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Résumé. — Le probléme de la détermination des harmoniques de rotation ¢,, ¢,, ... dans le cas d’'un potentiel
diatomique numérique est considéré. Ces harmoniques récemment définies par ¥,; = Y,o + Ad; + A2 ¢, + =
(ou ¢, est la fonction d’onde du niveau vibrationnel v et du niveau rotationnel J, avec A = J(J + 1)) sont étudiées
pour le potentiel de Dunham, et pour un potentiel numérique défini par les coordonnées de ses points de retour
et par des interpolations et extrapolations polynomiales. Les expressions analytiques des harmoniques ¢,, ¢,, ...
sont données sous forme de polynomes dont les coefficients sont simplement liés & ceux du potentiel dans le cas
du potentiel de Dunham, et aux coordonnées du potentiel dans le cas du potentiel numérique. L’application numé-
rique est simple. Les exemples présentés montrent que la fonction d’onde de vibration-rotation y,, calculée a
partir des fonctions harmoniques reproduit sa valeur calculée directement jusquau huitiéme chiffre significatif.

Abstract. — The problem of the determination of the rotation harmonics ¢, ¢,, ... for the case of a numerical
diatomic potential is considered. These harmonics defined in a recent work by ¥, = Y0 + A, + A% ¢, + =
(where y,, is the wave function of the vibration level v and the rotation level J, and A= J(J + 1)) are studied for
the case of the Dunham potential and for a numerical potential defined by the coordinates of its turniing points with
polynomial interpolations and extrapolations. It is proved that the analytic expressions of the harmonics ¢, ¢, ...
reduce to polynomials where the coefficients are simply related to those of the potential in the case of the Dunham
potential, and to the coordinates of the turning points in the case of the numerical potential. The numerical appli-
cation is simple. The examples presented show that the vibration-rotation wave function y,; calculated by using
two harmonics only is « exact » up to eight significant figures.

1. Introduction.

In the Born-Oppenheimer approximation [1], a given
electronic state of a diatomic molecule is characterized
by the potential U(r), a function of the internuclear
distance r.

The most commonly used method for the
determination of U(r), for two decades, is the
well known semi-classical Rydberg-Klein-Rees
(R.K.R.)) method [2]. The R.K.R. potential is usually
given in numerical form, ie. U(r) is defined by the
coordinates of some points (turning points or others)
with interpolations and extrapolations which are,
usually, polynomials or can be reduced to polyno-
mials.

A new trend in the treatment of the potential pro-
blem is the quantum mechanical (Q.M.) method [3-5].
This method replaces the semi-classical laws used for
the R.K.R. method, by the properties of the wave-
function.

This method has already been applied to some

states of the molecules N, Li,, CO, I,, H,... These
published results show that the Q.M. potential is
generally in better agreement with the spectroscopic
data than the R.K.R. potential [3-6]. Use of this
method might become widespread in the coming
years.

The Q.M. potential is given in a numerical form
like the RK.R. potential. Yet these two potentials
differ from each other, not only in the theoretical
approach, but also in the mathematical treatment
(and numerical analysis). Unlike the R.K.R. method,
the Q.M. method implies the computation of the .
wavefunction ¥,,(r) (v and J being the vibration and
rotation quantum numbers).

A highly accurate vibration-rotation wavefunction
is required, not only to assure a good accuracy of the
Q.M. potential, but more generally to assure good
accurate vibrational and rotational characteristics
for any numerical potential (mainly for energy expec-
tation values, matrix elements and line intensities).

Therefore, the introduction of the rotation harmo-

Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphys:0198300440110125700


http://www.edpsciences.org
http://dx.doi.org/10.1051/jphys:0198300440110125700

1258

nics is useful. These functions ¢, ¢, ... are related to
the wavefunction y,; by Y, =y, + 1¢, +
A2 ¢, + - (with A = J(J + 1)). They present, in the
main the following advantages [7] :

i) They are independent of J.

ii) For a given r, the functions ¢,(r), ¢,(), ¢5({)...
decrease in absolute values as the constants B,, D,,
H,

-
iii) The computation of ¥, is reduced to that of
computing ¥,, ¢, and ¢, only (and probably ¢,);
it is greatly simplified when J has to vary.

