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Résumé. 2014 Nous généralisons l’étude de la stabilité morphologique et thermosolutale au front de solidification d’un
alliage binaire pour le cas généralement vérifié en pratique où des mouvements convectifs volumiques sont présents
dans le bain liquide. L’analyse linéaire en perturbation est développée par le biais d’un modèle en couche limite
déformable 0394. Ceci permet l’obtention sous forme analytique de la condition mathématique de compatibilité pour
des instabilités non oscillantes. Une comparaison avec les cas déjà traités dans la littérature (0394 infini) conclut cette
première étude.

Abstract. 2014 The linear perturbation analysis of morphological and thermosolutal instabilities at the growth front
during directional solidification of a binary alloy is generalized to the case where bulk convection exists in the basic
state, as is encountered in most cases, in practice. The model assumes a finite and deformable solute boundary layer
0394. The compatibility condition is obtained in analytical form for the marginal case of exchange of stabilities. The
present model is shown to be consistent with literature results in the limiting case of infinite 0394.
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1. Introduction.

Solidification of binary alloys has been extensively
studied in the last decades because of its numerous
industrial applications. One of the most important aims
of such an analysis is the prediction of the stability limit
of a planar Liquid-Solid interface - i.e. the change in
shape when an instability occurs - because the solid
structures formed are directly connected with such a
phenomenon. The now classical paper by Mullins and
Sekerka [1] was the first breakthrough. Considering
only pure diffusive transport in the liquid, its main
limitation for metallurgy and crystal growth under
gravity conditions comes from the disregard of the
strong influence of convection [2, 3]. Thus, numerous
authors recently tried to analyse the problem of coupl-
ing hydrodynamic and morphological instabilities, con-
sidering heat, solute and momentum transport in the
liquid phase. For such a complex problem, various
assumptions should be made : Coriell et al. [4], Woll-
kind [5] and Hurle et al. [6] assume pure diffusive liquid
as unperturbed state. Since these pioneering studies,

various effects including shrinkage at solidification
front [7] (due to differences in density between liquid
and solid) were added in the models.

However, the strong influence of convection in the
liquid bulk has never been considered. Our aim is quite
different. To analyse the influence of convection

motions, two of us [3] already considered the influence
of bulk convection on the solutal field, assuming a
« deformable boundary layer » formed close to the
interface as a consequence of external forces such as
forced or natural convection. Its physical meaning will
be emphasized here again. The extent of this layer can
easily be estimated by an order of magnitude analysis of
continuity equations as explained by Favier and Camel
[8]. We now consider the possibility of encountering a
thermosolutal instability inside the boundary layer
when thermal and solutal gradients present in that

region are submitted to a vertical gravity field. Mor-
phological instability governed by bulk convection will
now couple with hydrodynamic instability inside this
layer.
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The present paper can therefore be considered as a

generalization of Hurle’s paper [6] but should be more
realistic as far as comparison with crystal growth
experiments is considered. We first describe the physi-
cal configuration and propose a mathematical method
derived from hydrodynamics [9] to solve the problem
analytically. As a test of this theory, the case of an
infinite boundary layer extent is calculated and com-
pared with the results of Coriell [4] and Hurle [6]. The
complete set of results for variable boundary layer
extents as well as the oscillatory case will be presented
in the next paper.

2. The physical problem.

We will develop the linear stability analysis of an
upward moving solidification front of a binary alloy in a
gravity field which is the only external force. Assuming
local thermodynamic equilibrium of the solute concent-
rations CS and C L * in both phases taken at the interface
X, we have:

where Ko is the equilibrium partition ratio.
A starred quantity means a dimensioned physical

quantity. The physical domain we consider here is

depicted in figure 1 in the case Ko  1. The reference

surface. between both phases is assumed to be a
horizontal plane where we attach a reference coordinate
system whose normal axis points upwards (Fig. 2a).
While the unperturbed system moves upwards with a
constant velocity V, the solute is rejected ( Ko  1 )
from the solid into the liquid phase, where it diffuses
(Fig. 2b). The first possible instability source, namely
constitutional supercooling, appears now if there exists
in the liquid phase a region, ahead of the interface,
whose temperature is lower than the equilibrium one.
This potentially unstable situation explains why the
interface can deform itself. Indeed the Gibbs-Thomp-
son law couples there the temperature together with
the solute concentration, according to the following
relation, where K is the mean curvature of JS,
TM the solidification temperature of the pure solvent,
ML the liquidus slope and r a classical capillary
parameter :

