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ON LOCAL DENSITY SCHEMES

L. HEDIN
Department of theoretical physics, University of Lund, Lund, Sweden

and

S. LUNDQVIST
Institute of theoretical physics, Chalmers University of Technology, Goteborg, Sweden

Résumé, — On résume des résultats récents comment obtenir des potentiels approximatifs
d’un électron pour décrire 1’échange et la corrélation qui dépendent de la densité locale des élec-
trons. En suivant Hohenberg, Kohn et Sham, on donne des résultats dans deux versions de la théo-
rie ; I'un pour décrire les propriétés de ’état du fond, ’antre pour décrire les énergies d’excitation.
On discute Pextension aux systémes des spins polarisés et quelques résultats nouveaux sont pré-
sentés. On résume aussi des résultats récents sur les propriétés de la réponse linéaire et commente sur
le rdle de la non-localité du self-énergie.

Abstract, — This paper summarizes recent results how to obtain approximate one-electron
potentials describing exchange and correlation which depend on the local electron density. Follow-
ing the lines given by Hohenberg, Kohn and Sham explicit results are given in two versions of the
theory ; one to describe ground state properties and one for excitation energies. The extension to
spin polarized systems is discussed and some new results are presented. The paper also summa-
rizes recent results about the linear response properties and comments on the role of the non-

locality of the self-energy.

1. Introduction. —  Some years ago Hohenberg,
Kohn and Sham [1], [2], [3] developed a local density
theory which has had an important impact on the
band structure problem for solids as well as on the
electron structure problem in general. They showed
that there exists a one-body potential [2] which gives
the exact ground state energy and charge density and
another one-body potential [3] which gives the excita-
tion spectrum. The second potential, which depends on
the momentum and energy, is not so simply related to
the charge density and other ground state properties,
while the first potential has in principle no relation to
the excitation spectrum. The situation is thus different
from that in the Hartree-Fock theory, where the
same one-body potential is used for ground state pro-
perties such as the charge density as well as for excita-
tion energies through the use of Koopmans’ theorem.

The Kohn-Sham schemes have been partially tested
on atoms. Tong and Sham [4], Cowan et al. [5] and
recently Tong [6] have shown that. the local theory
using exchange only, gives charge densities in close
agreement with the Hartree-Fock theory and that
inclusion of correlation seems to have only a fairly
small effect. Recent calculations have also shown that
the local theory gives good resuits for metallic lattice
parameters [6], [7] and metallic work functions [8].
There is also a number of calculations where the local
exchange potential in the Kohn and Sham scheme is
multiplied by a numerical factor, which is determined
by some criterium, e. g. minimization of the total
energy. Most of these calculations are performed for
atoms and have given good agreement for ground
state properties with a value of the constant fairly

close to the strength of the Kohn-Sham exchange
potential, see e. g. [9].

This paper will summarize some recent discussion
about the problem how to find good local density
approximations for these one-body potentials starting
from a many-body point of view and in particular
using the results of calculations for a uniform electron
system. This approach was discussed in a recent review
by the authors [10], and has been followed up in more
recent work, particularly one paper [11} in which
explicit data are given for the potentials to be used
for ground state properties and the excitation spectrum
respectively and one more theoretical paper [12] in
which particularly the linear response properties have
been analyzed. We shall also report on work now in
progress at our institutes dealing with the extension of
the theory to the case where the medium has a spin
density. Another aspect which is now being investigated
is the actual properties of the non-local self-energy
with the aim to construct a non-local potential des-
cribing excitations, which depends on the local density.

2. A local potential for ground state properties in the
paramagnetic case. — On the basis of the general
results and theorems by Hohenberg and Kohn [1],
Kohn and Sham [2] derived a one-body equation

m2v?
(— 2m

V0 + V0) 40 = @) . ()

V(r) is the ordinary Hartree potential and v, gives
the exchange and correlation contributions. The elec-
tron density p is obtained by the usual independent

Article published online by EDP_Sciences and available at http://dx.doi.org/10.1051/jphyscol:1972310



http://www.edpsciences.org
http://dx.doi.org/10.1051/jphyscol:1972310

C3-74

particle expression, i. e. by summing over the set of
occupied states,

pe) = > 1Y) |, @

i,0cc.

