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MEMBRANES AND L YOTROPIC PHASES 

ON SOME PROBLEMS IN THE THEORY 
OF ELASTIC AND FLEXOELECTRlC EFFECTS 

IN BILAYER LIPID MEMBRANES AND BIOMEMBRANES 

A. G. PETROV and A. DERZHANSKI 

Liquid Crystal Group, Institute of Solid State Physics 
Bulgarian Academy of Sciences, 72 bd Lenin, 11 13 Sofia, Bulgaria 

Rksume. - Les auteurs ont Ctudie l'influence de l'asymetrie moleculaire sur les proprietb elas- 
tiques et flexoelectriques des membranes bi-couches. D'abord on introduit la d6linition de l'asymetrie 
lipide. Ensuite on propose une expression pour I'energie Clastique d'une monocouche de molkules 
asymetriques lipides. D'aprbs cette expression on etudie l'elasticite d'une membrane bi-couche 
lipide. On obtient des formules pour la courbe equilibree de la membrane pour des asymetries iden- 
tiques et differentes des deux monocouches. On Btudie aussi la distribution des lipides entre les 
deux monocouches d'une mem%rane deform& et des expressions pour la polarisation indue par 
deformation. A la fin on determine le coefficient flexoklectrique de la membrane 16cithine-cholesterol. 

Abstract. - The influence of the molecular asymmetry on the elastic and flexoelectric properties 
of bilayer lipid membranes is studied. At first a definition of the lipid asymmetry is introduced. 
Then an expression for the elastic energy of a monolayer of asymmetrical molecules is proposed 
and the curvature elasticity of bilayer lipid membrane is studied on such a basis. Formulas for the 
equilibrium curvature of a membrane are obtained at equal and different asymmetries of the two 
monolayers. After that the lipid distribution between two monolayers of a deformed membrane is 
studied and expressions for curvature-induced polarization are obtained. Finally the flexoelectric 
coefficient of a lecithin-cholesterol membrane is determined. 

1. Introduction. - The questions under considera- 
tion in this work are related to the influence of the 
molecular asymmetry on the elastic and flexoelectric 
properties of bilayer lipid membranes (BLM). In the 
case of thermotropic nematics the connection between 
the molecular asymmetry and the flexoeffect [I] was 
studied theoretically in some papers, e. g. [2], 131, [4] 
and the influence of this asymmetry on elastic proper- 
ties in papers [5], [6] .  In a previous work [7] we intro- 
duced in analogy with [I] the notion of conical asym- 
metry of membrane - forming lipid molecules (Fig. 1) 
and using the simple one dimensional formula for splay 
flexoelectric coefficient we calculated the polarization 
of a BLM arrising upon curving it. But later we made 
some considerations (A. G. Petrov, unpublished) 
demonstrated that such a formula would be valid if the 
lipid molecule's reorientation took place from a posi- 
tion with polar head facing the water phase to a posi- 
tion with polar head facing the hydrophobic core, the 
molecule being in the same monolayer. It  would be so 
if the energy differences between these two orientations 
were small comparing with kB T. But estimated accord- 
ing to Frenkel [8] the polar head energy in a hydro- 
phobic environment turn out to be - 5 x 10-l3 erg, 
i. e. - 12 kB T. This means that a reorientation of 
lipid molecules can take place only by means of entire 
transition from one monolayer to the another - the 
so-called flip-flop, the polar head facing always water 
phase. 

FIG. 1. - Lecithin molecule and its conical representation. In 
such conformation of the polar head the axial component of the 
dipole moment is small. On the other hand the polar head area 

is maximal. 

