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BEHAVIBR OF FERRITES IN THE MICROWAVE FREQUENCY RANGE 

E. SCHLOMANN 
Raytheon Research Division Waltham, Massachusetts 02154 

RBsum6. - Les applications presentes et prevues des ferrites dans le domaine des microondes sont passees en revue. 
On decrit les caracteristiques intrinskques qui sont exigees ou desirables pour ces applications. L'attention se porte en 
particulier sur les pertes observees dans les substances polycristallines dans le cas de champs appliques beaucoup plus 
petits ou beaucoup plus grands que le champ aux conditions de resonance. Les pertes sont caracterisees au moyen d'une 
largeur de raie effective AHeff, qui est fonction de la frequence et de l'intensite du champ magnetique. Dans le cas de 
polycristaux a faible perte, AHeff est generalement beaucoup plus petit loin de la rbonance que pres de la resonance, 
bien que m6me avec les meilleurs polycristaux AHeff est considerablement plus grand que pour de bons monocristaux. 
Le comportement de AHeff, au voisinage de la resonance peut s'expliquer d'une manikre trks satisfaisante sur la base 
d'une diffusion d'energie sous forme d'ondes de spin induite par les inhomog6n8ites ; les nombres d'onde sont de l'ordre 
de grandeur de la dimension reciproque des grains. Le comportement loin de la resonance s'explique moinsbien. On 
discute de l'excitation de phonons induite par les inhomogenBites en tant que mecanisme de pertes. Dans le cas de ferrites 
a grains fins, la variation experimentale de AHeff en fonction de la dimension des grains ainsi que celle de la largeur de raie 
des ondes de spin (telles que deduite du seuil d'instabilite) en fonction de la dimension et de la frequence est en accord grossier 
avec le comportement que la theorie prevoit pour ce mecanisme. On discute egalement des proprietes de ferrites partielle- 
ment magnetiskes aux hyperfrequences et l'on deduit une formule thkorique simple qui s'applique a 1'6tat d6magnetis6. 
On d6montre qu'elle est en accord raisonnable avec le comportement experimental aux tres hautes frkquences (ou les 
pertes sont faibles) aussi bien qu'aux frkquences intermkdiaires (0,l-3 GHz) ou les pertes sont elevkes. 

Abstract. - Present and foreseen applications of ferrites in the microwave frequency range are reviewed. The mate- 
rial parameters that are required or desirable for these applications are discussed. Special attention is given to the losses 
observed in polycrystals at biasing fields much smaller or much larger than the field for resonance. The loss may be charac- 
terized by an effective linewidth AHeff, which is a function of frequency and dc magnetic fieldstrength. In low loss poly- 
crystals AHeff is typically much smaller in the off-resonance regions than near resonance, but even in the best polycrystals 
it is considerably larger than in good single crystals. The near-resonance behavior of AHeff can be explained quite well 
in terms of inhomogeneity induced scattering of energy into spin waves, having wavenumbers comparable to the inverse 
grain size. The off-resonance behavior is less well understood. Inhomogeneity induced scattering into phonons is discus- 
sed as a possible loss mechanism. For fine-grain ferrites the observed dependence of AHm upon grain size and that of 
the spinwave linewidth (inferred from the instability threshold) upon grain size and frequency is in rough agreement with 
.the behavior expected theoretically for this mechanism. The microwave properties of partially magnetized ferrites are 
discussed. A simple theoretical formula, applicable in the demagnetized state, is derived. It is shown to agree reasonably 
well with the observed behavior both at high frequencies (where the losses are low) and at intermediate frequencies 
(0.1-3 GHz) (where the losses are high). 

1. Introduction. - Electromagnetic devices ope- 
rating in the microwave frequency range and using 
ferrites as an essential ingredient can broadly be sub- 
divided into two categories. The first class of devices 
makes use of the nonreciprocal behavior obtainable 
with ferrites, the second is based on the fact that the 
microwave behavior can be substantially modified by the 
application of a biasing field. The first class comprises 
primarily isolators and circulators, the second pri- 
marily switches, phase shifters, and tunable filters. 
For non-reciprocal devices the use of ferrites appears 
inevitable for the foreseeable future, since no alter- 
native technology that could achieve similar circuit 
functions appears on the horizon. For variable devices 
an  alternative solution (usually relying on semicon- 
ductors) is available in many instances. Thus the future 
use of ferrites in these applications will be governed 
by the details of the technical problem that needs 
solution as well as by economic considerations. 

The various current and potential applications of 
ferrites a t  microwave frequencies require a wide variety 
of different ferrites. What constitutes a G good )) 

material for microwave use, depends strongly upon 
the desired frequency (which largely determines the 
saturation magnetization), the power level at which 
the device is to be used, and similar considerations. 
Nevertheless it is possible to enumerate a few proper- 
ties that are generally desirable for all microwave 
ferrites. 