Eq. (1) and (2) should be solved self-consistently using
the proper functional dependence of wv,. on p. The
exact form of this functional is not known. However,
in the limit of a weakly varying density, v, is simply
a function of p,

ch(l') = ﬂxc(p(r)) » (3)

where p,(p) is the exchange-correlation part of the
chemical potential for a uniform electron gas at
density p. Attempts to improve on this approximation
by including terms depending on the density gradient
have been done (see e. g. ref. [13] and [14]), but we
shall not discuss such corrections here.

In most applications using this scheme one has
considered only exchange and replaced p,, by p,,

— &% kg — &
Hy = _—TE F= T(s nZ .0)1/33 (4)

sometimes called the Kohn-Sham potential. This
approximation is unnecessarily crude and one can
make use of results for the correlation energy of a
uniform electron gas to obtain a considerably more
accurate result. Although a completely satisfactory
theory of an electron gas in the intermediate density
regime does not exist, the various results and interpo-
lation schemes agree closely enough with each other
and with general criteria to determine the quantity u,,
within 0.005-0.010 Ry ([11] and [12]), which is a
small uncertainty compared to the difference between
Hy and p,. It is convenient to introduce a parameter
and use the wellknown electron gas parameter
re~ pPi e e = Bry) iy

In ref. [11] and [12] the parameter § has been
determined fromthe recent results by Singwi ez al. [15]
(SSTL) for the correlation energy per electron e,
using the relation

ry de,
uc=8c~§' ~d7 (5)

Recently Vashishta and Singwi [16] have presented
an improved calculation, which almost exactly satisfies
the compressibility sum rule and at the same time gives
a reasonably good pair correlation function. Their
results for the correlation energy are quite close to
those obtained earlier by Lundqvist and Samathiya-
kanit [17] from the spectral weight function using
the Galitskii-Migdal formula [18] for the total energy.

A good fit to the results by Vashishta and Singwi
corresponds to the formula

+243
B(r) = 1 + 0.0316 r, In 22" 6)

s
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The results for the parameter S are illustrated in
figure 1, using both the previous results by Singwi et
al. [15] (upper curve) and the most recent ones by
Vashishta and Singwi [16] (lower curve). At high
densities the effect of correlation is small, while at
metallic densities (r, = 2-5) there is an appreciable
effect and the values of the potential are intermediate
between the Kohn-Sham potential (u,) and the Slater
potential (3/2 w).
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FiG. 1. — The parameter B describes correlation effects in the

local potential for ground state properties as iz, = fuz. The

upper curve is deduced from ref. [15] and the lower from
Ref. [16].

To our knowledge there are no explicit applications
of this scheme using B(r,) according to eq. (6) available
yet. However, calculations with effectively only
slightly different r, — dependent § of such widely-
varied properties as atomic densities [6], metallic
lattice parameters [6], [7] and metallic work func-
tions [8] have been relatively successful. There is also
a whole school of calculations using r, — indepen-
dent B — factors and then adjusting the value of § to
some external criterium. Mostly these are performed
for atoms, indicating good results for ground state
properties with 8 slightly above one at atomic densi-
ties [9]. A calculation of cohesive properties of metallic
aluminium [19] gives the correct 0 °K equilibrium
density for § = 1.07, a value somewhat smaller than
according to eq. (6) for r, = 2.08.

3. A local potential for ground state properties in the
spin-polarized case. — In the paramagnetic case
Hohenberg and Kohn [1] have proved there is a
unique relation between the one-body potential u(r)
and the charge density p(r). The spin-polarized case
can be discussed by introducing the Pauli term ¢.B ;
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we then have a unique relation between the four func-
tions »(r), B(r) and the 2 x 2 spin density matrix
Pup(®) = < ¥o | U5 (1) Pol®) | ¥ > - Q)

Variation of the ground state ene¢rgy £ with respect to
pap defines a spin-dependent potential

wr _ OE
0 = 5@ ®
and we obtain instead of egs. (1) and (2)
_ hZ 2
ZFI%BW®+ZVWﬂW®—sT%)@)

occ

h2
DEACICHUNE

(=224 710) o) = (10)
We shall limit ourselves in the following to the diagonal
case

p@® if a=p=1
Pu® = {0 i a=p=|. (D
0 it a#p

In the Hartree-Fock theory the exchange energy per
electron in a uniform electron gas is given by the for-
mula

C(p4/3 4/3)

&Py, py) = (12)

where
3¢ [ 3\
C=———§—(Z'7;) and p=pT+pl.