The aim of this work is to derive simple analytic
expressions for the rotation harmonics for the com-
monly used numerical potentials (R.K.R. potential
and Q.M. potential). These expressions are simply
related to the coordinates of the turning points of
the given potential. The- derivation of these new
expressions is presented in section 3. This section is
preceeded by the presentation of the rotation Schroe-
dinger equations (section 2); it is followed by some
examples of the numerical application along with a
discussion of the results (section 4).

2. Rotational Schroedinger equations.

For a given vibrational level v, the radial Schroedinger
equation can be written :

V) _ p i

e M

where :
Y, = ¥,y (Y, stands for ¥,,)
x =r — r,(r. being the value of r at the equili-

brium geometry)

2 A
- ZE[E - VW] + 5

Fix) =

E, = E,, (E, stands for E, ;) .
The energy E, is usually represented by [8]
E, = iio Ale; #)

where e, = E,, e; = B, (the rotation constant),
e, = — D, e; = H, ... (the distortion constants).
The energy factor F,;(x) becomes :

Fi9) = 30109

with
2
Jox) = — h—f[‘—’o - U] ?)
L&) = - gh'l;'el +r1_2

@) = =2k iz
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We already know that the wavefunction ,(x)
can be written :

Vi) = io X ). @

By substituting the above expressions for ,(x)
and F,(x) into the radial equation 1 (which must be
true for any A), we deduce the following set of equa-
tions [7] :

0~ Jor#o =0 (5.0
1= Joe®y = f1 90 .1
‘15'2’ — for® = f1 01 + f2 00 (5.2)
i — fo ¢ =jZlﬁ¢i-j- (.9

The first of these equations is nothing but the radial
Schroedinger equation for pure vibration (4 = 0).
The other equations are the rotational Schroedinger
equations ; they are inhomogeneous equations differ-
ing only by their second members. One of these
second members is well defined by the solutions of
the preceeding equations, ie. the solution ¢, = VY,
of the first equation.

It has been shown [7, 9] that : i) any solution ¢ of
equations 5 is continuous at any point as well as the
wavefunction Y, or ¥, = ¢,; ii) all the functions
¢(x) obey the same boundary conditions as the wave-
functions y, and ¥, :

¢(x) ——0 ©
¢(x) 752 0. 6"

3. Rotation harmonics for numerical potentials.

3.1 The rotational Schroedinger equations 5, may be
represented by :

Y'(x) — fo(x) p(x) = s(x) @)
with
S(x) = 5o(x) =0 for y = ¢,
s(x) = 51(x) = fi o for y =¢,
and ®)

S0) =0 = ¥ g, for y=4,

By using the equivalence between the linear diffe-
rential equation 7 and the corresponding Volterra
(second kind) integral equation [10], we find :

) = 3 HE)
Hyx) = j (x — 1) fo(0) Hy-1(0) dt )
0

Hy(x) = y0) + xy/(0) + J "¢ — 1) s(t) dt
0
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where the series 9 is absolutely and uniformly conver-
gent [11}.

These formulas represent the solution ¢; (i =0,
1, 2,...) of any of the rotational Schroedinger equa-
tions 5. It is enough to replace in (7) or (9) s(x) by the
convenient value given by (8).

These formulas can be used for any diatomic
potential without restriction.

3.2 When the potential U(x) is given by the Dunham
function :

Ux) = 22 Vo X"

the related energy factor F,(x) can also be represented
by a polynomial. We write by substituting into (3)
the above expression for U(x) :

fi) = 3 abw
with
8=—2h7”eo, a? =0, a,‘,’=2h—”y,,forn>2
N1
fix) = ¥ apx" for |x|<1
with : "
ag = — 2hfel+00, a, =0, for n>1;

6, being the coefficients of the expansion

1 ik
? = ,.;o 0,, x" .
N! is the number of terms retained :
N1
fe) = 3 dix
with :
i 2 <4

ay = —=—=e¢, aa=0 for n>1.

hz
For the Dunham potential, and under the condition

| x| < 1, the solution ¢, of equation 5.0, can be

deduced from equation 9 with s(x) = 0, and we

find [13] :

Yy A2x

n=0

do(x) =
with

o 0
A On—m 3

M+ DO +2)0%, =3

m=0
A = d0(0), A7 = ¢5(0).

