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THEORIES OF STATIC AND DYNAMIC CRITICAL PHENOMENA 
AT ORDER-DISORDER AND UNMIXING TRANSITIONS 

K. BINDER 

Theoretische Physik, Universitat, 66 Saarbriicken 11, W-Germany. 

RbumC. - Une b r k e  revue de quelques concepts rkcents sur les transformations de phase dans 
les solides est donnke. Tout d'abord, des modeles de rkseaux microscopiques simples sont intro- 
duits, des modkles d'lsing qui decrivent soit la dkmixtion (si le parametre d'ordre de la transition est 
conservk) soit l'ordre (si le parametre d'ordre n'est pas conserve). On montre que les approximations 
de Bragg-Williams ou de champ moyen dkcrivent de f a ~ o n  imprCcise la transition parce qu'elles 
negligent les fluctuations, sauf dans le cas des forces longue distance (hydroghe dans les mktaux 
etc.). Tandis que les calculs de simulation Monte Carlo donnent une description assez precise dans 
tout le domaine de tempbrature, des informations tres prkcises sur les exposants critiques sont 
obtenues par la mkthode groupe de renormalisation bask sur la notion d'kchelle. Par l'approche de 
cluster dynamics ces idkes sont Ctendues aux phknomknes cinktiques loin de l'kquilibre. 

Abstract. - Some recent concepts on phase transformations in solids are briefly reviewed. First 
simpIe microscopic lattice models are introduced, kinetic Ising models which describe either unmixing 
(if the order parameter of the transition is conserved) or ordering (if the order parameter is not 
conserved). Bragg-Williams or related meanfield-approximations are shown to describe the transition 
inaccurately due to the neglect of fluctuations, except for the case of long-range forces (hydrogen in 
metals etc.). While Monte Carlo computer simulations give a fairly accura5e description over the 
whole temperature range, most accurate information on critical exponents is due to the renorma- 
lization group approach based on scaling ideas. By the cluster dynamics approach these ideas are 
extended also to kinetic phenomena far from equilibrium. 

1 .  Introduction : phenomenology of phase transi- 
tions in alloys. - Recently much effort has been 
devoted to understand theoretically order-disorder 
phenomena and other phase transitions in solids : 
ferroelectrics fl] as well as other displacive structural 
phase transitions [2], magnets 131, molecular crystals 
like NH,Cl [4], KCN [5], where NHl-tetraedra 
or CN--dumbells order in preferred directions, 
interstitial alloys like hydrogen in metals [6, 71 etc. 
In this review, however, we consider only << substitu- 
tional binary alloys like CuZn, ZnAl, etc. [8]. In 
such AB-systems one often finds one of the following 
two behaviors (figure 1) : (i) a miscibility gap occurs 
(for temperatures T below Tc there is a range of 
concentrations c,, in which the equilibrium consists of 
two coexisting phases). (ii) Below T, a superstructure 
appears (A atoms preferently occupy sublattice I, 
B-atoms sublattice 11). In the case of unmixing 
(figure 1A) a state (c,, T )  below the' coexistence 
curve CL'),(~)(T) is described by a coexistence of two 
phases with concentrations cg)(T) and cL2)(T), their 
respective amounts being given by the lever rule. 
Lowering T and crossing the coexistence curve at 
fixed c,, the transition is always of first order except 
for the critical concentration c p ,  for which it is of 
second order. The order parametes ( Y ) of this 
transitions is ( Y ) = cb2)(T) - cg)(T). 

In the case of ordering the transition may be of 
second (figure lB, e.g. CuZn) or first order (figure lC, 
e.g. AuCu). In the 2nd order case the order.parameter 
( Y ) = c$(T) - 4 ( T )  continuously increases as T 
is lowered beyond TC(cB), and only one-phase states 
occur. For the 1st order transition two cases exist : 
1) At ,c",'" where the transition temperature has a 
maximum (or minimum) the order parameters jumps 
discontinuously from zero in the disordered phase to 
a nonzero value in the, ordered phase. 2) For c, = c? 
the critical line splits into two branches Tb1)(eB), 
TA2)(cB), between which the ordered and disordered 
phases coexist. Since their amounts are again given by 
the lever rule, the order parameter varies linearly with 
temperature there. 