First among these desirable properties is low dielec- 
tric and magnetic loss. Dielectric loss tangents can 
usually be kept below approximately 3 X 10-4 
by careful control of the composition and the firing 
schedule. At  that level the dielectric loss in a typical 
device is negligible compared to magnetic loss and 
copper loss. For a given material the magnetic loss, 
as characterized by the imaginary part of the permea- 
bility p", depends quite strongly upon the biasing 
field. For certain materials the value of p" relevant 
in device applications is related to the width of the 
ferromagnetic resonance line AH. Since AH is much 
easier to measure than p" at the appropriate biasing 
field (usually much less than the field required for 
resonance, just enough to magnetize the sample subs- 
tantially to  saturation) the available linewidth data 
has frequently been used to infer p" assuming that 
the line profile is Lorentzian. This procedure is not 
generally valid, particularly not for low loss materials. 
In Sec. 2 recent experimental and theoretical work 
on this problem is reviewed. 

A second desirable property of microwave ferrites 
is substantial power handling capability. It is generally 
necessary to  distinguish between peak power require- 
ments and average power requirements. The peak 
power capability of a given material in a given device 
structure is determined by the rf field strength (hcrit) 
at which spinwave instability sets in. At  power levels 
exceeding the threshold the material is much more 
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lossy than at low power levels. The instability thres- 
hold in general varies with the biasing field and can 
also be influenced by variation of the composition and 
of the microstructure of the material. In particular 
doping a low-loss ferrite with small amounts of strong 
relaxers (such as are earths except Gd) raises the ins- 
tability threshold significantly. Improved high-power 
behavior is also obtained by cc fine-graining N, i. e., 
processing the material in such a way that the grain 
size remains less than approximately 1 pm. Both 
methods of increasing h,,,, are apt to increase also p", 
because the spinwave damping (which largely deter- 
mines h,,,,) is closely related to the damping of the 
uniform magnetization (which determines p"). Thus 
we face a rather basic dilemma when trying to combine 
low loss with high peak power capability. Methods of 
resolving this dilemma are discussed Sec. 2. 

The capability of handling high average power levels 
is largely determined by the thermal conductivity of 
the ferrite and its thermal contact with its environ- 
ment. The prospect of improving the thermal conduc- 
tivity substantially is quite remote. It is also impor- 
tant in this context to keep D'' and E" as low as possible. 

A .  

Other desirable properties of microwave ferrites 
are : 1) insensitivity to temperature variation ; 2) high 
ratio of remanent magnetization to saturation magneti- 
zation (important for cc latching phase shifters, 
see below) ; 3) insensitivity to strain [l]. (Significant 
temperature variations frequently exist within the 
ferrite in an operating device. Because of thermal 
expansion this induces a strain, which may deterio- 
rate the performance.) 

In the majority of the variable devices currently in 
use the ferrite material is only partially magnetized. 
Under these conditions large changes in the micro- 
wave behavior can be induced by relatively small 
changes in the biasing field. It is also possible to build 
variable devices in which all of the magnetic material 
is in the form of toroids. The magnetization of the 
toroids may be varied by suitable voltage pulses, 
without the need for a constant biasing field. In this 
case the microwave behavior of the ferrite (which 
determines for instance the electrical length of a phase 
shifter) is controlled by the variation of the dc magne- 
tization of the toroid. Phase shifters based upon this 
principle are said to be (c latching D. 

Since the partially magnetized state is obviously 
important for microwave devices research in this area 
has been carried out for many years. Recent advances 
in this field are reviewed in Sec. 3. A simple formula 
for the high frequency permeability of unmagnetized 
ferrites is also derived in this section and compared 
with the experimentally observed frequency depen- 
dence of p' and p". 

Most of the current applications of ferrites at micro- 
wave frequencies use polycrystals. The principal use 
of single crystals is for tuneable filters. In this case a 
very narrow linewidth, attainable only with single 
crystals, is essential and only very small amounts of 
material (spheres with diameter of approximately 
1 mm) are required. It  appears likely that in the future 
single crystals may find more widespread use, partly 
because larger crystals will become more readily 
available and partly because of the expected trend 

towards miniaturization of all microwave compo- 
nents. Nevertheless, polycrystalline materials will 
most likely continue to be used for most purposes in 
the foreseeable future. In the next section the micro- 
wave behavior of polycrystalline ferrites is reviewed 
with special emphasis upon loss mechanisms that arise 
from the polycrystallinity. 