Since ¢(x) is a series, the second member s,(x) =
f1(x) ¢o(x) of equation 5.1 is a series :
10

=§5,{x".; 5:=zn:a
n=0 V]

m=

51(%)

For this case, the function y(x) in equation 9 stands
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for ¢,(x). The function Hy(x) is a series, as well as,
H \(x), Hy(x), ... and their sum ¢,(x) :

¢y(x) = Z . X"
with »=0
@+ DO +D Ay = 3 (Gndiom + 60);
'1(1) = 4’1(0), 1} = ¢1(0)-
We generalize for ¢,(x), and we write :
si(x) = ;0 (10)
5 = Z Y aud  ay
$1) = io 12)
m+ D@ +2) Ay, = Z (A @3- + 03
;om0 13)
Ao = ¢,0)
Ay = ¢{(0)

When | x| > 1, we divide the x-axis into small
intervals and we apply, for the Dunham potential
function, the method detailed below.

3.3 The numerical potential U(x), as considered
here, is determined by the coordinates of its turning
points (and/or other points) with suitable interpola-
tions and extrapolations; these interpolations (and
extrapolations) are (or can be reduced to) polynomials.
For this potential, we divide the x-axis into intervals
I, = [x,, x,.,] where x, and x,,, are the abscissae
of two consecutive turning points. For this interval
we take :
x=x,+X with 0<X <x,,,

- 5w xn.

__xp

UXx)

On this interval the expressions for the functions
f.» s; and ¢, can be determined in the same way used
above for the Dunham potential; the results are
similar with slight differences. We summarize these
results as follows :

N1
X)) = X a(p) X" (14)
si(X) = 2 Sip) X" (15)
&(X) = Z Ap) X"
(n+ D+ 2) Asy(p) =

Z (A (p) a®_(p) + Si(p)) [ (1O
Ao(p) = ¢i(x,)

A1(p) = i(x,)

where x, is the origin of the interval I,
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We start at the origin x = 0 with interval I5(x,=0),
and with trial values of ¢,(0) and ¢}(0). We deduce
the values of ¢; (and ¢}) at the end of the interval :

G5y = T D) Gpes = 3,

¢i1(xp+1) = Z ”’1‘(17) (xp+1 - xp)"_l .

ne1

These values of ¢, and ¢} are taken now as the
origin of the second interval. We can use the same
relations to get the values of the same functions at
the origin of the third interval, and so on... we can
reach like this the values of ¢,(x) and ¢} (x) i=0)
at any point Xx.

3.4 The analytic expressions of the functions ¢;(x)
given above for a given numerical potential have no
physical meaning, unless the values used for e, e,
e,, ... are the eigenvalues E,, B,, D,, ... of the potential
for the given vibrational level v, and unless the ini-
tial values ¢,0) and ¢;(0) (for i > 0), generate the
eigenfunctions of the rotational Schroedinger equa-
tions 5.

The problem of the determination of the eigen-
values along with that of the initial values has been
solved recently for any potential [14]. We give, in the
following an outline of the solution of this problem
applied to the numerical potential.

We know that the general solution of one of the
rotational Schroedinger equation 7 can be written [15] :

Yx) = y0) ax) + y(0) f(x) + o(x)  (17)

where a(x) and B(x) are two particular solutions of
the homogeneous equation with :

x«0) =1, o0 =0 (18)
p0) =0, pO)=1 (18
o(x) being a particular solution of the inhomogeneous

equation.

By comparing the expression of y(x) given by
equation 17 to that given by equation 9, we deduce
that the functions a(x), f(x) and o(x) are given by
equation 9, in which we take :

D)y0)=1 y©0) =0, s(x) =0 for ax)
ii) y0) =0, y(0) =1, s(x) =0 for B(x)
iii) y(0) =0, y(0) =0, s(x) #0 for oa(x).

Thus the expression of the ith harmonic is :

Pix) = ¢:0) «(x) + ¢:(0) f(x) + 0(x).

In order to make ¢,(x) obey equation 4, one can
always write — without any loss of generality — for
the unnormalized wavefunctions ,(x) and Y4(x) :

¥0) = ¥o(0) = 1
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and

$1(0) = ¢,(0) = = ¢0) = =0.
The functions ¢,(x) become :

$o(x) = a(x) + ¢o(0) B(x)
¢:1(x) = 64(x) + ¢1(0) B(x)

di(x) = ay(x) + ¢i(0) B(x).