Taking into account only the relative area change of 
the external (e) and the internal (i) layers of a deformed 
membrane and making the assumption that the flip- 
flop continues until the molecular densities as referred 
to the monolayers centre planes become equal, Helfrich 
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has obtained [9] for the relative density change as 
refered to the bilayer's centre surface, the following 
formula : 

d : the membrane thickness, c, and c, : the two prin- 
cipal values of the curvature, vo : the mean density for a 
monolayer v, = (4) (ve + vi). Denoting the axial 
component of the dipole moment by p, (Fig. 1) and 
making a calculation of the surface polarization (the 
dipole moment per unit area) for the Helfrich's case we 
will obtain : 

P = 2 v, p, x = e(c, + c,) (2) 

where for the flexoelectric coefficient we will have : 

Putting v, = 2 x 1014 cm-,, p, = 4 x 10-l8 cgs 
units and d = 5 x lo-' cm we obtained 

e = 2 x lo-'' statcoulomb. 

So, unlike a nematic, a membrane will manifest 
curvature-induced polarization even when it is build up 
from symmetric molecules because of its layered 
structure. 

The estimation in [4] was made according to the 
formula (4) which took into account the Boltzmann 
distribution and dealt only with the molecular asym- 
metry 

Here K = 5 x 10-13 erg is the curvature elastic 
modulus of the membrane [9] and c, : the factor of 
lipid asymmetry : 

a is the conical angle (Fig. 1) and a is the dis- 
tance between two neighbour molecules. Putting 
c, = lo6 cm-l, p, = 4 x 10-18 cgs units and 
k, T = 4 x 10-l4 erg we obtained 

e = 5 x lo-" statcoulomb. 

No matter that these two formulas are obtained by 
completely different assymtions the results are quite 
similar. 

The aim of this work is to present a systematic study 
of the influence of the molecular asymmetry upon the 
elastic and flexoelectric properties of the membranes. 
As a result new expressions for the elastic and flexo- 
electric coefficients of a membrane build up from 
asymmetrical molecules will be derived. 

2. Curvature elasticity of a monolayer of asymme- 
trical lipids. - First we will derive an expression for 

the elastic energy of a monolayer of asymmetrical 
molecules. For this purpose another definition of the 
parameter of asymmetry has to be introduced. Namely 
we shall assume a lipid molecule asymmetrical if the 
following condition is fulfiled : 

The polar head's area (A,,) # the hydrophobic (6) 
part's area (A,,). 

If A,, > A,, we shall name it the case of positive 
asymmetry, in the opposite case Ah, < A,, : negative 
asymmetry (Fig. 2a, 2b). 

FIG. 2. - Schematical representation of the two lipid molecules 
with different asymmetries : a) Positive asymmetry (e. g. lyso- 
lecithin) ; b) Negative asymmetry (e. g. phosphatidylethanol- 

amine). 

Let us consider now a monolayer of such molecules. 
Following MarCelja [ l l ]  its elastic energy can be 
written as : 

where kh and kc are the elastic constants for heads and 
chains respectively, A, and A, are the areas per polar 
head resp. chain in the monolayer. 

The difference between (7) and the original Mar- 
Celja's expression is that in our case the condition (6) 
is valid i. e. 

Let v is the number of molecules per unit area of the 
hydrophobic end of the monolayer. Having in mind 
that the monolayer is part of a BLM we shall assume 
that upon curving the bilayer the area of the center 
plane between two hydrophobic ends remains cons- 
tant, so v is a parameter independent of the curvature. 
Then if we have a curved monolayer and its principal 
curvatures [lo] are c, and c, (we shall name them posi- 
tive if the outer monolayer is curved fowards its hydro- 
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phobic part) for A, and A, we will have the following The monolayer's asymmetry c, is given by 
expressions 

2 Kh(vAh0 - 1)' + 2 KC(vAco - 
Co = - 

d 
. (14) 

Kh + Kc 
(8) 

d If the monolayer is planar and possesses equilibrium 
A. = [l + z(cl + c2)] v - I .  density (12), then 

