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SUPERDENSE MATTER IN STARS (+) 

M. RUDERMAN (*) 

Department of Physics, New York University, New York, N. Y. 

R6sum6. - Quand les noyaux stellaires onf achev6 leur evolution nucldaire, les Ctoiles prennent 
rapidement leur etat final super-dense. Les densit& centrales rencontrks dans de tels objets vont 
de 105 g cm-3 dans les naines blanches Ikgbres a 1015 g cm-3 et mCme plus dans les &toiles a neutrons 
ou dans certaines ktoiles en train de s'effondrer vers leur surface de Schwarzschild. Une mati6re 
aussi condensde se compose d'une mer d'blectrons (relafivistes) extrgmement dkgkneres dans 
laquelle sont enfermes les noyaux habituels pour les naines blanches, et essentiellement des neu- 
trons (ou des hyperons), avec une petite composante protonique, au centre des 6toiles a neutrons. 
Le moment cinktique trks dlev6 des Blectrons d6g6nkres rkduit a tel point leur polarisabilitd diklec- 
trique que protons, neutrons ei noyaux se meuvent sur un fond essentiellement uniforme. Un tel 
ktat de la matibre a des propriktbs qu'on sait calculer : quelques unes des naines blanches seront 
cristallines, et les plus lourdes (petites) ont des chaleurs specifiques de Debye (T3) et en consequence 
se refroidiront tr&s rapidement, comme d'ailleurs certaines observations le suggkrent. Les regions 
extkrieures d'une &toile a neutrons seront kgalement cristallines puisque la tempdrature de fusion 
dt5passe 3 x 1 0 8  OK. Sous le manteau solide de la surface les neutrons et les protons forment des 
superfluides quantiques avec un saut d'energie de type BCS d'environ 1 MeV. Ce saut est isotrope 
aux densites nuclkaires mais probablement anisotrope pour des densites supQieures. Au centre, 
la oh la densite peut dkpasser celle des noyaux la pression n'est plus nkgligeable vis-A-vis de la 
densite d'knergie totale relativiste et la nature de cet etat est trbs incertaine. 

Quelques aspects fondamentaux de ce rkgime seront prksentes. 

Abstract. - After the nuclear evolution of stellar cores has ended stars rapidly approach their 
final superdense state. The regime of central densities encompassed in such objets extends from 
105 g cm-3 in the lighter white dwarfs, to 1015 g cm-3 and more, in canonical neutron stars, or 
stars indefinitely collapsing toward their Schwarzschild surface. Such dense matter generally 
consists of a highly degenerate (relativistic) electron sea in which are imbedded conventional 
nuclei for white dwarfs, and mainly neutrons (or hyperons) with a small proton and electron 
component in the center of typical neutron stars. The very high momentum of the degenerate 
electrons so greatly reduces their dielectric polarizability that protons, neutrons and nuclei move 
in an essentially uniform background sea. Such matter has calculable properties for very dense 
stars : some white dwarts will be crystalline. The heavier (smaller) ones will have a T3 Debye heat 
capacity and will consequently cool rapidly as is suggested by observations. The outer regions of 
a neutron star will also be crystalline since the melting temperature exceeds 3 x 108 O K .  Below 
the solid mantle the neutrons and protons form quantum superfluids with a BCS type gap of order 
one MeV. The gap is isotropic bzlow nuclear densities and probably anisotropic above. 

In thecenter where the density can exceed that within a nucleus the pressure is no longer negligible 
next to the total relativistic energy density and the nature of such matter is very uncertain. Some 
fundamental aspects of this regime are discussed. 