2. Behavior of fully magnetized ; polycrystalline 
ferrites. - 2.1 Low POWER. - The linewidth obser- 
ved in polycrystals of low-loss ferrites is largely due 
to the presence in the material of inhomogeneous, local 
effective magnetic fields. Such effective magnetic fields 
can arise from crystalline anisotropy (in conjunction 
with variations in grain orientation) from strain-indu- 
ced anisotropy and from inhomogeneity of the satura- 
tion magnetization (for instance pores or nonmagnetic 
inclusions). In the following we will primarily consider 
inhomogeneity due to crystalline anisotropy. If a 
sufficiently large uniform magnetic field is applied 
to the material, it becomes magnetized approximately 
to saturation even in the presence of the inhomoge- 
neity. The effect of the local crystalline anisotropy 
is then substantially the same as that of a magnetic 
field A(r) applied parallel to the homogeneous field. 

In the technologically important materials the 
strength of the inhomogeneous, effective magnetic 
field is relatively small (compared to the saturation 
magnetization). In the theoretical analysis of its 
effect upon the microwave behavior it is, therefore, 
appropriate to first take account of the coupling bet- 
ween the magnetization vectors at different locations 
(due to dipolar and exchange interactions) and then 
to take account of the inhomogeneous field by a 
perturbation technique. This procedure is termed the 
cc collective B of cc spinwave approach to linebroa- 
dening [2, 31. The circular susceptibility evaluated on 
this basis is of the form 

X +  = YMoI(Q0 eff - m) (1) 
where y is the gyromagnetic ratio, MO the saturation 
magnetization, o the signal frequency and Q, ,,, a 
complex resonant frequency. 

The effect of the inhomogeneous magnetic field is 
contained in Q, .,,. If there is no inhomogeneous field 
Q, .,, would be independent of frequency and propor- 
tional to the homogeneous magnetic field in the inte- 
rior of the sample. The profile of the resonance line 
would then be Lorentzian. With an inhomogeneous 
magnetic field present, Q, .,, depends upon frequency 
and dc field in a manner reflecting the mode density 
of spin waves available for scattering. To the lowest 
significant order (i. e., second order) in the perturba- 
tion the effective resonant frequency is 

Q o ~ ~ ~ = Q o - Y ~ ~ I A ~ I ~ / ( Q ~ - ~ )  (2) 
k 

where A, is the Fourier component of A(r) correspon- 
ding to wave vector k. Q, = o, + iy, where o, is 
the resonant frequency, y, relaxation rate of the spin 
wave having wave vector k. 

In the limit of zero intrinsic damping the imaginary 
part of Q, .,, approaches a sum of delta functions. 
This means that it is finite only within that field range 
in which the signal frequency lies within the spinwave 
band. 
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For the explicit, numerical evaluation of eq. (2) 
it is usually assumed that A(r) varies relatively slowly 
so that it has significant Fourier components A, only 
at  low wave numbers, where the exchange interaction 
may be neglected. This assumption is justified for 
conventionally fired materials (which have relatively 
large grains) but becomes questionable for hot-pres- 
sed, fine-grain materials. I t  is interesting, therefore, 
that quantitative information about !A, 1' can be 
obtained experimentally from an analysis of micro- 
graph pictures which show the grain boundaries at 
a polished surface. 

A straight line drawn at random into the micro- 
graph picture is cut into segments or (( cords >) of 
various lengths by the grain boundaries. On can then 
determine experimentally the distribution of cord- 
length p(x), normalized such that 

It  can be shown [4] that the anisotropy correlation 
function 

is related to the cord-length distribution p(x) by 

provided that the material is macroscopically isotro- 
pic (i. e., no preferred grain orientation) and that the 
orientations of different grains are not correlated. 
In eq. (4) < A2 > is the mean square of A(r), < X > 
the mean cord-length and r = [ r I. The spectrum ( A, 1' 
of the inhomogeneous field is the Fourier transform 
of GA(r). 

The theory of linebroadening due to inhomogeneity 
has recently been extended by including perturba- 
tion effects of higher than second order [5, 61. In 
the limit of zero intrinsic damping and assuming that 
the inhomogeneity has long wave character the ima- 
ginary part of Q, ,, vanishes, according to the original 
theory [in which A occurs only to second order, 
see eq. (2)] unless 

Here H is the magnetic field in the interior of the 
sample. At the low field end of this interval the ima- 
ginary part of D, .,, should become very large (due 
to high density of states available for scattering). 
According to the refined theory the field interval in 
which the Im(SZo ,,,) is nonzero in this limit is widened 
by an amount comparable to the width of the reso- 
nance, and the height of the loss peak is reduced. 