I kh kc kh kc 
- 1 

From the generalized expression (7) it is evident that in &, = ( A  - A ~ ) .  ( + ) Y the case A,, f A,, a planar monolayer state is no A$ 
longer the state of minimum elastic energy. For the 
equilibrium values of the density vEq and the curvature x ( +  2) ' .  (15) 
cEq we obtain 

vEq = (2 Aco - Aha)-' (9) 

c? = (4/d) (A,, - A,,). (2 A,, - A,,)- ' . (10) 

Usually 2 A,, > A,,. When 2 A,, -, Ah,, cEq -, co. 
It means that a collaps of the monolayer in micelles 

take place. That is just the case of lysolecithin mole- 
cules, one of which two chains is removed. If the 
concentration of lysolecithin exceedes 50 % lysis of the 
membrane occurs - it breaks up into micelles [12]. 

If we make a restriction for weak asymmetry i. e. 
( I  a I d/2 a) < 1 we will have 

Expressions (10) and (15) give the two limitting cases 
of (14) and demonstrate that the monolayer's asymme- 
try depends on its curvature but it keeps the same sign 
if the density is equal to the equilibrium density for the 
state under consideration. Namely : 

c, > 0 if A,, > A,, 
c, < 0 if A,, < A,, 

which gives explanation of the definition introduced at 
the beginning of this section. 

4 (ad12 a) 2 a 3. Elasticity of a BLM composed of two asymme- 
Co = - M - .  

d 1 - (old12 a) a (11) trical monolayers. - In his paper [9] Helfrich has 
written : It should be noted that the new model is again a 

So in this case the old definition (5) coincides with the gross simplijication. For ivrstance, the inevitable asymme- 
new one. try of the monolayers (which separately may have very 

Let us consider now a planar monolayer strong spontaneous curvatures oflsetting each other in the 
bilayer) is disregarded. Now we will study just the 

c, = c2 = 0 i. e. A, = A, = A . influence of the spontaneous curvature of the mono- 
The condition BF/lJA = 0 gives the equilibrium density layers upon the elasticity of the whole bilayer. In planar 
of the planar state : state each monolayer tends to deform in opposite 

1 
- - 

ture can not be realized but internal stresses can change 
very strongly the elastic properties of the bilayer. 

But in the planar state F > 0, so the monolayer is 
Let us start our consideration with the problem of internally stressed. After some algebra from (7) and (8) 

stability of such internally stressed membrane assum- we obtain a new form for the eIastic energy expression 
(consisting of two terms, the first one depending only ing that the flip-flop is blocked. Because of the cons- 

tant molecular density the second term will not depend on the curvature and the second - on the density) : 
on the curvature and we will not consider it. Taking 
into account that the curvatures of the two mono layer^ 
have opposite signs, for the curvature energy per unit 
area we will have : 

+ - Kh Kc (4) [(4 + 2) (~Aho - 1)' FBLM = f ~ e ( ~ ;  + C; - C;)2 + f ~ i ( ~ :  + C; - ,-;)' , 
2 K, + Kc 

- 4(vAh0 - 1) (vAcO - 1) 
(16) 

where 

(13) Ke = KE; + K," , K' = K; + KE . 
where Kh and Kc are curvature elastic moduli expressed ~ e t  the two monolayers be absolutely equal, i. e. 
by MarZeljaYs moduli k, and kc in the following way : 

K e = I c i = K ,  c ; = c ; = c , .  