I. Introduction. - Theoretical notions about the and density expected at the center of the moon. Above 
behavior of ultradense matter and possible conse- this density one must rely on theoretical calculations of 
quences in very dense stars - white dwarfs or neutron equations of state in constructing models of planets 
stars - cannot be tested in the laboratory. A piece of and stars. 
iron can be squeezed with a pressure of only about For densities within an order of magnitude of 
lo5 atmospheres, roughly equivalent to the pressure experimental ones there are great difficulties in carrying 

out such a theoretical program ; the equation of state 
("1 Research supported in Part by a grant from the National of the earth's core, for example, in particular its melting 

Science Foundation. 
(") Now at the Department of Physics Columbia University, temperature, is uncertain and controversial. However 

New York, N. Y. at  higher densities still, the theoretical problems 
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simplify, partly because one is willing to settle for less 
precise results, but much more because the structure of 
very dense matter is often theoretically much simpler 
than that of normal-materials. This does not imply that 
the behavior of such matter as is found in, say, a white 
dwarf or a neutron star is necessarily devoid of the 
kinds of phenomena that can occur in forms of 
c( normal )) matter : superfluidity, phase transitions, 
etc. Iron, for example, probably has a normal melting 
transition at a density of 10' g cmM3 except that the 
melting temperature is a few hundred million degrees. 

The theoretical equation of state of cr cool n matter 

f repulsion 

Rel. Elect 

Deg Elect gas 

Fermi - thamas 

Moon ) 

Experimental 

p a i b l e  cold 

stable star 

FIG. 1. - Equation of state for (( cool )) Dense Matter after 
ref. (2). The double line designates the appropriate region for 

stellar stability. 

is sketched in fig 1. Here (( cool >> means that thermal 
pressure is ignored compared to other pressure contri- 
butions from electron degeneracy pressure in the den- 
sity regime p < 5 x 1013 g cm- and from nucleon dege- 
neracy energy andrepulsion when p > 5 x 10 l3  g ~ r n - ~ .  
Thus for p lo5 g cm-3 temperatures below 
108 OK are << cool >>. Up to p -- lo5 g ~ r n - ~  the Fermi- 
Thomas model for an atom confined to a cell gives an 
adequate approximation for the pressure. Between 
p - lo5 g cmM3 and lo7 g cm-3 a satisfactory appro- 
ximation consists in considering only the pressure 
originating from non-relativistic, free, degenerate 
electrons. 

Between p -- lo8 and lo9 g cm-3 the electron Fermi 
energy increases from 2 to 5 MeV and the imbedded 
nuclei begin to become unstable against the capture of 
an energetic electron by a constituent proton. As the 
density further increases, an increasingly larger fraction 
of the nuclear protons is converted to neutrons in this 
way, thereby reducing the ratio of electrons to nucleons. 
The ratio of pressure (from degenerate electrons) to 
mass density (mostly from nucleons) decreases with 
increasing density in this region. At densities near 10" 
g cm-3 the nuclei which are imbedded in the relati- 
vistic degenerate electron sea are so neutron rich, that 
they evaporate and coexist with free neutrons [I]. 
Finally near 1014 g cm-3 the few remaining protons 
find their lowest free energy by distributing them- 
selves uniformly throughout the ambient neutron 
fluid. A quantitative model for the regime lo8 
g cmA3 < p < 1014 g cmF3 is given in table I. 
Other estimates differ in detail [3]. [A definitive 
calculation would need a nuclear mass formula 
accurate not only for Z / A  all the way downto zero, 
but also valid when the nuclear surface is altered by 
the surronding neutron sea. Nuclei probably disap- 
pear at p -- 5 x 1013 gIcc.1 

Above 1014 g cm-3 the pressure again begins to rise 
rapidly, in part because of neutron degeneracy pressure 

Properties of Dense Matter up to Nuclear Densitiesrl, 2, 3, 41. 
At lower densities all matter is assumed at the endpoint of nuclear burning. The next to last column of ref. (2) 

is in error by a factor of two in density. Values from ref. (3) are used here. The density p, is the density of free neu- 
trons ; the energy E, is the electron Fermi energy ; Z is the nuclear charge and n, the numerical density of 
nuclei ; T,, is the computed lattice melting temperature and C, the velocity of a shear wave through the lattice. 

