone and hybridising. These 
frequencies for Pr can be compared both to estimates 
from the RAPW model [I31 for Nd and to the experi- 
mental frequencies for Y. 

Fig. 2. - The Fermi surfaces of yttrium, according to the APW 
calculation of Loucks [12] but assuming that the degeneracy on 
the (0001) face between zones 3 and 4 has been lifted by spin orbit 
coupling. The third zone surface (a) is shown as a hole surface and 
the fourth zone surface, (b) as an electron surface. The frequencies 
of the various orbits are given in the table I. 

the frequencies and is clearly a good representation 
of the actual Fermi surface. 

A number of dHva frequencies have been 
reported [3] for praesodymium, which exhibits the 
double HCP structure. The frequencies appear to 
relate to the Fermi surface in the paramagnetic 
state and have been interpreted on the RAPW Fermi 
surface [13] calculated for paramagnetic Nd. This 
surface thus forms a model for the general DHCP 
paramagnetic rare earth Fermi surface. 

The DHCP structure introduces extra (0001) Bril- 
louin zone boundaries, making the DHCP zone only 
half the height of the HCP zone. It has been sug- 
gested 1141 that the DHCP structure is stabilised 
because the extra zone boundaries just touch part 
of the Fermi surface and so lower the electronic 
energy compared to that of the HCP structure. 
For this to happen on the yttrium model of figure 2, 
the [0001] dimension of the 4th zone surface in the 
region of orbit q would have to shrink until it was 
about half the zone height. 

The introduction of extra (0001) zone boundaries 
splits the yttrium type surfaces into components 
which occupy four DHCP zones. If all these surfaces 
are remapped into one DHCP zone they will intersect 

Orbit 
- 

Y exp 
- 

Y model Pr expt 
- 

Nd model 
- 

(A) estimated. 
(*) not observed, but could have been expected. 
(t) does not exist without spin-orbit coupling. 

each other and degeneracies are resolved by the lattice 
potential to give hybridisation of the remapped 
surfaces. Some orbits are practically unchanged 
(table I) from the yttrium Fermi surface but others 
are drastically altered. The model for Nd is just 
about what would be expected from introducing 
extra (0001) zone boundaries to an yttrium type 
surface and hybridising the remapped surfaces. 

4 .2  FERROMAGNETIC : GADOLINIUM AND TERBIUM. 
- Interaction with the localised 4f electrons gives 
an exchange splitting A between spin-up ( f )  and spin- 
down (1) states of the conduction electrons. The f 
and 1 bands are displaced from each other in energy 
by A and give rise to Fermi surfaces which differ 
both from the paramagnetic Fermi surface and from 
each other. A first approximation to the ferro- 
magnetic Ferrni surfaces can be generated from a band 
structure for the paramagnetic state by drawing on 
it two Fermi levels, one for f states and the other 
for 1 states. 

The Fermi surface for gadolinium (figure 3) was 
generated [2] from an RAPW band structure [I51 for 
the paramagnetic state, the Fermi levels being chosen 
to give the correct dHvA frequencies. The orbits 
marked in figure 3 were all identified with dHvA 
frequencies and the average A was 0.88 eV. All the 
high frequencies were accounted for and it seems 
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Fig. 3. - The low-temperature Fermi surface of gadolinium, 
obtained [2] by exchange splitting the paramagnetic band structure 
to give the experimental frequencies. The marked orbits (dashed 
lines) are those for which dHvA frequencies have been observed. 
3 f and 4 t are hole surfaces while 3 1 is an electron surface. 3 f 
and 3 1 are exchange split versions of the surface shown in figure 2a. 
The 4 t surface is actually able to fit between 3 f and 3 1 without 
cutting either. 

evident that exchange splitting the paramagnetic 
band structure has given a reasonable model. It was 
actually necessary to allow the exchange splitting 
to vary by 10 % over the zone : an adjustment which 
might have been achieved more realistically, if less 
conveniently, by modifying the band structure itself. 
The model fails to account for any of the eight low 
frequencies (area < 5 % of a zone face) and gives a 
conduction electron magnetisation 10 % larger than 
the experimental value [16]. 

