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THE OMEGA PHASE TRANSFORMATION

J. M. SANCHEZ and D. DE FONTAINE
School of Engineering and Applied Science, University of California, Los Angeles, CA. 90024, U.S.A.

Résumé. — On examine divers modéles théoriques pour la transformation § — w dans des alliages
a base de Ti, Zr et Hf, et ’'on compare les prévisions théoriques avec les résultats expérimentaux.
Quoique les causes fondamentales de cette transformation ne sont pas bien connues a présent, la
plupart de ses caractéristiques peuvent &tre décrites de fagon assez précise au moyen de modéles
phénoménologiques. On présente, entr’auntres, un modéle récent basé sur la méthode Cluster Variation
ot 'on se sert de la cellule primitive c.c. comme motif atomigue de base. Les calculs montrent que la
concentration de complexes activés, responsables de la diffusion, augmente lorsque I’on s’approche
de la température de transformation f — w. Ceci explique Iaugmentation de la vitesse de self-
diffusion observée a basse température dans les métaux Ti, Zr et Hf. En outre, ce modéle, basé sur
I’existence de fluctuations de type w dans la phase 8, tient compte quantitativement des anomalies de
diffusion observées dans les phases c.c. (8) des métaux de transition du groupe IV B.

Abstract. — Different theoretical models for the § — @ phase transformation in Ti, Zr and Hf
alloys are reexamined and their predictions compared to experimental evidence. Although the
fundamental reasons for the presence of the transformation are not fully understood at the present
time, most of the features of the transition can be described quite accurately by phenomenological
models. A brief discussion is presented of a recent Cluster Variation calculation which uses the bee
primitive unit cell as the basic configurational cluster. Such a calculation shows an increase in the
concentration of activated complexes for diffusion as the § — o transition is approached, thus
explaining the enhancement in self-diffusion at low temperatures observed in Ti, Zr and Hf. The
diffusion model based on the presence of w-like fluctuations in the f-phase is, in addition, in excellent
quantitative agreement with rather puzzling observations in f-stabilized alloys of the Group IV B

transition metals.

1. Introduction. — The group IV B transition
metals Ti, Zr and Hf, when alloyed with a bce (f)
stabilizer element (e.g., Nb, V, Fe, Mo, Mn, Cr)[1, 2],
or pure Ti and Zr at high pressures [3, 4] can transform
at low temperatures to a metastable hexagonal phase,
the so-called w phase. Since the early work by Frost
et al. [5, 6] on Ti-Mn and Ti-Cr alloys, it became
clear that the w phase was one of the most conspicuous
features of the Group IV B transition metals.

A number of theoretical models have been proposed
to explain the broad range of phenomena associated
with the o phase [7-12]. At the time of writing, howe-
ver, a theory of the 8 — o phase transformation based
on first-principles is still lacking. Thus, the theoretical
contributions have been in the form of phenomenolo-
gical models which, notwithstanding, describe quite
accurately most of the features of the transition.

Although the crystallographic relationship between
the becc and @ phase is particularly simple, much
experimental work was required in order to elucidate
the omega structure [13-16]. The reason for early
controversial reports on the structure of the omega
phase is that the metastable phase can be formally
obtained from the bcc lattice by means of a simple

longitudinal displacive wave of magnitude a/6 (a is
the bee lattice parameter) and wave vector

k, = 2/3[111] [17].

Thus four variants of the omega phase exist, one for
each {111 ) direction, and one must be careful
in assigning the observed reciprocal lattice reflection
to the proper variant.

The alternate collapse of pairs of (111) planes
produced by a k,, displacive wave with an amplitude
slightly smaller than a/6 is schematically shown in
figure 1. Complete plane collapse, which corresponds
to the omega phase, results in a two-layered structure
of the AIB, type. A change in sign in the k,, displacive
wave (broken line in figure 1) gives rise to a different
(high energy) structure, termed antiomega (w) by
Cook [9-11]. Within a given variant, three different
subvariants or domains may develop, since three
distinct types of plane collapse can occur : (a, ),
(B, 7), or (y, w), each giving rise to a particular omega
subvariant, o, f, y denoting the stacking sequence of
{ 111 > planes in the bec lattice.

The nature of the § — w phase transformation has
been revealed by electron diffraction in a large number
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F1G. 1. — The effect of the 2/3 [111] displacive wave on the bee
lattice.

of Ti, Zr and Hf base alloys [18-21], and by neutron [22]
and X-Ray diffraction and Mdssbauer {23] spectro-
scopy in the Zr-Nb system at different concentrations
and temperatures.