P (g cm3)  107 10s 109 1.7 x 1010 3.1 x 1011 1.6 x 1012 4.5 x 1012 5 x 1013 1 x 1014 
En (MeV) 0.5 2 5 10 24 28 34 36 60 

Z 26 26 28 3 1 39 42 48 42 1 
n, (cm-3) 1029 1030 1031 1.3 x 1032 1.6 x 1033 2.4 x 1033 3.9 x 1033 4 x 1033 1036 

P ,  (g cm-') o o o o 10s 1.0 x 1012 3.3 x 1012 5 x 1013 1  x lor4 
Tm (OK) 1 x 108 2 x 108 6 x 108 2 x 109 6 x 109 7 x 109 1 x 1010 1 x 1010 - 

CS(C~S-1 )  2 X 107 3 X 107 4 x 107 6 x 107 9 X 107 6 x 107 5 x 107 2 X 107 - 



but even more because of effective neutron-neutron 
repulsion at high densities (moments). When densities 
exceed 1015 cm-3 the average separation between 
neutrons is close to their effective radii and the des- 
cription of superdense matter in terms of a fixed 
number of well defined elementary particle is probably 
invalid. Further, the mass difference between hyperons 
is less than the neutron-neutron interaction energy so 
that the energy of dense neutron matter is probably 
lowered by converting some of the neutrons to other 
hyperons. Certainly this is the case for electrons 
for which only the degeneracy energy is significant; 
when the Fermi energy exceeds 110 MeV the energy of 
the electron gas is lowered by converting some of the 
energetic electrons to slow muons. The lack of an 
elementary particle theory sufficient to predict all 
elementary particle interactions, together with an 
absence of theoretical machinery to exploit such know- 
ledge even if available, has precluded a definitive 
discussion of the equation of state in the asymptotic 
region p > 10" g cmd3. Apparently the main limit 
imposed by fundamental theory is that the pressure 
p < pc2 otherwise the phase and group velocity of 
sound at low frequencie will exceed that of light. 
Howerer there do exist cc canonical )> theories for 
which p > pc2, but such models contain some severe 
abnormality : acausality or instability. 

The doubled part of the plpc2 vs. p curve of fig (1) 
corresponds to those regions in which 

This is a necessary condition for the kcpation of state 
of matter which constitutes the central regions of 
cc cool )) stable stars. If the inequality were not satisfied 
the star would be unstable against contractions which 
increase the stellar density since the restoring pressure 
would rise less rapidly than the gravitational attraction. 
The equation of state curve is divided into two disjoint 
segments by the stability condition (1). Stars composed 
of matter characteristic of the lower density segment 
are white dwarfs (or planets if sufficiently light). The 
high density segment composes the central parts of 
cc neutron )> stars (even if the density is so high that 
the main constituents are no longer neutrons). No 
c( cool )> stable stars can have central densities which 
fall in the gap separating the two segments. 

Howerer if one travels in from the surface of a 
neutron star, the trip begins at zero pressure and conti- 
nues along the curve of fig. I, passing along all parts 
of it until the central density is reached : the outer 

layers of such a star can resemble the central core of a 
white dwarf. 

The stellar masses corresponding to the densities 
along the stable segments of fig. 1 are sketched in 
fig. 2. The maximum neutron star mass depends upon 
the asymptotic equation of state. Howerer an upper 
bound of about two solar masses cannot be exceeded 
even if ultradense matter becomes infinitely stiff. An 
increase in local (repulsive) potential energy will also 

FIG. 2. - Masses and Central Densities for (( Cool ))stable stars. 

increase the gravitational mass, and thus the contrac- 
ting forces, sufficiently to crush any neutron star 
heavier than such a bound. 

11. White Dwarf matter [5, 6 ,  7, 81. - Nuclei of 
charge Ze imbedded in a degenerate electron sea have 
their coulomb fields screened by the electrons so that 

The bare coulomb field is altered to a Yukawa form 
plus a smalloscillatory term associated with the disconti- 
nuity of electron Fermi distribution. In normal solids 
the screening radius r,, is much smaller than the inter- 
nuclear separation ri. Thus, for example, in normal 
iron the iron nucleus (2 = 26) is almost completely 
screened by bound electrons so that the correlation 
energy between nearest neighbor iron nuclei is only 
a few electron volts characteristic of that for single net 
charges. As the electron Fermi energy increases, the 
electron kinetic energy begins to exceed not only the 
electron-electron energy but also the larger interaction 
between the electrons and the coulomb fields of the 
nuclei. (The non-relativistic Fermi energy increases 
like p2j3 while the interaction energies grow only like 
p1I3.) Therefore with increasing density the nuclei exert 



