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Low temperature mobility of the liquid-solid interface of 4He

P. Nozières and M. Uwaha (*)

Institut Laue-Langevin, 156X, 38042 Grenoble Cedex, France

(Reçu le 13 août 1986, accepté le 14 novembre 1986)

Résumé. - Lors du mouvement de l’interface liquide-solide, les transferts de masse et de chaleur sont étroitement
couplés. Nous montrons que la mobilité globale de l’interface fait intervenir trois coefficients d’Onsager, combinés à
des impédances thermiques de volume qui caractérisent l’évacuation de la chaleur latente. A basse température, seuls
les phonons survivent dans les deux phases. Nous proposons un mécanisme dissipatif fondé sur la diffusion
« Compton » des phonons par les décrochements ou les marches. La mobilité correspondante est d’ordre
T-4 pour un décrochement unique, d’ordre T-3 pour une marche unique. Nous soulignons le rôle de la diffusion
cohérente lorsque la densité des décrochements augmente, jusqu’à atteindre finalement une marche continue. Pour
une distribution de marches parallèles, le calcul de la mobilité d’interface soulève des difficultés nouvelles. Nous
avançons des arguments qualitatifs qui soulignent les points physiques essentiels : le problème reste néanmoins
largement ouvert.

Abstract. - At a moving liquid-solid interface, heat and mass transports are closely coupled. We show that the
overall interface mobility involves a combination of three surface Onsager coefficients with bulk thermal impedances
that describe evacuation of heat in the bulk. At low temperature, only phonons survive in the two phases : we
propose a dissipative mechanism based on Compton scattering of phonons by kinks and steps. The resulting mobility
is ~ T-4 for a simple kink, ~ T-3 for a single step. We emphasize the role of coherent scattering in going from one
kink to a finite kink density and ultimately to a continuous step. For an array of steps, new complications occur in
calculating the interface mobility : we propose qualitative arguments that stress the important physical features,
leaving however the problem largely open.
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1. Introduction.

Let J be the growth rate of a planar liquid-solid
interface, defined as the mass current per unit area

flowing from the liquid to the solid. J is driven by the
chemical potential difference Au = /i, - JLs. In a

linear regime, J = k dJL, where k is the growth con-
stant.

Actually, such a definition is oversimplified, as

melting automatically releases heat. The mass flow J
cannot be separated from the energy flow JE through
the interface : J and JE are coupled via usual Onsager
relations [1]. The latter are obtained from the irrevers-
ible entropy production

(*) Present address : The Research Institute for Iron Steel
and Other Metals, Tohoku University, 2-1-1. Katahira,
Sendai 980, Japan.

which in the linear regime reduces to

In (1), JE = JE - ILJ = JQ + TSJ is the heat current

through the interface, containing a conduction term
JQ and a convection term TSJ. The linear flow equa-
tions

obey the familiar Onsager reciprocity condition. It is
convenient to rewrite (2) in the equivalent form
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which corresponds to an irreversible entropy production

(the second law is obeyed as long as R and k are
positive).

Dissipation at the interface is thus characterized by
three parameters : k is the isothermal growth constant,
defined earlier. R is the usual Kapitza thermal boundary
resistance. The cross term A, analogous to a ther-

mopower, states how the latent heat release,
JT(SI - S,), is shared between the two phases. More
explicitly, in the isothermal case, AT = 0, the conduc-
tion heat currents on both sides are

The difference (Jo1 - Yos) is indeed JL, as required by
heat conservation : A fixes JQI and JQS separately.
The basic equations (3) only hold in an hydrodynamic

regime, in which local A and T are unambiguously
defined. Usually, the conduction current JQ implies a
gradient of T in the bulk phases : AT then represents
the discontinuity in the extrapolated bulk profiles ; it
arises partly from a genuine discontinuity at the inter-
face, partly from bulk thermalization of excitations
reflected or transmitted at the interface. More pre-
cisely, the distribution is not in equilibrium within a
mean free path 1 from the interface : strictly speaking,
T and A are not defined. We may nevertheless use an
approximate description in terms of profiles T(x),
JL (x), as shown in figure 1. The transition region, of
width - l, ensures thermalization of phonons reflected
on or transmitted through the surface. The extrapolated
AT is larger than the actual åTs at the surface. While
A Tg corresponds to genuine surface dissipation (in
which the entropy goes into surface degrees of

freedom), (AT - OTS) is a bulk dissipation, in which
the entropy is produced by phonon thermalization.

In many cases, AA is monitored by a pressure
fluctuation at the interface 8p, measured from the

Fig. 1. -The actual temperature profile T(x) near the

interface (within the approximation of a local profile
T(x), - (x)). °

equilibrium pressure of a flat interface. According to
the Gibbs-Duhem relationship

(p,, p j are specific masses). It would be convenient to
write J as

where keff is an effective growth rate, corrected by
thermal effects. In order to do that, we must know
5 T, and 5 T,, which depend on how heat is evacuated in
both phases. In a linear regime, one may write

where Z, and Z, are thermal bulk impedances. These
impedances may be diffusive (when the thermal conduc-
tivity is finite), or propagative (in a second sound
regime). They depend on the frequency w and on the
geometry, with a real and an imaginary part: Z, and
Z, contain all physical information on bulk properties
(in the hydrodynamic regime). Using (3) and (5), it is

easily verified that

The measured keff is thus a complicated combination of
all coefficients : in order to achieve a detailed under-

standing of k, a joint measurement of R, Al and k

appears absolutely essential. Note that (6) has a simple
circuit interpretation ; the genuine growth resistance
k- 1 and the thermal correction are in series. The latter
originates from heat releases (TSj-A)J and

(TS, - A ) J on each side, flowing through thermal
impedances as shown in figure 2. As a by-product one
obtains temperature modulations on both sides of the
interface

Fig. 2. - The thermal circuitry at the interface ; Heat is

injected on both sides of the interface, the Kapitza resistance
acting as a short circuit.
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In usual cases, 7?  ZI, Zs : the temperature is continu-
ous at the interface ; if moreover 1/k is negligible, the
interface is in equilibrium and the growth rate keff its
determined only by heat diffusion in the bulk. 4 He is
special in that Z, and Zs may be very small (in the
second sound regime) ; as R tends to grow when
T --+ 0, it does overcome and Zs - hence a totally
different physics [2].
The preceding discussion was only concerned with

the hydrodynamic regime, when the characteristic

frequency w and wave vector q of the phenomenon
under study are such that w T  1, ql  1 (T is the
phonon collision time). In a second sound situation,
one must distinguish between normal and Umklapp
collision times, T and TU. When W TU --c 1, ordinary
thermal conduction prevails. In the intermediate range
rjj 1  w  TN 1, a two fluid description is needed,
implying an additional thermodynamic variable vn (the
entropy velocity) : thermal impedances are modified
accordingly. In the extreme case W T &#x3E;&#x3E; 1 (or ql &#x3E; 1),
one enters the ballistic regime : a detailed kinetic
formulation is then unavoidable, involving among other
parameters the reflection and transmission probabilities
of phonons at a mobile interface.