If we consider spherical deformation with a radius of 
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the curvature of the centre plane R and R 7 d the From the condition ( a ~ ~ ~ ~ J a ( l / ~ ) )  = 0 one obtains 
curvatures of the two monolayers will differ : for the curvature 

After rnmp glo~hrg 1 x 1 ~  nhtgin fnr pBLM 
-r I '  A =  +1 . I ,  

The threshold value of the spontaneous curvature is 

cg = - 4 x 10' cm-l 

which means a conical angle of 0.1 rad at a molecular 
[ ( I  + y) (:) + (l - *)L] a ( I 7 )  width 5 A. If 1 co d I exceeds the threshold value only 2 4~~ 

by 0.01, i. e. I c, d 1 = 2.01 then from (21) we obtains 
With second order accuracy we will have ~ ~ 7 d = 3 5 0 A .  

pBLM = KC: + K 1 + 2- (cl + c,), (18) The case considered up to now corresponds to mono- ( layers with completely equal asymmetries c'o = cd. 
which means that the asymmetry changes the elastic If c; # ct the difference in asymmetries always leads to 
constant of the bilayer. Namely deformation without any threshold. In this case 

from (16) and the condition (aF/a(c, $. c,)) = 0 the 
(19) equilibrium curvature is 

When c, > .O, KBLM > KML. But when c0 < 0 
KBLM < KML and if co = - 2/d, KBLM = 0, which 
means that the bilayer possesses no curvature elasticity 
in second order. The reason for this is easy to be 
understood. In the case of bilayers with negative asym- 
metry the curvature deformation leads to an decrease 
of the torques in the internal monolayer and an increase 
in the external. But because of the greater curvature of 
the internal monolayer the decrease of its elastic energy 
can be greater than respective increase in the external 
monolayer and the elastic energy of the membrane as a 
whole can decrease (Fig. 3). 

Let K e  = K' then 

Let at the beginning c> ccb = 0 and the membrane is 
planar. If upon the action of a definite chemical agent 
at the one side of the membrane a conformational 
change in the lecithin head groups is caused [ I  31, it will 
diminish the head group's area and in such a way this 
monolayer will get local negative asymmetry which will 
lead to a deformation of this membrane sector (Fig. 4). 

-- - - 
d R R R 

FIG. 3. - Bilayer membranes composed by lipid molecules with 
zero, positive and negative asymmetry. Internal torques due to 

the asymmetry are also shown. 

If this is the case it leads to an interesting conclusion. 
When c, + - 2/d the planar state of the membrane 
becomes unstable because of the internal torques. The 
expression ( 1  7 )  is typical for a second order phase tran- 
sition. Regarding the curvature as an order parameter 
the field which drives the transition will be the field of 
internal torques co d/2. Increasing the absolute value 
of the asymmetry co we can reach the threshold for 
deformation 

2 c g =  - -  
d '  (20) 

FIG. 4. - a) Conformational change in the lecithin polar head 
which results in negative lipid asymmetry ; b) The proposed 
model of pinocytosis based on locally induced negative asymme- 

try (see the text). 

Let us make an estimation. If at first c: = = 0 and 
then c a a k e s  on a value an order smaller than the 
threshold one - c> - 5 x lo6 cm-' the resulted 
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curvature is significant : R = 200 A. So we obtain a 
simple model explaining on the basis of the elastic 
membrane properties the abiIity of living cell to absorb 
or to excrete small amounts of matter covering them in 
vesicles which tear away of the cell membrane. This 
fenomenon is called pinocytosis. It  gives an example 
for passing of macroscopical particles through cell 
walls. 

4. Curvature induced polarization of a BLM with 
asymmetric molecules. - Here we will continue the 
consideration of the questions stated in the Intro- 
duction. We will assume that flip-flop is free and will 
calculate the change in lipid distribution between 
internal and external monolayer caused by deforma- 
tion. In view of (7) and (8) making the assumption 
that kk = k: and k: = ki we have : 

d 

1 [(I + e:;c+ + - kc 
2 v1 Aco 

with the relative density change x defined as in (1) 

- Vi 
x = -  

2 v, 
we have 

ve = vo(l + x) vi = vo(l - x) . 
(Positive sign of x means a transition of lipid molecules from the internal monolayer of the positively curved 
membrane to the external). 