Linebroadening in polycrystals due to local aniso- 
tropy has recently been investigated experimentally 
by Vrehen et al. [6, 71, Patton [g] and Van Hook 
and Euler [g]. A typical result and its comparison with 
the theory [5] is shown in figure 1. Here the (( effective 
linewidth D, defined as 2 MO Im( l /~+) ,  is shown as a 
function of magnetic fieldstrength. The anisotropy 
field was inferred from single crystal data. Since no 
adjustable parameter is used in the comparison the 

agreement between theory and experiment may be 
considered satisfactory. 

When the material is biased far off resonance (the 
condition usually encountered in practical applica- 
tions) the experimentally observed effective linewidth 
approaches a constant background value. Its value is 

STATIC EXTERNAL MAGNETIC FIELD H,(Oel 

FIG. l. -Experimental data and theory for the effective 
linewidth as a function of static field for Y ~ - ~ x C a ~ x F e ~ - x V O O i ~  

with x = 0.63 (After Patton [8]). 

much less than the effective linewidth near resonance 
but still significantly larger than the linewidth obser- 
ved in low-loss single crystals. The theory of inhomo- 
geneity induced magnon scattering can apparently 
not account for this background loss even with the 
recent refinements [5, 61. The background loss depends 
quite strongly upon the grain size. This is shown in 
figure 2, where the effective linewidth is given as a 

loco 2033 m 4003 5000 6003 7000 
STATIC EXTERnrAL M A M T K  FIELD blOel 

FIG. 2. -Effective linewidth versus static magnetic field for 
fine-grain YIG at a frequency of 9.9 GHz (After Patton [10]). 

function of dc field for various polycrystalline YIG's 
having different grain size. The observed dependence 



[l01 of the background loss upon grain size a, is as 
AHefr cc a,-%. 

A completely satisfactory explanation of the back- 
ground loss observed in polycrystals has not yet been 
found. A possibility that merits consideration is 
inhomogeneity induced magnon-phonon scattering. 
Such scattering may have several sources. It is reaso- 
nable to assume that the fine-grain materials retain 
large local strains after they are cooled to room tem- 
perature. In the presence of such local strains the 
magneto-elastic constants applicable at a given site 
will be inhomogeneous. Thus different parts of the 
material will tend to deform differently as the uni- 
form magnetization vector precesses around the dc 
magnetic field. This may be viewed as the excitation of 
elastic vibrations (of non-zero wavenumber) by the 
uniform magnetic mode, and will produce linebroa- 
dening. Even in the absence of local strains the fact 
that magnetostriction is generally anisotropic 

(A100 A 1 1 J  

implies that different grains tend to deform by diffe- 
rent amounts (depending upon their orientation). 

Theoretical analysis of this linebroadening mecha- 
nism leads to a result of the same form as eq. (I) and 
(2) except that the magnon resonant frequency S2, 
is replaced by a phonon resonance frequency (which 
depends upon wavenumber and also upon the polari- 
zation, i. e., whether the phonon is longitudinal or 
transverse). The scattering coefficients [A, in eq. (2)] 
are now much smaller. For the second of the two 
mechanisms mentioned above they are proportional 
to the difference in the magnetostriction constants 
A,,, - A,,,. The linebroadening to be expected from 
the second mechanism is approximately of the form 

where C,, is the shear modulus and c, the velocity 
of shear waves. The function F(oao/c3 depends upon 
the shape of the inhomogeneity spectrum. It decreases 
,to zero for low and high values of the argument. 
Its maximum value is roughly of the order of unity 
and occurs when the argument is near unity. In eq. (6) 
the contribution of longitudinal waves has been omit- 
ted for simplicity. Under typical experimental condi- 
tions (w/2 n = 10'' Hz, a, = 1 pm, c, = 4 X 10' cmls) 
the argument of F is of the order of 15, which 
implies that this contribution to AHeff decreases with 
increasing grain size as observed. The magnitude of 
the predicted effect is quite small, however. For YIG 
at room temperature 

For other materials, such as Li-ferrite and Ni-ferrite, 
the process could conceivably be important. 

For strain induced magnon-phonon scattering the 
dependence of AH,,, upon w and a, is similar to that 
given in eq. (6). The magnitude of the effect is difficult 
to estimate. It could be considerably larger than 
implied by eq. (6). 

2.2 HIGH POWER. - It was pointed out in Sec. l 
that materials having the desirable property of low 
loss, tend to behave unstably at high power levels, 

which is usually undesirable. In order to focus atten- 
tion on this basic dilemma it is advantageous to define 
a high power figure or merit Fhp in such a way that for 
a given device structure and a given insertion loss 
the power capability is proportional to with a 
known constant of proportionality [l l]. In adopting 
such a definition we take the point of view that it is 
generally easy to make a material which yields low 
insertion loss (though some people will disagree with 
this statement), but very difficult to reconcile low inser- 
tion loss with high peak power capability. The figure 
of merit, defined according to the above prescription, 
is a measure of how well we succeed in this latter, 
more difficult task. 

