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KINETICS OF ORDER-DISORDER TRANSFORMATIONS (*) 

H. SATO. K.  GSCHWEND 

School of Materials Engineering, Purdue University, West Lafayette, Indiana 47907. U.S.A. 

and R. KIKUCHI 
Hughes Research Laboratories, Malibu, California 90265, U.S.A. 

Rbum6. - La relaxation de I'ordre (a courte et a longue distance) a etC determink thkoriquement 
pour des alliages cubiques centres en adoptant un mkcanisme lacunaire de migration des atomes 
dans I'approximation de paires de la methode de Path Probability. Les concepts de temps de relaxation 
et de modes de relaxation sont examinb dans le cas d'Ctats Cloignb de l'equilibre. Un processus 
de relaxation isotherme particulier, en trois ktapes distinctes, est explique en termes de coexistence' 
et de couplage de plusieurs modes de relaxation. Les transitions vers un etat trempi (ou ii partir 
de cet Ctat) dans le cas de refroidissement (ou de chauffage) du systtme avec des vitesses finis de 
variation de temperature sont discutkes par analogie aux phknombnes qui accompagnent une transi- 
tion vitreuse. 

Abstract. - Relaxation of order (both long range and short range) in bcc binary alloys is worked 
out theoretically based on the vacancy mechanism of atomic migration using the pair approximation 
of the Path Probability method. Concepts of relaxation times and relaxation modes in states far 
from the equilibrium are examined. A peculiar isothermal relaxation process in three distinct steps 
is explained in terms of coexistence of many relaxation modes and their intercouplings. Transitions 
into and out of frozen-in state due to cooling and heating of the system with finite rates of tempe- 
rature change are discussed in analogy to phenomena which accompany the glass transition. 

Introduction. - The order-disorder transformation 
in alloys is one of the simplest and best understood 
phase transitions. In ordinary alloys, atomic migration 
takes place through vacancies and the phase transition 
proceeds in a gradual fashion, in many cases in the 
form of the second-order transition. Therefore, the 
order-disorder transformation in alloys can be regard- 
ed as a representative one among many diffusion- 
controlled phase transitions, and a detailed under- 
standing of its mechanism is quite useful. However, 
detailed relaxation processes, especially in the region 
far from equilibrium, are theoretically not well 
understood yet. The main aims of the present research 
are therefore : 

1. To investigate the kinetics of order-disorder 
transformation based on a realistic model of binary 
alloys. 

2. To utilize a method of non-equilibrium statis- 
tical mechanics by the use of approximation which is 
well understood. 

3. To apply the results obtained to the elucidation 
of the nature of glass transitions. 

(*) Work supported in part by the National Science Foundation 
under Contract No. DMR 76-21497. 

The treatment is based on the vacancy mechanism 
of atomic migration. The paper helps understand the 
role of a small number of vacancies (which we intro- 
duce in the crystal) in the diffusion-controlled phase 
transitions. 

We utilize the Path Probability method [l] (PPM) 
to formulate the problem. The PPM is known to be 
valid for dealing with the problem far from the equi- 
librium state. Furthermore, the PPM formulation 
reduces to results of the known Cluster Variation 
(CV) theory [I, 21 in the limit as the time variation 
ceases. Therefore, the nature of the approximation 
in the PPM can.be understood by comparing it with 
the CV, which has been explored extensively. 

The glass transition is essentially a relaxation 
process in the non-equilibrium state and it is under- 
stood to be the transition to and from a frozen-in 
state. Although real glass systems are very complex, 
it is expected that a detailed statistical mechanical 
understanding of the frozen-in state would be quite 
useful in elucidating the nature of glass transitions. 

In the paper we summarize the key processes of the 
treatment [3] first and then show numerical examples 
of several types of relaxation phenomena [3, 41. 
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The model. - The system is composed of A atoms, 
B atoms and vacancies distributed over the bcc 
lattice. The bcc lattice is chosen because we use the pair 
approximation of the PPM, and the pair approxima- 
tion is known to be quite suitable for describing, at 
least qualitatively, all physical features of phase transi- 
tions in the bcc lattice [5]. The three constituent species 
will be denoted by subscripts either A, B, and v, or 
with i o r j  with i, j = 1,2 and 3. In the ordered state we 
distinguish two sublattices, I and 11. There are to be 
occupied preferentially by A and B atoms, respectively, 
in the ordered state. 