SUPERDENSE MATTER IN STARS C 3  - 155 

a smaller perturbation upon the high momenta elec- 
trons around them. The electrons begin to behave like 
an unpolarizable uniform background as the screening 
becomes less effective. In a relativistic degenerate 
electron sea with Fermi energy 2 1 MeV 

The refore, for nearest neighbors and even next nearest 
neighbors, nuclei see essentially the unscreened cou- 
lomb fields of nearby nuclei. Thus for iron at p - 
10' g cm-3 and ri - 1 0 - ~ ~ c m  (2e)'/ri N 1 MeV 
about 10' times larger than the interaction energy-for 
normal iron with ri - lo-' cm. It is this extremely 
large correlation coulomb energy between nuclei in 
very dense matter that causes behavior of astrophysical 
interest in white dwarf cores and neutron star crusts. 

At zero temperature the coulomb repulsion among 
nuclei causes them to arrange themselves into a body 
centered cubic lattice whose excitation spectrum [9] is 
sketched in fig. 3. (The two transverse shear modes are 

FIG. 3. - Spectrum of excitations of a body centered cubic 
lattice with coulomb interactions and long-range screening, 
based upon calculations of Clark, Phys. Rev., 1958 109, 1133, 
and the survey of Pines, Elementary Excitations in Solids, Benja- 

min, New York (1963). 

not really degenerate but depend upon the direction of 
wave propagation in the lattice.) The heat capacity per 
unit volume of the latticc follows directly from the 
excitation spectrum. 

The ion plasma frequency SZ,  is given by 

with M, the ion mass and n, its number density. It 
defines a temperature 6 which plays the role of a Debye 
temperature for such a lattice [5, 61 : 

Then the ionic heat capacity per unit volume is gived 
by 

for the classical T 9 6 regime and by 

in the quantum regime of low temperatures, T 4 6. 
Because the electrons are so degenerate in white 

dwarf interiors (T - lo7 OK, E,/x - lo9 OK) almost 
all of the heat content of the star which supports its 
radiation is contained in the lattice. Therefore the 
quantum lattice corrections to the white dwarf heat 
capacity can be significant in determining the lifetime 
against cooling. For example the cool red dwarf vMa 2 
has been estimated to have a central temperature 
Tc -- 106 OK and p, - 5 x lo7 g cm-3 so that its heat 
capacity is beginning to drop below the classical value. 
Cooler dwarfs than this should have greatly reduced 
heat capacities and, therefore accelerated cooling rates. 
This would be a plausible and attractive explanation 
for the lack of observations of stars cooler (and fainter) 
than v Ma 2 [9, 101. It also supports speculations that 
our Galaxy could conceivably have as its main consti- 
tuent infrared and black dwarfs. 

A more delicate and perhaps exciting question than 
the lattice heat capacity is that of its melting tempera- 
ture. Dimensional considerations alone imply that the 
melting temperature T, is given by TrcT, = ( ~ e ) ' / r ,  
with r a dimensionless constant. In general solids 
melt when their thermal energy is about of their 
lattice interaction energy so that r - 10'. Unfortuna- 
tely there is no quantitatively adequate theory for 
melting, mostly because, except for the disappearance 
of long wavelength shear, there is no qualitative change 
in structure. Lindemann's rule is an empirical state- 
ment that solids melt when the mean square thermal 
fluctuation in lattice nucleus position equals the mean 
square separation between neighboring nuclei. A rough 
estimate based upon the lattice excitation spectrum 
gives [5] 
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which corresponds to r -- 64. Van Horn has estimated 
r - 52 for a theoretical model and r - 150 from a 
more precise application [l 11 of Lindemann's Rule. 
Acomputer experiment [12] on a classical coulomb gas 
of 32 particules indicated an instability resembling what 
might be expected for the finite particle analogue of a 
,phase transition. The implied melting temperature 
occured for r - 126. Therefore all of the various 
estimates give a melting temperature for core parame- 
ters near those estimated for white dwarfs. Many 
dwarfs certainly are solid ... (( like a diamond in the 
sky >>. 