An acceptable definition is 

Fip = 2 hcritlAHc~r (7) 
where both h,,,, and AHeff are measured under the 
conditions encountered in the intended application 
(usually at low dc biasing field, enough to magnetize 
the sample substantially to saturation). A more detai- 
led discussion of the use of Fhp in calculating the peak 
power capability of devices is given in Ref. [ll]. 

A substantially equivalent expression for F,, is 
obtained by expressing h,,;, in terms of the spinwave 
linewidth AH,. Under the envisaged experimental 
conditions h,,,, I. wAH,/o,(w, = y 4 nM,). Hence 

This formula allows a simple theoretical estimate of 
the figure of merit achievable by doping with strong 
relaxers. In that case AH, and AH,,, if measured at 
the same frequency, should be equal. Since the spin- 
wave instability occurs at half the pump frequency 
and since the Iinewidth due to strong relaxers is 
proportional to frequency (at room temperature), 
the figure of merit expected at high doping levels is 
w/w,. This prediction is reasonably well verified 
by the experimental data [ll]. 

An alternative method of improving the high power 
capability is the use of fine-graining. High power 
figures of merit substantially larger than o/o, have 
been reported for Mg ferrites by Vrehen et al. 1121 
and for YIG by Patton [10]. The physical processes 
that determine the threshold and the effective line- 
width in fine grain materials are not well understood 
at the present time. According to Vrehen et al. [l21 
the critical field varies as ao2 which is interpreted as 
indicating that the mean free path is limited by the 
grain diameter. According to Patton [l01 [who used 
materials having larger grains (1-30 pm) than Vrehen 
[l21 (0.47 - 0.76 pm)] the critical field is propor- 
tional a; l .  

Recent measurements by J. Sage [l31 have indicated 
that the spinwave linewidth varies approximately 
inversely with frequency at pump frequencies bet- 
ween 9.2 and 17 GHz, and is approximately constant 
between 5.5 GHz and 9.2 GHz. The inverse dependence 
upon frequency and grain size suggests that the thres- 
hold is largely controlled by inhomogeneity induced 
magnon-phonon scattering, because the linewidth 
due to this source depends upon frequency o and 
grain size a. only through the function F(oa,/c,) 
[see eq. (6)]. If the correlation function is exponential 
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(which is a reasonable assumption) the function F(x) 
is proportional to llx for X >> 1. A more rapid depen- 
dence of the instability threshold upon X, such as obser- 
ved by Vrehen et al. [l21 is also consistent with inho- 
mogeneity induced magnon-phonon scattering, 
provided that the correlation function has the appro- 
priate shape. Figure 3 shows the spinwave linewidth 

o A H ~  at 5 5  G H Z  

A AHk at 9.2 GHs 
20 - a ( a o f j l  m A H ~  at 1 7  GHz 

x nHeff at low fteld 

l 0  - 

AHk mm 
5 - 

A ~ e f t  

(Oe) 
2 - 

conventionally f ired - + 
\ i 

FIG. 3. - Spinwave linewidth AHkmin and effective linewidth 
AHeff as a function of a0 f (a0 = average grain size, f = 4 signal 
frequency in case of AHE-0, f = signal frequency in case of 
AHeff) for fine-grain YIG (Measurements by Sage [l31 and 

Patton [10]. 

AH, inferred from the instability threshold as a func- 
tion of a, f where f is the frequency of the unstable 
spinwaves [i. e., half the pump frequency]. The critical 
field used in this data is the minimum (with respect 
to dc field) threshold for parallel pumping. The mate- 
rials were all hot-pressed to the final grain size in a 
single step (i. e., without subsequent annealing). 
A second series of materials in which the grain size 
was varied by annealing after the hot pressing gave 
similar results, but the AH, values for given grain 
size were generally lower. One of the hHk-points in 
the diagram is measured on conventionally fired {i. e., 
large grain) material. 

Also included in the diagram of figure 3 are data 
concerning the background effective linewidth mea- 
sured on the high field side of resonance at a single 
frequency (9.9 GHz). In this case f is the signal 
frequency (rather than half that) since the effect is 
linear. It may be seen 1) that the AH, and ANeff 
values are quite comparable, 2) that they fall on reaso- 
nably straight line, AH, cc (a, f ) - I  AH,,, K (a,)-%, 
although the scatter is admittedly considerable. 