For a system with slowly varying density the total
exchange energy becomes

E = | 60 8oy, p) 3
and we obfain the one-body potential
4/3 13

V= 14

() T(r) pT ( )

and of course an analogous result for ¥ (r). This is
the usual type of p'/® potential which in the para-
magnetic cases reduces to the Kohn-Sham potential.

An exact formula for the .exchange-correlation
energy per electron &, for a uniform system can be
obtained if the dielectric function e(k, w) is known

using the general formula &, ~ Jlm ek, o).

Numerical calculations using the Lindhard approxi-
mation for the dielectric constant are represented
within an accuracy of better than 1 9/ by the formula

sxc(rs’ x) =
YE3

= elo(r) + A [x** + (1 — x Y )
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where x describes the spin polarization, x = p,/p,
and r, is the usual measure of the electron density,
4 7r2/3 = 1/p. We note that for x = 1, &, reduces to
the paramagnetic result &%,. We also note that the
x-dependence in eq. (15) is the same as for the Hartree-
Fock result in eq. (12).

Knowing ¢,, we can calculate v* and obtain

4 1) 1/3

; [A + 7 %4] [x‘*“ + (1 — x*3 — (%) 1/3]. (16)

The last term contributes less than 1 9 to V! and can
be neglected. Thus also ¥ has the same dependence
on x as in the Hartree-Fock case eq. (14), however,
with rather different coefficients. Numerical results
are given in Table I. First the results for the parama-
gnetic potential obtained with the Lindhard (RPA) and
the more refined theory by Singwi er al. [15] are
compared ; the differences are not very large. Next we
illustrate the variation of V' by giving the maximum
and minimum values. In the last column we give the
variation of V1 in percent of the Hartree-Fock result.
We note that the x = 0 value of V1 is appreciably

0.0 10

X

RPA

Ry

FIc. 2. — Results for the potential T (x), where x = pt/p, for
the electron density of sodium (rs = 4).
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different from zero and that at metallic densities
the variation of V! is only about half that in the Har-
tree-Fock theory. . The potential V'(r) is given in
figure 2 for the density corresponding to sodium

(re = 4).
TABLE 1

The potentials p5. and V' for the spin-less
and the spin-polarized ground state problems

Varia-
ry Hxe (RY) VT (Ry) tion

of V!

RPA SSTL x =0 x =1 (%)

1 —140 —136 —-140 —-15 789
2 —-075 —072 —034 —0.87 68¢%
3 - 053 —050 —026 —0.58 61Y%
4 — 041 —-039 —-023 —-045 569
5 —034 —-032 —-020 —-036 529
6 —029 -027 —-018 —-031 49%

4. The self-energy as a nonlocal energy-dependent
potential. — The Hohenberg-Kohn-Sham scheme is
strictly limited to ground state properties of the sys-
tem and the energy eigenvalues ¢; of eq. (1) should
not be identified with one-electron eigenvalues. In
principle, the energy valué ¢; has a physical meaning
only when it equals the Fermi energy. For physical,
excited states of electrons and holes, as needed for
e. g photoemission and optical properties, we may
start from the equation

h? v?
(_ 2m

+ V(r)) Du(r) +

+ j‘ d3r’ Z(r, l" 5 Ek) @k(l‘,) == Ek @k(l‘) N

where E, are energies and &, amplitudes for one-
electron or one-hole excitations, and where X is the
electron self-energy. 2 is non-local, complex and
energy dependent.

We shall later discuss how to approximate X with
a local potential, using the results for a homogeneous
electron gas. In this section we shall briefly comment
on the non-local properties of the self-energy X, for a
homogeneous electron. gas.

We will make use of the investigations by Hedin
and Lundgqvist, which are reviewed in ref. [10] where all
references to the original papers can be found. These
calculations are based on the RPA-approximation
for the self-energy and is conveniently separated into
two contributions, a Coulomb hole term and a screened
exchange contribution. It should be remarked that
the Coulomb hole contribution is generally conside-
rably larger than the screened exchange. We stress
the importance of considering both contributions in
applications of the theory, and that the often used

L. HEDIN AND S. LUNDQVIST

procedure to consider only screened exchange gives a
serious underestimate of the effect of exchange and
correlation.

