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CANCELLATION EFFECTS IN COMPUTED 
ATOMIC TRANSITION PROBABILITIES (*) 

R. D. C O W A N 

University of California 
Los Alamos Scientific Laboratory 

Los Alamos, New Mexico, U. S. A. 

Résumé. — La méthode habituelle de détermination des probabilités de transitions atomiques 
comporte le développement de fonctions d'ondes atomiques suivant des fonctions de base mono-
configurationnelles en couplage LS. Il arrive fréquemment que l'on ne puisse avoir confiance 
dans les valeurs obtenues car il se produit des effets d'annulation provenant du mélange des fonc
tions de base par couplage intermédiaire et par interaction de configuration. Des exemples, dans 
les spectres de Ar I, Al I, et Si I, sont discutés. On fait la revue des circonstances générales dans 
lesquelles les probabilités de transition calculées peuvent être considérées comme les plus sûres. 

Abstract. — The common method of computing atomic transition probabilities involves the 
expansion of atomic wavefunctions in terms of single-configuration, LS-coupled basis functions. 
Calculated values are frequently rendered very unreliable by cancellation effects resulting from 
intermediate-coupling and configuration-interaction mixing of basis functions. Examples are dis
cussed in the spectra of Ar I, AI L, and Si I. The general circumstances under which computed 
transition probabilities may be expected to be most reliable are reviewed. 

1. Qualitative discussion. — Theoretically compu
ted atomic transition probabilities are of a notoriously 
low general level of accuracy. Although the reasons 
for this are fairly well known, we wish here to review 
the subject, with particular emphasis on configuration-
mixing effects, and using certain transitions in the 
spectra of Ar I, Al I, and Si I as illustrations. 

Weighted transition probabilities or oscillator 
strengths for electric dipole transitions are computed 
in terms of the line strength S according to the equa
tions [1]. 

(0 

where a is the wavenumber of the spectrum line in 
c m - 1 . The line strength for a transition between two 
states \ji and \jj' is in turn usually computed as the 
reduced dipole matrix element 

where the sum is over all JV electrons of the atom and 
r; is the radial position of the /'h electron in Bohr 
units. Evaluation of this matrix element is accomplis
hed by expanding the functions \\i and ij/' in terms of 
basis functions, corresponding (in the method which 
we wish to discuss in this paper) to pure LS-coupling 
states of specific configurations ; then 

(2) 

The first reduced matrix element in this final expression 
is a radial integral 

(3) 

involving the radial one-electron functions Pn,(r) 
and P„'r(r) for the jumping electron in the two basis 
configurations 

(4) 
(*) Work performed under the auspices of the U. S. Atomic 

Energy Commission. 
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The second matrix element in (2) is an angular integral 
whose value [I ,  21 is precisely determined by the angu- 
lar quantum numbers of the basis states, but which 
need not concern us here. 

The difficulty in computing an accurate value 01's 
is in corlsiderablc degree due to the I'act that tlie 
various terms of the double sun1 in (2), though all 
real, arc in general partly positive and partly negative. 
The cancellation effects which may result (and which 
may be viewed as a sort of destructive interference 
among the various pairs of basis wavcfunctions) 
are compounded by the fact that this sum must be 
squared to give a transition probability. 

A convenient measure of this significant-figure 
loss is the ratio of S properly computed from (2) to 
the value of cc S )) which woi~ld be obtained by arbi- 
trarily using tlie absolute value of cach term in (2) 
[3]. Such a cancellation factor (CF) must be viewed 
with a certain amount of care - -  its value may be 
fictitiously sniall as a result of making tlie calculation 
in an 1.S basis. whereas its value [night have beeti 
nearly unity if the calculation had been made in a 
basis more appropriate to the coupling conditions 
actually present. However, most arrays of interest 
either lie close to I S  coupling conditions or d o  not 
lie too close to nny pure coupling sche~ne. and results 
coniputcd in a pure LS basis give a reasonably accu- 
rate picture. Calculations made for a large number 
ol' transition arrays indicate that cancellation factors 
of 0.1 arc quite common, and that factors of I W 4  
are not at all unconinion ; indeed. on a purely statis- 
tical basis one woi~ld expect factors of 10- \or less 
for ten percent of all lines. A linc i n  tlic spectrum of 
Pb I has even been found cxperi~nentally [J] to show 
:L cancellation Factor of something like lo-' or  
10-'O. 

Wllctlicr or  not effects are acccli t~~ated by serious 
signilicant-figure loss, tlie uncc~.taintics in computed 
transition probabilities arc scen from (2) to arise 1'1.otn 
two sources. The first of these is an uncertni~lt). in the 
co~i ip i~tcd  value of the radial dipole integral I (u.hic11 
we assume to ha\fe 3 single value I.or transitions 
between all basis states belonging to a g i x n  pair of 
configurations). T o  the extent that co~liiguration 
mixing can be neglected. tlie dipole integral can be 
f:lcto~.cd out of the double sumniaticln in (2) ; it thus 
pro\,idcs only a common scale factor I'or all lines ol 'a 
transition array, and has no elrect 011 t~'101i1.e line 
strengths. However, nb.soll~/e line strengths are still 
uniformly affected by various types of unccr- 
tai~ity : 

( n )  I t  is well known [5] that results are particularly 
unreliable when there is a large degree of canccllatio~i 
betwc.cn positive and licgativc contributions to tlic 
radial integral i n  (3). A good exn~nple appears in the 
3 pf'-3 p" d :ind 3 p"-3 p5 5 d transitions of tlie 121. 1 
isoclcct ronic scqilencc, where 100 ",, cancel lation is 
colnpi~tcd to occur in the vicinity 01' Ca I I t  o r  Sc IV 

[6], whereas lines of these arrays are actually found to 
be missing in Ti V [7]. 