In this context it should be recalled that according 
to eq. (6) the experimental points would not be expec- 
ted to fall on a single curve unless the correlation func- 
tion appropriate in the different materials scales 
with the average grain size. Since this is not necessarily 
true a certain amount of scatter might be expected 
even when all experimental errors in the determination 
of hCri, and a, could be avoided. According to the 
theory the peak in AH, would be expected near 
a, f = 103 mls, provided that the fall-off distance 
of the correlation function equals a,. The fall-off 
distance may well be substantially smaller than a,, 

however. In that case the peak would be shifted to 
larger values of a,$ This might account for the ano- 
malously low value of AN, at 5.5 GHz in the finest 
grain sample. 

These results suggest that the principal reason why 
finegraining has given higher figures of merit F,,, 
than rare earth doping is the difference in the frequency 
dependence of the Iinewidths. For materials doped 
with rare earths the linewidths vary linearly with 
frequency, for fine-grain material they vary approxi- 
mately inversely with frequency. Taking account of 
the fact that spinwave instability occurs at half the 
pump frequency this implies that for a given o/o, 
the figure of merit can be four time higher in fine- 
grain materials than in doped materials. Thus the 
instability threshold would be 12 dB higher. 

3. Bahavior of partially magnetized ferrites. - 
The microwave response of fully magnetized ferrites 
can generally be characterized by a tensor permeability 

where the first row and column correspond to the 
X-direction, the second to the y-direction. The sub- 
script u indicates that the material is assumed to be 
magnetized up D, i.e., along the positive z-axis. 
p, is the ratio of the rf flux density b to the rf magnetic 
field in the interior of the material. The components 
p and rc of the tensor permeability can be obtained 
from the equations of motion with the result (in the 
absence of dissipation) 

where H is the magnetic field in the interior of the 
material and B = H + 4 nM,. 

In partially magnetized ferrites the local permeability 
at any given point is characterized by a tensor similar 
to eq. (9) except that the symmetry axes will, in general, 
vary from one domain to the other. Furthermore, the 
magnetic field H in eq. (10) will be (primarily) an 
effective field due to crystalline anisotropy, since the 
externally applied field (if any) is largely compensated 
by the demagnetizing field. 

The microwave response of partially magnetized 
ferrites may be characterized by an (( effective H tensor 
permeability p,,,, defined as the ratio of the spatial 
average of the high frequency flux density b, to the 
spatial average of the high frequency magnetic field h 
in the interior of the material. The effective permeabi- 
lity is, in general, different from the spatial average 
of the local permeability. 

Calculation of the effective permeability is by no 
means trivial even if the local permeability at any 
point is completely known. Reasonably simple results 
are obtained only for certain idealized domain confi- 
gurations. In the following we consider two such 
cases, in both of which it is assumed that the domains 
are magnetized either along the positive z-axis [sub- 
script U for (( up )), see eq. (9)] or along the negative 
z-axis [subscript d for (( down >>l. If we assume that 
the effective dc magnetic field in the down-domains is 
the same in magnitude as in the up-domains but of 



opposite polarity (which is true for anisotropy fields) 
the local tensor permeability in the down-domains is 

with p and JC given by eq. (10). 
The spatial average of the local permeability for 

an arbitrary arrangement of up and down domains is 
according to eq. (9) and (1 1) 

effective permeability is invariant under rotation 
around the z-axis and, therefore, has the form 

where 5 is the difference between up-domain volume 
and down-domain volume divided by the total volume. 
This ratio will be referred to as the G reduced H dc 
magnetization of the material. 

Consider now a domain configuration consisting 
of plane layers perpendicular to the x-axis and magne- 
tized alternately along the positive and negative 
z-axis (see Fig. 4). The thickness of the individual 

FIG. 4. -Domain configuration for which effective tensor 
permeability is given by eq. (13). 

In this case the effective permeability is not merely 
a function of p, JC and as in eq. (13), but depends upon 
the domain thicknesses and other details of the confi- 
guration. Figure 5 illustrates some representative 

layers as well as their total number in the volume 
under consideration can be arbitrary. For this domain 
configuration the effective permeability can be 
calculated on the basis of the magnetostatic appro- 
ximation and neglecting exchange effects. The 
result (derived in the Appendix) is 

It should be noticed that the effective permeability 
depends, in this case, only upon the components of the 
local permeability and upon the reduced dc magneti- 
zation, but is independent of all the details of the 
domain configuration (such as the layer thicknesses). 
Another interesting implication of eq. (13) is that the 
determinant of peff  equals the determinants of the 
local permeabilities p, and p, and is independent of 
5. It is also interesting to note that the off-diagonal 
elements of p,,, equal the off-diagonal elements of 
< P > [see eq. (12)]. 

