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Résumé. 2014 Nous utilisons des techniques de taxonomie numérique pour vérifier l’ultramétricité des états du modèle
de Sherrington-Kirkpatrick (SK) à température nulle. Nous considérons des états à poids égaux. Nous construisons
des arbres approchés par des procédures de simple chaînage et de chaînage complet, et mesurons l’ultramétricité par
la différence des distributions correspondantes du nombre d’etats dans chaque groupement. Nous comparons les
résultats à ceux d’un modèle qui est approximativement ultramétrique par construction. Nous étudions d’autres
propriétés du modèle SK avec poids égaux. Nous évaluons en particulier les distributions des recouvrements

Pj(q) et de YJ(q) =~1q PJ(q’) dq’. Les fluctuations entre échantillons disparaissent.

Abstract. 2014 Techniques of numerical taxonomy are used to make ultrametricity tests of zero temperature states of
the Sherrington-Kirkpatrick (SK) model. The states are considered with equal weights. Approximate trees are
constructed by single- and complete-linkage procedures, and ultrametricity is measured by the difference of the
corresponding distributions of the number of states in a cluster. The results are confronted with those of a model
which is approximately ultrametric by construction. Other properties of the SK model with equal weights are also

studied. In particular, the distribution of overlaps PJ(q) and the distribution of Yj(q) = ~1qPj(q’) dq’ are evaluated.
Fluctuations from sample to sample disappear.
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1. Introduction.

The nature of the spin glass transition of the Sherring-
ton-Kirkpatrick (SK) model and its connection with the
many-valley picture of the low-temperature phase have
by now been clarified. As was shown recently, the
order parameter is related to the probability distribu-
tion of the overlaps of those states [1].

This interpretation led to further work where several
interesting properties of the space of states were found
[2]. An important one is that it possesses an ultrametric
topology, which implies the existence of a hierarchical
tree associated to the states. Also relevant is the fact
that the order parameter is not self-averaging, i. e. , that
it depends on the particular realization of spin couplings
even in the infinite system limit. Numerical studies in
this direction have also been carried out [3, 13].

This progress in the understanding of the SK model
properties has in turn motivated applications to other
fields. In particular, the ultrametricity property could
be important for optimization problems such as the

« travelling salesman » problem or for models of as-
sociative memories (for a review of recent develop-
ments, see Ref. [4]).
Concepts and techniques developed for the SK

model were used for the travelling salesman problem
by Kirkpatrick and Toulouse [5]. Giving a proper
definition of the overlap between tours, they were able
to compute various distributions of overlaps. However,
an important difference between the two systems is the
absence of Boltzmann weights in the travelling salesman
problem. A more correct comparison with the SK
model would require an analysis of the different

overlap distributions of this model calculated with

states weighed evenly.
Ultrametricity properties have also been incorpo-

rated in neural networks. The original models [6]
choose the set of memories to be stored in the network
as uncorrelated, i.e., approximately orthogonal when
its number is small. However, the system should be
able to store and recognize memories which have a
finite overlap between them. A convenient way to

Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphys:01987004804049900

http://www.edpsciences.org
http://dx.doi.org/10.1051/jphys:01987004804049900


500

achieve this is to organize the patterns in a hierarchical
structure. Work in this direction was done very recently
[7] ; memories were generated by a simple stochastic
branching process which guarantees an approximate
ultrametricity of the space of states, and they were
learned by a modified Hebb’s rule. Again, in this case
the Boltzmann weights may not be adequate ; patterns
are recovered according to their attraction basin and
this is the natural weight which should be given to
them.

For these reasons it is necessary to understand the

properties of the space of states of the SK model

independently of the usual Boltzmann weights. Since
these select the lowest energy states, a natural extension
is to consider the set of the first Ns states with equal
weight 1/Ns. This is a difficult problem because

analytical techniques cannot be applied, and in a

numerical approach the lowest states are difficult to
obtain for systems with more than No 30 spins. The
assignment of weights according to the attraction basin
of the state is easier from the numerical point of view,
and some of its properties have been studied [8].