(6 )  Even when there is not a great deal of mathe- 
matical c:~ncellation, the radial integral is unreliable 
when the two functions P,,, and I-',,,,, are concentrated 
at much different values of I*,  since contributions to 
the integral the11 arise mainly from the outer tail 01' 
one function and the inner portion of the other, both 
of which are uncertain. 

(c)  Particularly poor also are cases (such as 
3 p"3 p5 3 d in Ar 1) which involve a wavefunction 
(in this case, 3 d )  wliich is on the verge of collapsing 
to form the beginning of a transition or  rare earth 
series, so that the computed radial function is unu- 
sually sensitive to the detailed form of the assumed 
central-field potential [6, 81. 

The sccolld basic source of uncertainty in (2) lies 
in the \inlues of the wa\lefunctio~i expansion cocfli- 
cients (eigenvector components). For pure LS coupling 
in tlic single-configuration approximation, these 
coefficients are perfectly dcf nite (being either unit) 
or  zero). Rut usually the departures from LS coupling 
arc appreciable, and the coefficients then depend 
sizeably on the detailed nature of the computed 
coupling conditiorls. Uncertainties in conliguration- 
mixing effects add I'urthcr to the uncertainties of the 
coefficients. 

Wlicn configuration mixing is important. then thc 
various tcrnis in ( 2 )  involve separate radial dipolc 
integrals for tlie difl'ercnt p:~irs of configurutions : 
when tlie cancellation f~ictor involved in tlie sunima- 
tion ( 2 )  is small, tlic relative valucs 01' these integrals 
may be very import;~lit. as will be scen in the example\ 
to be discussed. 

Contrary to the assumptions made abovc. calcu- 
lations are l'~.cquently made which employ d in i ' r c~ l~  
radial w:~vel'unctions I'or each term of a configul.ation. 
l'11~1.e ;ire then se\;cral different radial dipole integral> 
e\.cti 1.01. ;I single pair of configurations : tlic relati\.c 
values 01' the different integrals arc then critical it '  
there is oppr.eciable mixing of  basis statcs and tllc 
canccllntion fb;lctor is small. It is not Iogic:~lly consistent 
to i~sc  such \.nriable dipole integrals ii' tlic eigcnvcctor 
components arc obtained by diagonalizilig encrfy 
matrices \vhich arc set up on tlic assumptiorl 01' a 
common set 01' r:tdiaI wnvel'unctio~is I'or all basis 
states ot' a conliguration. We consider it prclcrablc 
to use tlic simpler, more-consistent approach euccpt 
Ibr very simple spectr:~ showing u very close approx- 
imation to pure 1.S coupli~ig conditions in all thc 
configurations involved. 

The cxarnples which fc~llow \\ere calculated usi~lg 
a computer program described elsewliere ['I. extended 
to include arbitrary types of config~lratio~l mixing. 
This program has been modified to autom;~ticall! 
sc:~le, b\. successi\~cly increasing fl~cto~.s. the various 
parameters involved i n  the c;~lculation o f  energ! 
le\els and transition probabilities, and to plot tllc 
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results of each calculation on microfilm. The resulting of these propel-ties of the 'P I  levels are illustrated in 
computer-produced movies illustrate very vividly figure 1 [9] ; note particularly that in K 11 the 3 d 'P I  
the sorts of destructive and constructive interfercncc level is actually coniputcd to lie above the 4 d 'P I  
which occur in typical cases. Several of the figures level unless configuration mixing of the various lid 
in this paper consist of hand-tracings of selected configurations is taken into account [lo]. 
frames from sucli movies. 

2. Ar I isoelectronic sequence. - As a first example 
of various aspects discussed qualitatively above, we 
consider the transitions 3 p6-3 p5 3 d in the Ar I 
isoelectronic sequence. These have been discussed 
previously [6] in the single-configuration approxima- 
tion ; here we wish to discuss important configuration- 
interaction corrections. 

Terni energies in p5 d config~irations 

'P : E,,, - 0.200 F2 + 1.267 G1  - 0.043 G 3  
' F  : E,, - 0.057 F~ - 0.067 G 1  + 0.325 G 3  

3~ : Eav + 0.200 F2 - 0.067 GI  - 0.043 G 3  

'D : E,, + 0.200 F2 - 0.067 G 1  - 0.043 G 3  

3F : E,, - 0.057 F2 - 0.067 G '  - 0.043 G 3  

3P : E,, - 0.200 F~ - 0.067 G '  - 0.043 G 3  

In Table I we give the Coulomb-interaction contri- 
butions to the energies of the terms of p5 d. Because 
of the large coefficient of G1, the ' P  level tends to 
lie at an energy appreciably above those of the other 
eleven levels - partic~~larly in the ions K 11, Ca 111, ... 
where G '  is larger than either F2 or G~ [6]. Since the 
configuration-interaction matrix elenients between 
two P5 d configurations are identical in form to the 
single-configuration expressions (witli E;,,,, F 2 ,  G', 
and G3 replaced by zero, R ~ ,  R', and R ~ ,  respec- 
tively), the largest configuration-interaction effects 
tend to be shown by these same 'PI levels. Both 