A complication arises if the exchange split f and 1 
Fermi surfaces happen to intersect. The degeneracy 
is lifted by spin-orbit coupling to give a system of 
t.l hybridised surfaces. When the spin-orbit energy 
gaps are small, as for Fe and Ni, they may be over- 
come by magnetic breakdown. The magnitude of 
spin-orbit coupling is considerably larger for the 
rare earths but experience of Fe and Ni suggests [17] 
that the spin-orbit splitting will show a complicated 
dependence on k and M and that symmetry conside- 
rations may sometimes lead to its complete quenching. 

There does not appear to be any f J  hybridisation 
in Gd. The 3 f and 3 J. surfaces are sufficiently split 
that 3 1 has moved completely through 4 f and there 
is no intersection. Moving along the series, the 
exchange splitting is reduced and the 3 J  and 4 f 
surfaces move back through each other so that 
hybridisation is to be expected from Tb onwards. 

In detail the model of exchange splitting on a para- 
magnetic band structure requires a number of refine- 
ments. The bands structure needs to be calculated 
relativistically, except for spin orbit coupling which 
must be applied to exchange split states. The band 
structure will change when ferromagnetism is intro- 
duced and so should be calculated self-consistently 
using a spin-polarised muffin-tin potential. The 
exchange splitting will vary with k and energy, 
depending on the balance of s and d character in the 
conduction electron wavefunctions, although as long 

as the Fermi surfaces fall in the d-bands a constant 
splitting may be a reasonable approximation. The 
splitting should not be a fitting parameter but should 
be calculated from the actual 4f and conduction 
electron wavefunctions. Such ab initio band calcu- 
lations of the ferromagnetic state have been carried 
out with reasonable success for Fe and Ni 1181 and 
are now being attempted for Gd [19]. 

5. The fermi surface of yttrium and spiral magnetic 
ordering. - The strength of the RKKY indirect 
exchange interaction between 4f ions is proportional 
to the conduction electron susceptibility function 

A peak in ~ ( q )  at q = Q, leads to a spiral structure 
of wavenumber Q,, thus relating the initial pitch 
of the spiral to the paramagnetic Fermi surface. 

It was found [20] that for alloys with low concen- 
tration of Gd in Y the Q, of the spiral structure was 
approximately independent of Gd concentration. 
This limiting value of Q, evidently relates to the 
Fermi surface of pure Y, allowing a direct comparison 
of the experimental Q, and the experimental Fermi 
surface. The calculated Q, from Loucks' model, 
0.375 x 2 nlc, was about 25 % larger than the 
experimental value. The dHvA results show, however, 
that the webbing (Fig. 4) of the model is too thick 
and consistency is in fact achieved if the calculated Qo 
is reduced in proportion to the thinning of the webbing 
which is required by the dHvA results. 

Fig. 4. -The Fermi surface of yttrium in the double zone scheme, 
both 3rd and 4th zone surfaces now being shown as holes. The 
indicated vector Q ,  spans the rather flat webbing region which 
is thought to determine the initial pitch of the spiral magnetic 
structure in Y(Gd). 

Conclusion. - Now that specimen preparation 
problems have been overcome, the dHvA effect is 
proving as powerful a method of Fermi surface 
determination for rare earths as for other elements 
and compounds. For the paramagnetic cases, where 
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direct comparison can readily be made, the experi- 
mental and calculated Fermi surfaces are recogni- 
sably the same. That numerical agreement is still 
poor is perhaps not surprising for band structures 
up to 10-15 years old. The dHvA effect is actually 
a very precise experiment and present discrepancies 
are often two orders of magnitude greater than the 
experimental errors. 

Comparison of the exchange split band structure 
with experimental frequencies for ferromagnetic 
metals is more difficult because the exchange splitting 
is an extra variable. It seems clear, however, that 
the Fermi surfaces of Gd can be broadly derived 

from the band structure which explains Y and, with 
remapping and hybridisation, Pr. There is thus a 
typical HCP rare earth band structure which seems 
likely to explain the main lines of all rare earth Fermi 
surfaces. 

From the point of view of the dHvA experiment 
itself, the rare earths so far examined are actually 
the simplest and least interesting : Y and Pr are 
essentially paramagnetic while Gd is the simplest 
possible ferromagnet. dHvA with the magnetic aniso- 
tropy and t i  hybridisation of Tb and the complex 
magnetic structures of Nd should prove particularly 
interesting and informative. 
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