The phase diagrams of real materials may be 
much more complicated, since several of the cases 
figure 1A-C may occur for one system AB. Combina- 
tion of these phase diagram elements leads to new 
features like tricriticalpoints and - .-. triple . . points (figure 2). 
At a tricritical point (c;, T,) the order of the transition 
changes from second to first order [g]. At a triple point 
three phases coexist, for instance one disordered and 
two different ordered ones (for instance, CuAu and 
Cu,Au in the Cu-Au system). 

We now will discuss (i) simple lattice models of 
alloys and the relation of the phase diagram to basic 
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FIG. 1A. - Schematic phase diagram of an alloy with a miscibility 
gap; B, C) Phase diagram and temperature dependence of the 
order parameter of superstructure alloys with second (B) and 

first (C) order transition. 
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FIG. 2 A. - Schematic phase diagram ~f an ordering alloy close 
to a tricritical point ; B) Phase diagram close to a triple point. 

interaction parameters (ii) predictions for static and 
dynamic critical properties (iii) kinetics of the first 
order transitions. 

2. Generalized Ising models and the calculation of 
phase diagrams. - (i) We describe the distribution 
of two species A, B on the sites ( i ) of a perfect crystal 
lattice by local concentration variables { ci } (ci = 1 
if i is occupied by B, ci = 0 otherwise). Then the effec- 
tive Hamiltonian, which depends on both the { ci } 
and the atomic momenta ( pi') and displacements 
{ ui ), is written as 

where V denotes the coupling Ptween the various 
degrees of freedom. Assuming*,)) V one may 
calculate the partition function neglecting V; i.e., 
averages ( A(( ci }) ) are calculated using the gene- 
ralized Ising Hamiltonian &(( ci)) alone. The only 
effect of the coupling V between the configurational 
degrees of freedom and the kinetic energy of the lattice 
(contained in Xo) will be to introduce dynamics in the 
system by random interchanges ci =cj between 
neighboring sites. We will disregard the fact that this 
interchange occurs indirectly via vacancies rather than 
directly and also neglect the possible influence of 
defects on bulk static properties. 

Due to the lattice misfit between the atomic radii 
of A and B and the resulting elastic distortions V often 
will not be negligibly small. Treating V in a perturba- 
tion expansion and performing the trace over the 
variables { ui, pi ), one is left with a renormalized XI 
which now describes a compressible generalized 
Ising model [7]. Such models successfully apply to H 
in metals [A where the elastic interaction completely 
dominates. But for systems where short range forces 
are important only rather unrealistic special cases 
have been solved [10]. ~ h u s  we neglect the elastic 
interaction in all what follows. 

Next we expand X, in the c;s, omitting a constant 
and using translational invariance 

Here p ~ ,  pB are chemical potentials, is the 
effective pair potential between two B-atoms at 
sites i, j, etc. Although ci(= 0, 1) is not a small para- 
meter, terms of order ci cj c, etc. are usually neglected 
in Eq. (l), wbich then is precisely equivalent to an 
Ising magnet : With pseudospins oi = + l putting 
ci = (1 - oi)/2 Eq. (1) becomes (omitting a constant) 



Cl-398 K. BINDER 

with an exchange J = $,/2 - ($,, + $BB)/4 and a 
magnetic field H = [pA - + ($BB - $AA)] 12. 

L J J 

Since Eq. (2) is invariant under oi -, - oi. H + - H, 
the phase diagram in the (T, H)  plane is symmetric 
around ( a ) = 0. The corresponding alloy diagram 
is symmetric around c, = 112. One often finds [l11 
quite asymmetric diagrams, indicating that the above 
neglect of higher order terms in Eq. (1) is not justified. 
Such terms have been included [l21 so far by variants 
of the mean-field theory (Kikuchi approximations [l 31) 
only, which predict critical properties unreliably due 
to the neglect of statistical fluctuations. Thus we 
disregard these higher order terms here. 

For the computation of the phase diagram from 
Eq. (2), three approximate methods exist : (i) mean- 
jield (or Bragg- Williams) approximations and variants 
thereof [13-151. In Eq. (2) one replaces the (fluctuat- 
ing) field H"~((( o j  }) by its average 

on each sublattice a and calculates the ( o j )  for 
all sublattices selfconsistently. Figure 3 shows an 
example [l 6] for a square lattice with repulsive interac- 
tion both between nearest (JNN < 0) and next nearest 
(JNNN < 0) neighbors. Such a system may model 
order-disorder transitions in adsorbed monolayers at 
surfaces [l 71. 