Existing theories of the dissipative coefficients R, k,
k are very few. The basic paper of Andreev and
Knizhnik [3] (A. K. ) is concerned with the extreme case
of a purely non dissipative interface : k-1 is assumed
from the outset to be identically zero. Moreover, it is
assumed that phonons are totally reflected at the
interface. Thus JE = 0, which implies in turn A = 0,
R = oo. The latter assumption is indeed justified in
4He at low temperatures (T.-5 0.5 K ) : the a.c. melting
under the incoming phonon pressure screens the trans-
mission, the interface being a node in pressure - hence
total reflection. At higher temperature, it is doubtful.
Taking that model as granted, the effective growth
coefficient in the hydrodynamic regime reduces to

Dissipation only occurs in the bulk, all physical informa-
tion being contained in Z, and Zi.
As an example, consider acoustic transmission under

normal incidence, in a second sound regime. Heat is
evacuated as a propagating second sound plane wave,
radiating away from the interface on either side.

Z, and Zs are then real wave impedances

(Cp is the specific heat per unit mass, en the second
sound velocity). Such a regime does not really apply in
4He as the liquid enters the ballistic regime before the
solid displays second sound. Still, at low temperatures,
Zs dominates and the estimate is good. Equation (8)
then predicts ke-ffl - T4 ; the exact value is in fair

agreement with experimental data [4] (derived from the
transmission probability) ; this suggests that k-1 1 is
indeed negligible for a rough interface (the reverse
would hold for a facet). Note that in d.c. growth Z
would be zero : as pointed by A.K., there is no

dissipation if the normal velocity v. is equal to the
interface velocity v on both sides (heat and the interface
move together). At higher temperature (&#x3E; 1 K),
Z, becomes diffusive, while Z, is dominated by rotons :
(8) seems somewhat lower than the measured value
- but the other parameters Rand A are quite uncer-
tain, and it is difficult to conclude on the relevance of
the bare growth rate k-1 without a detailed measure-
ment of all coefficients.
The paper of A.K. was specifically concerned with

damping of a capillary wave (a.c. freezing and mel-
ting) : the geometry is then different. In a second sound
regime, the heat wave is evanescent instead of prop-

agating. In the typical situation w -- cl, q, the thermal
impedance is purely reactive

Inserting the resulting keff (8) into the capillary disper-
sion law

we find that thermal effects modify the frequency of the
wave, given by

(9) is equivalent to A.K. equation (35). Damping
occurs in higher order, through the effect of phonon
viscosity on Z, and Zs: it is discussed extensively in
A.K. within a two fluid model. At low enough fre-
quency, thermal conduction in the solid phase will

inevitably take over. The impedance Z, then becomes
diffusive :

(K, is the thermal conductivity). Capillary waves are
overdamped below a minimum frequency

All that analysis is based on the A.K. hypothesis
R = k = 00 , À = 0. It is clear that additional damping
will occur as a result of the genuine surface resistance
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k-1, as well as from the Kapitza resistance R which
short circuits the reactive impedances Z, and Z,. These
latter mechanisms are certainly important at higher
temperatures. Calculations are straightforward but not
very enlightening as long as we are lacking experimental
data.
An independent calculation for capillary waves was

carried out by Bowley and Edwards [5] (B.E.) mostly
in the ballistic regime. They attempted to calculate the
three coefficients R, k, k through a detailed kinetic
analysis of phonon transmission and reflection at the
interface. The transmission probability is an input of
the model. Genuine interface dissipation, measured by
k- 1, is once again neglected. The (B.E.) result is in fair
agreement with measured values of A. Their calculation
is an improvement over A. K., as it does take account of
heat transmission - still it does not answer the import-
ant issue of surface dissipation : is k-1 relevant or not ?
The above theories call for a few general comments :

(i) Dissipation is assumed to occur entirely in the
bulk, either from viscosity or from thermalization of
ballistic phonons. The crystallographic orientation of
the surface never appears : the effective growth rate
keff should thus be isotropic (in the B.E. model,
anisotropy can enter through the transmission prob-
abilities).

(ii) If dissipation is due to Z, and Zs, it should

depend on the experimental set up. For instance,
keff should be different for acoustic transmission and for
capillary waves (the wave impedance contributes to

damping in the former case, not in the latter). This
seems to be disproved by experiment : the two methods
give the same values of keff, which behaves as a function
of temperature as

(It is customary to assign the three terms respectively to
scattering by defects, phonons and rotons.) The fact
that keff is the same in two radically different geometries
suggests that the bare k might finally be dominant.

(iii) At higher temperatures, a self consistency prob-
lem arises : keff depends on phonon transmission

through R and A - but phonon transmission in turn
depends on keff . If we consider only single phonon
processes, the problem is somewhat artificial : a thermal
phonon reaches the interface alone, and the interface
responds as if the temperature were zero - in which
case k;ff1 = k- 1 = 0. From the resulting microscopic
transmission, one builds up macroscopic thermal coeffi-
cients Rand À : the two steps are at a different level and
self consistency does not arise. If however the tempera-
ture rises, multiphonon processes become possible
(transmission is modified by thermal agitation near the
interface). Then the evaluation of k, Rand Al requires
an intricate coupled calculation.

(iv) In any event, the whole picture breaks down for
facet growth. Then k is very small, and thermal

corrections are negligible. The facet grows either by
homogeneous two dimensional nucleation (near TR),
or by defect assisted mechanisms (Frank-Read sources,
... ). The question then arises : what happens for a
vicinal surface, whose orientation is tilted by a small
angle (J compared to the facet ? How does the growth
coefficient interpolate between the large value pre-
dicted by bulk theories, and the practically zero value
expected for a facet ? The present paper is devoted to
that very question.
A vicinal surface may be viewed as an array of steps,

as shown in figure 3. The step density n (per unit length
along the surface) is related to 0:

Fig. 3. - The geometry of a vicinal surface.

(where a is the lattice spacing). We consider a planar
interface (1), at a pressure which departs from the
equilibrium pressure by a small amount 6p. If 6p :&#x3E; 0,
the solid tends to grow : each step is subject to a
pressure force (per unit length)

That force F s tends to pull the step along the crystal
planes. In a linear approximation, it is natural to write
the step velocity v, (along the crystal planes) as

where q, is a step mobility. The interface normal

velocity is then v, = v, sin 0, and the mass flow through
the surface is J = Ps vl. The growth coefficient k is thus
related to qs according to

Such a step model thus predicts an highly anisotropic
mobility, which goes smoothly to zero as 0 approaches
0 (the facet orientation). This angular signature is

strikingly different from the isotropic k expected from

(1) For a curved interface, the step density n varies, and the
steps are usually bent. F then acquires additional terms, due
to step interaction on the one hand, to line tension on the
other - indeed, the surface equilibrium shape may be viewed
as an equilibrium of steps, such that the total force F vanishes.
That view is developed elsewhere [6] : here we consider only
the simple case in which F is a mere pressure force.
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bulk mechanisms. The difference should be readily
observable experimentally, by studying steady growth
(or melting) shapes, as discussed briefly in appendix A.