The results for Z,(r — r’, ) by Hedin for diffe-
rent values of r, and for particles on the Fermi surface
are reproduced in figure 3 and compared with the
Hartree-Fock potential. It is striking how the inter-
actions reduce the range of the nonlocality compared
to the Hartree-Fock potential over the whole region
of metallic densities. The results show an appreciable
strength only at distances smaller than the average
separation between the electron, whereas the Hartree-
Fock potential is quite strong at distances far beyond
that separation.

SELF-ENERGY OPERATOR AS A NON-LOCAL POTENTIAL

————=

4mr2agr@ M(r, i)

o 05 10 1.5 2.0 25 3.0 35

Gofs

F1G. 3. — Self-energy operator M (= X) as a non-local poten-
tial for particles on the Fermi surface, from Hepin (L.), Phys.
Rev., 1965, 139, A 796.

In order to show some light on the nonlocality effect
for excited states we wish to report on some prelimi-
nary calculations by A. K. Das and G. Wendin of the
real part of the self-energy for energies away from the
Fermi energy. In these calculations use has been made
of the property of the dielectric function &(g, w) of
being well given by the simple plasmon-pole appro-
ximation, discussed in ref. [10] and [20].

2
1 Wy

g, 0)

, 17
o — o*(g) @

where w(g) approaches the plasma frequency , for
long wave lengths and approaches the free parti-
cle energy at short wave lengths. The calculations by
Hedin were based on the full Lindhard dielectric func-
tion. The simple approximation in eq. (17) should be
good enough to show the main trends for X,(r, ®)
as a function of the energy w, but seems to exagge-
rate the attractive portion of the self-energy for small
values of r.

The results of this approximate calculation show for
moderate energies @ the same qualitative behaviour as
in figure 3, i. e., the potential has a strong attractive
part at small values of r and tends rapidly and mono-
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tonously to zero, when r increases. As illustrated in
figure 4, there is more structure for higher w-values.
The nonlocality range increases and some long range
oscillatory countributions start to build up. For o
around the plasma frequency w, these oscillations have
large amplitudes, the system literally opens up and
the self-energy has a truly long range character. The
long range and oscillatory nature of the self-energy
will probably be characteristic features in the whole
regime ® X w,, although we have at the moment no
numerical results to substantiate this conjecture.

rg=40 =108t € =015

4 S nw) EM(R W]
(in atomic units)

| I Y B [ L i L1
04 08 (2 6 20 24 28 32 36 40 44 48 52 56 60
r

5

Fig. 4. — Characteristic behaviour of the real part of Z'(r, @)

in the plasmon-pole approximation for three values of w above

the Fermi energy ¢r. The zero value for o in this figure corres-
ponds to the bottomof the Fermi sea.

It seems quite clear that the long range oscillatory
behaviour of Z(r, w) in the regime @ 2 ®, may exclude
for these energies the construction of a suitable approxi-
mation depending on the local density. However, for
states below the Fermi level and for moderately exci-
ted states the preliminary results indicate that the
potential has a narrow range and a weak energy depen-
dence. For these energies this yet incomplete study
suggests the possibility of constructing an exchange-
correlation potential in r-space chosen as the self-
energy of a uniform electron gas of the same density
as the local density.

5. A local potential for excitation spectra. — The
results obtained for the self-energy of an electron gas
can be utilized to construct a local energy-dependent
potential V_.(r) following. a procedure outlined by
Sham and Kohn [2]. Because the self-energy is a ground
state property, it is a unique functional of the density p
according to the theorem by Hohenberg and Kohn [1].
Sham and Kohn suggested the local density approxima-
tion

2, v, E) = Zy(x — v, E — V(o) ; pro)),  (18)
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where 2, is the self-energy of a homogeneous electron
gas at the electron density p, and wherer, = (r + r')/2.
The energy argument in X' is chosen to make eq. (18)
exact in the limit of almost constant density. In order
to approximate the non-local self-energy by a local
potential they used a WKB argument, introducing a
local momentum p(r), thus obtaining

[ 5 =¥~ Vo) s peo) 2y =

~ Z,(p@), E = V() p@) D) . (19)

The quasiparticle self-energy in a uniform electron gas
is given by

Zu(p, E(p) s p) = E(p) — &(p),

where E(p) = E(p ; p) is the energy of a quasiparticle
with momentum p in a gas with density p, and &(p) is
the free particle energy p?/(2 m). As %, in eq. (19) is
the quasiparticle self-energy at the local momentum
p(r) and density p(r), the energy argument should be
given by

(20)

E(p;p) =B — V(D). @D

This equation determines the local momentum p(r)
which thus depends on the Hartree potential ¥(r) and
the energy E,.