In order to determine the initial value ¢3(0) along
with the eigenvalue &, (included in fy(x)), one can
use a trial value e, and compute the functions a(x)
and f(x). From the boundary conditions (6)-(6’)
one can have :

o(x)

TRy — e
Jim — 28— ).

The continuity of ¢,(x) at x = 0 implies

l+(eo) =17(ep) -

The value &, of the parameter e, satisfying this
« eigenvalue equation » is the eigenvalue of equa-
tion 5.0 for the given potential. The initial value
¢5(0) of the « eigenfunction » ¢,(x) is given by :

I (eq) = I"(e0) = ¢6(0).

Once the eigenvalue &, and the eigenfunction
¢o(x) are thus determined, &, and ¢,(x), &, and
¢,(x), ... are successively determined in the same
manner.

This method can be applied to the numerical
potential. The functions a(x), f(x) and o/(x) are
derived from equation 9 in the same manner pre-
sented above for the derivation of ¢,(x) given by
equations 16. These equations give the expressions
for a(x), B(x) and o,(x) in which we take :

)dg=1;4,=0;9, = m = 0 for a
i) 4o =0; 4, =156, =0, m = 0 for 8
ili) 4 =0; 4, =0; o, # 0, for o,

4. Numerical application.

The aim of the numerical application presented here
is to give some examples of the computation of the
rotation harmonics ¢,(x) from the analytic expres-
sions derived in this paper.

For this purpose, we consider the same potential
function used already [7] to compute the harmonics
¢/(x) with the Runge-Kutta difference equations
of the 5th order [16]. This potential is the Morse
function used by Cashion [17], that we treat like
a numerical potential by taking several points (turn-
ing points or others) and by using polynomial inter-
polations.
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We compute first the eigenvalues &, €, &, along
with the initial values ¢(0), ¢'(0), ¢%(0) by using
the method outlined in § 3.4 and detailed in refe-
rence 14. The results are used to compute the func-
tions ¢y(x) = Yo(x), ¢,(x) and ¢,(x) given by the
analytic expressions (§ 3.3). In table I, we give the
results at several points (x = 0.1, 0.2, 0.3, 0.4, 0.5 A)
and for several vibrational levels (v = 0, 10, 20).
The last level is a few cm™! from the dissociation.

At each x the vibration-rotation wavefunction is
deduced from its expression Y, + ¢, + A% ¢, (with
J = 1, A = 2) and compared to its value {; computed
directly from the Schroedinger equation 1 by using
the method described in [13] and [18].

We notice that the agreement between the directly
calculated vibration-rotation wavefunction ; and

2
Y. Al ¢, is satisfactory to the 7th (or the 8th) signi-
i=0

fiant figure.

In table II, we compare the new results to those
obtained by using the Runge-Kutta difference equa-
tions with a mesh size & = 0.005 A [7]. The agreement

2

between Y, and Y. A’ ¢, is much more satisfactory
i=0

with the expressions of the rotation harmonics deriv-
ed here, than with the Runge-Kutta numerical treat-
ment.

In table 111, we finally give (for v = 10) the values of
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Table 1. — Values of the rotation harmonics for some
values of x of a numerical potential [17] (v = 0, 10, 20).
The sum of the harmonics is compared, at every point
and for every v, to the vibration-rotation wavefunction
V,(x) [A = 2] computed directly from the Schroedinger
equation.

v=0 v=10 v=20

x=01A y, 0.933966 4 | — 0.143 3579 | — 1.081 806 8
¢, 0.000 273 6 0.000 006 7 0.003 706 2
¢, 0.000 000 0 0.000 002 7 | — 0.000 006 9

Vo + Ad, + A24,| 09345137 | — 0.1373339 | — 1.0744222

v, 09345137 | — 0.1373339| — 1.0744222

x =034 Y, 0.429 124 5 0.847 579 1 0.240 006 2
¢, 0.000 3733 | — 0.001 357 8 0.005 064 4
¢, 0.000 0002 { — 0.0000019| — 0.0000117

Vo + 49, + A2 ;| 04298717| 08448558 |  0.250 088 3
¥, |04298717| 0.8448558| 0.250088 3
x=05A y, |00954102| — 1.1075704| 1.0924630

¢, 0.000 1372 | — 0.000 499 0| — 0.004 590 9
¢, 0.000 000 0 0.000 000 7 0.000 004 8