Altliougl~ the energy perturbations are most pro- 
nounced in K 11, configuration-mixing effects on 
oscillator strengths are equally great in Ar I. These 
effects are shown in figure 2, where the three possible 
lines (one of negligible strength) 3 p6 'So-3 p5 nd are 
shown for n = 3,4, 5, and 6. In section (a) of the figure 

- - - - - -- 

3 0 0 p E R W E S  OF 3p5 nd LEVELS 

O LEVELS OTHER THAN 'P, 5- 4- 1 
(NO CONF I N T )  

- 'P, (WITH CONF INTI - 
4 r z Y  

WAVELENGTH (11 

FIG. 7. - Con~p~~ter-plotted theoretical spectra, showing the 
three lines Ar I 3 p6 'So-3 p' rld  PI, 'Dl, ' P I  for (left to riglit) 
11 = 3, 4, 5 and 6. Sec. (a), zero configuration interaction ; (b) 
50 % configuration interaction ; (c) full configuration interac- 
tion ; (d) same as (c) except with (3 p 11 r. 1 1  4 d)  = 0. The tic 
marks on thc spectrum lines indicate the configuration purity of 

tlie associated r ~ d  quantum states. 

(zero configuration interaction), oscillator strengths 
decrease witli increasing n in the manner to be expected 
from the n~onotonic decrease in value of the radial 
dipole integrals [I I ]  shown in Table 11. With inter- 
actions among all four configurations included (sec- 
tions b and c), the phase relations for the 'So-3 d 'PI 
line are such (tlie eigenvector component for tlie 
3 d 'P, basis state having opposite sign to the compo- 
nents for all higher n~d 'P I  basis states) that all nd 
(ti > 3) contributions to the oscillator strengtl~ tend 
to cancel the 3 d contribution. For the l~igliest ' P I  
state, on the other hand, phase relations (a common 
sign for eigenvector components of all ' P ,  basis 
states) are such that all contributions to oscillator 
strength add together. Thus the net result of configu- 
ration mixing is a shift in oscillator strength from the 
3 d (and 4 d and 5 d) to the 6 d line - or more gene- 

K II loo+ co III sc IT Ti Y rally, if additional configurations are included, from 
low-d to high-d lines [I?]. 

FIG. 1. - Computed (c) and observed (01 energies of the 3 p5 3 d, The compLlted strengths of the highest-d lines 
4 d, 5 d configurations in the Ar I sequence. Shaded block : i n  the  c a l c u l n t i o l l  are of col,rsc f i c t i t i o l l s  : 
the eleven levels of a configuration othcr than ] P I .  Dashed linc : 
computed neglecting interact ion,  Sol id  the excess oscillator strength would be passed on 

line : !P I  levci including configuration interaction. to still higher-d lines (and probably into the contin- 
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H X  reduced dipole elet,lenrs (3 p 11 r I! rid) arid cancc~llatiori factors for 3 p6-3 pS nd translitions 

Ar I 
K I1 
Ca 111 
Sc 1v 
Ti V 
C r  VII 
Fe 1X 
Ni XI 

uum) if these states were included in the calculation. 
However, the strengths of the 3 d lines are realistic, 
as shown by the good agreement with experiment 
in Table 111. It is important to note that if one uses 
cigenvectors obtained by a single-configur:itio11 least 
squares fitting of the experimental 3 d energy levels, 
then the computed strengths of the 's,-"~ and 
'So- 'P I  lines are about equal, as observed, but are 
too large by a factor of about 3 : one could interpret 

TABLE 111 

Oscillator strengtlis g f ' (  x 1 000) 
for Ar I 3 p6 'So-3 p5 3 d ,  4 s 

Least square 1 274 260 57 226 
a b  initio (HX) 

3 d only 3 96 438 - -- 
3 d-4 d 3 9 1 144 - - 

3 d-5 d 3 88 113 - - 

3 d-6 d 3 86 101 - .- 

4 s only - - 63 220 

4 S-6 s - - - 63 208 

Experiment ("' 87 101 59 228 
& 6  + I 4  2 3  .?21 

this as meaning simply that the value used 1.01. 
(3 p 1 1  r , I  3 d )  was very poor (too large by a lilcto~. 
kj3). However, the fhct of the matter is that the 3 d 
levels call be fit  accurately either in the single-conti- 
guration or in the m~1lti-co11figt1ratio1i approximation 
(the f t of the 3 d ' P I  level being ncconiplishcd throi~gli 
G1  in the first case and the R '  in the second), antl 
in either case the inferred coupling conditions arc 
such as to give about equal strengths for the two lines : 
howcver, only in the second case docs a transfer 0 1 '  
oscillator strellgth to I~ighcr rid configurations occul.. 
so that the absolute strengths of tht. 3 d lines are a5 

low as observed. Note also that if a multi-corlfiguratio~~ 
least-squares energy level fit is attempted, the rnathc- 
matical equations to be solved are very ill-coriditioncd. 
and there is no accurate way ol' ascertaining to what 
degree the fitting of the ' P I  levels is to be accon~plishctl 
through the parameters GI and to what degree viii 
the R 1  ; theoretical parameter values are indispensable 
as a guide. 