Early electron diffraction experiments showed that
considerable diffuse intensity was present near the
omega superlattice reflections in a concentration-
temperature range where the bcec structure was
known to be the stable phase [18]. On a (110), reci-
procal lattice section, the diffuse intensity appeared as
streaks perpendicular to the { 111 > directions and
slightly offset from the omega superlattice reflection
towards the octahedral [111] reciprocal lattice points.
In some Ti and Hf alloys, the offset and elongation of
the diffuse intensity was compounded with strong
curvature, so that the streaking resembled a sphere
of intensity centered at the octahedral positions of the
bee reciprocal lattice of f, with a radius slightly smaller
than g/3, g being the length of the [111] reciprocal-
space vector g {20]. Analysis of the offset in the diffuse
streaking as a function of Nb content in the Zr-Nb
system indicated that the magnitude of the offset
decreased as the f— o transition was approached,
with the diffuse streaking becoming sharp omega
reflections inside the field of omega-stability [18].

Dark field electron microscopy performed right
below the P — w transition temperature revealed
the presence of ¢ 111 > rows of particles, each particle
having a diameter of 10 to 15 A [18]. As we shall see in
Section 3, such row morphology can -be easily ratio-
nalized in terms of rather convincing thermodynamic
arguments. Recently, by means of high resolution
electron microscopy in Zr-Nb alloys, Kuan and
Sass [24] have been able to resolve what appears to be
small omega-like particles in a concentration-tempera-
ture region outside the field of omega stability. The
interpretation of such images is not straightforward,
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however, and the detailed displacement field asso-
ciated with such particles still remains uncertain.

Some of the drawbacks of electron diffraction expe-
riments, such as double diffraction and the inability
of separating elastic and inelastic scattering, have been
overcome by recent neutron diffraction and Mossbauer
spectroscopy studies in Zr-Nb alloys. The experimental
evidence produced by neutron and Mdossbauer diffuse
scattering can be summarized as follows :

1) Analysis of the scattered intensity near an omega
superlattice reflection as a function of the neutron
energy transfer AE (see figure 2) reveals the presence of
astrongpeak at AE = 0, the so-called central peak [22)
The central peak represents elastically scattered
intensity, resulting from static — or near static —
displacements.
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F1G. 2. — The central peak and overdamped phonon response as
observed by neutron diffraction experiments above the f —» w
transition temperature {22}].

2) The central peak persists over a very wide tempe-
rature range inside the f phase, even up to 1 000 °C
above the f — o transition in the case of Zr-20 at.
% Nb [22]. :

3) The elastically scaftered neutron intensity is
offset from k,, in a manner consistent with earlier elec-

tron diffraction experiments. Furthermore, recent
Maéssbauer diffuse scattering studies appear to indi-
cate that the magnitude of the offset increases as one
moves further away from the origin of reciprocal
space [23].
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4) On a (110), reciprocal lattice plane (figure 3),
where superlattice reflections are given by

ks = kﬁ "_*'_ ka)
with k; a bee reciprocal lattice vector and
k, =13 [112],

it is found that the diffuse intensity near k; + k,
is much weaker than that near k; — k,, for

K,.[111] > 0,

the opposite being true if the sign of k; is revers-
ed [22, 23].

5) The inelastically scattered intensity is characte-
rized by the absence of well defined phonon peaks at
finite values of the neutron energy transfer (see
figure 2), in addition to a conspicuous lack of bce
symmetry [25].

As we shall see in the remainder of this paper, the
experimental facts listed above have provided impor-
tant clues in the development of phenomenological
models for the B — w transition. Such theories have
proved very valuable in explaining peculiar macrosco-
pic phenomena associated with the group I'V B transi-
tion metals, such as anomalies in internal friction {26]
and diffusional behaviour [12, 27] close to the transi-
tion temperature.
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FiG. 3. — Diffuse intensity contour map on a (110); section of
reciprocal space [23].