We assume interactions only between nearest 
neighbors and designate these as &AA, E,, and cAB. 
Although no interaction is assumed between v-A 
and v-B, these are taken care of indirectly through 
differences among cil)s. Instead of using values of 
individual E'S defined above, we use E, U and E*B/E 

In usual discussions of equilibrium properties 
U = 0 is assumed. However, in kinetics the value of U 
plays an important role since this is a measure of 
which bond, A-A or B-B, is more easily broken [6]. 
The value of U can be estimated from the energy of 
formation of vacancies. The sign of E determines 
whether the system forms an ordered state or decom- 
poses at low temperatures, and the magnitude of E 

determines the order-disorder transition temperature 
as (in the pair approximation) 

in the absence of vacancies. The inclusion of a small 
number of vacancies only slightly lowers T,. The 
temperature scale is thus normalized with respect to E. 

Under the above condition, the state of the alloy at 
time t is specified by nine variables in the pair appro- 
ximation. These are called the state variables and are 
defined as follows. 

The probability that a species i is found on a I lattice 
point at t is written as xi(t) for i = 1, 2 and 3 and ui(t) 
for the corresponding quantities on a 11 lattice point. 
The probability of finding an i-j pair at t, i on a 1 point, 
and j on an adjacent I1 point is written as yi,{t). Among 
these variables, the following geometrical relations 
exist : 

variables to six. Besides x, u, and y, it is convenient to 
define the long-range order parameters 

ti(t) E xi(t) - ui(t) for i = 1, 2, 3 , (4) 

which vanish in the disordered state. The equilibrium 
properties of the alloy are now determined by the pair 
approximation of the CV method in terms of these six 
independent variables [3]. 

The path probability method. - The PPM is based 
on the contention that the macroscopic change of 
state in a system occurs in the most probable direction, 
that is in mathematical terms in a direction that 
maximizes the probability of the path in At (a short 
time interval) to be explained in more detail below. 
We define the path variables which describe how the 
system changes in At, and then write the path proba- 
bility function in terms of the path variables. 

For the pair approximation in the bcc lattice, we use 
the path variables Yij,,,(t, t + At) defined in table I. 
These are Yij,,, used in eq. (7.1) of the accompanying 
paper in this issue [I]. The meanings of these variables 
are the following : For example, the third one Yij,3j 
is the probability of finding such a bond which is i-j 
at time t, and changes into 3-j (i.e., u j )  within At. Using 
the path variables in table 1, we can write the change 
of the state variables in At as 

Ati = 16(Y3i.i3 - Yi3,3i) i = 1 and 2 (5) 
and 
Ayij = 7(Yi3,ij + Y3j,ij - Yij,i3 - Yij,Jj) 

i, j = 1 and 2 . (6) 

1 11 
- 
i-j 
11 
i - j  
i-j 

1 X 
i-v 

i-j 

X 1 
LI- j 

i - v  

1 X 
i - j  

i - j  
i - v  
X 
u- i  

v- j  
X 

j - u  

The path variables for a pair 

Path variable Weight Note 
- - - 

i =  1 . 2 a n d 3  
Yil.ik19 1 + At) ' j =  1 , 2 a n d 3  

i = I and 2  
y,j,3,(k 1 + At) j = 1 , 2 a n d 3  

Yi3.3i(t, + At) I i = 1 and 2  

Y 3 j . j 3 ( t ,  1 + At) 1 j = 1 and 2 
These relations limit the number of independent 
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Of the path variables in table I, each of the bottom 
two, Y,,,,, and Y,.,, (to be called the exchange 
variables) represents exchange of an atom and a 
vacancy within the bond being watched and plays 
the most important role. When the path probability 
is maximized with respect to Yij,,,, the exchange 
variable takes the following form : 

This has an easy interpretation ; y,,(t) is the probabi- 
lity for the iliitial configuration, Oi exp(- Bwi) is the 
probability for a unit jump (8, being the atomic 
vibrational factor and w, being the activation energy 
of a jump), and ri3 represents the effect of additional 
activation energy needed to break bonds when an 
atom jumps. The last quantity has the form 

in which yij/xi is the conditional probability that a j-th 
species is found on a I1 site next to the I site on which 
the i-th species sits. Note that the energy tij is needed 
to break an i-j bond. The other exchange variable is 
written from (7) by interchanging the I and I1 sublat- 
tices as 

where 
r 3 1 7  

Other variables in table 1 can be written as a product 
of Yi3,,, or Y,,,, and the state variables at t. Thus 
Ayij in (6) for the change of the state variable y,, in At  
can be written as 

Y i j  ex~(B~ij)  Y i j  ex~(B~ij)  y, , 

A31 
Y3j,j3 - 

Ai3 
13.31 I 

i , j  = 1 and 2 (11) 

where and A,, are defined in (10) and (8), respec- 
tively. When we divide (5) and (1 1) by At and let At go 
to infinitesimal dt, a set of simultaneous ordinary 
differential equations results. When (7) through (10) 
are taken into account, we note that these differential 
equations are highly nonlinear. 

