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Résumé. 2014 Des mesures du temps de relaxation spin-réseau, T1m, de l’ion Cr3+ dans Al2O3 en présence d’ions
Cr2+ ou Mn3+ sont effectuées. Les processus de cross-relaxation résonnante (CRR) et non résonnante (CRN)
sont identifiés, les derniers étant étudiés en champ magnétique nul. Si la fréquence est bien choisie, la CRR avec
Cr2+ et avec Mn3+ peut être mise clairement en évidence dans différents échantillons. Les mesures de la dépen-
dance en température, dans le cas des cristaux contenant Cr2+ , donnent des résultats en accord avec les calculs
théoriques. La théorie de la CRN est développée et utilisée pour déterminer les energies des premiers états excités
à partir des courbes expérimentales de CRN avec Cr2+ et Mn3+ . Les valeurs obtenues sont les mêmes que celles
données par spectroscopie de phonon. Enfin, la relation entre les mesures de T1m et les calculs théoriques dans un
système est examinée dans le cas général et les désaccords sont expliqués par la CRN avec des impuretés ou des
groupes d’ions ou avec les deux à la fois.

Abstract. 2014 Measurements are reported of the spin-lattice relaxation time T1m of the Cr3+ ion in Al2O3 in the
presence of either Cr2+ or Mn3+ ions. Both resonant (RCR) and non-resonant (NCR) cross-relaxation processes
are identified, the latter in zero magnetic field. By carefully choosing the frequency, RCR to Cr2+ and Mn3+ are
clearly visible in a number of samples. Temperature-dependence measurements on the Cr2+-containing crystals
give results in agreement with the theoretical calculations detailed here. The theory of NCR is developed and used
to extract the energies of the first excited states from the Cr2+ and Mn3+ NCR data. The values obtained are the
same as those reported from phonon spectroscopy measurements. Finally, the relation between measurements
of T1m and theoretical calculations in any system is discussed in general and discrepancies are accounted for in
terms of NCR to either trace impurities or clusters or both.
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1. Introduction. - Over the last few years we have

developed a very simple technique for detecting and
studying the properties of fast-relaxing impurity
ions in crystals having a very low concentration.
The method is concerned with monitoring their effect
on the angular and temperature dependence of the
relaxation time of another slowly-relaxing ion present
as an additional impurity in the crystal. Two types of
cross-relaxation process have been identified, namely
resonant cross-relaxation (RCR) and non-resonant
cross-relaxation (NCR).

In RCR processes, the separation between the pair
of energy levels in the monitored, slowly-relaxing ion
exactly equals an energy level separation in the fast-
relaxing ion. RCR is indicated by minima in plots of
the measured value of the relaxation time T1m of the
monitored ion as a function of the angle x between
the applied magnetic field H and the axis-of symmetry
in the crystal. Full details of this method have been
given previously (for example, see V3+ : ruby [1] and
Ni3 + : ruby [2]).

In NCR processes the energy level separations in the
two ions are unequal. However, second-order inter-
actions, previously called cross-spin-lattice relaxa-
tion [3], can result in a considerable reduction in the
measured values of Tl. for all x. NCR processes have
also been identified and studied in detail for V3 + [4]
and Ni3 + [2] ions in ruby.

Fast-relaxing ions inevitably show strong Jahn-
Teller effects (JTE], particularly in the case of ions
having an E-type orbital ground state. One ion in this
category is Ni3 + , already discussed in detail [2]. In this
paper, we study the 3d4 ions Cr2 + and Mn3 + by cross-
relaxation methods. Unlike Ni3 +, , these 3d4 ions
have not previously been studied by conventional
EPR techniques as magnetic-dipole transitions are
forbidden. A variety of other techniques have been
used, however, and the available experimental data
have formed the basis for the multimode JT analysis
recently carried out on both ions. References [5] for
Mn3 + and [6] for Cr2 + also summarize the experi-
mental data available.
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Whilst the details of RCR and NCR have been

worked out previously [1-4], it will become clear from
this paper that their application to 3d4 ions is far from
simple. In fact, this is the most complicated system
we have studied due partly to the complexity of the
ground states which consist of fifteen low-lying levels
spanning an energy - 50 cm-’ 