In order to proceed further, we must (i) calculate
ns, (ii) understand the transition from (12) to the bulk
result discussed earlier. It is clear that the step model
will break down if the steps overlap so much that they
cannot be identified individually. The width of a step is
§, the coherence length of the roughening transition.
The conceot of a step mobility q, is thus valid only if

Since f diverges rapidly near TR, such a condition is
extremely restrictive close to the transition. If (13) is

violated, steps become a fluctuating « stack of nood-
les », and the growth rate is that of a rough interface
(T::. TR ) - which is largely not understood [7].
Equation (13) is clearly a necessary condition for (12)

to hold - it is not sufficient. In deriving vs, we

implicitly assumed that each step behaved on its own,
responding to F, with its own mobility. That is only true
if the scattering processes which control q, act on a
single step - i.e. if they are localized in a region small
compared to n-l. If we disregard surface defects,
scattering should be mostly due to thermal phonons,
which behave as wave packets of a size A - he (c is thep T(
sound velocity). The result (12) therefore also assumes
nA « 1- a condition which becomes stringent at low
temperatures. At a fixed angle 0, the temperature
range of validity is limited on both sides - close to

TR because C grows, near T = 0 because A grows.
A similar analysis may be carried out for the step

mobility q, itself. Let o be the angle between a straight
step and the crystal rows : the step has an average
density of kinks p (per unit length along the step) such
that

(b is the lattice spacing in the plane, i.e. the distance
between crystal rows). A kink is subject to a force

It moves at a velocity vk = 11k Fk, where 11k is the kink
mobility. Hence a step velocity Vs = Vk sin cp : the step
mobility 11 s is related to 11 k according to

(The resulting anisotropy in TJ s will be manifested in the
steady growth shape of a terrace expanding on a flat
facet - by an argument closely related to that of

Appendix A.) Once again, the validity of (15) is
sandwiched between two conflicting requirements. If T
is too small, kinks scatter phonons coherently, and the
concept of an individual TJ k makes no sense ; if T is too

large, there are many thermal kink-antikink pairs : the

kinks overlap - in fact they disappear completely and
the step behaves as if it were smooth (no periodicity
parallel to the crystal plane).
Whether applied to steps or to kinks, the above

model, based on the mobility of surface structures, is

radically different from the bulk mechanisms developed
earlier. Here, the dissipative production of entropy
goes in the surface, in the structural disorder of steps
and kinks : we do have a genuine surface friction

mechanism, in contrast to A. K. and B.E. Details of the
surface structure (such as 0 and cp), do enter in k.
Our program is thus clearly set: we must develop a

model for Tlk and q, S - and then understand the

coherence effects that will govern the transition from
surface to bulk dissipation. In section 2, we consider
first the simplest case : the mobility of a single kink.
Academic as it is, this problem displays the main
physical effects: at low temperature, kink-phonon
scattering is similar to Compton scattering of photons
by a single electron. The resulting mobility is such that
71k ’- 74 (the temperature dependence is the same as
for the bulk mechanism). The mobility of a step is

analysed in section 3 ; when pA « 1 (small angles o),
the kinks scatter phonons incoherently, and (15) holds
(hence lqs 1- 74). If however pA -&#x3E; 1, phonon scat-
tering becomes coherent : the cross section is multiplied
by pk , and the step mobilityq s 1 - T3. The latter result
is confirmed by a direct calculation in which the step is
treated as a continuous entity (without kink structure).
Such a V law, characteristic of a single step, should be
observable in the growth rate of Frank-Read sources.
Finally section 4 is concerned with the actual physical
problem : the growth rate of the interface itself. When
nA « 1, steps scatter phonons incoherently, and (12)
holds. In the opposite case nA &#x3E;&#x3E; 1, steps scatter

coherently - but this is nothing but specular reflection
and transmission of phonons : we recover the bulk
mechanism described earlier. We give a brief qualitative
discussion of the transition between the two re-

gimes - a more realistic analysis would imply a de-
tailed solution of the kinetic equation for phonons.
The whole paper is concerned only with phonon

scattering. At higher temperatures, rotons become the
dominant scatterers : the corresponding cross section is
however atomic in size, and ordinary collision theory is
sufficient : the problem of coherence no longer arises.

2. Mobility of a single kink.

We consider a single kink on a step, as shown in

figure 4. The kink is subject to an overpressure force
Fk given by (14) : we want to identify the factors that
limit the response to Fk.

First of all, due to the periodicity along the step
(lattice spacing d), the kink is subject to a periodic
potential. In a classical model at T = 0, it would move
only beyond a threshold Fk, such that the total potential
has no maxima. Below that threshold, motion should
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Fig. 4. - Geometry of a kink. The lattice spacing along the
step is d.

occur via thermal hopping. Such incoherent hopping
cannot explain the high mobilities observed experimen-
tally. Let us assume that the kink jumps a distance
- d every time T : even taking for T an atomic value,
the resulting diffusion coefficient D = d2/T would
yield a mobility llk (via Einstein’s relation llk =

D/7) far below the observed value. We are thus forced
to the conclusion that the kink is a free « particle » with
a long mean free path. Such a picture is in fact quite
reasonable. If the kink width C is large, the periodic
potential is very weak, and it remains negligible at low
temperatures. Moreover, in a quantum system such as
4He, the kink may move by tunnelling, as pointed out
by Andreev and Parshin [8] : it then displays a band of
Bloch states, within which it moves freely. In what
follows, we adopt this point of view, and we consider
the kink as a mobile atomic excitation.

In order to describe its response, it is convenient to

provide the kink with a mass mk. Intrinsically, the latter
is due to the inertia of atoms that rearrange in order to
build up the solid out of the liquid. Part of this

rearrangement is due to the crystal periodicity (atoms
move in order to become localized) ; in addition, there
is a contribution due to the different densities ps and
p in the two phases. As pointed out by Kosevich et al.
in the similar problem of step motion [9], a steady mass
inflow j is needed in order to keep the kink moving at
velocity vk. Mass conservation implies

This mass input is brought in from the liquid half space.
In a steady state the corresponding flow pattern in the
liquid is spherical, with a radial velocity field

(r is the distance to the kink) The corresponding
kinetic energy

provides a « bulk » contribution to the kink mass

mk. The integral in (16) must be cut off at a radius r of
order " the width of the kink (since the latter is not

accurately defined, (16)’ is only an estimate). We thus
find

in which we have set e = Ps - Pi , of order 0.1 for
Pi

4He. If we assume a - b - C, we see that mb)-
ME 2 

where m = a3 is the mass of a bar 4 
e t m., where m p is the mass of a e H atom.