Dynamical equations. - We now impose simpli- 
fying conditions in order to show the results of the 
theory numerically 

= EB # EAB,i.e., U = 0 

(3 --= X3 - U3 = 0 .  (12) 

We also use 8, = 0 ,  = 0 and w, = w2 f w. The 

condition (12) further reduces the number of inde- 
pendent variables to four and we will write these as 
a,, a,, a, and a,. These are defined as 

a, = x, - u, = x1 - x2 = t1 = - t2 
a2 = ( ~ 1 2  + Y21)/2 

a3 = ( ~ 1 3  + ~31)/2 
and 

a4 = 2(~31  - Y,,) (1 3) 

a, and a4 are long-range order parameters while a, 
and a, are short-range order parameters with respect 
to the atomic distribution and the vacancy distribu- 
tion, respectively. 

When we write (5) and (1 1) using the independent 
variables a,, they are highly nonlinear with respect to 
a,. We can solve these nonlinear differential equations, 
as will be described later in this paper. However, in 
order to see the qualitative behavior of these quantities 
a, in time, it is helpful first to examine the linearized 
version of the equations. Near the equilibrium state, 
we can expand eqs. (5) and (1 1) in terms of the devia- 
tions, 6a ,  of a, from their equilibrium values and 
retain the first-order terms; then a set of linear 
differential equations results : 

By diagonalizing Aij, eq. (14) can be further changed 
into the following form 

The eigenvectors 6b(,,'s thus represent the indepen- 
dent relaxation modes of the system and A(,,'s are 
the corresponding relaxation times. 

As is clear from the transformation from (14) to (1 5), 
66,)'s are linear combinations of 6a,'s. On the other 
hand, a,'s are order parameters defined in eq. (13) 
which are usually taken as thermodynamical variables 
to discuss properties of the system. Therefore, in gene- 
ral the order parameters a, are not the pure relaxation 
modes of the system individually. This means, strictly 
speaking, even near the equilibrium these order 
parameters do not necessarily approach their equili- 
brium values exponentially. Interdependence of the 
order parameters ai among themselves in the relaxa- 
tion process also changes with temperature. This is 
one aspect of the coupling of relaxation modes when 
the state is far from equilibrium [4]. The detail of the 
intercoupling of relaxation modes in approaching the 
equilibrium requires detailed analysis of nonlinear 
differential equations and this phase of the problem 
will be discussed in detail elsewhere [4]. The concept 
of intercoupling of relaxation modes is most important 
in discussing glass transitions since one has to deal 
with the state far from equilibrium there. 
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Discussion of results. - In order to show some 
numerical consequences of the theory, we choose the 
energy parameter value 

E ~ ~ / E  = - 12 (16) 

and keep the vacancy concentration o, fixed indepen- 
dent of temperature at 

a, = 1 x (17) 

instead of taking the value which is in thermodynami- 
cal equilibrium. Further, we choose 

Bw = 110 &/kT (18) 

with B = 1 x IOl4. In addition we choose 

E = 144 K (19) 

which makes the critical temperature T, of the order- 
disorder 1 000 K based on eq. (2). In figure 1, the tem- 

kT/r 

FIG. I .  -Temperature dependence of one of the relaxation 
times 7 , .  The dotted curve indicates the temperature dependence 

of the atomic exchange specified as exp(l10 c/kT).  

perature dependence of one of the relaxation times, 
7,, obtained from eq. (15) is plotted against the 
temperature, kT/c. r, is the longest relaxation time 
among our four r's, and corresponds to that of the 
long-range order near the critical temperature. The 
appearance of the critical slowing down is evident. 
The choice of the parameters, eqs. (18) and (19), makes 
the relaxation time 7, to be 2.7 hours at kT/& = 5.5. 
All other relaxation times, z, to r,, do not show the 
critical slowing down except for some discontinuities 
in their slopes at the critical point. 

FIG. 2. -Calculated temperature dependence of the degree of 
long-range order 4, when the system is cooled down and then heated 

up with a consfant rate of temperature change (7 OC/2.7 h). 