In this paper we shall study properties of the zero
temperature states of the SK model when they are
given equal weights. We shall choose them as the

Ns states of lowest energy found after applying a simple
steepest-descent algorithm. Part of the work is dedi-
cated to the analysis of ultrametricity : the construction
of approximate hierarchical trees and the development
of techniques to measure it. The SK model is compared
with a system where ultrametricity is known to hold.

Apart from this, we shall also evaluate the order

parameter P (q ) and its fluctuations.
To analyse the possible existence of ultrametricity,

we utilize techniques of numerical taxonomy [9, 4] and
employ them to determine hierarchical trees associated
with the set of states. If ultrametricity holds only
approximately, the distance between clusters of states
is not well defined, and different criteria yield different
trees. By adopting two extreme definitions, an idea of
the degree of ultrametricity will be given by the

similarity between the resulting hierarchies.
Once the trees are found, it is necessary to quantify

their differences. We do this by evaluating the probabil-
ity distribution f q of the number of states in a cluster
when the tree is cut at a given scale. This distribution,
when considered at all scales, describes the whole tree.
The final step is to perform the test for systems of
different sizes and observe the behaviour of the differ-
ence f 9 (N ) - f q (N ) of the distributions calculated
with the two extreme realizations of the tree.
The numerical study has the inconvenience that it is

very hard to find the states of lowest energies, and in
fact we shall limit the analysis to 32 and 64 sites only.
For this reason, and in order to support our conclusions,
we shall apply the same technique to a more tractable
model which is approximately ultrametric by construc-
tion [7]. In this model, states are generated by a

stochastic branching process which treats sites indepen-
dently ; this makes an analytical treatment possible,
and it is easy to determine how it behaves as the
number of states and the size of the system are

changed. Although we consider only regular trees,
more general ones can be analysed immediately. This
study will also lead us to detect possible sources of
errors in the classification of states.

In the next section, after a brief description of a
stochastic process which generates approximate ul-
trametric states, we solve it for the distribution of one
and three overlaps. Sources of errors in the classifica-
tion of states are also discussed.

Section 3 is devoted to the direct evaluation of

P (q ) and ultrametricity tests of zero temperature
metastable states of the SK model, taken with equal
weights. Fluctuations of P (q ) are also calculated.

Apart from their own interest, these results can be
confronted with the same quantities evaluated through
the tree structure.

Section 4 contains the description and application of
the single and complete linkage techniques. Here we
compare the results obtained for the simple model of
section 2 with those of the SK model. For both of them
we evaluate the first moments of the distribution of
states in a cluster. In particular for the second moment
(which gives the probability that two states have an
overlap larger than q [2]) we can make a comparison
with the direct calculation, carried out in section 3.
Section 5 contains the conclusions.

2. Analysis of a simple model.

Spin glass models are not easy to study numerically
because of the difficulties of finding the states of lowest
energy. For this reason it is convenient to have simple
models for which ultrametricity is guaranteed by
mechanisms similar to those appearing in the SK
model. Here we discuss a model which will turn out to
be tractable both numerically and analytically. It is

inspired by recent work on the microstructure of the
equilibrium states of the SK model [10] and was

proposed and used to produce ultrametric neural

networks [7].
After a brief discussion of its main features, we show

how to solve it for the probabilities of one and three
overlaps (although the technique can be used to obtain
other distributions). This will allow us to extract

conclusions about the behaviour of ultrametricity as the
number of states NS or the size of the system N are
changed.

Let us consider a system characterized by
a) a tree, defined by a set of parameters such as the

number of nodes and the number of branchings at each
of them.

b) N variables aj = ± 1 defined on N sites. A state is
specified by giving specific values to each of them,
s ae (ai , U2, ..., uN).
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c) a stochastic process establishing a correspondence
between a set of Ns states and the end of the branches,
and such that it guarantees approximately the hierarchy
dictated by the tree.