Now we can calculate the change of the membrane elastic energy for the case when only one molecule changes 
its position from the internal monolayer to the external. This quantity with negative sign will give us, like in [3] 
the energy difference between the two position of the choosen molecule : 

Making the approximation (for small x) that 

( l + x ) - l = l  - x  (1 - x ) - l = 1  + x  

we obtain (for weak deformations (dc)' & I), denoting l / v o  by A. : 

The equilibrium value of x is given by Boltzman distribution. But because of the dependence of the energy diffe- 
rence on x itself we shall make a mean field approximation. Applying for small x Langevin's formula we will have : 

First we will give the result for symmetrical molecules when AhO = Aco = Ao. Then 

Because at room temperature vo k, T - 10 erg/cm2 and kc - 200 erg/cm2 [l l]  (kh is unknown), the temperature 
dependence of x is very weak and the second term in the denominator can be neglected. Putting down k, = 0 
one obtains Helfrich's result (1). 

For the asymmetric case Ah, # A,, the result is : 
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If the area per molecule A, corresponds to the equili- 
brium density v r a n  (12) the numerator will have the form 

-420 4 0  2 ki - + 3 kh kc A,, + k; --- > 0 
Ah0 Ac0 

i. e. the flip-flop is positive regardless of asymmetry. 
But if the area per molecule is smaller than a limmiting 
one 

the sign of the flip-flop can change to negative. 

5. Conclusion. - At the end some comments will be 
made about the experimental evidences for existence of 
curvature - induced polarization in BLM. There are 
two experiments [14,15] in which the influence of perio- 
dical deformation on the conductivity of artificial lipid 
membranes - modified [14] and unmodified [15] is 
studied. In both cases has been noticed that at the 
absence of any external potential difference between 
two sides of the membrane it is able to generate itself 
being periodically deformed, a. c. current with the same 
frequency. In [14] this effect was called definetily 
apencliar kind ofpiezoeflect and in [I 51 - subharmonic 
noise (meaning that the frequency of the capacitive 
current in the presence of external voltage was twice as 
the frequency of the vibration). The data for the 
amplitude of this noise obtained in [15] on lecithin- 
cholesterol membrane allow determination of the value 
of the flexocoefficient e. 

If the speed of the flip-flop is greater than the 
frequency of the periodical deformation 

the time dependence of the membrane polarization will 
have the form 

P = Pmax COS Ot . (29) 

As a result one obtains displacement current with 
density 

. dP t = - =  - Imax oPma, sin o t  = - - sin wt (30) 
dt nr 

where r is the membrane radius. 

Here Pmax is the volume polarization which is propor- 
tional in accordance to (2), to the maximal curvature 
of the membrane 

From (30) and (31) we have 

The amplitude was I,,, = lo-'' A (0.3 stat- 
coulomb. s-') at a frequency v = 50 Hz. The hole 
diameter was 2.5 mm but excluding the annulus accord- 
ing to [I61 for the radius we get r = 0.1 cm. The mini- 
mal radius of the curvature can be determined from the 
relative change of the membrane area AAIA at maximal 
deformation 

Taking the value given in [15] AAIA = 12 % we deter- 
mine 

Finally (32) gives 

e = 1.5 x statcoulomb . 

This value is rather strong. According to the for- 
mula (3) it corresponds to a dipole moment 
p, = 30 Debye (v  = 2 x 1014 cm-'). It means that the 
polar head group must be in full trans conformation, 
because the total dipole moment of the lecithin is 
approximately 25 Debye 1171. 

But in exact determination of curvature - induced 
polarization a second feature should be taken into 
account as well : in mixed bilayers the cholesterol 
content of more than 30 mole % will increase the 
asymmetry in distribution of lecithin between the 
external and the internal parts of a curved bilayer (in 
our terms will increase x) in comparison with a pure 
lecithin bilayer [18]. The theory given in this report 
concerns only with pure bilayers. The properties of 
mixed bilayers, composed of lipid molecules with 
different asymmetry will be the object of a future work. 
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