2. The nature of the transformation. — Early studies
of the B — w phase transformation in alloys of
Group IV B transition metals emphasized the compo-
sitional aspects of the transformation, i.e., the parti-
tioning of solute between the omega particles and the
retained § matrix. Only later, when it was recognized
that the B — o transformation could take place at
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low temperatures, where solute mobility is extremely
low, or under high pressure for the pure elements, it
became apparent that the purely displacive nature of
the transformation must provide the key to the
transformation mechanism. Hence, in current theo-
retical treatments, lattices sites are assumed to be
occupied by unspecified average atoms, of mixed
Zr-Nb character, for example. The natural order
parameters are thus considered to be thermal averages
of the atomic displacements from the bcc lattice of the
high-temperature (f) phase. Compositional effects
should really be introduced, as displacive-composi-
tional wave coupling may well be found to play an
important role. In this brief review, however, only
displacive effects will be considered.

The free energy of the system can then be written,
in principle, as a Landau expansion in powers of
atomic displacements [9-11]. In a simplified treatment,
the amplitude of the k, = 2/3 [111] wave is taken to
be the unique order parameter #, and the Landau free
energy expression can then be written as

AF = An* + Bnp® + Cp* + -

where AF is the difference in free energy between the §
phase with and without displacements, 4, B, and C
being temperature (and pressure) dependent pheno-
menological coefficients. A schematic plot of AF as a
function of the order parameter # is shown in figure 4.
For the case of a non-vanishing third-order free energy
coefficient, the order parameter, determined by the
minimization of the free energy, is zero at high tem-
peratures and jumps discontinuously to a finite value
o at the transition temperature; thus the transition
is first-order. This simplified picture does not strictly
apply to the § — w transition where, as we shall see,
a single homogeneous (independent of position in the
crystal lattice) order parameter is not sufficient for a
complete characterization of the transformation.
Nevertheless, the presence of third-order anharmoni-
city in the atomic displacemients is a convincing argu-
ment in favor of a first-order transition, although it
should be pointed out that the order of the f —» w
transition has not yet been determined experimentally.

AF

>
-

0 I

F16. 4. — Characteristic shape of the free energy expansion for
a first-order transition.
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It is interesting to note that most bec structures
show a natural softening of the longitudinal phonon
frequencies for a wave vector close to 2/3 [111], the
Brillouin zone center of the omega phase and a zone
boundary point for the bcc phase. Such softening,
shown in figure 5 as a dip in the longitudinal phonon
frequencies at k,, ~ 0.71 [111], is structural in origin,
arising from the unscreened Coulombic interactions
of the ions with the uniform electron gas [28]. In the
particular case of the Group IV B transition metals,
additional softening of the short wavelength phonons
may arise from screening effects associated with
nesting or with flat portions of the Fermi-surface.
In fact, recent calculations by Myron et al. [29] in
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F1G. 5. — The energy modulus, proportional to the square of
the harmonic phonon frequencies, for the [111] longitudinal
branch, calculated by Cook [11].

Zr-Nb alloys, show that the generalized susceptibility
function has pronounced peaks near the k,, position
in reciprocal space, an indication that the natural dip in
the phonon frequencies (figure 5) will be considerably
enhanced by electron screening. Thus the calculations
by Myron et al. [29], appear to indicate that the § - @
phase transformation is driven by strong electron-
phonon coupling, a likely mechanism being the for-
mation of charge density waves (CDW). The effect
of CDW’s on a number of crystal properties has been
studied by Overhauser [30] and by Chan and Heine [31].
In particular, the latter authors predict that a struc-
tural transition driven by CDWs will be of the classical
soft mode type, i.e., one or more normal mode fre-
quencies will vanish at the transition temperature. At
the present time, the experimental evidence is not
sufficient to determine whether or not the f - w
phase transformation can be classified as a soft-mode
transition. However, in view of the fact that a soft-
mode mechanism is one of the simplest and better
understood process giving rise to a structural transi-
tion, it is of some interest to review briefly the basic
principles involved. Of necessity, we will consider a
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simplified model which, although not directly appli-
cable to the f — w transition, will help to clarify
the type of difficulties likely to be encountered in a
more general treatment. A model soft mode transition
can be treated quite independently of the microscopic
softening mechanism by postulating that the crystal
structure is unstable at low temperatures with respect
to a given normal mode displacement, i.e., the harmo-
nic frequency-squared associated with the normal
mode in question is negative [32]. The simplest Hamil-
tonian which will show such a structural phase trans-
formation is of the form

¥ =H, + H, M

where H,, in terms of the frequencies w(s, k) of the
s-th mode of wave vector k and of the normal mode
displacement aplitudes Q(s, k) is given by