By comparison. configuration-i~~teraction effect5 
among the (low) 3 ps /is configurations are small. 
and it makes little difference whether one emploqs 
a single- or niulti-configuration, theoretical or 
least-squares calculation (see Table 111). 

Table IV gives computed wavelengths, oscillatol. 

cn) LAWRENCE (G. M.), Phys. Rev., 1968, 175, 40 ; WIFSE (W. 
strengths, and transition probabilities for the 3 d 

L.), BRIDGES (J. M.), KORNBLITH (R. L.), and KELLEHER (D. E.). reSonallce lines ('f Ar I to Ni XI, computed incl~ldin? 
J .  Opt. Soc. Anr., 1969, 59, 1206. interactions among 3 d to 6 d .  The table supersedes 

TABLE IV 
Wavelengtl~s (A'), oscillator strengtlis, aritl trari.sition prohahilities (s- I) of' 

the resonance lirres 3 p6 'So-3 p5 3 d 
it? the Ar I isoelectrmiic series, co~iip~itetl ir~cl~i(/ing corflg~rratiori it~teractiot~s a ~ i ~ o n g  3 d-6 d.  

Transition : l S o - l P ~  ISo-'D I l So -~P  I 
. - . . . - - - . - . . -. -. . .. 

(4 (a) (a) 
Ireup I c a ~ ,  6f K A  I?, , ,  I gf gA r .,,I, ?.,.;,1c .I?/' 

Ar l 
K 11 
Ca 11[ 
Sc IV 
Ti V 
Cr VII 
Fc IX 
Ni XI 



an earlier one [6] in which configuration interaction 
was neglected : comparison of the two shows the 
expected decrease in magnitude of' tlie efrects a, 
ionization stage increases beyond K 11. 

All of the results discussed above for the Ar 1 
sequence were computed ah itritio. using i i X  [ I l l  
radial wavefunctions. with tlie electrostatic arid spin- 
orbit radial integrals scaled down by factors of 0.85 
and 0.95, respectively [6]. The results arc not greatly 
different from i l F  values in the case of K I 1  and 
higher members of the sequence, where the 3 d waw- 
function is tightly bound, close to the core electrons. 
In Ar I ,  however, the 3 d function is teetering 011 the 
verge of collapsing into the core. and is consequently 
quite sensitive to the assi~nled central-field potential. 
The H F  potential is sufficiently different from the t i X  
one that the /-IF values of tlie integrals ~ h r e  consi- 
derably smaller than the HX values : interactions 
among the 3 d-6 d configitrations arc thus too small 
to produce nearly equal strengths Sor the 3 d 'D and 
'Plines, though thisequality would perhaps be achieved 
if many highcr configurations were included. The 
points we wish to make here are simply that p5 d ' P I  
(and, analogously. p5 p IS,. d' d,  IS,. etc.) states 
tend to show strong Rydberg-series type interactions 
with accompanying interference effccts in  transition 
probabilities, and that oscillator strengths are parti- 
cularly difficult to compute accurately for the relatively 
unstable d and f electrons near the beginnings of the 
transition and rare-earth series. respectively. 

3. A l  I- group elements. - It is well known 
that configuration interactions of the type ~ p " + ~ - s ~  pm d 
are usually quite strong. A particularly interesting 
example (with nl = 0) occurs in Al I : the series of 
observed 'D ternis is sufficiently regular that it is 
difficult to say which of'the 'D terms shoi~ld  be assigned 
to 3 s 3 p2, and so the observed terms are usr~ally 
simply labeled as the Rydberg series 3 s' nd 'D 
(11 3 3) as though 3 s 3 p' 9 did not even exist 
[13-151. I t  has been vnrioi~sly sitggested that the 
3 s 3 p2 'D terni slic>i~ld be identified with the lowest 
[I31 obscr\.cd 'D. with the second 01. third such term 
[16-191 (bec;~use theory locates i t  at about this point. 
and bccni~se there arc fine-structure. cluantum-defect. 
and oscillato~.-strength anomnlics at this point). and 
with an  obscr\ td absorption li 'ati~~.c a short distance 
above tlic he!-its limit [70, 21 1. licccntl!, i t  has been 
shown theoreticall  by Wciss [22] and semi-empirically 
by Eriksson [23] that tlic unperturbed position of 
the sp2 'D term indeed lics low in tlie s' d Rydbcrg 
series (acco~tnting for the above-mentioned anonialies 
in this region). but that configuration interactions are 
so strong as to push the sp' 'D term to its observed 
position above tlie series limit. Wc-iss showed also 
that configi~ration-~~iixing effects accounted for the 
abnormally-lo\v obser\;cd oscillator strength f'or tlie 
3 s2 3 p "('-3 s' 4 d 'D transitioil [24]. 

For higher elements of the Al I group Ga I .  