This model for mk is an adaptation of the one proposed
for steps by Kosevich et al. : it should be realized,
however, that m k (b) is only one contribution to mk. It

may well be that the local « lateral » rearrangement
dominates the inertia (it obviously does in the hypothet-
ical case e=0). Moreover, if the periodic potential
along the step is strong enough, the tunnelling band
width is small and mk is accordingly increased. Conse-
quently, we shall consider mk as an independent kink
parameter (which however will disappear from the final
result if mk is dominated by m k (b ).
Our final picture is thus a kink of mass mk, whose

response to the force Fk is limited by scattering upon
defects and thermal excitations. At higher temperatur-
es, roton scattering dominates. Friction is proportional
to the roton density nR hence the exponential T-

dependence observed experimentally. A detailed dis-
cussion would require a knowledge of the kink-roton
cross section URI which is far from obvious [10]. Thus,
we shall limit our discussion to the low temperature
case (T ,- 0.6 K), when phonon scattering dominates.
Consider a thermal phonon wave packet sweeping by
the impurity : it produces a fluctuating pressure field
Bp(t). Strictly speaking, 8 p (t ) is the pressure at the

interface, taking account of the acoustic mismatch
between the two phases in the absence of melting
(melting precisely results from kink motion, which is
not yet included in the « primary » incident phonon).
For instance, if the solid were infinitely rigid (no
displacement), 8p would be twice the amplitude of the
incident phonon impinging the surface from the liquid
side. Since we are interested only in estimates, we may
ignore such subtleties. Sp (t) is roughly the bulk

fluctuation, characterized by its amplitude and its

correlation time T C. In a unit volume, the mean acoustic
energy is Sp 2/p c2, while the number of thermally
excited modes is a - 3 (T I 80 )3. Consequently

p in turn produces a random force on the kink, given by
(14) :
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(from now on, we set b = a). Note that the kink
responds to the pressure, and not to the pressure
gradient as an ordinary Brownian particle would.

Finally, we are left with a standard Brownian motion
problem, described by a Langevin equation

The mobility llk = T R/Mk (describing the response to
the d.c. force F k) should result from a fluctuation

dissipation theorem.
If the spectrum of R were white, the calculation

would be straightforward : the power spectrum

would be related to TR by the usual fluctuation

dissipation argument :

Since v2 = 2 T/mk, we obtain the familiar result

Note that mk does not enter. Replacing 8 p by its

expression yields

(it is easily verified that Tc/TR-TI6D1, which
seems to substantiate the white noise hypothesis).
Equation (20) would thus predict a friction proportional
to T2.

Unfortunately, this naive result is wrong, the reason
being that G is zero : the random force R (t) has no
weight at zero frequency (the phonon density of states
vanishes as m - 0). As it stands, the Langevin equation
(19) cannot produce d.c. damping. The physical reason
is obvious : the kink-phonon coupling in (19) is linear in
8p and thus it describes only phonon absorption or
emission. For a slow, « subsonic » kink, such first order
real processes are impossible : in that order, the kink
does not thermalize, and thus the d.c. friction is zero. A
similar situation occurs for a single electron coupled to
a black body photon field : real absorption or emission
processes are here again forbidden : they do not

contribute to thermalization of the electron with the
black body bath. The latter occurs through photon
scattering, via the usual Compton mechanism. In our
problem as well, ’T1k will be controlled by phonon
scattering on the kink, which is not contained in (19).
What we need is a model of kink-phonon « Compton
scattering ».

Consider first the scattering of a plane wave phonon
(incoming wave vector q), on a kink at rest. If the kink
did not respond, it would scatter the phonon only
through local variations of the acoustic impedance : the
resulting « Rayleigh » cross section is of order Cd 4
(compare with electromagnetism !) - it is negligible at
low temperature. Fortunately, the kink responds :
under the a.c. force Rk, it oscillates with an amplitude

Using the estimate (18) for 6p, and noting that

we find that the thermal fluctuation of

If we further assume that mk is close to its « bulk »

lower bound m k (b) (given by (17)), we have

In a quantum crystal like 4He, OD -PC 2a 3: the kink
displacement due to a phonon wave packet is tempera-
ture independent - typically 10 lattice spacings. The

corresponding velocity, - c T remains small at lowho g 
£ e D

temperature.
The scattering mechanism is now clear: the kink

oscillation creates an a.c. velocity in the liquid, such as
to guarantee mass conservation. Let v(r) be the

velocity of that flow in the frame of the solid ; at a
distance r large compared to the kink amplitude, yet
much smaller than the phonon wavelength q
cl,w, the flow pattern is radial

In order to drive that a.c. flow, an extra scattering
pressure Sp’ is required. Such an a.c. localized

pressure modulation is the source of an outgoing
scattered wave, through a mechanism very similar to
Compton scattering.

In real life, the scattered wave is emitted both in the
liquid and in the solid: a quantitative treatment

requires a detailed analysis of the acoustic boundary
conditions. Since our discussion is mostly qualitative,
we consider here a very crude approximation, in which
the solid does not respond : the kink radiates an s-wave
in the liquid half space only (such a model is obviously
oversimplified - but it preserves the basic physics). In
such a case, v (r) is just the liquid velocity vl, which

obeys the equation of motion
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At short distance the scattered pressure field is thus

At large distance, qr &#x3E; 1, 8psc turns into the usual
propagating s-wave, - e iqr Ir. The velocity changes
accordingly to a 1 /r behaviour

It is convenient to write 8psc in terms of the incident
pressure 8p as

where f is a scattering length. Using the expressions of
Vk and Rk, it is easily found that

If mk is replaced by its bulk value mk , (22) takes the
very simple form

f is an atomic length, which does not depend on the
density difference E. It should be emphasized that (23)
is only an estimate (the cut off in calculating mk remains
vague). In any event, (23) is an upper bound for f,
corresponding to the smallest possible Mk-

Equation (23) is remarkably simple - in fact, it can
be derived directly, by-passing the introduction of a
kink mass mk. If the kink has no intrinsic inertia (except
the one due to bulk inflow), it responds instantaneously
to the total pressure (8p + 8pSC). The scattered wave
must be such that this total pressure be zero at the kink,
i.e. when r - a (in this language, the approximate
nature of our results is clear). The result (23) follows
immediately. The argument may be extended to the
more general case where mk has an intrinsic part
mk‘ : then 8psc may be viewed either as the response to
the incident 8p limited by the total mass (Mk(b) +
Mk(i), or as the response to the total pressure (8p +
Sp’) limited by the intrinsic mass mk(’) only. When
mk’ = 0, (Sp + Sp’) must vanish at the kink. The

introduction of mkb is only a convenience, in which
8psc is treated as an inertial force.
The acoustic power radiated in the scattered wave is

where 0 = 5p2lpc would be the incident energy flux
in the bulk. (At the interface, the actual energy flux is
modified by reflexion: in our model of a rigid solid,
energy flows only parallel to the interface). o, =
2 .7r f2 may be viewed as the scattering cross section of

the kink : as in Compton scattering, it is an atomic,
frequency independent quantity. This definition of a is
only qualitative : refining it makes no sense to the
extent that we are neglecting phonon emission in the
solid. We shall consider (24) as an order of magnitude
estimate, the essential point being that o, is frequency
independent.
We are now equipped to estimate the mobility