This system will have two kinds of parameters : those

defining the geometry of the tree and those associated
to the stochastic process itself. The dependence of the
distributions on these parameters will turn out to be
simple ; as we shall see, the first ones will appear
mainly as combinatorial factors, while the others can be
absorbed into the probability PT that, as a result of the
process, a given site variable takes the value + 1.
For clarity we shall limit the work to regular trees

such that the nodes are distributed at B different levels,
and at each of these all the branches split into the same
number of new ones. We shall denote this number by
bk, where k = 1, 2,..., B indicates the level. An

example of this kind of tree is given in figure 1, where
B = 3, b, = 3, b2 = 2 and b3 = 3.

Fig. 1. - A regular tree, with B = 3, bl = 3, b2 = 2,
b3=3.

As we mentioned before, the states are associated
with the ends of the branches. By the nearest common
ancestor of a set of states, we understand the nearest
branch where all of them converge in the tree.

For purposes which will become clear soon, it is
convenient to define the following sets of states :

1) the sets Ck(k =1, ..., B) contain all the pairs of
states such that the ancestor of any of them is at level

k ;
2) the sets C¡jk(i, j, k =1, ..., B) contain all triplets

of states such that their three possible pairs are in

ej, ej and Ck respectively.
The fraction of pairs in Ck and of triplets in

C¡jk are obtained after a simple combinatorial analysis
based on the tree structure. For instance, for B = 3 and
a regular tree, the fractions of pairs are

B

with Ns = hI b2 b3. Of course, E ck =1. As Ns in-

creases, these numbers converge to finite limits ; in

particular for b1 -+ oo all of them are zero except
ci, which is one. The same is true for the fraction of

triplets in the sets eijk ; in the same limit, only
clll isf non-zero.
A measure of the similarity of two states is given by

their overlap

The height of the tree will be normalized to the
maximum overlap (qM =1 ) and the position of its

nodes at the k-th level will be defined as the mean value
of the overlaps in Ck.
We shall consider a stochastic process which does not

correlate the sites, so then we can concentrate on only
one of them. As a result of the process, we should
obtain u fa) for all the states (a = 1,..., N s) and j
fixed.
The generation of states starts at the base of the tree.

In order to guarantee the hierarchical structure given
by the tree, the process has to be identical for any pair
of states until their nearest common ancestor is
reached. After that it should proceed differently for
each of them. The farther the ancestor is from the base,
the smaller the differences between them are.
At the first level we define a probability distribution

characterized by a mean value yo = h (which can be
thought of as a magnetic field) and a variance

ao. After drawing bl numbers yfk) (k =1, ..., bl), the
parameters yfk), Ul of the distribution to be used at a
given node of the second level are obtained as a

function of the corresponding y 1 (k) * The procedure
follows in this way until the last level is reached ; the
spin variables at the site j are determined as

In this way, states with the nearest common ancestor at

the last level are determined by the same distribution
with parameters Y1k2 i, U B-1 and their overlap is large.
If the ancestor were at the previous level, the last

distribution in common would be the one with mean

Y1k22 and from this point on, the states are determined
differently. Finally, states with the common ancestors
at the first level are obtained from distributions having
only h in common, i.e., their only similarity is the
overall magnetization.
We can now proceed to the evaluation of P (q ) and

P (ql, q2, q3 ). Since the Ck are disjoint sets containing
all the pairs, P (q ) can be split into B contributions

with Pk (q ) the probability that two states in Ck have
overlap q.
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Each of the Pk(q) is a binomial distribution. Since
sites are not correlated, the quantity

can be thought of as the final position of a one-
dimensional random walk. This is defined by a par-
ameter p given by the probability that the spin variables
u l a) and u lJ3) have the same value. This is easily
expressed in terms of the probability P T (yo,
Y1, ..., YB -1 ) that (1) - 1

Notice that the division of pairs into the B classes
Ck is appropriate for these considerations : all the

overlaps of the pairs in Ck follow the same binomial
distribution with a parameter Pk-
The probability that for n out of the N sites

ula) ulfJ) = + 1 1 is

from which, using the relation between n and q,

Nq = 2 n - N, one immediately obtains Pk(q). Its

mean and variance are given by

Since the interval between two consecutive values of q
is 2/N while the dispersion is 0(1/ IN), Pk(q) can be
approximated by