Due to the solute contribution on the density various
hydrodynamic instabilities may result [4, 6].
But for binary alloys, one has in general:

where D and K are the solute and thermal diffusivity
respectively and v the kinematic viscosity. This funda-
mental inequality means that the region influenced by
the solute distribution is of a much smaller extent than
that influenced by thermal and momentum transport.

Fig. 1. z The Phase diagram (T* C*) . The distribution
coefficient K is smaller than 1 and both phases are far from
the eutectic composition. Cooling a melt of initial temperature
7"* and concentration CL gives rise to a solid phase
Cs = KCL at temperature To*.

Fig. 2. - (a) The supercooling process. (b) The reference
system of coordinates.

This very tiny region, adjacent to the interface, is
called the diffusion solutal boundary layer.
Let us now calculate the order of magnitude of such a

domain where thermosolutal convection can appear.
Calling H the geometrical dimension specific of the
experiment, we suppose that D/V  H so that the
Peclet number Pe = V . H/D is larger than unity. Due
to the no-slip condition at the interface and the

incompressibility of the melt, the normal component
Vn of the liquid phase velocity in the vicinity of the
moving interface is of the form :

where A depends on the convection in the bulk. We
supposed here the bulk velocity larger than the interface
velocity V.
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Inside the solutal boundary layer, solute diffusion
plays the dominant role [8]. Its width 8 is defined from
the balance between solute diffusion and solute convec-

tion :

Combining with (2.3) one has :

where Sc = v / D is the Schmidt number. The dimen-
sionless boundary layer extent is thus :

To analyse such a boundary layer model, subjected
to possible morphological and hydrodynamic in-

stabilities, Coriell et al. [11] considered the outer

boundary to be a rigid surface where the solute

disturbances vanish. This model exhibits unexpected
abnormal results for high convective regimes, where 4
is very small. This is due to the rigidity of the outer
boundary which mathematically induces parasite reflec-
tions. So, we choose instead henceforward the model of
Favier and Rouzaud [3] which considers a deformable
boundary layer (DBL) where this limit is deformed in
the same way as the perturbed interface itself. This

assumption is justified from a theoretical point of view
by the relative diffusion time scales of solute and
momentum. We will assume further heat transport to
be quasi-steady inside the 4 layer since the Lewis
number of both phases is much larger than the Schmidt
number. We define dimensionless variables by choosing
our scales with respect to the diffusion of solute :

(t * : time ; r * : position ; p s ( p ) : density of the solid
(liquid) phase). The heat balance in both phases is thus
given by a time-independent Fourier equation:

We assume the continuity of temperatures along the
interface 1:, the Gibbs-Thomson law (2.2) giving the
relation linking temperature and solute distribution

along the interface. The difference between the thermal
fluxes along the interface provides the energy necessary
for the solid to increase at the expense of the liquid
phase. It reads :

where C is the latent heat of fusion per unit volume,

Ks ( KL ) the thermal conductivity of the solid (liquid)
phase, and f2 the local surface velocity.

In principle, the solute balance introduces another
coupling between thermal and solutal profiles, but we
will neglect the Dufour and Soret effects and thus the
solute balance equation in the liquid phase reduces to :

where d/dt * is the substantial time derivative with

respect to the laboratory reference frame at rest. One
can also neglect the diffusion of solute in the crystal so
that the equality between the fluxes entering and
leaving the surface I is :

Making the assumption of no matter accumulation at
the interface, this induces a net velocity u * of the melt :

Both phases are incompressible and the gravity is

supposed to be the only external force acting on the
system. The expression of the state equation depends
fundamentally on the thermal and solutal fields:

where po is the reference density whose value is taken

along 1. Since both phases are very different from
dilute gases, one can safely apply the Boussi-

nesq approximation [10] so that the momentum balance
reads :

where P * is the dynamic pressure and g the gravity
vector.