’qk: the corresponding friction arises from momentum
transfer to the scattered phonon along the direction of
the step (chosen as the x-axis). The incident phonon
has a well defined wave vector qx (conserved upon
specular reflection). If an energy flux cp sc is scattered
from direction q to q’, a momentum transfer results,
equal to

The kink thus experiences a force due to phonon
scattering

where a, a’ are the angles of q, q’ with the step, the
brackets denoting an angular average over initial and
final states. When both the kink and the phonons are at
rest, (25) vanishes by symmetry : friction only arises
from the relative motion of the kinks and the phonons.
The actual problem is that of a moving kink (velocity

vk,,), interacting with phonons in thermal equilibrium,
with a distribution

In that case, Compton scattering becomes asymmetric
- moreover the scattered phonon undergoes a Doppler
shift, which reacts on the momentum balance equation.
A detailed calculation of Fx is certainly possible: for
instance, the scattered wave is obtained by adding the
retarded wavelets emitted at every point of the kink
trajectory :

The calculation remains however elaborate, or depend-
ing on angles. It is much simpler to note that friction
depends on the relative velocity of kink and phonons.
Rather than scattering phonons at rest from a kink with
velocity vko, we may leave the kink fixed and consider

phonons with a velocity - Vko ) characterized by a
distribution

In first order, the force Fx should be the same : such a
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trick, used by Baym et al. [11] in another context,

simplifies the calculation considerably. The kink being
at rest, a is a constant, independent of q and angles :
the average in (25) thus involves only cos a. In first
order, nq varies by

Since the incident energy flux is proportional to

L qnq, an integration by part over q yields the corre-
q

sponding first order correction

The net friction force, after angular averaging, is finally

Equation (26) provides the kink mobility TJk.
The exact value of 0 depends on the details of

specular reflection at the interface. Qualitatively, we
except

(the classical energy per unit volume, Tla , is reduced
by the Debye factor (TI6D)3). It follows that

(exact numerical factors are mostly meaningless in view
of our many approximations). We see that kink friction
goes at P, exactly as the bulk mobility of the interface
(2). In the extreme limit mk == Mk(b), f is equal to

(- a ), and ’qk does not depend on the density ratio E.

3. Mobility of a step.

At any finite temperature, a step has kinks of both
signs, with densities p, and p- (they may even exist at
T = 0 because of quantum fluctuations). The azimuthal
angle 0 is related to the kink « charge » :

(2) One may wonder whether the coupling to surface pho-
nons (Rayleigh modes) would yield a lower power of T in
71 since the density of these modes varies as w instead of
Cù 2 at low frequency. Actually, this is not so : a Rayleigh mode
with wave vector q is an evanescent wave, which penetrates
over a length q - in the bulk. As a result, the corresponding
pressure field at the surface is such that 6 p2 . q- 1 - T : one
looses on the amplitude what one gains on the density of
states, and the incident flux remains - T4.

In contrast, the step motion, due to counter flow of
± kinks, involves the total number p = p, + p-
(compare with electrons and holes in a semiconductor).
p + and p_ obey a mass action law :

where c and’ are the energy and width of single kinks.
The concept of a kink holds only if pC - 1, i.e.
T E.
To the extent that kinks respond independently to

the incoming phonon field, the step mobility 17s is given
by (15): q s = pa217k’ Such a result, however, breaks
down if the kinks scatter the phonon coherently. The
basic physics is apparent in the following crude, over-
simplified argument. The phonon coherence extends
over a typical thermal wavelength, A - hrIT. If

/?A &#x3E; 1, all the kinks within a range Al scatter in phase,
and the resulting intensity of the scattered wave is

multiplied by pA. The friction is accordingly enhanced,
and 17 becomes

71 s becomes p-independent (what is lost in terms of
carrier density is retrieved because of weaker scat-

tering). Moreover, T?s is now - T -3 instead of

T- 4. This striking result should be readily observed
experimentally, since q, enters in the growth rate of
Frank Read sources. Indeed it has been argued [12]
that the low temperature growth of a-facets in 4He was
due to dislocation mediated growth : experiments point
towards a mobility 17 s which varies in between T- 2 and
T- 3 : the agreement is encouraging, and the experi-
ments should be refined.

Simple as it is, the above argument is partly wrong !
When calculating ’q k, we were concerned with the
transfer of momentum parallel to the step. But that
parallel component is conserved in coherent scattering :
hence no momentum transfer and no friction ! The

mobility q s can result only from coherent transfer of
momentum perpendicular to the step (which is not

conserved) - and of course from incoherent scattering
by individual kinks. A more elaborate analysis is
needed.
The simplest approach is to consider a continuous.

step with no kink structure (i.e. pC &#x3E; 1). The step
responds to an incoming phonon through the same
Compton mechanism as for a kink, and the analysis
follows the same path, for a line defect instead of a
point defect.
We first define the step mass per unit length,

ms, given by the Kosevich mechanism [9]. In order to
preserve mass conservation a step velocity v, implies a
cylindrical inflow in the liquid half space, with velocity
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The corresponding kinetic energy (per unit step length)
is

The logarithmic integral needs cut offs : at short

distances, the thickness § of the step, at large distances
the radial wavelength q.:ï: 1 of the scattered phonon
wave. We thus write the step mass ms as (3)

Within a log, ms is well defined.
An incoming phonon with wave vector q produces a

force on the step given by (11) : F, = ea 8p. Assume
for a moment that the step stiffness is negligible : its

response is controlled by inertia, resulting in a trans-
verse velocity and displacement

v, in turn implies an inflow of matter from the liquid
side, which at short distances (kr  1) is cylindrical :

The a.c. v (r) radiates a scattered phonon wave into the
liquid : we recover the same Compton mechanism as
for a kink. In practice, the component ql parallel to the
step is conserved (translational invariance), and the
scattered pressure field is

(where Ho is the usual Hankel function). q_L = q sin 0
depends on the incidence angle of the phonon. At large
distance (ql r &#x3E; 1 ), the scattered wave is distributed
on a cone with aperture 8, with an amplitude

(3) The upper cut off r... depends on the problem at hand.
For a steadily growing vicinal surface, r..,, is the distance
between steps, beyond which liquid flow is uniform : this is
Kosevich’s results [9]. For low frequency oscillations of a
single step, rmax is the wavelength ql along the step : this is best
seen by writing the liquid kinetic energy in terms of the step
normal displacement ys (x ) : .

At low frequency, the fluid is incompressible, and u(r) damps
out on a length ql 1 = q- 1: we recover (28).