A second class of domain configurations that is 
amenable to analysis is a shell structure with the 
domain boundaries forming the surfaces of concen- 
tric circular cylinders, which are aligned with the 
z-axis [14]. In this case the domain configuration has 
rotational symmetry around the z-axis. Hence the 

FIG. 5. - Off-diagonal component K ~ ~ P  of effective permea- 
bility for domain configurations comprising cylindrical shells 
of up- and down- domains. N is the total number of domains, 

c the reduced dc magnetization. 

results. Here U,,, is shown as a function of for confi- 
gurations comprising an even number (N) of domains. 
It is assumed in the calculation that domains of the 
same type have equal volume, and that the core domain 
is magnetized along the negative z-axis. The curves 
applicable for the converse case (core domain magne- 
tized along positive z-axis) are obtained by rotation 
of the diagram through 180". The straight line indi- 
cated as cr Rado's theory >) [l51 is the off-diagonal 
tensor component of the average permeability K C .  
For large N K,,  is approximately equal to K ( .  The 
diagonal components of p,, and < p > are quite 
different, however. 

It can be shown that the theorem concerning the 
determinant of the effective permeability [previously 
derived for the first class of domain configurations, 
see eq. (13)] is also true for the second class [14]. 
It may reasonably be surmised that it is in fact true 
for a much wider class of configurations. As long as 
the configuration is such that no direction in the xy 
plane is preferred, the effective permeability must be 
of the form of eq. (14). The before mentioned theo- 
rem then enables us to calculate the minimum value 
which p,,, assumes as the reduced magnetization is 
varied from - I to -F 1. The minimum value of peff 
occurs at that point at which U,,, = 0. This is not 
necessarily the point at which the dc magnetization 
vanishes (c = O), but for configuration comprising 
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many domains these two points will be very nearly 
identical (see Fig. 5). Thus the effective permeability 
(in the xy plane) of an unmagnetized material having 
domains aligned along the positive and negative z-axis 
should be 

Here we have used eq. (10) and replaced H by the 
anisotropy field Ha. 

This result can be generalized to the case in which 
all possible orientations of the local magnetization 
occur equally often, rather than being restricted to 
the positive or negative z-direction. The generaliza- 
tion is valid provided that the domain walls are 
mostly 1800 walls. In that case the effective permeabi- 
lity should be the average of 2 parts, of the previous 
result (15) (since it applies to the X- and y-directions) 
and l part of the permeability for the z-direction 
(which is unity). Thus for demagnetized materials 
with random domain orientation 

Ferrites used in microwave applications are usually 
such that Ha + 4 zMO < o / y .  When the frequency 
is lowered such that this condition begins to be vio- 
lated the material becomes lossy [16]. The onset of 
this (( low field loss )> is correctly predicted by eq. (16). 

In figure 6 the theoretical formula (16) is compared 

MMF - I0 

G - 113 

0 3 I I I I l I L I 
0 5 Whl -- 

W 

RG. 6. - Effective permeability of unmagnetized ferrites as 
a function of W / W M .  In some of the experiments the frequency w 
was varied, in others the temperature, thus changing WM. 

(~easurements by Sandy 1171). 

with measurements of peff as a function of o/o, by 
F. Sandy [17]. In some of these experiments the fre- 
quency was varied at constant temperature (hence 
constant W,), in others the frequency was held fixed 
and the temperature varied. For all the materials 
used in these measurements the anisotropy field is 
very small compared to 4 ZM,. The agreement bet- 
ween theory and experiment is quite good. Further 
experimental data concerning the microwave beha- 

vior of partially magnetized ferrites are given in 
Ref. [IS], 

The effective permeability as given by eq. (15) and 
(16) has a large imaginary part for 

For quantitative comparison with experimental data 
in this frequency range it is necessary to include the 
effect of dissipation. Landau-Lifshitz damping can be 
included in eq. (10) by replacing y by y + iA for 
p - K and by y - i A  for p + K. Here A is a phenome- 
nological loss parameter. Equation (10) now becomes 

where 
wa = Ha(y2 + A2)ly 
a = 4 nMO/Ha 
A = Ao/yw,, (18) 

Hence the effective permeability is according to eq. (16) 

This formula has been compared to measurements 
by Nicolas and Sroussi [l91 and Courtois and Des- 
champ [20] of ,uteff and p",,, as a functioa of frequency. 
The materials used in these experiments show two 
well resolved loss peaks, attributable to domain rota- 
tion resonance and domain wall resonance. The fact 
that the two peaks are so well resolved makes these 
materials especially suitable for testing the present 
theory. 

In fitting the theoretical expression (19) to the expe- 
rimental results the parameters W, and A have to be 
suitably chosen, since they cannot be independently 
determined. Typical results are shown in figures 7-10. 