The observational significance of crystallizing white 
dwarfs lies in the possible effects of a heat of fusion. 
It is, however, not even certain that a coulomb lattice 
has a first order transition. Some simple solids (A 
and K, for example) have melting volume changes and 
entropy changes which appear to be approaching zero 
at pressures somewhat beyond those accessible at high 
temperatures in the laboratory. On the other hand the 
computer experiment of Brush, Sahlin, and Teller [12] 
may be interpreted as suggesting a heat of transition 
of about KT, per nucleus. Van Horn has examined the 
observational consequences of such a latent heat for 
cooling white dwarfs. Unfortunately the magnitude of 
the melting heat, if it exists, is not sufficient to change 
the time scales for cooling in a very substantial way. 
Van Horn's melting curves are compared to his compi- 
lation of white dwarf observations in fig. 4. There is no 
obvious tendency to observe more stars while melting 
(dotted lines) relative to the computed cooling curves 
for stars of fixed mass (solid lines). 

radii are not very sensitive to their masses except very 
close to the lower bound and generally lie in the range 
R - (10 - 20) x lo5 cm. 

The very outer surface is, of course, gaseous with a 
scale height of only about one centimeter for a surface 
temperature as large as lo6 OK. The electrons form 
a degenerate gas less than a meter below the surface 
after which, because of the high electron heat conduc- 
tivity, the stellar temperature is close to that at the 
center. Neutrino emission processes are expected to cool 
the neutron star interior to well below 5 x 10' OK within 
minutes after it is formed. Thus the interior, except for 
the outer meter or so, is isothermal and (( cool )) in the 
sense that the equation of state of fig. 1 is applicable. 
From table I and equation (8) we see that the outer 
(( crust D of the neutron star is expected to be below its 
melting temperature for densities between lo9 and 
5 x 1013 g cm-3 beyond which there are no longer 
any nuclei to form a coulomb lattice. This solid crust 
thickness can extend from a few hundred meters in the 
heaviest neutron stars to the entire star in the lightest 
ones. 

The existence of a solid neutron star crust may, 
conceivably, have observable seismological conse- 
quences. 

The normal modes of liquid neutron stars have very 
short periods z - (Gp)-% < s because the 
restoring forces for shape or density changes are so 
enormous. 

Howerer there exist special modes based upon the 
ability of the crust to support shear strains, which do 
not change the shape or density of the star. The lowest 
frequency twist mode is one in which the northren and 

I 
I I I I I I / I  1 southern hemisphere rotate oppositely about the stellar 

axis leaving the equator stationary. For a constant 
shear velocity C, the period for this mode is 

- R 
Zshear 0.43 Cs " S .  

(9) 

The numerical estimate comes from the calculation of 
C, in table 1'. The estimated periods are well below 
those of most pulsars but they might possibly be 
detectable in the detailed pulse structure if, as appears 
likely, pulsars are rotating neutron stars. 

I* 42 L o g T l W " ~ f . ~ l I  4 0  
Generally a solid crust is a stable cr platform )) 

Fig 1 which can anchor surface anisotropies sufficiently 

FIG. 4. -Cooling curves and observations for white dwarfs rigidly to permit models in which some 
after Van Horn [6] .  Dotted lines : half solid, half liquid for rotates with an extraordinarily constant period. But 
various 2. Solid lines : constant mass. the solid crust itselfmay undergo discontinuous changes 

(neutron starquakes) [13] which affect the period of 
111. Neutron star crusts [13]. - Neutron stars may rotation in a detectable way. The outer layers of 

have masses in the range 0.3 Ma 5 M 5 2 Mo. Their spinning neutron stars (pulsars) solidify very soon 
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after such stars are formed. Subsequent changes in 
stellar shape from oblate toward spherical, as the 
neutron star angular velocity decreases, will induce 
stresses in the crust until the maximum shear strain 
which the solid crust can support is reached. When the 
strain passes this yield point there will be a sudden 
(RIG, -- 0.1 s) relaxation of the stress and a very slight 
(- 1 cm) change in stellar shape, moment of inertia, 
and rotational period. The shear modulus of a Cou- 
lomb lattice is given by 