In I .  and TI I - the obscr\.cd anonialies arc rather 
difrerent : i n  particular. the abnormally weak lines 
lie higher up the series -- a t  9 d or  10 d in In I, for 
example [25]. Thew difrererices arise from tlie Ikct 
that the unpcrturbcd position of' the sp2 2~ term 
lies much higher Sor the three heavy elements than 
Sor Al, as is sho\vn both by Hartree-Fock calculations 
and by semi-cmpiric:~I fitting of the observed unper- 
turbed sp' terms. In ions, on the other hand, the 
sp' 'D tcrm lics much lower - usually below the 
lowest member of the Kydberg series. 

I t  is thus instri~ctive to examine the qualitative 
changes which arc computed to occur as the unper- 
turbed energy of the sp' 'D term in varied from a 
position below the lowest sZ d 'D to a position above 
the series limit. keeping all other quantities fixed. 
Figure 3 shows such computed changes in oscillator 
strengths, all !ixcd quantities (radial dipole integrals 

FIG. 3. -- Computed spectra for A1 1 3 s? 3 p 'P3,2-3 s 3 p:. 
3 s '  3 d-I0 d ?D5:?. Scc. (a), no configuration inrcraction : 
sccs. (b)-(f), full  configuration interaction, but variable unper- 
turbed position of the sp' ? I )  tcrm, as indicated by thc :irro\\ 
belo\v each frame. In secs. (a)-(c) the spl line is the longesr- 
wavclcngrh onc ; in sccs. (d)-(f), the sp2 line is thc shortest- 
\vavclength one. nit11 computcd ~crf - 2.9. 4.0, and 5.0. and 

coniputcd purity 27 ",,, 45 ", and 79 :,;, rcspcctivcly. 

and energy parameters) being H X  values for Al I .  
except with the spin-orbit and configurntion-inter:1ctio11 
parameters staled by factors of 0.95 and 0.85. as 
was done for Ar  I ; in each section of the figure. an 
arrow iridic:~tes the unperturbed position ol'thc sp' 2 ~ )  

terni. Sections (b) and (c )  o f the  figure. with thc st>' 2 ~ )  

tcrm bclo\v tlic lo\i,cst s' d '0. show strong c:tncclla- 
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tion i n  the s' p 'Po-sp' 'D transition and enhanccnient 
of  all s' p s '  d lines, and are similar to the s i t~~a t ions  
in most ions [20]. Section (d). with the unperturbed 
sp2 'D near the second s 2  d term. is analogous to the 
first few ions of the TI I series. except that interactions 
in these ions are smaller and the sp' 'D remains near 
its unperturbed position. Section (el, with the unper- 
turbed sp' tern1 at  about the (unperturbed) position 
of the third member of the s' d series but with the 
perturbed position above the series limit. and with 
an  abnormally low oscillator strength for the second 
'D. corresponds to the actual conditions in Al I .  
Section (f). with the ~ ~ n p e r t i ~ r b e d  sp2 '0 and the 
oscillator-strength minimum both lying much higher, 
are analogous to conditiolls in Ga I,  I n  I ,  and TI I. 
( H X  and / I F  calculations have been made for all 
four elements. HX and flFcnergies and radial integrals 
are approximately equal. and values for the three 
heavy elements arc semi-quantitati\,ely the same as 
for Al I ,  except for the higher sp' 9. Detailed results 
for oscillator strengths and D term splittings are 
in liiirly good agreement with experiment, but are too 
extensive to include here.) 

In  the Al I case (Fig 3e), the compi~ted cancellation 
factors for the  3 d and 4 d lines (\vhich are much weaker 
than when corifigi~ratiorl interaction is neglected) 
arc 0.20 and 0.04. respectively. Values of the CF 
for the 5 d to 10 d lines range from 0.13 to 0.22 ; in 
spite of  this. the coniputed oscillator strengths are 
lorget. with than without configuration interaction. 
For the three heavier elements. values of' the CF 
beyond the second or  third series members are of the 
order 0. I to 0.01. with strong destructive interference. 
making a6 it~itio computed oscillator strengths for 
these lines very unreliable. 

Similarly to the high-d lines in the Ar I case, the 
oscillator strengths computed for the sp"D lines 
[Fig. 3, Secs. (dl-(f)] are much too high. observed 
\:al~ies bcing of  the order 0. I 01- less [27-291. As before, 
the discrepancy is probably due to neglect of configu- 
ration interaction with con~ inuum states, most of the 
oscillator strength from the lo\\' s" lines actually 
going into the continuuni rather than into the semi- 
discrctc. sp' 'D lines. 

4. Si 1 3  s' 3 p 4 f-3 s 3 p\ 3 ss' 3 pnd. - Recently. 
sc\:cr:~l cxpcri~nental and theoretical papers have 
;ippcarcd which arc concerned wit11 oscillator strengths 
ol'visiblc and near infrared lines of Si I ,  ol'interest for 
the determination of the abundance of silicon in the 
sun [30-341. The disagreement between experiment 
and calculation was mostly quite large (filctor~ of 3 
to 5). and is mainly the result of the same type of 
cancellation effects appearing in the examples already 
discussed. 