Uk gives us a measure of the indeterminacy of the
position of the nodes at the level k. There is, however,
another source of error in the model ; since the
distribution P k (q ) will in general overlap, any attempt
to classify pairs of states in the classes Ck will not be
precise.
The distribution of three overlaps P (ql, q2, q3 ) can

be treated in a similar fashion. In this case, we have to
follow the evolution of the three overlaps simul-

taneously. For this purpose, it is convenient to classify
the 23 possible values of the set [ U I ,( a) , U I ,(13) , U.( I 1 )]
according to their net effect. In figure 2 we show the
four possible cases explicitly ; case a), for instance,
corresponds to an increment of + 1 in the three

overlaps.
The probability associated with each case (Pa, Pb, Pc

and pd respectively) can again be determined as a

function of the PT (TO, YI, ..., YB -1 ) and is the same for
all triangles of states contained in a given class

Cijk. This allows us to make the partition

Fig. 2. - The eight possible configurations of three spins,
classified according to their contribution to the three overlaps.

To simplify the notation we shall not attach the indices
i, j, k to the p’s. The subsequent analysis is made for a
fixed class Cijk.
As the process is repeated N times, each case will

appear na, nb, nc and nd times respectively ; of course,
these numbers satisfy

while for the p’s we have

It is clear that the n’s follow a multinomial distribution

To obtain P (ql, q2, q3) we have first to relate these

integers to ql, q2 and q3

Secondly, it is easy to realize that pa, pb, Pc and

Pd can be expressed as functions of the B quantities
Pk. Let us take as an example B = 3 and the set

~322- We obtain
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and the final expression for P2 is

As N -+ oo , the distribution can again be given by Gaussians which approximate the following product of deltas :

Remembering equation (7) for q2 and Q3, this shows us
how ultrametricity is recovered for all triangles in

C322 as N -+ oo . The variance of each Gaussian is again
of the form of equation (8).
As occurred for P (q ), the indeterminacy in the

position of the nodes of the tree is not the only possible
source of errors of the ultrametricity of this model. If
the distributions Pijk(ql, q2, q3) have a large overlap,
errors in classifying all triangles of states will be large.

3. The SK model with equal weights.

Before presenting the taxonomy analysis of the model
of the previous section and of the SK model, we make
here a direct evaluation of P (q) and of ultrametricity
tests.

Apart from the main conclusion we obtain, i. e. , that
P (q ) does not fluctuate with our choice of weights,
these results will be useful later for checking their
agreement with the calculations based on the tree

structure.

The technique is the same as in reference [3], the
only difference being in the way the states are weighed.
The Hamiltonian of the SK model is given by
)

and the couplings are random variables with a Gaussian
distribution

We concentrate on the zero temperature mean field

equations

from which mi can take only the values ± 1. Equation
(3.3) is solved by a steepest-descent algorithm taking
random starts. The Ng lowest-energy states found in
this way are kept for the subsequent analysis.

All the solutions are given the same probability

with « = 1,..., NS, and the probability of one overlap
is computed as

From it, we define the quantity

and its average over all the samples

Finally, by a simple numerical analysis, one obtains the
probability distribution 7T q(Y) of Yj(q).

In figures 3a and 3b, we show P (q ) for N = 32 and
N = 64 for different values of N,. Notice that, contrary
to what happens when Boltzmann weights are included,
the peak shifts to q = 0 as NS is increased. This reflects
the simple fact that the large number of solutions of
equation (3.3) behave as uncorrelated spin con-

figurations.

Fig. 3a. - P (q ) for the SK model with equal weights for the
Ng s lowest states. The curves correspond to Ng =15 (2022 ),
N, = 30(+ ) and N, = 50 (A ), and N = 32 spins.
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Fig. 3b. - idem with N, = 30(+ ), NS =150 (2022 ) and N, =
300(x ), for N = 64 spins.