Hy = 3% 076,10 06,1 06, = k)

and where H, contains fourth-order products of the
form Q(Sla kl) Q(SZa kZ) Q(S?n k3) Q(S4’ k4)5 Wlth
k; +k, + k3 + k; equal to a reciprocal lattice
vector of the high temperature structure. For the soft
mode (s, k.), the square of the frequency (s, k) will
be negative and the Hamiltonian as a function of the
soft normal mode displacements will exhibit a charac-
teristic double well potential. A new set of frequencies
€2(s, k) can be calculated in a straightforward manner
by means of the Hartree or self-consistent phonon
approximation [33]. The Hartree approximation con-
sists in replacing in H, products of the type QQQQ by
{00 > Q00 where the brackets stand for themal
averages calculated self-consistently in the harmonic
approximation. The new set of temperature-depen-
dent frequencies Q(s, k) are then given in this appro-
ximation by

Q%(s, k) = &*(s, k) +
+ ke Ty, &5, k; 5", K)/Q* (s, k) (2)
sk’

where &(s, k ; s', k') are effective fourth-order coupl-
ing constants and where it has been implicitly assumed
that kg T > 7Q.

In. the so-called quasiharmonic treatment [34],
Eq. (2) is further approximated by replacing Q2(s, k)
on the right hand side by the harmonic frequencies
®?(s, k). In the quasiharmonic approximation, it can
be shown that the order parameter, defined as the
thermal average of the soft normal mode displacements
{ Q(s, k) >, vanishes continuously when the transition
temperature 7, is approached from below, and
consequently the transition is then second order [34].
Furthermore, on the high temperature side, the soft-
mode frequency vanishes at T as :

Q%s, k) = AT — Ty)
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with
A = kg Y D(s, k¢ ; 5, K)/w?(s, k)
sk

where the transition temperature is given by
Ty = — 0*(s,k)/A .

Considering the fact that most displacive transitions
are first-order, and the f — w transformation cer-
tainly appears to be so, the results produced by the
quasiharmonic approximation are not particularly
attractive. It turns out, however, that if Eq. (2) is
solved by relaxing the quasi-harmonic approximation,
the transformation becomes first order, with the soft-
mode frequency vanishing at the instability tempera-
ture T; (T; < T,) as [35]

QZ(S’ kc) oC (T - 1-11)2 .

The picture of the transition becomes now much more
realistic since, in addition of predicting a first order
transformation, the soft-mode frequencies do not
vanish at T, in agreement with recent experimental
evidence in the transition metal dichalcogenides [36].

The simple anharmonic perturbation method used
for handling the Hamiltonian of Eq. (1) fails to repro-
duce one of the most conspicuous features observed
in a number of structural tramsitions, namely the
presence of a central peak in the dynamic phonon
response (see figure 2). The central peak can, however,
be formally recovered by means of some dissipative
relaxation process coupled linearly to the normal
displacive modes [37, 38]. This point has recently
been emphasized, in connection with the transition
metal dichalcogenides, by Bhatt and Mc¢Milian [38]
who proposed a linear coupling between CDWs, of
amplitudes &(k), and the normal modes Q(k), through
a free energy of the form :

F= ; { e®) £) E(— k) + o(k) [EK) Q(— k) +
+ (= k) O(K)] + «(K) OK) O(~ k) }

where &(k), v(k) and (k) are phenomenological para-
meters.

In a rather different approach, the presence of the
central peak is simply attributed to static or quasistatic
displacive defects which persist well inside the high
temperature phase [39, 40]. Furthermore, the central
peak may be a manifestation of soliton modes, as
described briefly below. In summary, the softening
associated with structural transitions can be under-
stood quite well in terms of a simple anharmonic
perturbation analysis. The transition is first-order
when treated self-consistently even for the simple
Hamiltonian given by Eq. (1), with the soft-mode
frequency vanishing at the instability temperature.
On the other hand, the central peak cannot be easily
incorporated into the description and either static
displacements or some dissipative relaxation process
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coupled to the displacive normal modes has to be
invoked.

Although the description of structural phase trans-
formations given above explains many of the features
observed experimentally, the question remains whether
or not a similar approach is applicable to the § - w
transition. The main difficulty is that, in the f - w
transition, third-order anharmonic coupling between
normal modes play a significant role. These third-
order anharmonicities represent a considerable mathe-
matical complication since they cannot be properly
treated in the simple Hartree or first-order self-
consistent approximation. Thus, higher levels of
approximations are called for, from which one would
expect to establish a clear connection between the
static and dynamic aspects of the problem.