One set of lines investigated experimentally by 
Schulz-Ciulde [30] consists of transitions between 
3 p 4 I' levels and the lowest odd % term. The latter 
term is referred to in the literature as both 3 s 3 p3 'DO 

and 3 s' 3 p 3 d 3 ~ 0 .  AS will be seen later. the second 
designation is probably better [35], but in any case we 
;~gnin have strc>ng configuration mixing of the 
type  spn ' '  "'-s' - p"' d considered in Al I, this time 

with 111 = I. However, there is no tendency I'or 
the sp.' 'DO term to be perturbed above the serieh 
Iiniit. in the manner of the sp2 'L> in AI I. partly 
because the " D O  lies lower (between the first two 
members of the 11d series) and partly because the 
interactions are so~newhat  smaller. Indeed, it is 
reasonably accurate to include in calculations only 
the three configuratio~ls 3 d ,  sp3. and 4 d \\~hicli were 
considered by Warner [32] and by Armstrong and 
Licberniann [34]. 

The principal calculations described below were 
made using the same least-squares eigenvectors [35] 
employed by Warner [32], but with radial dipole 
integrals conlpi~tcd from configi~ration-:t\rerage HT 
wavefunctions (Table V) rather than f'rom scaled 
Thornas-Fermi-Dirac functions for individi~al terms. 
The difficulty in computing accurate oscillator strengths 
arises partly from the nature of the 4 I' eigenvectors, 
which are more closclyjK(i1) than LS  coupled, but 
mainly from the fact that the 3 d eigenvectors, though 
close to LS coupling, show strong mixing with sp.' 
and 4 d states. 

The computed odd energy levels are shown in 
figure 4, both excluding and including the conligura- 
tion-interaction terms. Note that the 3 d ' D o  level 

-.....p...-...p.-.- - -  
I  I I 

I 
Array Warncr (ave) A-L (avc) 

I _ . .  - . - .  - - I  
I 

6.71 

6.17 

We~ghtcd average for trd 'Du only. ( I t  hiis becn iissumctl 
that the value 11.7 in Armstrong and Liebcrmann's I 1  
should rcad 177, and the signs l~avc bccn assumed to bc the 
sanle as for our and Warner's values.) 

is essentially unperturbed, because the sp3 'Do levcl 
lies far away ; the 3 d 3 ~ 0  term, on the other hand, is 
pushed by the close-lying sp3 3D0 from a position 
above the 3 d 'DO to a position well below the ID". 

Computed oscillator strengths for the set of l i n o  
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TOP : Si I ( N O  CONFIGURATION INTERACTION) 
BOTTOM: Si  I (WITH CONFIGURATION INTERACTION) 

I 

C-G J = O  I 2 3 4 

FIG. 4. - Computer-plotted energy levels of Si I 3 sz 3 p 3 d 
(longest lines), 3 s 3 p3 (intermediate-length lines), and 3 s' 3 p 4 d 
(shortest lines) for least-squares parameter values : lower figure, 
including configuration interaction ; upper figure, same as lower 
except with all configuration-interaction parameters set lo zero. 
The center-of-gravity of each configuration is shown at the left. 
Tic marks on the levels indicate the configuration purity of the 
states (high purity for tic marks at  the left) when the p ~ ~ r i t y  is 
less than 90 %. The lowest level is sp3 j ~ q ,  the next four levels 
are the 3 d ID;, 3 ~ : ) ~ )  of interest here, and the highest J - 2 

level is sp3 ID!. 

are shown in figure 5, with the configuration-interac- 
tion parameters multiplied s~~ccessively by 0. 2,'3, 
and 1. Note that the interactions not only perturb 
the positions of the 3 d 3 ~ 0  lines, but also greatly 
reduce the line strengths. This loss of strength is a 
result of destructive interference between the 3 d 
and 4 d contributions to the 3 d 3 ~ 0  states, as is 
indicated by tlie fact that most of the lines have 
cancellatioll factors greater than 0.5 when either the 
configuration interaction or the 4 d - 4 f dipole 
integral is set to zero (Fig. 5a and 5d, respectively), 
but that all lines have CF's less than 0.06 when all 
quantities are given their (( COI.I.PC~ )) values (Fig. 5c). 
By contrast, all but one of the eight 3 d 'Do lines 

always have CF's greater than 0.8, and all show very 
little change in strength. 

FIG. 5. - 
the lowest 
parameter 
(a)-(c), the 
by factors 

WAVELENGTH (8) 

Computed spectra for transitions between 3 p 4 f and 
odd 1.3D terms of Si I, using least-squares energy 
values and HF radial dipole integrals. In sections 
configuration-interaction parameters have been scaled 
of 0, 213, and 1, respectively ; the lines with relatively 

fixed wavelength and oscillator strength involve the ID: level, 
the others involve the 3D0 levels. Tic marks indicate the confi- 
guration purity (when less than 90%) of the 183Dostates. Section 
(d) is the same as (c) except that the 4 f-4 d radial dipole integral 
has been set to zero, and shows that the small oscillator strengths 
in (c) are the rcsult of destructive interference betwccn the 3 d 

and 4 d contributions to thc low 3Do states. 

The computed 3d 3 ~ 0 - 4  f oscillator strengtlls 
(correspollding to Fig. 5c) are given in column 
((LS-HF~ofTable V I ;  the agreement with experiment 
is fairly good considering tlie small cancellation factors 
involved in the calculation and the experimental 
uncertainties of about a factor two [30]. It is interesting 
to note that the three weakest computed lines (with 
wavelengtl~s in parentheses in Table V1) have never 
been observed experimentally [35]. The third line 
(3. = 7 239.1) has a computed C F  of 0.05 like most 
of the other lines, and is weak primarily because 
of operation of L S  selection rules - the 3 d level 
being fairly pure Q O ,  and the 4 f level fairly pure 
K = 912. which necessarily is pure 'j". The other 
two lines show CF < lo-'; of this, a factor of 
about 0.05 is again due to 3 d-4 d mixing in the 3 Do 
state, and tlie remaining factor of < 0.002 is 
accidentally small because of the detailed intermediate- 
coupling nature of the 4 f wavefi~nctions (this factor 
being - 0.07 for pure ,jK-coupling functions). 