(ii) MONTE CARLO COMPUTER SIMULATIONS [Is]. - 
There one constructs a random walk through the 
phase space of the N-particle model system. Averaging 
over this Markov chain yields the exact statistical 
mechanics of the system, apart from statistical errors 
due to finite-time averaging. In principle, these errors 
can be made arbitrarily small if only enough computer 
time is invested. In practice sufficient accuracy is 
obtained for systems with fairly short-ranged interac- 
tion only. Even then one has to take care of finite size 

structures o o 
.0.0, 

FIG. 3. - Temperature-concentration diagram for a model with 
three ordered phases, according to mean field theory. After 

Ref. [16]. 

and boundary effects [l81 (in practice the method is 
limited to N z 103-105). While the accuracy thus can 
hardly compete with series extrapolations [l91 or the 
renormalization group [3, 201, as far as critical 
exponents [l91 are concerned, one obtains a fairly 
accurate description of the phase diagram. As example 
figure 4 gives the phase diagram for the same model 
as figure 3. Note that mean field theory predicts all 
transitions to be of 2nd rather than 1st order and thus 
misses the existence of the two tricritical and triple 
points, as well as the two-phase regions. It also greatly 
over-estimates the tendency to order. Even in more 
favorable cases where mean field theory gives the 
correct qualitative structure of the phase diagram, 
quantitative predictions of transition temperatures 
kB Tc(cB)/( JNN I etc. will still be inaccurate. 

structures: 0 0 . 0. O I  

0.0. 

e0.0 

FIG. 4. - Same model as figure 3 but phase diagram obtained 
from Monte Carlo. After Ref. 1161. 

(iii) REAL-SPACE-RENORMALIZATION GROUP TRANS- 
FORMATIONS [21-231.. - This method rests on the 
idea of scaling [19,24]. (figure 5). Since the order 
parameter correlation G(rij) = ( $i $j ) becomes long- 
ranged close to the second order transition at Tc(cB), 
the correlation length < is much larger than the lattice 
spacing and details on that scale do not matter. 
G becomes a function of ( rij l/< only, apart from a 
scale factor : 

Here d is the dimensionality of the system, y a critical 
exponent and G(x) a scaling function. Since details on 
the lattice scale don't matter we consider the problem 
of interacting cell spins { 0' ) rather than the original 
one (figure 5). These problems would be equivalent if 
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where the projection P makes the step { oi } -, { a: ) 

precise [ e.g. majority rule [21] a: = sign a;]. 
ie cell 

Eq. (4) yields a renormalized effective Hamilto- 
nian ai )), the new couplings { J' ) being 
expressed in terms of the ald ones. Repeating this 
transformation X{,,, = many times the problem 
is sirnplfied eliminating degrees of freedom step by 
step. Treating Eq. (4) rigorously the new Hamiltonian 
would each step become more complicated, of course. 
But the idea now is that close to Tc details of the 
Hamiltonian do not matter for the critical behavior 
(universality [25]) : hence we approximate (Eq. (4)) 
using only those parts of .E{,, which have the same 
structure as X{& (e.g., always only painvise interac- 
tions). Then Eq. (4) easily is iterated : 

( J * }  T = Tc 
( J} -+ ( J ' } -* ( J "} -* . . .+  

0 T > T c  1 

FIG. 5. - The Kadanoff method of introducing cell spins a' 

Right at Tc, the renormalization leads to a nontrivial 
fixed point with couplings { J* ) : R&,, X,,,. 
It turns out that the eigenvalues of the renormalization 
group equation close to. this fixed point are related to 
the critical exponents [3, 20, 211. For T > Tc, on the 
other hand, the cells ultimately become noninteracting, 
as their size exceeds <, and hence the desired partition 
function in Eq. (4) is calculated by a convergent 
iteration. Thus both estimates for critical exponents 
and the free energy away from Tc are obtained. So far 
most useful applications concern problems for d = 2, 
like the triangular lattice with JNN c 0 (including a 
three-spin-interaction) [23], and the square lattice [22] 
with JNN < 0, JNNN # 0. While there the method is 
very accurate for JNNN = 0, results [22], for JmN Z 0 
are not so good : for JNNN 0, the phase diagram 
is qualitatively correct but inaccurate (e.g. for 
JNNN/JNN = - 112 One has [16, 261 Tc/I JNN ( 3 3.86, 
Tt/l JNN I m 1.36 rather than [22] Tc/( JNN I w 5, 
T,/I JNN I 1.1). For JNNN < 0 the situation is even 
worse, since [27] the existence of structures (11, 111) 
(figure 4) is not revealed. But it seems probable that 
more successful (and more sophisticated) variants of 
this method will be available soon. 