For parameters appropriate to crust densities 
between 5 x 1012and 5 x 1013 g ~ m - ~ ,  Z - 30-50, 
and n, - cm-3 : the shear modulus p N lo3' 
dynes ~ m - ~ .  The maximum shear strain for normal 
solids p, - Since no dimensionless parameter 
can be formed from (Ze) and ri,  it is not unreasonable 
toltake this as the dimensionless yield strain for lattices 
of any density and composition. Then the shape rear- 
rangement associated with the sudden shear when this 
q,, strain is reached gives a change in moment of inertia 
A1 - - 1 and a concomitant increase in angular 
frequency Am - + w. Just this size effect has 
been observed for the young (-- lo4 years) short period 
pulsar in Vela, PSR 0833-45, where Aw - f 1.5 x 
over a period of less than a week [14, 151. Although 
the agreement with the calculated estimate for neu- 
tron-starquake effects is suggestive such an explanation 
still has difficulties ; Cameron [16] has pointed out 
that the gaseous-liquid outer surface will redistribute 
in such a way as to tend to melt the surface toward 
its equilibrium shape. The postulated strong (2 10'' 
gauss) magnetic field through the neutron star surface 
probably will fix the outer surface sufficiently that is 
has negligible motion in lo4 years. Creep has been 
neglected and it is difficult to estimate an appropriate 
time scale for it. It probably depends upon tempera- 
ture like exp(- aT,/T) with a of order unity. Parts 
of the crust probably have T,IT > 25. Most 
significantly, the starquake model does not account 
for the remarltable fact that is should just happen to 
occur during the short time, less than a year, during 
which this pulsar has been observed. 

IV. Neutron star interiors. - Just below the rigid 
crust neutron star matter consists of neutrons with a 
probable density around 5 x 1013 g ~ m - ~ ,  protons 
about two per cent as dense, and a very degenerate 
electron gas whose number density equals that of the 
protons. The neutrons form a degenerate quantum 
fluid in which pairs of neutrons at the top of the Fermi 

sea attract each other. The relevant nucleon-nucleon 
scattering phase shifts are represented in fig. 5 as a 
function of the C. M. wave number of either nucleon. 
The 's, phase shift is attractive for 

kc, < 1.5 x 1013 cm-l . 

FIG. 5. - Phase shifts for neutron-neutron 
(really proton-proton) scattering. 

According to the BCS theory of superconductivity 
this is sufficient to give an isotropic gap in the excita- 
tion fluid for degenerate neutron seas 1171 and dege- 
nerate proton seas as long as k, at the top of the sea 
< 1.5 x 1013 cm-l. An approximate representation 
of the gap energy 2 A is given by 

'JL A - E, exp - --- ( 2 tan 6 ') 
where 6 is the attractive phase shift and y the ratio 
of nucleon mass to its effective mass in nuclear matter. 
A quantitative calculation of the BCS transition tem- 
perature is given in fig. 6 as a function of the Fermi 
wave number [18, 191 (KT, -- A).  The arrow represents 
the appropriate lc for the neutrons just beneath the 
crust. The neutron and proton transition temperatures 
are an order of magnitude greater than the expected 



C 3  - 158 M. RUDERMAN 

temperatures within neutron stars so that the neutrons 
and protons separately should form superfluids. The 
heat capacity of such matter is exceedingly small and 
probably resides mostly in the degenerate electrons. 

FIG. 6. - Computed superfluid transition temperatures for 
neutron fluid as a function of k~ [19, 18, 211. At the bottom of 

the solid crust the neutron kp = 1 0 1 3  cm-1. 

The expected superfluid behavior has interesting 
consequences for a rotating neutron star. A rotating 
superfluid rotates in such a way that V x v = 0 every 
where except along quantized vortex lines. An 
increase in angular velocity can be accomplished by 
discontinuous quantum transitions which increase the 
number of such vortex lines. For rotating cylinders of 
superfluid helium the coupling between the container 
and the superfluid depends sensitively upon the quality 
of the surface from which the vortex lines originate 
[20]. There are analogous interesting but unanswered 
questions about the coupling between the crust and 
the interior of a neutron star. Magnetic field linkage 
may be more significant than hydrodynamic effects. 