Yo+ Ay + A2, | 00956849 | — 11085655 |  1.083 300 4

v, 0.0956849 | — 1.108 565 5 1.083 300 5

Table II. — Values of the rotation harmonics for some values of x of a numerical potential [17] (v = 0, 5, 10).
The results of the present work (P.W.) are compared to those obtained by the Runge-Kutta (R.K.) difference equa-
tions. The wavefunction \,(x) is also compared to the sum of harmonics (A = 2) for both methods.

x=014A x=034A
RK. P.W. RK. P.W.

v=0 Y, 0.933 966 4 0.933 966 4 0.424 124 4 0.429 124 5
b, 0.000 273 6 0.000 273 6 0.000 372 3 0.000373 3

b, 0.0 0.0 0.000 000 3 0.000 000 2

Yo + Ay + A2 ¢, 0.934 5137 0.934 5137 0.429 870 2 0.429 871 7
v, 0.934 5142 0.934 5137 0.429 872 3 0.429 871 7

v="5 Y, 1.297 9359 1.297 9355 — 15139736 — 15139727
b, 0.005 359 9 0.005 350 9 — 0.005 410 2 — 0.005 401 2

b, 0.000 013 3 0.000 013 4 — 0.000013 2 — 0.000013 5

Yo + A, + A2 0, 1.308 708 8 1.308 691 0 — 1.524 846 8 — 1.524 8289
v, 1.308 711 0 0.308 691 0 — 1.524 8480 — 1.524 8289

v=10 ¥y, —0.143 356 1 —0.143 3579 0.847 5757 0.847 579 1
¢, 0.003 050 4 0.003 006 7 — 0.001 373 4 — 0.001 357 8

b, 0.000 002 4 0.000 002 7 — 0.000 001 9 — 0.000 001 9

Vo + Apy, + A2 ¢, —0.137244 5 —0.137 3339 0.844 821 3 0.844 855 8
v, —0.1372532 —0.137 3339 0.844 824 6 0.844 855 8
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Table III. — Values of the sum of harmonics Yo, + Ad, + A% ¢, (Ist line) for some values of x of a numerical
potential [17] (v = 10) and for some values of A, compared to the wavefunction s ,(x) (2nd line). The mean value A
of the difference in absolute value for the five considered points is given in the last line.

A

x(A) 2 6 12 20 30
0.1 —0.1373339 | —0.1252221 | — 01068946 | — 00821598 | — 0.0507621
— 01373339 | — 01252220 | — 01068940 [ — 00821570 | — 0.0507527
0.2 — 09101360 | — 09201687 | — 09353127 | — 09556815 | — 0.9814269
— 09101360 | — 09201687 | — 09353119 | — 09556781 — 09814153
0.3 0.844 855 8 0.839 363 4 0.831010 1 0.819 6579 0.805 123 4
0.844 855 8 0.839 363 4 0.831 008 3 0.819 650 0 0.805 096 4
0.4 0.388 680 1 0.403 2399 0.425 246 4 0.454 899 8 0.492 466 9
0.388 680 1 0.403 2399 0.425 246 3 0.454 899 0 0.492 464 1
0.5 —1.1085655 | — 11105382 | — 1.1134535 | — 1.1172587 | — 1.1218839
— 1.1085655 | — 1.1105379 | — 1.1134510 | — 1.1172473 | — 1.1218450

4 0 1 9 51 180

2

Y A'¢, and ¥, at several points and for several
i=0
values of 4. We notice that the difference

4=|y,- 3 29,

increases, at a point x, with A. The mean value A
for the five points considered here increases like A3,
This means that when J increases, we need higher
harmonics (¢, ...) to obtain a desired accuracy. This
result confirms the validity of the present method.

5. Conclusion.

The problem of the determination of the rotation
harmonics was considered for the case of a numerical
potential.

It is proved that when the interpolations in the
potential are polynomials, the rotation harmonics
are simply expressed by polynomials where the coef-
ficients are simply related to the coordinates of the
turning points of the potential.

The harmonics are calculated by using these new
expressions for many examples and compared to
the values found by a direct numerical integration
of the rotation Schroedinger equations. The vibra-
tion-rotation wavefunctions deduced from the har-
monics is better approached by using the expressions
found in the present work (up to eight significant
figures) than by using numerical integration.

The details of the numerical treatment of these new
analytic expressions of the rotation harmonics will
appear in a forthcoming paper.
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