3. Static critical and multicritical behavior. - Close 
to Tc (or T,) we expect singular behavior ofPand hence 
of the order parameter and its correlation : 

where H+ is the field conjugate to the order para- 
meter, and a, p, y. .. are critical exponents. At a tri- 
critical point, Tc in Eq. (6) simply is replaced by T, 
and a, p, y... by q, p,, y,, ... The simplest theory of 
critical behavior is the phenomenological Landau 
theory (for alloys its kinetic version is known as 
Cahn-Hilliard theory [28]). As in Eq. (4), short 
wavelength fluctuations are disregarded introducing a 
coarse-grained order parameter $(r, t) E oi(t)/ V. $ 

i c V  
should be small for T -+ Tc and hence the effective 
Hamiltonian X,,($) is expanded. in powers of $ 
and V$, i.e. [for symmetry reasons no V$, $3 and G5 
terms occurs] 

Fo, A, B, C, K beeing constants. Landau's theory now 
assumes the free energy functional 

~xP[-  F/k. T ]  = {#(?I> Tr exp {- j d r  XC,[$(r)]/kB T j  

to be dominated by the term which minimizes the 
integral in Eq. (8), and neglects the other (fluctuation-) 
contributions to F. Thus we find P = X,,($), where $ 
is a solution of the Ginzburg-Landau equation 
A$ + BG3 + - KV2$ = H+. At acriticalpoint 
H, = 0 and A(Tc) = 0, hence A(T) = a(T - T,), 
B Z 0, and thus (VZ$ = 0 for homogeneous systems) 
$ = [a(Tc - T)/B]~/', = 112. Similarly one finds [l91 
a =- 0, y = 1, v = 112, and r]  = 0. A tricritical point 
occurs if B(T,) = A(T,) = 0 ; then $ = [a(& - T)/C] 'I4, 
p, = 1/4, and similarly a, = 112, y, = 1, and v, = 112. 

We now analyze the above neglect of fluctuations 
within the context of Landau theory itself (Ginzburg 
criterion [29]). First we obtain the response to a wave- 
vector-dependent field H&) = H, exp[iqr] above Tc 

Next we consider the Ginzburg-Landau equation for 
homogeneous fields above Tc { putting C = 0, V2$ = 0, 
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hence H* = $[A + Bllr2] ) and ask : do fluctuations tion is cc <G; cc (T - T,), i.e. of the same order as A : 
give a weak, or strong, correction to the mean field thus only prefactors get renormalized, but the Landau 
susceptibility A-' ? We estimate ( $' ) from the critical exponents are 0.k. At the marginalcase d* = 4 
fluctuation relation 1291 one also gets Landau exponents but logarithmic 

correction factors 1301. At a tricritical point the 
fluctuations are due to the Ctj5 rather the B$3 term 

( $2 ) K ( $ i $ j )  dq~(q) = and then [31] d* = 3, again one gets Landau expo- 
i j  nents apart from logarithmic correction factors [32]. 

= K-' dq = K - l [ $ -  Improvement by taking fluctuations in Eq. (8) 1 q2 + G; systematically into account is possible by the renor- 

S ds malization group [3, 201. For the d = 3 Ising model 
- K-I  <G; 

q2(q2 + <G;) ' 
(l0) precise exponent estimates come from [33] : 

1) the expansion [20] in E = 4 - d. 2) the expan- 
L 

The term K-' dqlq2 gives rise to a shift of T,. J 
More interesting is the second term : if d c 4, the 
main contribution'& the integral comes from small q, 
one obtains a correction cc cc (T  - Tc)d/2-1 : 
this correction becomes large in comparison with 
A cc (T - ,T3 as T -+ T, : the neglect of fluctuations 
and hence mean field theory break down. If d > 4, 
the main contribution comes from large q, the correc- 

1000. " p 8 p  
 PAD^ (SERIES 
OF Y A H A T A )  

A } ~ = 2 0 * 2 0  

.} N . 5 5 ~ 5 5  

0 N  = 440 x440 
100 

< Tc .\ T > Tc 

4 .,8 5 4.85 
40 

I - 

FIG. 6A. - Monte Carlo results for the order parameter of two- 
and threedimensional nearest neighbor Ising models. B) Monte 
Carlo results for the temperature dependence of the order parameter 

relaxation time. After Ref. 1181. 

sion of Eq. (8) in powers of the Bt/~~-term [34,-351, 
namely [35] 

with an uncertainty of - 0.001 ; these results are more 
accurate than the best high temperature series esti- 
mates 1361. Monte Carlo estimates [l81 (figure 6a) are 
less accurate but consistent with these results. We 
emphasize that Eq. (11) agrees very well with experi- 
ments on P-brass [37]. 