1 and partly to the
influence of NCR. Accordingly, we have to select

particular frequencies in RCR studies and call on
unpublished experimental data to explain our results.
In NCR studies, we have to make initial assumptions
in the theory which are only justified after the analysis
has been completed.
A preliminary report of RCR measurements in

these systems has recently been given [7] while an
earlier paper [8] summarized the first NCR measure-
ments and gave a brief analysis. Further experiments
for both processes and more detailed theoretical

analyses are described here.

2. Experimental measurements. - T1m has been
measured by pulse saturation techniques at liquid
helium temperatures with the pulse and monitoring
microwave frequency resonant with one of the Cr3 +
transitions. The chromium concentrations of the

crystals studied are given in table I. The RCR expe-
riments have necessarily been complicated as measu-
rements have had to be made at a number of frequen-
cies. The reasons for this are that it is necessary to

firstly identify the ion unambiguously, secondly to

Table I. - The samples used with the chromium and
manganese concentrations. All were manufactured by
the Verneuil process. « 03B3 » denotes some y-irradiation.
(C : 8.70 x 106 rad, D, E, G and H : 6.91 x 106 rad ;
sample G is sample F after a second dose of irradiation ;
NCR to Cr2 + in sample F was investigated several
years after the first y-irradiation.)

(t) x 0/00 is the Mn concentration in original powder.
(*) Samples used in (8) with the laboratory labels.

relate our data to that obtained by other techniques,
and thirdly to use existing theoretical work on ruby.
The NCR experiments are carried out with H = 0.

3. RCR between Cr3+ and Cr2+. - 3 .1 1 THE
ISOFREQUENCY CURVES. - The acoustic paramagnetic
resonance (APR) spectrum of Cr 21 : A1203 [9] has a
number of sharp features. Figure 1 shows the iso-

frequency curve of the peak of the B-line in the APR
spectrum at 8.7 GHz intersecting the 1-2 Cr3 + iso-

frequency curve at x = 20° where x is the angle
between H and the crystal c-axis. If H is along c, the
APR line has a tail on the low-field side of the edge
only. As x increases, the edge becomes less distinct
as some broadening also occurs on the high-field
side of the edge. The Cr2 + and Cr3 + isofrequency
curves are shaded in order to indicate the range of

angle in which they can overlap, namely x &#x3E; 16°.
Also shown as an insert are the energy levels for
Cr3 + at x = 20° and the possible transitions. In
the range of frequencies available, no other intersec-
tions between the Cr3 + and Cr 21 isofrequency curves
are available.

Fig. 1. - The isofrequency curves of the APR B-line of Cr2 +
and the 1-2 Cr3+ transition at 8.7 GHz. The energy level diagram
for Cr3 + for x = 20° is also shown as an insert.

3.2 THE ANGULAR DEPENDENCE OF Tl.. - Figure 2
shows the angular dependence of T1m in two y-
irradiated ruby crystals at 8.85 GHz and 4.2 K.

Tl. decreases when x is increased from 00 to 20° ;
above 200 Tl m increases. Other smaller minima are also
présent ; most of these are due to multiple spin pro-
cesses (MSP) within the Cr3 + spin system alone [2]
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Fig. 2. - Measurements of Tl.-X for two irradiated rubies (C
and D) at 8.85 GHz at 4.2 K.

while the one at X - 44° is due to Cr4+ [10] also
produced in the crystal by y-irradiation.