(The amplitude decreases as 11B1-r, instead of 1 I r for a
kink). The scattered energy per unit step length is

(it is independent of 0). In terms of the incident flux
0 = 8 pZI pc, we may write 0 ’ = a 0, where is the
« Compton cross section » of the step (per unit length).
Using (29), we find

Using for ms the estimate (28), we see that

Within a logarithmic factor, a is of order A, the thermal
wavelength, instead of the atomic value a2 for a single
kink. Such a large enhancement of scattering arises
from the cylindrical geometry (slower decay of Ho) : it

corresponds to the coherence effect mentioned earlier.
The step response is controlled by inertia, which in

turn is due to fluid flow in the bulk. Just as we did for a

kink, we can by-pass the introduction of ms by request-
ing that the net pressure at the step level r = g (incident
+ scattered) be zero, such as to keep the step response
finite. The scattered amplitude is accordingly

from which c/J sc and the cross section (31) follow at
once.

When calculating v,, we assumed that inertia was the
dominant feature. Actually, for a finite qjthe step
wiggles, and its line tension f3 might well compete with
inertia. The corresponding restoring force is P qiYS7 to
be compared with the inertial force ms w 2 ys. The
relative importance of line stiffness is thus measured by
the dimensionless ratio

(where m = p a I is the atomic mass). Usually, this ratio
is ...: 1, and inertia dominates stiffness (a similar result
holds for interface response in 4He, as seen in Kapitza
thermal resistance [13]). Here we assume that step
stiffness is negligible - a question which must be
examined in each particular case.
We are now equipped to estimate fiction. Momen-

tum along the step is conserved upon scattering : it does
not contribute to friction, in contrast to the previous
case of kink scattering. The relevant momentum trans-
fer is that perpendicular to the step (in the interface
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plane) : friction is due to the step sideways velocity
vso with respect to the thermal phonon gas. We use the
same trick as for kinks : instead of considering a
moving step coupled to phonons at rest, we let the

phonons flow at velocity (- vso) past a fixed step. The
resulting friction force is again given by (26). If we

ignore the weak logarithmic dependence of the cross
section, the angular average is straightforward :

The step mobility is thus given by

Using our former estimate of 0, we see that

(note that qa - T/OD). As expected, -qs varies as

T- 3, , in agreement with our original simple minded
argument. (Strictly speaking, qs - T- 3(log T)2, due to
the logarithmic factor in (32)).

Equation (32) only holds for a continuous step,
whose underlying kink structure has been washed out
(p ;-&#x3E; 1), either because of a large azimuthal angle 0
or due to proliferation of kink-antikink thermal pairs.
If p’ - 1, a detailed analysis of kink - phonon scat-
tering is needed - which ultimately must interpolate
with the vicinal limit q, = pa 2’qk, valid if /?A  1. In
such a regime, we meet two complications :

i) The step mass tends to increase. When p 1, the
bulk kinetic energy is dominated by the vicinity of
individual kinks, and we may write

The step mass per unit length is thus m., = MkIpa 2. If p
decreases (for instance for small 0), ms goes up, which
means reduced phonon scattering and an enhanced
mobility q, _ llp2. Comparing our former results (17)
and (28), we see that the continuous limit for ms is
reached when p’ - 1, as expected. Note that q,(P)
should go through a maximum between the vicinal

regime ’q, = ’q k pa2 and the nearly continuous limit

71 - 1lpz,
ii) Phonon scattering by the step results from inter-

ference of wavelets emitted by each individual kink.
The theory must include both coherent scattering
(resulting in momentum transfer perpendicular to the
step) and incoherent scattering by individual kinks,
characterized by the appropriate f.orm factor.

Let ri be the position of the i-th kink along the step
(oriented on the average along the x-axis). Kinks of

either sign have the same scattering length f (± kinks
oscillate in opposite directions under an applied
8p). The scattered amplitude 8psc at a remote point r is
thus

where q and q’ are the incident and scattered phonon
wave vectors (multiple scattering is negligible as long as
pf ...c 1). The intensity scattered into solid angle
df2’ is thus

(for a unit length of step). Q = q - q’ is the momentum
transfer, S (Q.,) is the usual static form factor.
The distance between kinks is d = p-1. If Qx &#x3E; p,

scattering is incoherent and S(Qx) = 1 : each kink

responds on its own, and we recover the vicinal limit
,q, = pa2 ’q k- More generally, we may write

Equation (33) clearly displays the coherent (qx conser-
ving) and incoherent scattering. If the kinks are non

interacting, Sine = 1 for all Q. (Actually, the kinks
interact : Sine(Qx) reflects their short range order). The
total scattering cross section for a unit length of step is
obtained by averaging over the direction of q’. Noting
that (8 (Qx) = 1/2 q, we find

Equation (34) should be compared to the result (31) for
a continuous step. Disregarding the slowly varying
logarithmic factor, we see that the two results are

equivalent if fp - 1. Since the scattering length f is
basically the width £ of a kink (lower cut off in the r
integration), we reach the expected conclusion : the

step is continuous when the kinks overlap.
In calculating the friction force, we restrict ourselves

to the situation of figure 3, in which all kinks have the
same sign : on the average, they all move at the same
velocity Vk along the crystal planes, so that we can use
the trick of letting the phonons move past a fixed array
of kinks (the component of Vk perpendicular to the step
is just the step velocity vs). The same arguments that
led to (26) provide the net momentum transfer:

(we recognise the first order correction to the incident
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energy flux 0, and the angular average over the final
q’). Integrating by parts over the modulus q, we obtain

where the brackets denote a double angular average,
over q and q’. Friction is controlled by the component
of F parallel to the sliding velocity Vk of kinks - put
another way, the energy dissipation due to phonons
may be written as

where 11 s is the net step mobility. Assuming for

simplicity that Sine = 1 (non interacting kinks), we thus
find

Noting that vs = Vk sin 4, = pavk, we finally obtain

Equation (36) displays all the expected qualitative
features :

i) When p -+ 0, we recover the vicinal limit qs =
paz 71k’ Incoherent scattering dominates, entropy being
channelled into the kink structure along the step (more
generally, the corresponding term should be multiplied
by the angular average ( Sine) ).

ii) For larger p, coherent scattering dominates, yield-
ing a P dependence of 71;- 1 instead of 74. But

1/71 s -- pZ, reflecting the increase of the step mass

(4), .
The crossover between the two regimes occurs when

I I I,,

When 3:1, the kinks are

washed out and (36) goes into (32) (Note the difference
with our original crude coherence argument, which
would predict TIs 2013 ’Q k a 2/ A when p A -.-&#x3E; 1).
The result (36) was obtained for a « vicinal step »,

containing kinks of a single type. Very likely, it remains
valid in the more general case, since it interpolates
between two known limits (a more elaborate analysis of
the friction force would then be needed).
The step mobility qs thus depends only on two

parameters : the reduced temperature t = T 190 and

(4) For simplicity, we disregarded the logarithmic factor in
ms. Actually, that factor is also present in a « kink picture ». It
arises from cross terms in the bulk liquid kinetic energy,
which result in an inertial coupling between kinks. An

individual mk does contain a logarithmic correction, which
ultimately gives the log in ms.

the kink reduced density pa = V k (whatever their

origin). A crude interpolation is

in which sets the scale of

the mobility. The corresponding behaviour as a function
of vk is sketched in figure 5. The kink structure is
irrelevant if p’ :&#x3E; 1, in which case 11 saturates to the
« continuous » limit (32). At lower Vk, q, goes through
a maximum when Vk - t1/3, 11s/11o - t-11/3. Such a
maximum is observable only if the number of minority
kinks is small enough : if po  az 1, the step is continu-
ous for any orientation. In 4He, the latter situation
probably holds (quantum kinks probably exist even at
T = 0) : the step is then a continuous entity, and the
mobility 11 s is isotropic of order t - 3: this speculation
can only be borne out by experiment (any anisotropy of
mobility should show up in the shape of growing
facets).