3. The linearized perturbed problem.

Let us consider as a reference state the set of steady
solutions derived from (2.1 to 2.7g) for the time

independent case. Due to the initial geometry we
consider the reference surface X to be a horizontal

plane so that all unperturbed quantities denoted by the
superscript 0 will be only Z-dependent. The unper-
turbed solute concentration is solution of :

if one takes for unit of solute concentration :

[ - dC *O/dZ] 0, it becomes
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Considering the thermal field, temperatures will be
normalized by the mean gradient of temperature G
measured in temperature unit :

Defining

equation (2.7b) reduces to :

and the Gibbs-Thompson law becomes :

where the quantity 8 defined as 9 - m L dc* 10) is

linked to the morphological stability criterion deduced
by Mullins and Sekerka [1]. How does this system now
react to a possible infinitesimal disturbance ? In other
words we want to know whether it decreases with time

(stable case) or not (onset of instability). The classical
way to answer such a question is to superpose to the
unperturbed solution f o ( Z ) of the problem a possible
perturbation f ( r, t ) which is expanded in an infinite
series :

in term of a small parameter E. The choice of E is not
unique. The Sc number being quite large, for most
liquid metals a possible candidate could be :

However, we will also consider cases where E is
different from 1/Sc. Indeed, for particular systems
such as Ga doped Ge one may have 1 /Sc = 0.15 which
is hardly a small quantity.
We will limit ourselves to a linear perturbation

analysis. This is by far not enough to give the full
answer of the real system, but it allows determination
of the conditions under which the physical system
becomes unstable. Due to planar isotropy along x and
y, one can consider normal modes under the form:

fa (Z) e - pt where a is the wave number. We have to

include the specificity of the solidification process. The
interface is not rigid any more so that its perturbed

shape no longer corresponds to a flat plane. The
equation of the perturbed surface is thus :

with ZSL :0 0, 1 so that the linear perturbation of any
quantity defined along the surface is given by :

It depends on 2 terms, one is proportional to the
surface deformation and the other is the usual perturba-
tion taken along the reference unperturbed surface.
The velocity of the perturbed interface becomes :

Since 1 /Le = 0 ( e2), the temperature fluctuations

still obey a stationary Fourier equation. Along the
surface, the temperatures of both phases remain equal
to one another, so that one gets from (2.7a) and
(2.7b) : .

From (3.7c), one has the perturbed solute distribution
as :

r - I B 1

with the corresponding boundary condition along a
deformable boundary layer [3] deduced in a similar
manner as (3.10b) :

This generalizes the previous classical boundary layer
models [11,12] since C -. 0 when 4 - oo and C - ZSL
when 4 - 0. The Gibbs Thompson law also couples the
solute and temperature fluctuations along the interface
whose curvature is :

So that, from (2.2)-(3.10c) and the definition of 8, we
finally get :

with
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and the equality of the solute fluxes along the perturbed
interface (2.7d) leads to the boundary condition :

where

To derive the melt momentum balance, one applies
twice the curl operator on equation (2.7g). This leaves
us with the following differential equation:

The differential operator 0 ( 4 ) is defined as :
1 11 1 1 - . - I

, ULJ I

In the last case, one neglects terms proportional to

1/Sc since they are now of order E2. Beyond its

physical relevance, the choice of the definition of E has
mathematical consequences. For E:o 1ISc the

operator D(4) has four distinct eigenvalues, and for
E =1 /Sc, the operator 0 (4) has only two distinct

ones, each of them being of multiplicity two.
The dimensionless numbers RaT and Rac are defined

by : I

and

In the peculiar system of units which we choose,
Rac is obviously the solutal Rayleigh number but RaT is
a finite quantity which corresponds to the product of
the usual thermal number Ra by the Lewis number
[10]. Since there is no accumulation of matter at the
interface and since the melt is incompressible, we have
the 2 boundary conditions :

and

Let us note that we assume a deformation amplitude of
the interface which is different from 0. Indeed if

ZSL = 0, there is no morphological instability and no
temperature fluctuation to consider whatsoever. The

problem is thus much simplified. One has then to deal
with a classical Rayleigh Benard problem [13]. If

ZSL is different from 0, one can still uncouple the

thermal field from the convective instability by setting
aT = 0 which is a classical assumption [6]. Our ap-
proach assumes both a T :A 0 and ZSL =A 0.