However, figure 1 shows that RCR to Cr2 + alone
cannot account for the whole of the fall in T1m from 0°
to 20°, particularly in the region 0  X  16°.
Although here we are concerned specifically with
experiments at 8.7 GHz, the results may be directly
extrapolated to 8.85 GHz. CQnsequently the 1-2 Cr3 +
transition in pure rubies has been studied in detail to
see whether some of the decrease in Tl m is due to the
Cr3 + system itself. Figure 3 shows the results obtained
from two samples. The four more important MSP are
clearly visible as very sharp minima and their origin
is indicated on the figure. [See [2] for notation.]
A much wider and larger minimum stretching from 0°
to 30° is also clearly visible having its trough around
20°.
The apparent longest time constant, Tl o, has been

determined from the theoretical relaxation signal
using the calculations of Donoho [11] for the direct
process relaxation of Cr3 + : A’203 at 9.3 GHz and
4.2 K. Figure 3a also shows a plot of 2 TlD/3 versus X.
It gives a very good account of the wide minimum
observed experimentally. An explanation of the
factor which multiplies T1D will be given later. At a
frequency of 8.7 GHz, our experimental results give
the minimum at - 17°. As figures 3 (a and b) refer
to the same crystal at different frequencies, it is reaso-
nable to assume that Donoho’s theory gives an ade-
quate explanation of the general broad minimum
observed in all pure rubies.

Fig. 3. - Values of TI.-X in pure rubies. (a) At 9.3 GHz; (b) and
(c) At 8.7 GHz (------ T1D from theory of Donoho [11]) at 4.2 K.

We now return to y-irradiated rubies. Results from
three samples were obtained at v = 8.7 GHz as

shown in figure 4, and it is these results upon which

Fig. 4. - Measurements of T1m-X in three y-irradiated rubies
(C, D and G) at 8.7 GHz at 4.2 K.
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our detailed analysis will be based. [RCR to Cr2 + is
more clearly visible at 8.7 GHz.] Also shown in

figure 4 are the curves for T1p versus X divided by
various factors x, where Tlp is the relaxation time of
the pure ruby having the same Cr concentration with
the MSP dips removed. In all cases, T1m decreases
when x is increased from 0° to 17° in agreement with
the curve obtained for the pure ruby. However, in all
samples, a minimum is obtained at x N 20°. The
observation that Tl. continues to get smaller than
Tlplx with x &#x3E; 1 for x &#x3E; 16°, with a minimum at
- 20°, can be attributed to Cr2 +. This is in good
agreement with the shape of the Cr2 + line and also
with the diagram drawn in figure 1, showing that
RCR between Cr3 + and Cr2 + may occur when x
is larger than about 16°. The effect is expected to be
more pronounced at 20° when the Cr3+ line intersects
the Cr2 + peak.
While we are unable to identify positively the origin

of the continued small value of Tl. for X k 30°, we
suggest that it is due to Cr 21 for the following reasons.
Firstly, it appears with y-irradiation and is not due
to RCR with any Cr4+ transitions [10]. Secondly,
other broad lines in the APR spectrum have been
observed which spread over the 1-2 transition. At
these angles, the HX and HY components will admix
the states so increasing the probability Pa03B2 of magnetic
dipole-dipole transitions between the Cr2 + levels.

[For small x, there can be significant contributions to
Pa03B2 from virtual phonon exchange processes and the
quadrupole-electric-field interactions [1] as the magne-
tic dipole-dipole interaction has only small matrix
elements.] Thirdly, NCR gives rise to a general reduc-
tion in T1m for all x with a magnitude which varies in a
complicated, but smooth, way with x. Thus NCR
alone could account for the shape of the Tlm-x
curve for large x.

3. 3 TEMPERATURE DEPENDENCE OF Ti m IN RCR. -
The temperature dependence of T1m has been investi-
gated at 8.7 GHz between 1.3 and 4.2 K at the dip
(X = Xc = 20°) and outside the RCR region at

x = X g= 140 for the three y-irradiated samples.
As the Cr2 +-lattice relaxation time is short, the

theory given in section 4. 1 of [ 1] applies when

where (I/T1x), (I/T1m)Crit and (I/T1m)Gen refer to the
cross-relaxation rates between Cr3 + and Cr2 +, the
measured relaxation rate at x = Xc and the measured
relaxation rate at x = Xg respectively. If RCR occurs
between two Cr2 levels of energy En and Em, then

