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THEORY OF RAYLEIGH'S LAW IN MAGNETICALLY MULTIAXIAL 
AND UNIAXIAL CRYSTALS 

H. KRONMULLER 
Institut fiir Physik am Max-Planck-Institut fiir Metallforschung, Stuttgart, 

und Institut fiir Theoretische und Angewandte Physik der Universitat Stuttgart 

Résumé. — La loi de Rayleigh est dérivée à l'aide d'une théorie statistique qui décrit le déplacement d'une paroi 
de Bloch dans un champ de force statistique, V(z). Pour la description de V(z) des fonctions de corrélation sont appliquées. 
Les paramètres caractéristiques de V(z) sont discutés en fonction de la densité, N, des défauts. Il est montré que dans 
les cristaux multiaxes la constante de Rayleigh, a, décroît proportionnellement à 1/JV. Dans les cristaux uniaxes, par exemple 
Co, cependant, a croît avec la densité des défauts proportionnellement à (JV) *. 

Abstract. — Rayleigh's constant a is derived from a statistical theory describing the motion of a domain wall in a 
one-dimensional field of force, Viz). For the description of Viz) correlation functions are used. The dependence of the 
characteristic parameters of Viz) on the defect density, N, is discussed. It is shown that in multiaxial crystals « decreases 
proportional to 1/N whereas in uniaxial crystals, e. g. Co, a increases proportional to JV*. 

I. Introduction. — The initial part of the magneti
zation curve in many cases may be described by the 
Rayleigh-law [1] 

J = IoH + xH2 (1) 

(J = magnetization, H = internal field, Xo ~ initial 
susceptibility, a = Rayleigh constant). Eq. (1) in Ni is 
valid within a field range 0 < H < H0 where 
H0 ~ 0.6 Hc (Hc = coercive field). Above H0 in Ni 
and Fe the irreversible susceptibility xirr increases 
non-linear in H whereas in Co %irr remains constant 
over a wide range of the magnetic field (Fig. 1). For a 

FIG. 1. — Schematic field dependence of xirr in multi-
and uniaxial crystals. 

study of the relations between %0, a, and H0 previously 
Ni- and Co-single crystals were deformed plastically 
[2, 3]. As a function of the dislocation density, N, 
Koster [2] obtained in Ni-crystals : l/x0 oc N1/2, 
H0 oc Hcoc Nl/2, <x oc 1/N. In Co-crystals Habermeier 
and Kronmuller [3] found : Xoi = Zoo1 + aN1/2, 
a. oc NVz (xoo = initial susceptibility of the ideal crystal, 
a = parameter depending on material constants). In 
Ni the empirical relation / s a/xl — 6.5 is valid. A 
relation of this type also was predicted by Neel's 
theory [4]. It is the aim of the present paper to show 
that the experimental results can be interpreted by a 
conservative field of force, V(z), which is due to the 
magnetoelastic interaction between dislocations and 
domain walls (dw). 

II. Statistical description of domain wall motion. 

— In the demagnetized state the dw (as illustrated in 
Fig. 2) lie at positions V(z) = 0 of the interaction 
force where d V/dz > 0. If the dw is displaced under 
the action of an applied field three types of forces 
will act on an element FB of the dw area : 1. The force 

FIG. 2. — Definition of the characteristic parameters of V(z). 

Pn = Po FB Js i?ex, of the external field (p0 = 2 cos q> 
for 180°-walls, where q>= < (H, Js) ; 2. The statistical 
field of force V(z) due to lattice imperfections ; 3. the 
back-driving forces Ph due to magnetic stray fields, 
dw-coupling and dw-bowing. The characteristic para
meters of Viz) are the mean wavelength 2L0, the 
mean value Fmax of the force maxima, and the mean 
value l/R = lf(dV/dz) of the reciprocal slopes of V(z) 
at Viz) = 0. These parameters can be determined 
using correlation functions if the interaction force Viz) 
of an individual lattice defect with the dw is known 
[5, 6]. If the dislocations are distributed at random 
according to the central limit theorem the proba
bility f(B) for the existence of the n'th derivative 
F("'(z) = d"F/dz" in the interval between V(n) and 
yW _|_ dy(«) corresponds to a Gaussian distribution 

f(n) = (1/2 nB(n))'A exp ( - (Fw ) 2 /2 Bw) (2) 

with the correlation function 

B(n) = (NFB/L3) (dnV/dzn)2 dz (3) 
J -1.3/2 

(L3 = mean distance between the dw). In terms of 
the B(B)'s the parameters of Viz) are given by : 