Since we consider a linear problem in the perturbed
quantities, they are defined up to a common multiplying
constant. We will thus define new dimensionless quan-
tities u, T, C as :

We will call these new perturbation quantities velocity,
temperature and concentration, respectively. This
transformation enables us to deal with the perturbed
boundary layer as a straight ribbon of width 4 and thus
we are still defining an inner and an outer region in a
straightforward way. The linear perturbation analysis
has one further advantage which we will use now.
Inside the inner region (the 4 layer) one might define
the velocity u as the sum of 2 components (see Fig. 4) :

Fig. 3. - The perturbed diffusion boundary layer.

Fig. 4. - The velocity v as a sum of two components.
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The first contribution 11 (Z) is the part of velocity
fluctuations which acts in all the liquid (4 layer and
bulk) and is due to the temperature fluctuation. The
other part f 2 ( Z ) is linked to the solute profile and is
thus zero outside the A layer. Also one has to match the
solutions of the motion along the outer frontier of the 4
layer, coming from either side of it. Thus one is led to
introduce the following equations due to the continuity
equation of the velocity and to the incompressibility
condition :

4. The compatibility condition inside the 4 layer

We will neglect the shrinkage and use as boundary
conditions, together with (3.16),

The quantity 11 (Z) + f 2 ( Z ) obeys the momentum
balance :

5) ,, If. (Z) 4- f- (Z) I =

where, by its very nature, 11 (Z) is the analytical
solution of :

The solution of this equation is derived by the classical
method of constants variation [14] :

Using (4.18c) or (4.18d) we now have to solve :

where the differential operator L is given by :
r- on -)

with
5

The condition of compatibility of system (4.17), (4.19)
is now easy to determine. Here lies the main interest of
this linear analysis since it gives the analytical relation-
ship between all the physical parameters of the prob-
lem. We will limit ourselves to the non-oscillatory
marginal case where :

The differential operator L is then a real one, of order
six but the system is over-determined since we have
seven boundary conditions (4.16) and (4.17a-e) to be
simultaneously satisfied. One uses the Fredholm alter-
native theorem of the general operator theory [15]. As
usual, one looks first for the adjoint differential

operator L of the operator L, defining the norm in the
real Hilbert space :

era

one uses the extended Green equality [15, 16, 9]

Since, in our case, L is a matrix operator whose
elements are differential operators, one obtains its

adjoint by systematically applying the classical rules of
integration by parts (see Appendix). The adjoint homo-
geneous system is : 

i -. - n tA ’)l 1,1

with

and

To find the homogeneous boundary conditions as-

sociated to (4.21a-b) one calculates the concomitant
[F ( w , v ) ] and replaces the conditions (4.17a-e) by
their homogeneous equivalent. To put the concomitant
equal to 0 gives us a certain number of conditions on
the w components and their derivatives. The minimum
number of conditions we have to keep is five. After
calculations we have :

The adjoint homogeneous system (4.21a-d) is thus an
undetermined one. The compatibility condition is thus



179

deduced from the Green extended equality using (4.18)
and (3.12d) (see Appendix) :
r a - .-1 I

The analysis can immediately be compared to Hurle’s
work for which L1 is infinite [6]. Indeed we have used
Fredholm alternative theorem to determine the neces-

sary and sufficient condition for a non-trivial solution to
exist for the non-homogeneous differential system
(4.17a) linked to the non-homogeneous boundary con-
ditions (4.17a-e). When 4 tends towards infinity and
« T = 0, the contribution of the right hand side of (4.22)
vanishes while the boundary conditions (4.17a-e) re-
main, giving rise to the left hand side of equation
(4.22). The physical problem considered by Hurle is
identical to (4.17-4.18) putting the right hand side in
(4.18) equal to zero, since RaT = 0. Hurle solves this
problem in a direct way using the boundary conditions
and the eigenvectors of the operator L, to get an

algebraic linear homogeneous system of 3 equations
and 3 variables. So that he has a non-trivial solution if,
and only if, the determinant of the system is zero. Both
methods considering the same physical problem provide
one and only one necessary and sufficient condition. So
they must be equivalent. An analytical verification in
the case e =1 /Sc is given in the Appendix.