More important is the result for 7T q(Y). In figure 4,
we can see that its maximum coincides with the average
of Yj(q) over the samples. This is to be contrasted with
the result of reference [2].
One can also do a simple test of ultrametricity. By

explicit calculation, we first obtain the probability of
three overlaps :

Fig. 4. - Probability distribution of Y for q =

0.3125 [y (q ) = 0.471] and 32 spins. Notice that the maximum
coincides with the average y (q ). Here Ns = 30(+ ) and
N, = 50 (A ).

from where we evaluate the quantity [3]

If there were no structure U would be 1, while for an
ultrametric space it should approach 0.
The results for U are in figures 5a and 5b. What is

Fig. 5a. - The ultrametricity test U for N = 32. Ns =
15(0), 40(x ) and 50(A ).

Fig. 5b. - idem for N = 64. The number of states is

Ns = 30(+ ), Ns = 150(0) and Ns = 300(x ).
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surprising here is the small change of U under a
variation by a factor 10 in NS. This is in agreement with
what was found in the previous section about the

dependence on Ng s of the distribution of overlaps ;
NS and the tree structure entered mainly as combinato-
rial factors which eventually reach fixed values without
affecting ultrametricity. These calculations have been
done for 150 samples. For each of these we found a few
hundred solutions and we used the best of them for the
numerical analysis.

4. Construction of the trees.

We now discuss a different way to study and quantify
ultrametricity. For this purpose we shall introduce

techniques which are usual in biological taxonomy [9] ;
in particular we shall apply them to the states generated
by the model described in section 2 and to zero-tem-
perature mean-field solutions of the SK model already
used in section 3.
When ultrametricity is not exact, one is faced with

two main problems. First, it is not possible to assign
unambiguously a tree to the set of states, and approxi-
mate ones have to be defined. Secondly, one has to find
a way to measure the departure from ultrametricity.
The first problem has been extensively studied, for
instance to classify species with numerical taxonomy.
Given a distance or similarity matrix between the

objects to be classified, the technique consists of

constructing two extreme trees such that they coincide
with each other for ultrametric matrices. The differ-
ences between these two hierarchies give a measure of
the degree of ultrametricity of the set of states.
At the smallest distance scale (q =1 ), each state

constitutes a cluster by itself, the distances between
them being given by the similarity matrix. As the scale
is increased, the first cluster to appear is the one
formed by the two (or possible more) closest states. If
ultrametricity were an exact property, any third state
would form an isoscalar or equilateral triangle with
those two. In this way, the distance between a state and
a cluster (or more generally between clusters) is a well-
defined concept.
When ultrametricity holds only approximately, there

are two extreme ways to define those distances. They
correspond to taking them systematically either as the
smallest or as the largest one between the new state and
those already in the cluster. These two cases are called
single-linkage clustering and complete-linkage cluster-
ing respectively. For ultrametric systems, both proced-
ures give the same tree.
Examples of trees resulting from the application of

this technique to the SK model are shown in figure 6.
They correspond to the five lowest energy states

obtained for a given sample of spin couplings Jij and
N = 32. Notice that the two trees are qualitatively
similar, the differences being essentially in the scales
where new states are incorporated in a cluster. Diverg-
ences in the way a state is classified also appear,

Fig. 6. - Examples of trees obtained with the single- and
complete-linkage procedures. a) single-linkage, b) comp-
lete-linkage, NS = 5 and N = 32.

although they do not seem to occur frequently ; this is,
of course, a good sign for the existence of ultramet-
ricity.
To determine to what extent the system departs from

an ultrametric structure we need to define a way to
measure the difference between the two procedures.
To do this, we notice that a useful quantity to describe
the tree structure is the cluster weight distribution, i.e.,
the probability f {w, q ) of having a cluster with weight
w at a scale q. Such a quantity has been used to
understand the properties of the SK model [2]. The
difference f (w, q) - f&#x3E; (w, q) of the distributions
obtained by the single- and complete-linkage proced-
ures will give a measure of ultrametricity. Strictly
speaking f - f’ does not quantify uniquely the
difference between trees because different trees can

give rise to the same f (w, q ). However this will happen
only for rather pathological cases. (Although not

applied to spin glass models, a different way to quantify
ultrametricity was given by Rammal et al. [11].)
The weight of the cluster I is defined as