A particularly promising approach is that given
recently by Varma [41] for the analytical solution of the
equations of motion for an anharmonic linear chain.
The solutions, differing markedly from those obtained
by conventional perturbation methods, are found to
involve soliton modes, which may be interpreted as
moving domains. Of course, results valid for a linear
chain, treated as a continuum, cannot be extrapolated
directly to three-dimensional transformations in crys-
tals. Nevertheless, certain conclusions appear to
carry over to the f — w transformation which has
marked one-dimensional character (along < 111 }).
Certainly, the prediction concerning the existence of
antiphase domains and resulting central phonon peak
apply well to the omega case, although, because of the
finite extent in three dimensions of omega and of
smaller antiomega (w) domains, with attendent three-
dimensional strain fields, one does not expect these
domains to interpenetrate without mutually interact-
ing, even if they belong to the same variant, as classical
solitons do. Also solute-displacement coupling may
considerably slow down the moving, and now interact-
ing, domains.

3. Phenomenological models for the free energy. —
Cook has recently proposed a Landau expansion for
the free energy in terms of the atomic displace-
ments [10, 11]. This approach has proved very helpful
in understanding the static properties of the
Group IV B transition metals such as the origin,
offset and marked asymmetry in reciprocal space of
the omega (central) peak. A key element of the model
is the distinction between the @ and the w structures
causing the free energy expansion to include strong
third-order anharmonic contributions. Thus the free
energy change due to static displacements will be
given by

AF=F, + Fy + F,
where F,, F; and F, stand, respectively, for quadratic,

cubic and quartic terms in the displacements, higher-
order terms being neglected in order to keep the
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discussion simple. The second-order term, F,, is the
familiar one obtained from lattice dynamics in the
harmonic approximation and it is given by

F, =23 Y 0,® UM Uyl
2 a8 k

in which « and § refer to the Cartesian components of
the displacements amplitudes U(k). The free energy
coefficients ¢,5(k) are expected to behave in a manner
very similar to the harmonic phonon frequencies,
showing marked softening at k, ~ 0.71 [111] (see
figure 5). The anharmonic contributions to the free
energy, £y and F,, will be of the form

Fy

It

§]—! Z Z ¢¢B)’(k/’ k") U (k) Uﬂ(k’) Uy(k”) %

apy Wk”
x 6k + k' + K, kj)

1 1 n " ’
Fo=pr Y Y ®upp, K, K") UK) Uy x

BT 5 b

X Up(k") Up(K") 30k + K + K + k", ky)

where &(k, k') and &(k, k', k”) are appropriate third
and fourth-order free energy coefficients, respectively,
and where the delta functions reflect the translational
symmetry of the bce lattice.

The offset in the elastic diffuse intensity can be
understood by noting that the softening of the harmo-
nic free energy coefficient P(k) is largest at a position
k., in reciprocal space close to, but not exactly at the
commensurate wave vector positon k,. Thus, an
incommensurate displacive wave of wave vector k,,
will be favored by the harmonic free energy contribu-
tion. The structure developed by such an incommen-
surate wave will consist of a sequence of alternate w
and o like domains with both types of particles having
the same volume fraction. It is apparent then that the
free energy of the system can be lowered considerably
if the volume fraction of @ domains can be reduced by
properly distorting the incommensurate plane wave.
The distortion of the k,, displacive wave will result in
an increase in the harmonic free energy which can be
more than compensated by the fact that the distorted
wave can now reduce its energy by means of third-
order anharmonic interactions. Note that an incom-
mensurate plane wave cannot interact with itself
through the third order anharmonic term, the only
wave allowed to do so by the symmetry of the problem
being the commensurate one k.