. A possible refinement was suggested by Sham and
Kohn [3], who proposed that for weakly. varying den-
sities. one should use the approximate relation

= V() + wp),

where p,(p) = E(kp, p), to replace ‘F(r) in:eq. (21),
giving

(22)

E(p(x) ; p(0)) — wlp®)) = B, — p (23)

for determination of the local momentum. This equa-
tion guarantees that v, and the potential y, . discussed
in section 2 will give the same Fermi surface. Inref. [12]
there are given arguments in favour of eq. (23) for the
determination of the local momentum, however,
without the restriction in eq. (22). These arguments are
based on a calculation of the electron gas vertex func-
tion [21] and are concerned with how the result in the
almost constant density limit is approached.

With the ‘procedure just outlined we airive at the
equation

{ = BV Qm) + V) + Vr) } Pulr) = E, Pyr)
@4

where the effective exchange-correlation potential is
given by

Vi) = &, { p(x), E(p(x)) ; px) } 25y

taking p(r) from eq. (23). To obtain V, (r) for a parti-
cular r one has to solve eq. (23) for p(r} and to get
24(p(x), r,(r)) by interpolation. The necessary data for
applying this procedure have recently been published
and can be found in ref. [11] and [12].
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It should be observed that the charge density repre-
sents an input parameter to the calculation and must
be obtained by other means, e. g a self-consistent
calculation using the ground state scheme discussed in
section 2,

From the discussion in ref. [10], [11], [12] it is
clear that the p(r)-dependence of the potential is
very weak for moderate excitation energies at metallic
densities. For electron energies above the plasmon
threshold, however, the momentum dependence is
not negligible. This has bearing on the energy depen-
dence of the « inner potential » found in LEED-data,
as shown by several calculations [23].

One should notice that there are two nonlocalities
involved in the self-energy : one is through the explicit
dependence on r — r’ and the other is through the
variation in the density p,o((r + 1')/2). The self-energy
varies with density mainly as pé/ 3. The effect of the
explicit non-locality beyond what is included through
the local momentum depends on the variation in the
one-electron wave function amplitude | #(r) | over the
correlation-exchange hole. In the case where both
the density po(r) and the one-electron amplitude
varies only little over the range of the correlation-
exchange hole one may replace such a non-local
potential by a local potential as has just been discussed.
In cases where the variation of the wave function
amplitude over the exchange-correlation hole is signi-
ficant, but the variation with density p, still is mode-
rate, one should rather use a non-local density depen-
dent as was briefly discussed in section 4. Work is
now in progress to investigate further the aspects of
nonlocality and to provide numerica data to be used
in calculations for atoms and solids.

6. Linear response results in the spin less case. —
We will discuss three different dielectric functions.
First we have the dielectric function &(g) that gives the
induced charge density p, in terms of an « external »
charge density p.,,

pda) = [% - 1] Pould) - 20)

&(
This dielectric function also gives the Hartree potential

Va(@) = @) (p(@) + pexi(q)) in terms of the pertur-
bing potential V,(9) = g(q) pex(q), thus

Vo)
eq) 7

where g(q) is the Coulomb interaction 4 ne*/q>. Next
we have the dielectric function §(g) describing changes
in the ground state potential

V(@) =

@n

Vexd()
é(q)

and finally the dielectric function £(g, E) for the excita-
tion spectrum potential

V(@) + u(q) = , (22)
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Vex@) )
&g, E)

As a reference we also introduce the Hartree (or Bar-
deen, or Lindhard, or RPA) approximation

go(g) = 1 — Po(q) 8(q) -

@4

Approximating E, [p] as jpsxc(p) dr we obtain [12]

Po(q) g(9)
W=1~"TTewr@an
&g) =1 — (1~ G(@) Po(q) g(a) ,
where
G@) = 1yq*. (26)

The coeflicient y is related to the compressibility ratio,
kg/k = 1 — y(orgn). The third function (g, E)
coincides with &(g) at the Fermi level (£ = p) and
approaches &(g) at large energies. In the g — 0 limit
the two functions &(g) and £(g) are quite different
2
Hq) -1 + x k—TZF

Kg 4

@7

. k2
&g -1+ —,
q

since the compressibility ratio x/wxy is quite different
from unity in the metallic density range.