5.. The adjoint system.

We must show that there is only one compatibility
condition. Thus one studies the undetermined homo-

geneous adjoint system (4.21a-b) and shows that it has
an infinity of solutions differing from one another by a
multiplying constant. We begin first by eliminating
Cd 1 from the system (4.21e-d) and expressing the

boundary conditions in terms of w 2 we get :

Due to (4.21d) we have now a sixth condition :

Introducing the following change of variables :
o - ’7 ,

One obtains instead of (5.23a) :

where the Ci i are any cyclic permutation of the six

quantities b, defined below. Let us note that the

definition of s is of utmost importance in their values
(see Table I).

Table I

Equation (5.25a) is a well known differential equation
of the sixth order whose solutions are the Meijer
functions G defined in the present case as [14, 17] :

_"¿.1n.J’ / - - - I

where L is a loop starting and ending at + oo and
including all the poles of the 2 t + 1 functions

r ( - Cj - y ) only once in a clockwise direction. The
problem reduces to choose six linearly independent
solutions of (5.23a) from all the possible functions

given by (5.26a). To do this we apply in a systematic
way the residue theorem to equation (5.26a). The
r ( - C J - y ) functions are single valued analytical
functions everywhere except at their poles which are
defined at



180

where n is a non-negative integer. Near to such a pole
the series expansion is given by [18] :

For t = 0, equation (5.26) has only poles of order one
at y = - C 1 + n, so that we obtain for this choice of the
C 1 (see 5.25b) :

where we introduce the hypergeometric generalized
function [17, 18]

where

If E is chosen different from 1/Sc, there are six
different values possible for C1 (see 5.25b). The cyclic
permutation of the C gives us six linearly independent
Meijer functions which are solution of the adjoint
problem.

where

Let us note that for d going to infinity the six

Gi ( Z ) reduce to three physically meaning ones since
the odd bi imply that Gi ( Z ) diverge at infinity. The
other solutions offer striking similarity with the three
hypergeometric functions derived by Hurle [6] (see Eq.
(68)).

If E =1/Sc, there are only four different values of
Gi (see (5.25b) and we have to look for two more

linearly independent solutions ( i = 3, 4 ) which will
be deduced from:

where C1= C2 so that the integrand has poles of order
2 at y = - C1 + n and poles of order 1 at y = - C3 + n.
Applying again the residue theorem we obtain:

To obtain Gi + 2 (Z) explicitly one replaces C 1 by his
and C3 by be 4 in (5.28a), for i =1 and i = 2

respectively. It is clear that the G¡ + 2 G are linearly
independent from Gi (Z) ( i =1, 2 ) since they con-

tain terms which are proportional to Gi (Z). Z. Thus
we have six linearly independent solutions of equations
(5.23a) since by construction [18] they are solution of
(5.25a) for every Z and in peculiar at Z = 4.
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Condition (5.23c) is thus identical with equation
(4.21d). Since the general solution of (5.23a) is given by

6

CJ)2 = L Ai Gi (Z) we have only five independent
i = 1

conditions to determine 6 amplitudes Ai given by
(5.23b) and (4.21d). There are thus an infinite number
of sets of six Ai, each being different from the other by
a multiplying constant, which proves our initial thesis.