A likely distortion for the incommensurate displa-
cive wave is a phase modulation, the so-called phason,
as recently shown by McMillan for a similar free
energy expansion in terms of the amplitude of
CDW’s [42]. A detailed calculation of the phase
modulation which minimizes the free energy is a
rather complex problem and it will suffice here to
emphasize that a properly distorted incommensurate
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wave can lower its free energy with respect to that of a
single commensurate plane wave, as shown schemati-
cally in figure 6. Thus, the fact that a distorted k,,
wave has a lower free energy provides a straightfor-
ward explanation for the observed offset in the diffuse
intensity and, as shown elsewhere [43], for the marked
k-space asymmetry in the intensity distribution (see
figure 3).
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F16. 6. — Expected behavior of the phenomenological free energy
for a commensurate wave (k,,) and for a distorted k,, wdve (pha-
son) 11}

In addition, the incommensurate wave approach
appears to be in good agreement with the observation
of { 111 > rows of particles below the § — @ transi-
tion temperature {18]. Such a microstructure has been
explained by different models in terms of a k,, displa-
cive wave {10, 11, 43] although some uncertainty
remains concerning the exact displacement field of
the particles.

Models for the free energy based on the concept
of discrete displacements have also been propos-
ed [7, 8, 12]. A common feature of such models is
that the § — o transition is treated as an order-
disorder reaction where the ordering species are a
discrete set of static atomic displacements. A particu-
larly successful method for handling order-disorder
phase transformations in general is the cluster varia-
tion method (CVM) proposed by Kikuchi [44]. This
approach consists in a hierarchy of approximations in
which the configurational entropy is written as a
function of the distribution variables (concentrations)
for different types of clusters of lattice points. A
recent CVM calculation for the § — w transition,
which uses the bec primitive unit cell as the basic
configurational cluster, has provided considerable
insight into the problem of anomalous diffusion in
the Group IV B transition metals [12]. Let us describe
here the relevant aspects of such CVM calculation
and in the next section, we shall discuss briefly the
connection between anomalous diffusion and the
B — w phase transformation.

In the CVM approach, the § —~ w phase transforma-
tion is modeled by associating to each bcc lattice point
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a displacement u, along the { 111 ) direction of the
form
U, = Uy 0,

where u, is half the distance between (111) planes and
where the occupation operator o, takes values 0, + 1
or — 1. Proper ordering of the three types of displace-
ments on different (111) planes of the «, B, y bec
stacking sequence results in a particular subvariant of
the omega phase.

The free energy of the system can be written as

_ nop pg/mnop _
F = Z 8;{']'kl ijkl
ijki
mnop

ks T'ln Gy (3)

where €37 and Wi are, respectively, the energies
and concentrations of the 8-point clusters (bec pri-
mitive unit cell) with the indices referring to the type
of displacement (0, + 1) at each corner of the unit
cell. The combinatorial term Gy is the number of
distinguishable configurations of the system having
definite concentrations of the basic 8-point clusters,
calculated in the cluster variation approximation [44).

At any temperature, the equilibrium distribution
for the configurational variable W can be obtained
by minimizing the free energy given by Eq. (3). The
minimization of the free energy is a rather cumber-
some task since there are 3% = 6 561 cluster variables
(not all distinct), and an equal number of simultaneous
nonlinear algebraic equations to be solved. Such large
numbers of simultaneous equations, are, nevertheless,
tractable by relatively simple iteration techniques [12,
45]. The computational difficulties involved in the
CVM calculations are, however, more than compensat-
ed by the fact that the temperature dependence of all
intermediate cluster structures between the perfect bee
and perfect omega are obtained. Thus, a rather
complete picture of the degree of short-range order in
the system can be constructed.

As an example, figure 7 shows the temperature
dependence of a particularly important cluster for
diffusion, namely the activated complex consisting of a
triangle of third-nearest neighbors collapsed onto the
same plane with an atom at its center (see figure 8).
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FiG. 7. — The concentration of ® embryos (activated complexes
for diffusion) versus the absolute temperature [12].
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FiG. 8. — The configurations of the elementary w embryo and

the activated complex for diffusion. The atom at 0 exchange places

with a vacancy at V (&) by forming, in the process, an elementary w
embryo (b).

Such a cluster has the characteristic trigonal bonding
of the omega structure and it will be termed w-embryo.
Thus, it is not surprising to see in figure 7 that the
concentration of omega-embryos increases considera-
bly as the B — o transition temperature is approached
which for Zr should be around 900 K.

The treatment of displacive phase transformations
by means of the CVM cannot be considered fully
developed, however. Due to the displacive nature of
the transformation, vibrational entropy changes will,
in general, play an important role and the configura-
tional free energy may not suffice for a complete
characterization of the phase transition. Assuming,
however, that such vibrational contributions can be
properly taken into account, considerably larger
clusters, and therefore more configurational variables
than are used in the case of replacive transitions,
appear to be necessary. The necessity of larger clusters
arises from the relatively extended elastic fields asso-
ciated with a given displacive defect. Thus, the prac-
tical application of the CVM to displacive transitions
at the present time will require further improvements
in the analytical techniques used for the minimization
of the free energy.