In contrast to the above results, the values given 
by Armstrong and Liebermanti and by Warner are 
mostly m~lch poorer. Since least-squares eigen- 
vectors were used in these calculations also, the much 
larger oscillator strengths are presun~ably due to the 
different values wliicli they used for the radial dipole 
integrals. A partial verification of this is given by 
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la )  Levels designated in jK-coupling notation, j l [ K ] ~ .  
('11 Radziemski and Andrew [35]. Wavelengths in parentheses are computed values for unobserved lines. 
('1 Schulz-Gulde (301. 
( " 1  This investigation ; least-squares eigenvectors, with Hartree-Fock radial dipole integrals. 
11') Armstrong and Liebermann [34] ; least-squares eigenvectors, with dipole integrals from scaled Hartree-Fock-Slater wave- 

functions. 
"1  Warner [32] ; least-squares eigenvectors. with dipole integrals from scaled Thomas-Fermi-Dirac wavcfunctions. 

This investigation ; least-squares eigenvectors, using the averages of Warner's dipole integrals given in Table V. 

coluniri (( W:,,, )) i n  Table VI. which we computed 
using the weighted averages of' Warner's radial inte- 
grals given in Table V : compared with our values 
obtained with I-IF integrals. ~1s t  of the (( W'.,,, )) values 
decreases the degree of' cancellation suficiently to 
increase all line strengths by a factor of a b o ~ ~ t  three. 
giving oscillator stl-engtlis comparable with Warner's 
and Armstrong's. The importance of using accurate 
dipole integrals is evident. 

Completely ah iriitio HF calculations (for eigen- 
vectors as well as dipole integrals) give oscillator 
strengths of an accuracy comparable to the LS-Hf'  
values. provided interactions with several additional 
3 pild configurations are included. However, this 
h c t  must be considered largely accidental since the 
computed sp3 energy levels agree comparatively 

poorly with experiment, and in particular the sp3 3 ~ 0  

is computed to lie below the 3 d 3 ~ 0  term. 

5.  Si 1 3 p 4 s-3 p 5 p. - Most of the remaining 
lines ~ncasiircd by Schulz-Gu ldc [30] belong to 
the 4 s-5 p array. Mixing of 4 s and 5 p with other 
configurations is very small, and siligle-configur:ition 
oscillator strengths compt~ted from least-squares 
eigenvcctors and a I I F  dipole integral are given in 
column (( LS-NF )) of Table VII : agreement with 
experiment is reasonably good for all except the 
4 s -'Po-5 p 3 D  lines. Note that t h o ~ ~ g h  we have 
fairly good L S  coupling (the average purities being 
99 ':,; and 87 ',< for the 4 s and 5 p configurations. 
respectively), there arc nonetheless numerous lines 
with small computed cancellation frictors, resulting 
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TABLE V11 

Oscillator strengtl~s for Si 1 3 p 4 s-3 p 5 p 

Radziemski and Andrew [35] ; wavelengths in parentheses are solar or computed values for lines not observed in the laboratory. 
( 1 ' )  Schulz-Gulde [30], except that the value for IP(I-IP is a rough estimate from intensities observed in Ref. [35]. 
( r )  Numbers in parenthcscs are computed cancellation factors. 
( I 1 )  Armstrong and Licbermann [34]. 
'''1 Warncr [3?]. 
1') Ah irririo I1a1trc.c-fock, srngle-config~~rntion rcsults. 
(E) A/, irririo Hartrcc-Fock results, including 4 s-5 s and 4 p-5 p configuration intcractions. 
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from the intermediate-coupling mixing of the 
LS-coupled basis states. 

The calculations by Warner [32] and by AI-mstrong 
and Liebermann [34] were also made with least- 
squares eigenvectors. However, they used different 
dipole integrals for different pairs of L S  basis func- 
tions, and the effect is clearly evident in Table VII : 
their 3 P - 3 ~  integrals were about the same as ours, and 
all other integrals were considerably larger except for 
Warner's 'Po-'P integral, which was extremely small. 
The 'PO-'P result, particularly, illustrates our remarks 
at the end of Sec. I concerning the use of one vs. many 
dipole integrals. 

Completely ab initio single-configuration I-IF results 
are approximately the same as our least-squares values, 
except for three weak lines which have small cancella- 
tion factors. The factor-of-six error is still present for 
the 3 P 0 - 3 ~  lines (which have a CF of unity), and this 
prompted us to look for an  explanation through 
configuration interaction effects. An  obvious candi- 
date is mixing of 3 p 5 p with 3 p 4 f because the only 
terms common to  these configurations are 1,3D. 
However, the computed mixing is very small, and 
effects on computed oscillator strengths are negligible. 