Fig. 5. - A sketch of the step mobility as a function of the
kink reduced density vk = pa.

The above analysis of q s was based on a fundamental
assumption : the free interface (in the absence of a
pinning periodic potential) is infinitely mobile : the step
responds freely to the local acoustic pressure - and
indeed the cross section was obtained by requiring that
the total 8p (incident + scattered) be zero on the step
itself. One could also imagine an alternate situation, in
which the free interface would have a finite local

mobility:

(with our original notations, qlo = ko/ p;). By
« local », we mean a range in (37) smaller than the
width 6 of the step (,q 10 might be controlled for instance
by roton scattering). In such a case, 17 10 limits the

mobility of the step, irrespective of any additional

phonon scattering. It was shown elsewhere [7] that the
resulting .,q s is
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(the factor ) enters because F; is active in a region of
width §) . In the vicinal limits, n6 e. 1, the final interface
mobility is

7g j I returns to q 1, when the steps overlap, n  - 1, as
expected. In this new picture, q 1. is the primary
dissipative coefficient, from which 11s is deduced - in
contrast to the attitude adopted in this section, in which
,q, was calculated directly (without any « intrinsic »

interface dissipation).
We thus have two conflicting pictures of 11 s: the

choice depends on a comparison of relevant lengths.
The mechanism (38) is effective when the scattering
length is smaller than 6: it will dominate at high
temperatures when roton scattering provides the main
source of dissipation. At low T, only long wavelength
phonons remain : the correct picture is that developed
in this section (anyhow, the bulk interface mobility
,q 10 is 2013 T- 4 the contribution (38) would always be

negligible compared to the « Compton mobility »
,q, - T - 3). The physics of q, thus changes drastically as
T increases.

4. Mobility of the interface.

We consider a vicinal surface with n steps per unit
length, each with width ) (n6  1). How does one go
from the step mobility 11s = vs/Fs to the interface

mobility 7q j = vj /Fj ?
The answer is relatively clear when nA « 1, where A

is the wavelength of thermal phonons. Each step
scatters phonons incoherently. The corresponding cross
section is a strip of width A (see Sect. 3) : the percentage
of phonons scattered by the moving steps is thus
« 1, which means that multiple scattering of an incident
phonon by several steps is negligible. Each step thus
behaves on its own, and qs is unaffected by neighbour-
ing steps : we recover the truly vicinal regime, in which
71, = na2 qs - nT- 3. (At the cross over nk - 1, q I -
T-

In the opposite limit AxA &#x3E; 1, a number of complica-
tions arise, which we do not really master. First of all,
multiple scattering is essential (crudely speaking the
incoherent cross section nÀ cannot exceed the area of
the interface : we hit the unitarity limit !) (5) Let

BPinc be the incident pressure, a Ho [q (r - ri ) the

amplitude scattered by each individual step. Step i
responds to the total pressure

(5) The same issue of multiple scattering also occurs for
kinks on a single step: it is important when the kink cross
sections overlap, i.e. if p &#x3E; 1. Indeed, it is just that effect
that provides the transition between a kink description (34)
and the continuous step model (31).

If q  n, we may replace the sum by an integral, so that

Assuming again that step inertia is a purely bulk effect,
the total pressure on the step must vanish :

Eliminating a, we see that (with q .-c n)

Multiple scattering reduces the amplitude of the scat-
tered wave, by a factor nA. The same result follows
from a macroscopic argument in which the discrete step
structure is accounted for by an interface mass mI (due
to the distortion of fluid flow near the step, according
to the Kosevich picture). Writing the extra kinetic

energy as

we see that mI = mslnaz. Using (28), we recover
Kosevich’s result (6)

Following Castaing and Puech [13], we assume that
mI controls the average acoustic pressure at the inter-
face :

With that boundary condition, a standard acoustic

matching yields

We recover (39) : due to multiple scattering, the actual
intensity scattered by an individual step is reduced by a
factor - (1/nA Y.
A second major difficulty arises from phonon drag by

the moving steps (by the moving interface if the step
structure is washed out, n6 &#x3E; 1) : dissipation is due to
the relative motion of steps and phonons. Such a drag is
countered by bulk thermalization, which however is
inefficient if phonon collisions conserve momentum :
this is just the case in the superfluid liquid, and also in
the solid below T20130.6K, when Umklapp processes
disappear. In the hydrodynamic regime, only viscosity

(6) Strictly speaking, the upper cut off should be the step
distance n instead of q-1, resulting in a factor log2013 . The

nj
origin of the discrepancy is unclear-but it does not matter
much in a log.
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of the phonon flow survives : phonon thermalization is
slow, and geometry dependent. (The only case in which
phonon drag is irrelevant is a capillary wave whose
wavelength is much smaller than the phonon mean free
path : in this « ballistic » regime, phonons impinging on
the surface are in thermal equilibrium). In any event,
phonon drag at the surface is nearly perfect if the bulk
phonon relaxation is too slow : the net dissipation is
then controlled by bulk processes. Depending on
temperature, many regimes are possible, which have
been analysed extensively by Andreev and Knizhnik
[3].

Finally, phonon scattering by steps acquires coher-
ence when nA a 1. For a uniform average distribution
of steps, fully coherent scattering conserves both com-
ponents of the phonon wave vector in the interface
plane : it is nothing but specular reflection. In itself,
such a reflection does not induce any dissipation :
entropy is only produced in the subsequent bulk
thermalization of Doppler shifted reflected phonons :
we recover in another guise the thermal corrections to
the interface mobility discussed in section 1. Clearly,
the present oversimplified model cannot account for
such effects : in order to specify the important par-
ameters Rand A, we need a detailed understanding of
phonon transmission and reflection at the interface,
which is lost when assuming no acoustic response in the
solid. Thus, we shall not discuss further this coherent
regime, which is treated, at least partially, in the papers
of Andreev and Knizhnik [3], and of Bowley and
Edwards [5].