4. Apomalous diffusion. — It is well established that
the diffusion coefficient in the Group IV B transition
metals Ti, Zr and Hf deviates considerably from the
normal Arrhenius relation

D = D, exp(— Q/RT)

where the pre-exponential factor D, and activation
energy Q are temperature-independent [46]. The ano-
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malous diffusional behavior in the Group IV B transi-
tion metals is characterized by a large enhancement
in the diffusion coefficient at low temperatures, result-
ing in a markedly curved Arrhenius plot. Fitting the
experimental data by means of the activated laws of
the form

D = D, exp(— Q/RT) + Dg exp(— Q'/RT)

results in normal values of D, and Q at high tempera-
tures, i.e., D, falling between 0.05 and 5 cm?/s and Q
approximately given by

Q=34T, @

with T, the melting temperature. At low temperature,
however, the values of both D{ and @' are much too
low to be rationalized in terms of any reasonable
normal diffusion mechanism [46]. A particularly
puzzling effect is observed in the diffusional behavior
of f-stabilized alloys of Ti, Zr and Hf : it is seen that,
by increasing the solute content, the apparent activa-
tion energy for diffusion increases even though the
melting (solidus) temperature 7,, in most cases
decreases [47]. In view of the empirical relation (4),
such behavior defies interpretation in terms of conven-
tional diffusion mechanisms.

Recently, a model for anomalous diffusion, closely
connected to the ff — @ transition, has clarified the
peculiar diffusional properties of the Group IV B tran-
sition metals [27]. The key element of the model is the
identity of structures of the activated complex for
diffusion and that of an omega-embryo, that is, the
smallest unit or cluster of neighboring atoms having
the essential omega-structure (see figure 8). Thus,
in the case of systems for which the omega structure is
a low temperature metastable phase, close to the
transition temperature the free energy of formation of
an activated complex (omega-embryo) will be much
smaller than in the case of normal bce metals, result-
ing in a higher concentration of activated complexes
and consequently enhancing diffusion at low tempera-
tures. On the other hand, in the limit of high tempera-~
tures, random thermal vibrations will tend to destroy
the omega embryo, and the diffusion process will
be characterized by normal values and behavior of
the diffusion coefficient.

The increase in concentration ¢, of the omega-
embryos (activated complexes) close to the f— w
transition temperature is apparent from figure 7,
where ¢, was calculated in the CVM approximation
referred to in the last section [12].

The diffusion coefficient can now be calculated as

D =vya’ vy, c* 5)

where y is a numerical constant close to unity, a is
the lattice parameter, v, is the attempt frequency,
¢, is the vacancy concentration and ¢* is the total
concentration of activated complexes given by

c* =c, + ¢,
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with ¢, the concentration of normal activated com-
plexes. After some straightforward algebra, Eq. (5)
can be written as

D = Do exp(— Q/RT) [1 + ¢, exp(AG,/RT)]  (6)

where D, and Q are normal pre-exponential factor
and activation energy, respectively, and where AG,,
is given by

AG,, = AH,, — TAS,,

with AH,, and AS,, the enthalpy and entropy of forma-
tion of normal activated complexes. When the concen-
tration of omega embryos ¢, shown in figure (7) is
used, Eq. (6) results in an excellent fit to the self-
diffusion data on Zr [48] with Dy = 1.3 cm?/s,
Q = 65.0 kcal/mole, AH,_ = 33.5 kcal/mole, and
AS,, = 2.3 R (see figure 9). The agreement between
the model and the experimental data shown in figure (9)
is particularly relevant since all classical diffusion
parameters used fall well within the range prescribed
by the well-established semi-empirical rules of normal
diffusion {46].

The increase in the apparent activation energy
with the f-stabilizing alloying content can be explained
equally well by the model, as recently shown in the
cise of Ti-Mn alloys [12]. Actually, the f — w transi-
tid?i"ji‘;eﬁmperature decreases much more rapidly with
Mn content than does the solidus temperature T,
Thus, at a given temperature, increased alloying
effectively takes the system further away from the
omega transition so that the concentration of omega
embryos is expected to decrease, resulting in an
increasingly normal behavior, as is observed [49].
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