The important and critical approximation usually
made in the Hohenberg-Kohn-Sham theory is to write

the functional E, [p] just as a function of p, f pe(p) dr,

and neglecting all gradient terms. To test this approxi-
mation we compare in figure 5 the results for G from
different theories.

Glq)

KXS GT
10 - KSXC SSTL =
(&S
05 t GV —
H
0 L ] 1 VNS B
0 1 2 3 4

Qlky

Fig. 5. — Results for the G-function at rs = 4 in different
approximations, taken from ref. {12].

The KSXC curve in figure 5 gives the parabola
from eq. (26) with a y-value taken from the calculation
of the compressibility by Singwi ef al. [15]. In the
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KSX parabola the Hartree-Fock value for y is used
(y = 1), and the KSS parabola gives the result from
the Slater potential (y = 3/2). The H and GV curves give
early estimates made by Hubbard and by Geldart and
Vosko while the GT and SSTL results are from recent,
more refined calculations by Geldart and Taylor [22]
and by Singwi et al. [15]. Singwi et al. have suggested
that the correct G-function should be somewhat larger
than their result.

The correct G-curve starts like a parabola and the
recent theoretical results indicate that it remains clo-
sely parabolic out to about & = 2 kg, then it flattens
out. For larger g-values the G-factor plays only a
minor role since then g(q) Po(q) drops quickly to zero,
outphasing the effect of G. Thus the simple parabolic
form of G predicted by a local density theory without
gradient terms seems to give a quite remarkably good
representation of the dielectric function.

7. Linear response theory in the spin polarized case.
— We may also in this case discuss three different
response functions, however we will here limit ourselves
to the usual susceptibility x, which gives the relation
between the magnetic field B and the induced magnetic
moment M

M(q) = x(q) B(q) -
M is related to the spin densities by the equation
M) = — ps(p1(@) — p,(9)) -

In the non-interacting case we have the well-known
result

(28)

(29)

X0(@) = X0 U9) (30)
where y, is the Pauli paramagnetic susceptibility
3
Yo =30, G
F

and U(q) is the same function as appears in Py(q)

2
(1_41_)10461_12_'&
g — 2 kg

4 ke

1
Ulg) = =
(q) Y

When we take interactions into account we have in
e. g. the equation for spin up electrons, the effective
potential

1

oV .
Vi up B=V"+ 5=6py(9)
Pt

vt
+ 5000 + 1 B@ . (39
Py

The first term ¥7 is constant and can be neglected.
From general principles it follows that

Sp(q) = dpy(q) + op,(g) = 0.
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This leads to the result for the magnetic moment

M@ =10 [B@) + 71 (2 = 5 3,5
(34)
and for the susceptibility
Ho) = 220 (9)
where 7 is related to the constant 4 in eq. (15) by
n=0144r2 4 (36)

and 4 is given in units of Ry.

In Table II we give values for the paramagnetic
susceptibility ratio x(0)/x; = 1/(1 + ) 'in different
approximations. We first give the Hartree-Fock result
(n = 0.166 r,), then the estimate by Hedin and Lundg-
vist [10], which is very close to the results obtained
by Rice, next the results by Dupree and Geldart [24]
which are very close to those obtained by the Singwi
method [25], and in the last column the results obtained
here. These RPA values are somewhat larger than the
HIL values which seems reasonable since the HL
values essentially are RPA values corrected for
exchange effects. The DG values are larger than the
RPA values ; if they give the right trend as the experi-
mental results seem to indicate, than the exchange
corrections calculated by Hedin and Lundgvist and
by Rice go in the wrong direction. The differences
between the estimates of correlation effects are howe-
ver small as compared to the Hartree or the Hartree-
Fock results.

TABLE II

Values of the susceptibility enhancement

r HF HL DG RPA
1 1.20 1.15 1.15
2 1.50 1.28 1.31 1.29
3 2.00 1.40 1.47 1.44
4 2.96 1.49 1.65 1.60
5 5.9 1.56 1.85 1.77

The dimensionless quantity x is proportional to
the «internal field ‘correction» I{g) discussed by
Singwi et al. [15]. They find that I(g) has a very gentle
g-dependence. The local density theory which takes
I(g) to be a constant might thus be a reasonable appro-
ximation in many cases.