In the ballistic limit, a simple qualitative argument,
first given by Andreev and Parshin [8], provides the
order of magnitude of the bulk 7qj : the momentum
reflected by the interface per unit time and area is

- Olc. The interface velocity VI creates an asymmetry
- vllc between reflections from the solid and liquid
sides - hence a net momentum transfer yielding the
mobility 7qj I

Thus 1/,q I should be of order V, which seems to be
confirmed by experiments on rough surfaces. It is then
interesting to understand the transition between (41)
(valid when steps are numerous) and the vicinal limit

(we discard the slowly varying logarithmic factor in
’RS). Qualitatively, this transition results from the build
up of coherent scattering as n increases. Let ri(x) be
the profile of the i-th step, characterized by its coordi-
nate

We may Fourier expand the fluctuation Syi a wave
vector qx describes wiggling of individual steps, while
qy corresponds to step compression. For simplicity, we
ignore wiggling - which was implicitly accounted for in
the incoherent part of qs (azimuthal fluctuations result
from accumulation of kinks). 8Yi is then constant and
the phonon scattering cross section for a momentum
transfer Q is (per unit interface area)

a,, is the single step scattering cross section (per unit
length), given in (31). S(Qy) is the step form factor
(7), defined as 

.

In close analogy with (33), we may write

The first term describes coherent scattering by the
steps : qy is conserved. If we ignore wiggling, qx is also
conserved and we recover specular reflection. More
generally, Si,,,, (Q) will arise from step flucmafons,
whatever their nature. The calculation of 7qj I then

parallels closely that carried out in section 3. Neglecting
phonon drag, we find in close analogy with (36)

(Sine) denotes the appropriate angular average of the
incoherent step form factor. The last factor of (44) has
been put by hand in order to account for the reduction
(39) in the incident phonon amplitude due to multiple
scattering (here also we ignore the log : the argument is
only qualitative). Equation (44) is the requested inter-
polation.
The behaviour of 7q j as a function of step density n

(i,e. of the vicinal angle 0) is sketched in figure 6. At
low angle, n  q (i.e. nA  1), (Sine) is equal to 1 and
the multiple scattering correction is negligible : (44)
reduces to the vicinal limit (42). Past the region
n - q, incoherent scattering remains dominant at first,
but 7qi I is enhanced, due both to the reduction in

Si,,r and to multiple scattering. At large enough n,
coherent scattering takes over, leading to

(’) If we were to include wiggling, we should revise the
definition of Us and the simple result (43) would not hold.
One may still define a generalized S(Q) but one must pay
attention to multiple scattering.
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Fig. 6. - A sketch of the interface mobility as a function of
step density n (in the absence of phonon drag).

We recover the bulk limit (41). (Note the crucial

importance of the multiple scattering reduction.) The
range of n at which the crossover occurs depends on the
behaviour of (Si.,) , which we did not specify (anyhow,
the « step regime » certainly disappears when n 6 ::. 1,
where ) is the step width: close to the roughening
transition, this occurs for very small n).
The above analysis is extremely crude : it aims only

at stressing the important physical features. In view of
the many complications that have been ignored, it

would be meaningless to go into a more elaborate
formulation : the only conclusion that we shall retain is
that 7q I goes smoothly from a « vicinal » limit 7q I - T- 3
when n is small to the bulk Andreev result 7qi - T-4
when n is large. The exact behaviour in the intermediate
region lies beyond the accuracy of our formulation.

5. Conclusion.

From this long discussion, only one firm conclusion
emerges : the mobility of single kinks or steps is limited
at low temperature by Compton scattering of thermal
phonons. The kink mobility ’TI k varies as T -4 - but it is
hardly observable as the kink density is always large.
On the other hand, the step mobility ’TIs controls the

growth rate of Frank Read sources : we predict that
’TI s - T- 3, a result which should be observable.
As regards the interface mobility -qj, we have shown

that the relevant length to which the step distance
n - should be compared is the phonon wavelength A,
not the step width ) ! When na :&#x3E; 1, the situation is

complicated due to the interplay of genuine surface
effects and bulk thermalization of reflected phonons.
Beyond the very simple phenomenological considera-
tions of section 1, we cannot say much. As shown in [3],
there exist many different regimes. The present dis-
cussion, however, adds one more piece to this complex-
ity : while previous work was only concerned with
specularly reflected or transmitted phonons (described
here as coherent scattering), we have emphasized the
existence of incoherent, diffuse scattering by the step
fluctuations. The entropy generated by dissipation then
goes in the disorder of the surface structure, rather than

in bulk heating (8). Such a genuine surface dissipation
was not considered before : it is dominant at low vicinal

angles, and it provides the transition towards the step
regime.
One could also envisage other dissipative processes

- for instance the absorption or emission of a phonon
during the attachment of an atom to the solid phase.
Such higher order, « anharmonic » processes have not
been considered here - they seem unlikely at low

temperature. Anyhow, it it clear that the problem of
interface mobility remains largely open: one needs a
formulation that accounts both for scattering by surface
defects and for bulk thermalization - with a detailed,
self consistent evaluation of phonon reflection and

transmission probabilities. Only partial answers exist at
the moment: before plunging into elaborate theories,
an extensive experimental study of the three Onsager
coefficients k, R, A as a function of temperature T and
vicinal angle 0 appears highly desirable.

Appendix A.

STEADY CRYSTAL GROWTH. - Consider a one-di-
mensional cylindrical surface of a crystal formed be-
tween two parallel plates (Fig. 7). The growth velocity
normal to the interface is

Fig. 7. - The geometry of a steadily growing interface.

The effective chemical potential difference for a curved
surface is

(g) In a steady state, surface entropy must eventually be
transferred to the bulk : the nature of that relaxation is

unclear. The possibility of a thermal bottleneck is not

excluded.
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where R is the radius of curvature and y is the surface
stiffness coefficient :

Both k and y depend on 8. Replacing the curvature by
its explicit form

we write the growth equation (A.1) as

where V is the vertical growth velocity : V cos 0 = vI.
The differential equation (A.2) is complemented by

two boundary conditions on either side of the vessel,
fixing the contact angle ew. By integration of (A.2) the
shape is given by

where the constant V should be determined by
ow.
For the simplest case of an isotropic solid y and k are

constant, and

where e is the reduced growth velocity

The boundary condition at the wall x = ± L is

This determines the growth velocity E. (Note that
F = Feq =A 0 when - = 0 : this is just the equilibrium
capillary pressure.) Calculating f explicitly, one finds
that the steady shape is spherical when E = 0 (as
expected at equilibrium). For a growing interface

(0 : E : 1), the shape flattens near the top, while it

sharpens on melting (e : 0) : the melting and growth
shapes are thus asymmetric.

For arbitrary anisotropic k and y, numerical inte-

gration is needed. In the limit of large forces FI, V is
determined by the smallest value of k/cos 0 in growth
and by the largest value of k/cos 0 in melting. The area
of « slow » faces increases in growth, while melting
favours « fast » orientations.

Steady state shapes 0,(x) determined in this way are
always stable against small perturbation. The proof is as
follows. Considering 9VI,9x= a tan 0 1at, we rewrite
(A.2) as

For a small change 7q in tan 0,

the linearized equation (A.5) has the form

where p(0) is

This is positive as long as the corresponding 0 appears
in the equilibrium crystal shape. We can cast (A.6) as

where

We look for eigenmodes q - e" with 7q (- L )
= q (L) = 0. Multiplying the equation by q 0 and

integrating over x we obtain

Thus the steady state shape 0, (x) is stable.
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