As one penetrates more deeply into a neutron star 
the s-wave phase shift decreases and becomes repul- 
sive near k - 1.6 x 1013 cm-I. The s-wave BCS 
gap for the dominant neutrons disappears near 
p - 3 x 1014 g ~ m - ~ .  Beyond this density the impor- 
tant attractive phase shift is 3P2 which is around 160 up 
to the limit of measurements. A single attractive phase 
shift is sufficient for BCS type behavior and the magni- 
tude of the gap (and the transition temperature) are still 
given by eq. (1 1). Howerer there are interesting diffe- 
rences because the attraction occurs only in a singla 
higher angular momentum state ; the gap is no longer 

isotropic [21]. However there is also a pressure and 
compressibility anisotropy associated with different oc- 
cupation probabilities for momentum states in different 
directions 19. In a neutron star which is not rotating, the 
lowest energy for the entire star will be achieved when 
the gap directions are so arranged that the compressi- 
bility of the matter is greatest in the radial direction. 
In this way the enormous pull of gravity in a neutron 
star will correlate the directions of the anisotropic 
BCS gap throughout the interior. A quantitative solu- 
tion of the anisotropic gap equation is in progress [19]. 
If indeed the gap does possess nodes for some angles 9 
then the heat capacity, instead of the usual exp(- TJT) 
dependence, will vary like (T/T,)~. Finally we note 
that even though in the superfluid state there is pairing 
between parallel neutron spins there is no net expecta- 
tion for neutron spin in any direction so that the super- 
fluid transition is not ferromagnetic. 

Pulsar models generally assume rotating neutron 
stars which contain large magnetic fields. A star with 
solar radius and 10' gauss uniform dipole magnetic 
field will amplify the field to 1012 gauss if it is contrac- 
ted to neutron star radii and conserves flux. The neu- 
tron star electron conductivity is sufficient to maintain 
such a field for of the order of lot5 years [22]. Even 
such a large field would have a negligible effect on 
neutron star structure. Howerer it does promote the 
consideration of the magnetic properties of neutron 
star matter. 

A repulsion between singlet neutron pairs qualita- 
tively favors triplet alignment and perhaps ferroma- 
gnetism. This is a delicate question and hard to decide 
by approximate calculations (For example in one 
dimension, regardless of the potential, the ground 
state of a system of Fermions has no net spin even 
though some approximate calculations imply that it 
could be ferromagnetic in its ground state). A Hartree- 
Fock calculation, in which all positional anticorrela- 
tion arises from antisymmetrization, gives as a crite- 
rion for ferromagnetism : 

for neutrons at the Fermi surface. 
Where the phase shifts are known the criterion fails 

by almost an order of magnitude. For higher densities 
where both theconstituents and their interactions are 
unknown possible ferromagnetism is an open question 
[23,24]. If it does occur, one expects from the lining up 
of neutron moments a local B >, loi5 gauss. 

Even if dense neutron star matter were ferromagne- 
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tic the star would not be a permanent magnet. The 
lowest energy state of a macroscopic piece of iron is 
one in which there are no (( free )> poles on the surface 
so that the net magnetic moment is zero. Only the 
underlying crystal structure which causes (( easy )> and 
c{ hard )> magnetization directions and freezes in 
impurities can prevent the relaxation of the ferroma- 
gnetic domains among themselves. But dense neutron 
star matter is almost certainly never crystalline. Almost 
as much positional correlation (or anticorrelation) is 
obtainable in the liquid state as in the crystalline. 
Generally the liquid state has lower free energy if the 
kinetic energy exceeds of the correlation energy 
(e. g. Lindemann's Rule). This is certainly the case for 
Fermion constituents and very probably at higher 
densities also for possible Boson constituents. In the 
absence of lattice structure a ferromagnetic fluid can 
reverse its magnetization direction over large enough 
distances that domain walls associated with magnetiza- 
tion reversal require negligible energy. The magnetic 
moment distribution within the star will give a net zero 
moment and have an internal distribution like that 
in (( soft )> ferromagnetic matter (In a spherical object 
it would tend to be almost everywhere tangential). 

The fast rotation of a neutron star would tend to 
align spins and magnetic moments within the star 
exactly like a weak external magnetic field 2 : 

where pn is the neutron magnetic moment. This effect 
is:too weak to be of astrophysical interest. 