2 L0 = 2 niB^IB^)* ~48B;vZ= (B(0)/2 «)*; 

1/J? = (JT/2 5 ( 1 ))1 / 2 (4> 
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(6, = domain wall thickness). It should be noted that 
the wave length is independent of the dislocation den- - 
sity. Since X, cc 1/R and H, cc V,,, the theoretical 
results are in agreement with the experiments [7]. The 
back-driving force P, may be written P, = - K& z/L3 
where K depends on the origin of P,. The linear depen- 
dence on z holds for all types of back-driving forces 
(stray-field, dw-coupling and dw-bowing). The wave- 
length of P, is of the order of L,. The width of the 
irreversible motion of the dw depends significantly on 
the gradient dP,/dz as shown in figure 2-3. In deformed 

corresponds to the average irreversible displace- 
ment of a dw. If n(V) dV is the probability for the 
occurrence of a Barkhausen jump between V and 
V + dV, Ji,, is given by 

H 

Jirr(H) = (PO J ~ I L ~ )  5 n(v) LirXV) d v .  ( 5 )  
0 

Lir,(V) has been discussed in section 11. The determi- 
nation of n(V) requires a special discussion for multi- 
and uniaxial crystals. 1. In multiaxial crystals the dw 
able to perform an irreversible motion are those lying 
at maxima V,,, < V. The relative number of dw at 
maxima V,,, < V is given by 

n,(V) = 2 f (')(V) dV = erfc(Vl2 B(')) . (6) S: 
The probability that these dw on the other hand after 
a first jump are stopped at maxima V + dV is given 
by f (''(V). The total probability for Barkhausen jumps 
therefore is n(V) = nB f("(V). Inserting this result 
into eq. (5) gives for J,,, at small magnetic fields 

FIG. 3. - Motion of a domain wall in an uniaxial crystal, 
-- actual displacement, -.- displacement for Pb = 0. 

multiaxial crystals, at small magnetic fields, P, can be 
neglected because no stray fields are generated and 
dw-bowing plays a minor role [5 ] .  The mean width of 
Barkhausen jumps under the action of a force p, in 
this case is given by L,,, = 2 L, e ~ ~ ( ~ ; / 2  B(')) [g]. 
The smallest mean displacement of a dw therefore is 
2 L, = 4 6,. In uniaxial crystals P, may not be neglec- 
ted because here any displacement of a dw induces 
a stray field opposite to the external field. Irreversible 
motions only will take place if dPB/dz < - dV/dz. In 
CO the induced stray fields are so large that even at 
large plastic deformation dP,/dz is at least of the 
same order as - dV/dz. The resulting irreversible 
movements therefore are smaller than that in multi- 
axial crystals. L,,, approximately is given by 

Vmaxl(dPbldz) 

where V,,,,, is the force maximum overcome by the dw. 
It should be noted that L,, in CO is independent of H. 

111. The irreversible contribution to the magnetiza- 
tion. - The magnetization due to irreversible motions 
of dw may be written as Jirr = p, J, K/L, where 

2. In uniaxial crystals the backdriving force P, 
which is due to stray fields prevents any large displa- 
cement of the dw. The dw move quasi-coherent under 
the action of an effective field 

He, = (xoo - xo) HIxoo = X0 aH(N)3/2 

Successive spontaneous motions within the field range 
p. J, FB.Heff < (2 B('))% do not take place. n(V) there- 
fore is given by n(V) = 2 f ("(V). From eq. (5) we now 
obtain with the results of section I1 for small magnetic 
fields 

IV. Conclusions. - The present investigation shows 
that plastic deformation reduces the Rayleigh constant 
in multiaxial crystals. From the N-dependences of X,, 
a, and H, it may be concluded that the reversible as 
well as the irreversible part of the magnetization at 
the end of the Rayleigh-region in multiaxial crystals 
is independent of deformation. In multiaxial crystals 
for H < H, the mean width of Barkhausen jumps is 
independent of N and of order 4 6,. In uniaxial crys- 
tals, however, L,,, as well as the Rayleigh constant 
increase after plastic deformation. 
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