Figure 2 shows the hysteresis loop in the long-range 
order <, (= a,) which is obtained when the system 
is first cooled down from above T, to low tempera- 
tures and is then heated up with a constant rate of 
temperature change. The actual computer process is 
a stepwise temperature change A(kT/&) = 0.05 or 
AT = 7 O C  at each time, keeping at each temperature 
for 2.7 hours. The phenomenon of overshooting 

-0.5 1 I I I I 
4 5 6 7 

kT/r 

FIG. 3 .  -Calculated temperature dependence of the specific 
heat per atom under the same condition as in figure 2. 
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which is often discussed in glass transitions is clearly 
seen. The system is frozen in at the temperature about 
kT/& = 4.5 to the value 5 ,  = 0.828. In figure 3, the 
temperature dependence of the specific heat for the 
corresponding frozen-in process is shown. The peak 
around kT/& = 6.95 is that due to the orderdisorder 
transformation. On the other hand, the appearance 
of a hysteresis and the appearance of a peak at  
kT/& = 5.5 on the heating curve closely resemble those 
which accompany the glass transition. The appearance 
in the second specific heat peak below T, by heating 
with a finite heating rate of annealed alloys is found 
[7, 81 in FeCo, Mg,Cd. etc., and has been the target 
of an intense study [3. 9, 101. 

If the frozen-in alloy is heated at its fictive tempera- 
ture kT& = 5.22 (the temperature at which the 
equilibrium value of the degree of order 5 ,  is the same 
as the frozen-in value), the degree of order first 
decreases and then increases back to the original 
value as shown in figure 4. This effect is due to the 

FIG. 4. -Isothermal change of the degree of long-range order 
6 5 ,  starting from a frozen-in state with r ,  = 0.827 850 4 at its 
fictive temperature ~ T , / E  = 5.224 317. The lower scale is 
tr (=Y, ,  rI3 10 e-pw and is equivalent to taking a unit atomic 

jump as the unit of time) and the upper scale is in hours. 

existence of other internal variables (here denoted 
by a,, a, and a,) which have different frozen-in 
temperatures than t,, so that combination of these 
internal variables is not identical to that of equilibrium 
values at the fictive temperature. Upon heating to 
T I ,  these variables tend to approach the equilibr!um 
values at T ,  and this change in values induces the 
change in t , ,  although the final value of 5 ,  is the same 
as the initial one. The behavior of the isothermal 
annealing at the fictive temperature is also discussed 
often in the area of glass transitions. 

The curves shown in figures 1-4 were calculated 

based on the linearized eqs. (14) and (15). We also 
calculated the set of nonlinear differential eq. (11) 
without linearizing them. These equations belong to 
the class called stif. and hence need a special kind of 
integration technique. We used the method developed 
by Gear 11 11, and the results are shown in figure 5. 

0 6 12 18 24 30 36 42 48 54 80 
TIME. Wrl 

OUENCHED FROM kT/C - 7.0 

ANNEALED AT kTle - 4.6 

FIG. 5. -Isothermal relaxation process of the degree of long- 
range order t, and the internal energy E to the equilibrium values 
at kT/e = 4.5 from the quenched state from kT/& = 7.0 which is 
immediately above the critical temperature. The time is plotted 

in the units of T, at ~ T / E  = 4.5. 

The two curves show the change of the long-range 
order g , ,  and that of the internal energy of the system 
with time, of a quenched alloy from immediately 
above the critical point (kT/& = 7.0) upon the iso- 
thermal annealing at kTe = 4.5. A characteristic 
change of the internal energy in three distinct steps 
is especially noteworthy. This is due to the fact that 
each of the four variables ai which describe the 
state (at t) of the system is composed of four relaxa- 
tion modes, that the relaxation times, T,'s, of these 
relaiation modes are not constant in the state far 
from the equilibrium, and that coupling among 
different relaxation modes occurs. This type of change 
has been observed in Ni,Fe upon isothermal anneal- 
ing below its critical temperature (of first order) [12-141 
but no satisfactory explanation has yet been given 
until this time. The results in figure 5 indicate clearly 
the danger of utilizing thermodynamic concepts 
including those of irreversible thermodynamics (linear 
theory) in discussing phenomena in the state far from 
equilibrium. 

We also recalculated the heating and cooling 
curves corresponding to figures 2 and 3 using the 
original nonlinear differential equations before linea- 
rization ; the results for this particular case were 
found qualitatively the same [4]. 
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