V. Superdense neutron star cores. - If the central 
density exceeds 10" g cm-3 detailed descriptions are 
not, a t  present, possible. The energies of the proton, 
neutron, and electron constituents begin to exceed the 
mass differences between them and other elementary 
particles. Then a variety of interactions may take place 
to lower the energy of the star : 

e - + n - + p -  + n  
e - + n - , . Z - + v  - e + n - , n -  + v + n  etc. 

The interaction energies, which are probably more 
important than degeneracy energy generated by the 
Pauli principle, are not known well enough to permit 
significent quantitative calculations. 

The core properties would be difficult to disco- 
ver from observations which clearly can only examine 
directly the stellar surface. However it can have some 
quantitatively important effects. It may contribute the 
main neutrino radiation which rapidly cools the star 

it is formed. It  can significantly affect the maximum 
ratio of stellar mass to stellar radius and thus the 
gravitational red shift 

of radiation emitted from the surface with wavelenght 
A, and detected at infinity with wavelength A. 

The maximum red shifts from neutron star surfaces 
as a function of the maximum stiffness of the matter 
within them p/pc2 is given in Table 11. [It is amusing to 
notethatforinfinitely stiff matter the maximum z, = 2. 
At the stellar surface where p -, 0 we know p/pc2 -, 0 so 
that there should be a small downward correction in 
this value (to z = 1.95 ?) which gives it a value of 
some notoriety in Quasar physics. I t  is hard to believe 
this could have any physical significance.] 

The surface redshift z, and mass-radius ratio as a 
function of the maximum (( stiffness )> in matter at 
the star center. The first two rows are due to Bondi 
[261. 

GM 
Max. -- 

Rc2 
Max. z, 

The a priori theoretical argument against p > pc2 is 
that the low frequency sound speed :is given by 

We can imagine a tube filled with such cc ultrabaric >> 
matter. The measured sound wave velocity in a tube 
moving with velocity v opposite to that of the sound 
propagation is 

For v = c2L < c the sound velocity as seen by a 
stationary observer is infinite. For slightly higher 
velocities it is negative which means the sound arrives 
at the end of the tube, as measured by a clock there, 
before it was sent. An appropriate arrangement of such 
tubes enables someone to receive back from a friend 
the answer to a question he is about to ask [27]. This is 
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an acausal universe but not necessarily an irrational 
one [28]. 

If p > pc2 it does imply that both group and phase 
velocities of sound exceed c at low frequencies but this 
can be associated with either of two physical situations : 

A) Signal velocities are nevertheless less than c. This 
can only occur if the matter is unstable 1291, i. e. not in 
its ground state or there may not even be a ground 
state. 

B) Signals do propagate faster than c. 

There do exist Lorentz invariant classical field theo- 
ries with positive definite energy, which give p > pc2 
in the high density limit and reduce to non-interacting 
Klein-Gordon fields at very low densities [30]. These 
theories are of type (B). 

Classical theories of point particules which interact 
through retarded neutral vector meson fields have 
states with p > pc2 after the necessary mass renorma- 
lization [30]. They are theories of type (A) but are 
converted to type (B) if peculiar cr runaway )) solutions 
are excluded. 

Not only is it possible to construct such ultrabaric 
theories but a surprising number of conventional 
theories can have such a causal or  unstable behavior 
[31]. Probably p > pc2 indicates only a diseased 
theory rather than a possible state of ultradense matter 
at the core of some neutron stars but a surprise is not 
inconceivable. 
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DISCUSSION 

Question : Can you say anything about the transi- 
tion from the crust to the superfluid state ? 

M. RUDERMAN. - The boundary region, like most 
others in physical systems is likely to be important and 
difficult to describe. I don't know its quantitative 
description here. 

J. M. LEVY-LEBLOND. - YOU mention that red 
dwarfs may cool very rapidly, so you could have a lot 
of black dwarfs ; can you make an estimate of this ? 

M. RUDERMAN. - Greenstein has raised this ques- 
tion. They could contribute substantially to the mass 
of the Galaxy, but not particularly exceed its visible 
mass. 