6. Results and conclusions.

The only results presented here concern the comparison
of our model with the recent work of Coriell et al. [47,
19] and Hurle [6] who both assume pure diffusive

transport in the liquid (4 - oo ). The influence of
convection will be given in a following paper (A finite).
By setting the thermal expansion coefficient equal to 0
and assuming the diffusion boundary layer 4 to be
infinite, we were brought back, for s # 1/Sc, to

Hurle’s Pb-Sn configuration [6] and we definitely
obtained identical results. Our results are compared
with the numerical analysis of Coriell et al. although the
minor stabilizing effect of thermal gradient is taken into
account in the last analysis. This is clearly shown in
table II for the critical-wave number at the marginal
state as well as for the prediction of the onset of
instability. A typical numerical solution is shown in

figure 5 by plotting the critical concentration in the
bulk. Coo’ versus the perturbation wavenumber for the
vertical unidirectional solidification of a doped Pb-Sn
alloy at a constant rate of 2 x 10- 3 cm/s under a one g
gravity. The first minimum (at low wave number - high
wavelength) corresponds to the onset of hydrodynamic

Fig. 5. - Critical concentration in the bulk versus perturba-
tion wave number. (The first minimum for a low wave

number corresponds to hydrodynamic instability, the flat
second one to morphological instability.)

instability and the second one (low wavelength) to

Mullins-Sekerka morphological instability. Our model
seems consequently a powerful tool to analyse the
influence of convection on hydrodynamic and mor-
phological instabilities. A parametric study for various
solutal boundary layer extents is just now in progress
and will be dealt with in a further paper.

In conclusion, we presented here a general
mathematical method to predict the onset of in-

stabilities in solidification processes. It derives from a
classical technique currently used in hydrodynamic
theoretical studies. The transposition of governing
equations in the adjoint space led to an analytical
compatibility condition which could be rapidly solved
by a small desktop computer. Although the generality

Table II
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of the method allows it to be applied to various systems
(for instance organic fluids), we focused our attention
on the metallurgical alloys assuming Le &#x3E; Sc. We also
solved the case 1ISc = 0 which appeared more compli-
cated due to the linear dependence of basic

hypergeometric functions. The simple solution corre-
sponding to Sc not strictly infinite has been checked
with models available in the literature for very simpli-
fied configurations (A -+ oo , RaT = 0). This method
allows us to study more realistic metallurgical cases by
taking into account a pre-existent bulk convection

through a boundary layer model. We chose the deform-
able boundary layer model [3] which gives, for high
convective regimes, a better agreement with exper-
imental data. Moreover, our analysis can be generalized
in the complex plane to predict oscillatory states.

However a rather not limitative assumption of our
model is that the liquid is completely quiescent in the
layer close to the interface [20]. So, a future interesting
extension is the introduction of a shear flow near the
interface to study the width 4 as a function of a Couette
flow already used for a layer of infinite extent by
Coriell et al. [21].

Appendix

DEMONSTRATION OF THE COMPATIBILITY CONDI-
TION AND EQUIVALENCE WITH HURLE’S MODEL. -
We have the original differential system:

with

Let us define in accordance with the norm of Hilbert

space for real functions

Since each operator Lij acts on a function via as

the index r being linked to the couple (i, j), a systematic
use of integration by parts gives us :

Defining the bilinear concomitant:

and using extended Green identity we are reduced to :
ra _ _

Then one replaces all the boundary conditions (3.16)
and (4.17a-e) by their homogeneous counterpart, and
the concomitant becomes:

The minimum number of conditions on w1 1 and W 2
needed to put this expression equal to 0 is 5 :

which are the boundary conditions on the homogeneous
adjoint system. Using the real boundary conditions
(3.16) and (4.17a-e) the Green identity reduces to :

I

The left hand of this equation reduces to ( w , Lv)
since Lw = 0. If v is a solution of the system (4.18)

and thus one obtains (4.22) using (4.18) and (3.12-f)

When aT = 0 and 4 - oo one obtains back the prob-
lem studied by Hurle since the previous equation
reduces to :



183

Thus equation (V) is equivalent to :

which, for E = 1ISc, is exactly Hurle’s equation (62b)
since :

according to the formalism used in [6].
Let us consider the adjoint homogeneous system:

and let us multiply the first equation by the operator
D(2)’ * It follows :

But for E = 1ISc

Introducing Hurle hypothesis in (I), eliminating C, and
using we get:

we get:

So that u and w 1 are solutions of the same differential

equation and obey the same boundary conditions, since
(4.17d-e) become respectively:

The boundary conditions (4.17a-b) become

and thus :

which is equivalent to (VI).
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