FIG. 7. - Real and imaginary parts of effective permeability 
of an unmagnetized garnet material as a function of frequency. 
The points were measured by Nicolas and Sroussi 1191, the 
curves calculated according to eq. (19) T is the firing tempe- 

rature. 

In the calculation of the theoretical curves A is assu- 
med to be constant, whereas according to eq. (18) 
it should actually be proportional to frequency. 
This makes little difference, however, because the 
value of A effects the curves primarily near the peaks 



FIG. 8. - Same as figure 7, but for a different garnet material. 
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FIG. 9. - Same as figure 7, but for a different garnet material. 

FIG. 10. - Real and imaginary parts of effective permeability 
for an unmagnetized spine1 material as a function of frequency. 
The experimental curves were measured by Courtois and Des- 
champs [20], the theoretical curves calculated according to 

eq. (19). 

in pLff and p&. m, was inferred from the experiments 
as the median of the two frequencies at  which p:ff 
and p'& peak. A was inferred using 

which follows from eq. (19) for A < 1. Another method 
of inferring A is to use the frequency difference 6w 
that separates the p'' peak from the p' peak. This yields 

A = (3%/2) (6m/wa) . (21) 

The second method was found less reliable because 
6 0  could not be determined well enough from the 
available data. 

Comparison of the experimental data and the theo- 
retical curves in figures 7-10 shows that the agreement 
is reasonably good at high frequencies, but breaks 
down at low frequencies. The disagreement at low 
frequencies is to be expected since no allowance has 
been made for permeability due to domain wall 
motion. In view of the fact that the curves compared 
have a lot of structure and that only two parameters 
are used for obtaining the fit the agreement would 
seem satisfactory. We conclude, therefore, that the 
theoretical result (19), has some validity, even though 
its derivation is less straightforward and less general 
than one might have wished. 

Appendix 

Eflective Permeability of Domain Configurations Consis- 
ting of Plane Layers 

We decompose the total rf magnetic field h into 
its spatial average h, and the deviation from this 
average h'. 

h = h 0 + h f .  (Al) 

Thus by definition 
< h f >  = O .  CA21 

For the case under consideration h' can have only 
an X-component (see Fig. 4). Furthermore, it is cons- 
tant within each domain. 

Two cases have to be considered in which the field 
h, is either along the X- or y-axis. If h, is along the 
x-axis it follows from eq. (9) and (ll),  and the conti- 
nuity of bx at the domain boundaries that h> is the 
same in all domains. Hence it must vanish according 
to eq. (A2). Thus the flux density is 

bx = pho 

( 
irch, in <t up >> domains 

by = - i ~ h ,  in c< down H domains . (A3) 

Hence the xx- and yx-components of the effective 
permeability are as given in eq. (13). 

If h, is along the y-axis let h: = f, for the nth domain 
(n = 1,2, ...). Continuity of b, at the domain bounda- 
ries requires that 
Ccfi + irch, = pf2 - ixh, = pf3 -t- iirch, = 

= CLf4 - iKhO ... (A41 

where we have arbitrarily assumed that the first 
domain is magnetized cc down >). From eq. (A4) 

fi  = f3 = f5 = ... 
f2 = f4 = f6 = ... 
f i  - f2 = - 2 i ( ~ 1 ~ )  h0 . (A5) 
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The condition (A2) implies that The spatial averages of the n-dependent coefficients 

fl Vd + f i  V" = 0 (A6) in this equation are 

where V,, and Vd are the volumina occupied by up < f , > = O  
and G down domains respectively. The ratio Vu/Vd < (- l)" > = 5 
can be expressed in terms of the reduced magnetiza- < (- > = (- f i  f 2  Vu)/(Vd = 
tion 5 resulting in = i(u/p) ( l  - 1') h. . (A10) 

f i l f z  = - (1 + ()/(l - 0. (A7) Hence the xy- and yy-components of the effective 

Combining this result with the last line of eq. (A5) tensor permeability are as given in eq. (13). 

yields 
fi = - i(~ll*) (1 + L') h0 Acknowledgements. - It is a pleasure to thank 
fi = I'(K/cL) (1 - 5)  h, . ( ~ 8 )  Drs. J. Sage, C .  Patton, F. Sandy, J. Nicolas and 

R. Sroussi for permission to use their unpublished 
The flux density in the nth domain is now according data, Dr. J. Green for a critical review of the manus- 

to eq. (9) and (11) cript, Mr. R. Kadomiya and Miss W. Doherty for 
b, = p h  - i ~ ( -  1)" h, help with the calculations, and Dr. C. Klein for trans- 
b, = iu(- 1)"J;, + pho . (A9) lating the abstract. 
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