Series-type mixing is also very small (for 4 s-5 s, less 
than 0.2 % ; and for 4 p-5 p, less than 1 %,, except 4 % 
for 'D and 13 % for IS). However, Table VII shows 
that inclusion of 4 s-5 s and 4 p-5 p interactions has 
very large effects on computed oscillator strengths - 
the 3 ~ 0 - 3 ~  values are greatly improved, but most 
other values are ruined. The reason for these large 
(and generally meaningless) effects may be seen from 
Table V to lie in the fact that the value of (4 s / I  r Ij 5 p) 
is an order of magnitude smaller than the other three 
dipole elements involved. Thus, for example, a 1 "/, 
admixture of 4 p into a 5 p state means eigenvector 
components of about (f 0.1, 0.9951, which together 
with tlie 4 s-4 p and 4 s-5 p dipole elements give (if the 
angular factors are equal) a value of Ss proportio- 
nal to 5 0.1 x 7 + 0.995 x 0.7 = f 0.7 + 0.7 and 
therefore an oscillator strength equal to either zero 
or four times the single-configuration value, depending 
on the phase relations. 

A large number of different calculations have been 
made, using different configuration-interactioll para- 
meter values and dipole-element values, and including 
various additional configurations. In 110 case was a 
good overall set of oscillator strengths obtained. The 
conclusion - not surprisingly - is that in a case of 
this type it is not safe to attelnpt a calculation in 
anything Inore than the siligle-configuration approxi- 
mation, even though configuration-interaction effects 
may in fact be important so far as oscillator strengths 
are concerned. (Nor are cancellation factors computed 
as defined in Sec. 1 any guide to  the reliability of 
computed configuration-interaction effects in such 
cases ; in the present example, the apparently-in~proved 
3 0 3  P -- D values are small as tlie result of CF's < 0.008, 

whereas the very poor values for other lines are large 
because of CF's > 0.3.) 

6. Summary. - The discussion and exaniples given 
above may be summarized by listing tlie following set 
of conditions which are conducive to maximum relia- 
bility of computed transition probabilities. 

A. Coi~c/itions iiiuoluiilg tlre entire trailsition arraj-. 

1. Highly stable radial wavefunctions ; e. g., high 
ionization stages, and no d function near the start of 
a transition series nor f function near the start of a 
rare earth series. 

2. No  interactions with arrays having much larger 
magnitudes of radial dipole element (111 11 r 11 n' 1'). 

3. Large overlap of radial wavefiu~ictions (e. g.. 
nearly equal values of < r >,,, and < r >,,,,,), and 
little cancellation between positive and negative 
contributions to the radial dipole element (nl I j  r 11 11' 1')  

4. Small configuration mixing. 

5. Pure coupling in each configuration. 

6. Lowest configuration of a Rydberg series 
(maximum separation from other configurations, and 
minimum phase uncertainties in eigenvector compo- 
nents of perturbing configurations). 

B. Conc/itions on inc/iui(/~ral lines. 

1. Little ca~icellatio~l in the double sum over 
eigenvector compo~lents (large value of the CF). 

2. Extreme values of J and J' (small-sized energy 
matrices, and hence few eigenvector components). 

3. Lines involving levels each of which has an 
energy, relative to other levels of the same parity and J 
value, that is insensitive to modest variation in relativc 
values of the energy parameters FA, Gh,  [, and R'. 
(This criterion is pertinent particularly to  ab  initio 
calculations, as opposed to least-squares fitting of 
experimental levels.) 

1.  Use both theory and experiment (i. e., make 
judicious con~promise between theoretical energy 
parameter values, and parameter values which give 
the best agreement with experimental energy levels 
and <?-values - particularly noting discrepancies which 
may indicate neglected configuration-intelxction 
eKects, etc.). 

2. In  complex transition arrays, or wllen there are 
appreciable departures from LS-coupling conditions, 
calculate radial dipole integrals from configuration- 
average wavefunctions rather than from wavefunc- 
tions for specific L S  terms. 

For practical applications of computed oscillator 
strengths, many of the above criteria are automatically 
met. For  example, in astrophysical applications one 
tends to eniploy only tlie strongest lines, and this 
implies lines without serious cancellation effects, and 



lines of large (J. J ' )  froni low-lying configurations. 
Still, when \ v a v c l c n ~ t h  o r  similar rcstraints limit 
the choice. one  needs t o  beware o f  cases sucli a s  
Si I 3  d ' D O - 4  f where a n  entire set of  lines sulTers 
s t rong cancellation effects. and  good  agreement bct\vcen 
computed a n d  obser\;ed re1utir.c line strengths is no 
indication whatcvcr of  thc accuracy of  the c o m p l ~ t c d  
absohrte values. 

7. .4ckno~vlcdgcments. - T h e  nutlinr's intcrest in 
tlic Si 1 arra!.s discussed a b o w  was first aroused 
by L.  J .  Radziemski. Jr .  a n d  D. C. Griflin, \vho made  
a ~ ~ i ~ ~ ~ i b c r  oI' the preliminary calculations. I le  is 
iiidcbtcd also t o  D. C. Griflin [36] I.or p ro \ id ing  LI 

numerical 111: program capable of handling tlic tld 
configurations of  G a  I. In I a n d  1 ' 1  I, a n d  t o  L. Minn- 
lingen for  pro\.iding unpublished observations on K 11. 
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