4. Dynamic critical behavior. - The dynamics of 
our model systems is due to the coupling V to lattice 
vibrations, which was neglected for the calculation of 
static properties, but acts as a heat bath inducing 
random interchanges of neighboring atoms. The 
resulting stochastic Ising model [38, 391 is described 
by a master equation for the. probability P@, t) of a 
configuration X = (a,, ..., c,) : 

d - P(X, t )  = - C W(X -+ X') P@, t) + 
dt X' 

+ C W@'-+ X) P@', t ) .  (12) 
X' 

The transition probability W for a random interchange 
per unit time satisfies a 'detailed balance condition 
W(X -+ X') Po(X) = W(X' + X )  P,@') with the cano- 
nic distribution PO@) cc expc - G(X)/k, T]. A simple 
explicit choice is W = (1 /2 7,) [l - tanh (SX,/2 k, T)], 
z, being an undetermined time-scale factor and 632, the 
energy change produced by the interchange. Eq. (12) 
is interpreted as rate equation describing the balance 
between transition out of the state X (first sum) and 
into it (second sum). 

Accepting Eq. (12) as generalization of Eq. (2) to 
dynamics, similar approximations apply as in the 
static,case. Eqs. (2), (12) yield in meanfield approxi- 
mation a set of nonlinear kinetic equations [40] for 
the ( o,(t) > [lis one of the z neighbors of m] 
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For alloys undergoing critical unrnixing, the order treatment is a special case) predicts A = y (and hence 
parameter $ =, ( o > is conserved. Assuming that the c = - 1, from scaling (191). Clearly the precise value 
local concentration ( om(t) ) varies only slowly in of c for d = 3 is uncertain, but since V is so small 
space, Eq. (13) can be reduced [401 to the Cahn- [Eq. (ll)] this uncertainty is hardly relevant experi- 
Hilliard eq. [28] [a, is the lattice spacing] mentally. Experimental studies [43] for Ni3Mn have 

rather been concerned with the nonlinear relaxation 
d at V2 5 $(r, I) = - [a(T - T,) $ + B$3 - ILV2$] . time dn'), which should diverge [44] as 

2" 

Linearizing the cubic term Eq. (14) is solved by Fourier 
transformation. One finds that fluctuations $(q) decay 
with a factor exp[- a: q2 K(<-' + q2) t/zs] : hence 
the diffusion constant D = a: K/(zs c&,) exhibits 
critical slowing down [38,41], D cc (T - T,). 

For ordering alloys $ is not conserved, but similar 
critical slowing down occurs in their relaxation 
rate [39]. Being interested only in q close to the 
ordering wavevector Q, one often neglects the hydro- 
dynamic slowing down 1411 due to concentration 
conservation. Then the model is equivalent to the 
Glauber Kinetic Ising model [38], which in mean field 
theory is described by the time-dependent Ginzburg 
Landau equation 

Above T, B$3 z 0 and hence order parameter fluc- 
tuations decay with a factor exp[- a(T - T,)t/z,], 
i.e. the relaxation time z diverges as z cc (T  - T,)-l. 

Clearly the mean-field treatment of critical dyna- 
mics is as unreliable as the corresponding predictions 
of sta$ic critical behavior. Again one has to resort to 
the renormalization group [41]. One starts by aqding 
random forces to Eqs. (14), (15) to account for fluc- 
tuations. One ean then show quite generally that 
for $ conserved one has I? cc (T - T,)* where A = y 
is the susceptZbility exponent of Eq. (1 1) [42], and that 
the dynamic strqcture factor S(q, t) satisfies dynamic 
scaling [41] 

Eq. (16) holds also for kinetic Ising models with non- 
conserved order parameter, but now the exponent A of 
the relaxation time [z cc (T - ,Tc)-A] is no longer 
simply related to static exponents [42]. The &-expansion 
gives [42] A = v(2 + CV), c = 0.726 1 as E + 0. 
Conventional theory [41] (of which the above meanfield 

We know no accurate Monte Carlo studies of the 
critical behavior of the diffusion constant. Some 
studies [45,46] concern the slowing down for non- 
conserved 11/ and d = 2, treating both the Glauber 
model [45] and a model with vacancy mechanism for 
its kinetics [46]. The results (figure 6b shows a typical 
example) indicate exponents slightly larger than those 
of the conventional theory, roughly consistent with 
both renormalization group [42] and high temperature 
expansions [47]. 