where P a is the weight of the state a. If the states have
a uniform weight z = I/Ns, this becomes proportional
to the number of states nI in the cluster I. By cutting the
tree at different scales, it gives complete information
about its structure.
The distribution of cluster weights wI = nI z at the

scale q is, for a given sample of spin couplings J [2] :

and its moments in terms of nI read
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and give the probability that k states are in the same
cluster. In particular, M1 =1 and

with y (q ) defined previously in equation (3.7). This is a
quantity which is easily evaluated from the tree struc-
ture and it will allow us to make a comparison between
the direct computation done in section 3 and the

technique described here.
We have first applied this procedure to the simple

model of ultrametricity described in section 2 to deter-
mine how it works and at which system size the single
and complete hierarchies converge to a common tree.
For this model it is very easy to reach the value of N
where this occurs ; unfortunately, the same is not true
for the SK model because the states with the largest
attraction basin are not those with the lowest ener-

gies [8]. As a consequence, we have restricted the

application of the technique to rather small systems.
In order to generate approximately ultrametric states,

we have to choose the distributions to be used at the B
levels of the tree. As has already been explained, the
parameters (mean and variance) of the distributions at
the level k are determined as a function of the numbers
drawn with the one at the previous level. As a

simplifying assumption, we considered a finite number
M of possible distributions at each level.
We studied a simple regular tree with B = 2, and

took Gaussian distributions given by

for the first and second levels respectively. We took
M = 4, and the corresponding values yl,1 were deter-
mined from Th(Y) by dividing the interval (- oo , oo )
into four pieces of equal probability 01, then

The variances were fixed at ao = 0.5 and o-, = 0.25.
Finally, we took fi = 0 and Ns = 10 with bl = 2 and
b2 = 5. For these values of the parameters, the average
overlaps in the sets Cl and C2 are ql = 0 and

q2 = 0.6 respectively.
In figure 7, we show our result of the first moments

Mk for this model. The tree was cut at q = 0.5. The
data correspond to the single- and complete-linkage
techniques for N = 32 and 64. Notice that for these
sizes the difference of the two procedures is still large,
although it is smaller for 64 sites.
For this model, the numerical analysis can be carried

out up to values of lV for which the tree becomes well
defined. Furthermore, the moments can be easily
obtained as the probability that k states are in the same
cluster ; for q  q2 the result reads

Fig. 7. - The moments of the distribution of the number of
states in a cluster for the model of ultrametricity of Section 2,
calculated with the single- and complete-linkage trees : for
N = 32: single-linkage (e), complete-linkage (0) ; for

N = 64: single-linkage (+), complete-linkage (x) (at the

scale q = 0.5).

Calling Mk and Mk the moments calculated with the

single-linkage and the complete-linkage techniques
respectively, for this model we can define the ratio

This is shown in figure 8 for different values of N up to
N = 300.

Fig. 8. - The ratio dk = (Mk - M)/2k-1 as a function of N
for k=2(o), k=3(+ ), k = 4 (0 ) and k = 5 ( x ) (at the
scale q = 0.5).
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From figure 7, we notice that the single-linkage
results are closer to the exact values than the complete-
linkage ones. Although not shown in this figure, for
N = 300 Mk (0.5) turns out to be identical to the exact
number.

In figure 9, we compare y (q ) (with q = 0.5) given by
M2 and M2 with its direct calculation based on the
evaluation of P (q ) as described in section 3 for the SK
model. The latter always remains between the single-
and complete-linkage results. Again for N = 32 and 64,
the differences between these numbers are large,
although they decrease with N.

In the next figure (Fig. 10), we show the moments
Mk and Mk for the SK model. Notice that these curves
are qualitatively similar to those of figure 7. The single-
linkage result is always larger than the complete-lin-
kage one, and presents only small variations with N.
The difference Mk - Mk again decreases with N.

Fig. 9. - Comparison of MZ and M2 with y(q) for

q = 0.5 as a function of N (for the model of ultrametricity).
M2 (e), M2 (0), direct calculation (x).