8. Results of a few simple calculations. — To test
the exchauge-correlation potential for excitation
energies a few simple calculations were made on sodium
and potassium atoms with boundary conditions for
free atoms and for atoms in a box. In the latter case
the valence electron wavefunction was taken to have
zero derivative on a sphere corresponding to the
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Wigner-Seitz cell in the metal, i. e. a Wigner-Seitz
calculation was made for the bottom of the conduc-
tion band.

The results for the core levels were poor in the sense
that the large difference between the Koopmans’
theory result and the correct result, could not be accoun-
ted for. In retrospect this is not surprising, the experi-
mental core level energies have large contributions
from relaxation effects of the valence electrons ;
these effects however only enter the local density theory
through thé very small contribution to the charge
density in the core region, that comes from the valence
electrons.

The result for the valence electron energies in a
free atom were poor. As an example we give in Table 11T
the energy of the 4s electron in K calculated with
different potentials. The indices ¢ and v stand for core
and valence contributions. In this case the Hartree-
Fock result is quite close to the experimental value,
while the two conceivable local density approaches
fail badly.

TasLE 111

Energy of the 4s electron in a K atom

Potential Energy
Va + Vi + Vit + p%) — 0.186 Ry
Vi + Val(p9) — 0.457 Ry
Viur (non-local) — 0.295 Ry

The results for the solid state problem look quite
good. As an example we give in Table IV the results
for the bottom of the conduction band in Na.

TABLE IV

Energy of the bottom of the conduction band in Na

Potential Energy
Vit — 0.507 Ry
B + Vi (Seitz) — 0.610 0.103
Vi + Vi + Vilp”) —0.314
Ve + Vg + Vilo® + p% — 0.417 0.103

The difference between the two first values gives
the exchange-correlation contribution to the conduc-
tion electron from the ion-core. We see that the local
density approximation can account for this effect
very accurately (the precise agreement is of course
spurious). To obtain the Fermi level we have to add
the Fermi energy & = 0.238 Ry, giving

p= —0417 + 0238 = — 0.179 Ry .

L. HEDIN AND S. LUNDQVIST

This agrees quite well with the experimental result
for the work function, & = — 0.168 Ry (the dipole
layer contribution is believed to be small in
sodium).

From these calculations we are led to conclude that
the local density theory should have considerably
better possibilities to work for solids (particularly
for metals) than for atoms. However, addition of
gradient terms could possibly also make the theory
useful for atoms and for solids with an open structure.

9. Concluding remarks and summary. — This paper
has summarized some aspects of the recent discussion
about exchange correlation potentials to be used in
energy band calculations. We have adopted the
Hohenberg-Kohn-Sham theory to express the exchange
and correlation contributions in a local density appro-
ximation, and made use of the extensive investiga-
tions of a uniform electron gas to provide numerical
results directly applicable for energy band calculations.

For the calculation of ground state properties, like
the total energy and the charge density, we suggest
the use of the quantity g, discussed in section 2.
For the calculation of excitation spectra as needed
in, for example, photoemission and optical properties
we suggest the use of the potential ¥, (r) discussed in
section 5. The necessary data for using this potential
in computations are published in ref. [11] and [12].

In section 4 we indicate another possible choice of a
potential, starting from the self-energy of an electron
gas in real space. Preliminary calculations indicate
that the nonlocality range is small for moderate ener-
gies and that the energy dependence is weak. Work
is in progress to provide numerical data over an appro-
priate range of densities and energies.

The extension of the Hohenberg-Kohn-Sham
approach to spin polarized systems is of considerable
interest. We have reported some new results obtained
in Lund by U. von Barth for the ground state potential.
The calculations were based on the Lindhard dielec-
tric function and show substantial deviations from
the Hartree-Fock results. Work on the spin problem
is in progress in Goteborg, where the Galitskii-
Migdal formula for the ground state energy is used
rather than the dielectric function.

‘We have also summarized results for linear response
functions obtained from the local potentials pro-
posed. The purpose of these calculations is not to
obtain accurate response functions but to fest the
local density potentials in a situation where more
sophisticated calculations have been made. These
tests indicate that the local density theory may havea
surprisingly large range of applicability.

We are not aware of any complete calculation
making use of the potentials discussed in this paper
and it is therefore impossible to say anything about
the real usefulness of these ideas. Instead of the many
calculations where one tries to fit empirical data with
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a local exchange potential with flexible strength
parameter, it seems worth trying to apply this approach
to electron structure calculations.
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