5. cc Cluster dynamics and the kinetics of first order 
transitions. - A further theory of alloys and their 
kinetics uses the concepts of clusters of B atoms in 
the A-phase (or vice versa) (figure 7A). Characterizing 
a cluster by the number 1 of atoms it contains, all 

FIG. 7A. - Definition of clusters with I atoms in an alloy ; B) Ato- 
mic interchances produce cluster reactions or diffusion. After 

Ref. 1501. 
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atomic interchanges either lead to cluster reactions 
(I, l) G I + l' or cluster diffusion (figure 7B). Hence 
the kinetics, of the system can be described [48-511 by 
the time evolution of the cluster concentrations 
{ rt,(x, t) }. If, alternatively, clusters are interpreted 
as fluctuations of the coarse-grained order parameter 
$(X, t), the free energy in Eq. (8) can be split in a 
background term Fo. and a correction due to the 
clusters. With respect to static properties, these 
clusters can be treated as effectively non-interacting 
and hence follow a generalized ideal gas law 

where the n, are thermal equilibrium cluster concen- 
trations. For 

the following kinetic equation has been derived [48,50] 

where R, is a cluster reaction rate, D, a cluster diffu- 
sivity, &(t) = 0 for $ non-conserved while otherwise 

Furthennore, one finds near Tc that R, cc I", 
D, a I -(l - l/"'. Static scaling of n, then yields dynamic 
scaling [48] of g,(q, t), and [48] A = P6(2 - r) { non- 
conserved case } and D cc (T - T,)? { conserved 
case }. In the latter case S(q, t) is dominated by a 
single exponential exp(- Dq2 t), while in the former 
case a whole spectrum of relaxation times contributes 
- in contrast to the mean-field findings. 

This method does not yield exponent estimates 
(B, y ,  r have to be assumed to be known), but it 
easily relates the relaxation of fluctuations close 
to equilibrium states to the relaxation far from 
equilibrium [48-501. E.g., the nucleation rate Jn at a 
first order phase transition is given by 

and hence one linds a scaling law for nucleation [52] 
close to Tc 

where Tc,,x(~B) describes the coexistence curve 
(figure 1A). In addition, nonlinear critical slowing 
down in described [49] consistent with Racz [44]. 

Supplementing Eq. (18) with terms describing 
cluster coagulation we obtain [50, 511 a satisfactory 
treatment of phase separation kinetics, avoiding any 
sharp distinction between nucleation + growth and 
spinodal decomposition, which agrees well with direct 
Monte Carlo simulations [53] of Eq. (12) and is consis- 
tent with the Lifshitz-Slyozov theory 1541 of grain 
growth. 

6. ConcIusions and outlook. - In summary, it must 
be emphasized that the critical behavior of alloys is not 
really well understood because (i) both short range 
forces and long-range elastic interactions should be 
taken into account (ii) other than pairwise'interactions 
are necessary (iii) effects due to defects should-be 
treated.'On the other hand, precise knowledge is now 
available on alloy models withnearest neighbor 
pairwise interaction (Ising models), both with respect 
to their phase diagram, critical exponents, and dyna- 
mic behavior. This model applies to CuZn (B-brass), 
and the agreement between theory and experiment is in 
fact very good. 

For other systems, however, more work has to be 
done. We have shown that the meanfield-approxima- 
tion and variants thereof usually are quite unreliable. 
While the Monte Carlo method (although quite 
expensive) is the most suitable method to compute 
complicated phase diagrams at present, the renorma- 
lization group yields the best estimates for critical 
exponents, critical amplitude ratios and so on. In 
addition, more precise experiments on a variety of 
alloy systems would be highly desirable to test the 
applicability of the various theoretical concepts. 

Finally we mention that also other physical quan- 
tities in alloys may exhibit critical anomalies;. like 
ultrasonic attenuation, electrical resistivity, 1551, etc. 
These properties are outside the scope of this present 
review, however. 
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