Fig. 10. - The moments Mk and Mk for the SK model. For
N = 32: single-linkage (e), complete-linkage (0), for
N = 64 : single-linkage (+), complete-linkage (x).

The second moment can again be compared with the
value of y (q ) obtained by the direct evaluation of

P (q ) made in section 3 (see the Table). For N = 32,
y (q ) is between M2 and M2 , as before. For N = 64, it
is slightly bigger than MZ ; however, we have to

remember that for 64 spins it is very unlikely that we
are studying the lowest-energy states, which are prob-
ably further from the ground state than for N = 32.

Table I. - The second moment of the distribution of
the number of states in a cluster evaluated with the
single- and complete-linkage procedures and y(q) obtain-
ed as described in section 3, for the SK model. The
trees were cut at the scale q = 0.5.

For comparison purposes, we show in figure 11 the
moments of the distribution obtained for the SK model
with normal weights. This was found analytically by
Mezard et al. [2], who obtained

for the distribution and

Fig. 11. - The moments Mk for the SK model with normal
weights according to equation (10) ; y (q ) = 0.495.



508

for its moments. In the figure, the second moment was
chosen equal to our direct evaluation of y (q ) for
N = 32 [y (q ) = 0.495]. As k increases, these moments
differ substantially from those of figure 10. The differ-
ences are also clear in the distribution of cluster

weights. For the case of equal weights, the behaviour is
as follows : at small q (q - 0.1 ) there are two clusters,
resulting in a rather flat distribution, symmetric around
w = 0.5 but increasing rapidly at the edges. As the
scale is taken larger, the number of clusters increases
very slowly (it is 2.06 at q = 0.5) ; the moments are
practically unchanged and are given by those in

figure 10. For larger q, the number of clusters changes
more rapidly (for q = 0.7 there are about 3.5), and the
distribution of cluster weights becomes a delta at the
value N - 1.

5. Conclusions.

In this work we have discussed several properties of the
SK model in the absence of Boltzmann weights. The
order parameter P (q ) and the probability distribution
of Yj(q) have been obtained by a direct evaluation.
Ultrametricity was tested both directly and by use of
the single- and complete-linkage procedures.
The behaviour of P (q ) and 7rq(y) changes drastical-

ly when the states are assigned equal weights, indicating
that the properties found in reference [2] are due to the
Boltzmann weights. In particular, ’TT q(Y) is peaked at
the average value of Y, showing the disappearance of
the fluctuations of Pj(q) from sample to sample. The
peak of P (q ) moves to q = 0 as more states are

included, but this can be easily understood by the fact
that the states behave as uncorrelated spin con-

figurations. This also means that a trivial ultrametricity,
with only equilateral triangles, holds for Ns -+ oo .
A direct test of ultrametricity (U, as defined in

Ref. [3]) gives, for a small number of states and
N = 32, numbers compatible with those obtained with
Boltzmann factors included. For a larger N this quantity

decreases, but less than was found in reference [3].
However, it is surprising that even large sets of states
respond rather well to the test, giving a value of U
which departs only slightly from the one of smaller sets.
The analysis of a simple model agrees with this ; for
that model, ultrametricity becomes exact as N -+ oo ,
but is independent of NS.
We have also performed a numerical taxonomy

analysis of the states. Once approximate trees are

constructed by means of the single- and complete-
linkage procedures, quantities can be evaluated using
the tree structure. The distribution of cluster weights
obtained behaves, with the size of the system, like the
model of ultrametricity. The analysis was, however,
carried out for a rather small number of states

(Ns = 10). This distribution is different from the case
with Boltzmann factors. In particular for large scales
(q - 1), the clusters are essentially the states and;
while for the normal SK model one’expects an exponen-
tial distribution of independent levels [12], for the

present case it is simply 5 (W - Ns 1 ).
Let us remark that this work was done looking only

at the states of lowest energy we could find, although
we weighed them evenly. Probably for states chosen
differently the conclusions for P (q) and ’1T q(Y) will still
hold, since they depend crucially on the absence of
Boltzmann weights. On the other hand, the result of
the ultrametricity tests could change, since this property
might depend more strongly on the detailed structure
of the lowest-lying states.
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