where Wx is the probability that a Cr3 + ion exchanges
energy with a Cr2 + ion resonant with it and

where Z is the Cr2+ partition function. For
Il = 5.5 kG and x = 20°, f(T) has been calculated
from the recent analysis [6] taking En and Em to be
the energies of the E+( 1 ) and E - (1) states respectively.
All fifteen Cr2+ levels were taken into account when
computing Z. As previously, a linear regression
program was used to fit the experimental data to

where the constant C is expected to be zero. Table II
shows the values obtained for Wx, C and the coefficient
of correlation r. C is found to be small and negative
and r - 0.989.

Figure 5 shows a plot of the experimental values
of I/T1x as a function of f (T) together with the straight
line indicated by (3.4). The small discrepancies
between this line and the experimental points can be
accounted for by a small temperature dependence
in Wx and by the approximation introduced by
assuming that the temperature dependence of the
background at x = 200 is identical to that at x = 14°.

Fig. 5. - The experimental values of 1/TlX f (T) for three y-irradiated rubies and the computed relation given by equation (3.4).



981

Table II. - Values of Wx, C and r.

4. RCR between Mn3 T and Cr3 T . - The angular
dependence of T1m for the 1-2 transition of Cr3+
was investigated at 8.7 GHz and 4.2 K in the first
three ruby samples doped with manganese listed
in table I. The results are given in figure 6. The broad
minimum observed near x = 200 is not so marked
as in the case of pure rubies. It would seem that
the lowest part of the Tl. versus X curve appears
at - 19° rather than at 17° as in pure rubies. However,
RCR between Cr3 + and Mn3+ is not expected to
be as straightforward as that between Cr 3’ and Cr2 +
as the APR spectrum at 8.65 GHz contains two
intense lines peaking at - 4.7 and - 6.2 kG [Jaussaud,
private communication] with a gap at - 5.7 kG.

Furthermore, the lines are not so sharp on account
of the hyperfine structure. It is therefore impossible
to make direct measurements on RCR with Mn3 +
and pointless to attempt any temperature dependence
measurements. Nevertheless, the experimental results
obtained do show RCR with Mn3+ having the
same overall pattern as that in samples containing
Cr2 + .

Fig. 6. - Measurements of Tlm-x for three rubies doped with
Mn3 + (1, J and K) at 8.7 GHz at 4.2 K.

5. Theory of NCR between Cr3+ and 3d4 ions. -
In order to provide a suitable background for NCR
experiments, carried out in zero magnetic field, a

summary of the theory of CSLR as applied to 3d4
ions will be given first. It will show that many ôf the
3d4 excited levels can be excluded from consideration
and that in general four possible CSLR processes
can make significant contributions. The problem
then reduces to one identical in form to that of V3 + :

ruby [4] but with the phonon coupling coefficients
like those found in Ni3 + : ruby [2] and not V3 + : ruby.
Considerable reference will also be made to the energy
level diagrams appropriate to 3d4 ions as given in [12],
[6] and [13].

5. 1 GENERAL THEORY or CSLR. - The initial

1 &#x3E; and final 1 F) states of the system, consisting
initially of one 3d4 ion, one Cr3 + ion and lattice

phonons, when CSLR processes occur are written
as

where 1 api ) and 1 aj &#x3E; are the two states 1 a &#x3E;, 1 b &#x3E;
of the a(Cr3+) ion having an energy separation
of 03B4, 1 03B21)&#x3E; and 1 03B2m &#x3E; are states of the 03B2(3d4) ion
and ns is the occupancy of the s-th phonon state of
energy (ns + 2) nws with ç = ± 1. If the energy
of 1 Pm ) is written as Ex, that of 1 03B2l &#x3E; is either the
same (Ex) or different (Ey). The rate rlm for each
individual CSLR process is, in general, given by [4]

so that

and

where

and

Z(j8) is the partition function for the p-ion.
For a 3d4 ion, we have therefore

where X = exp( - Ex/k T ), D = exp( - 03B4/kT) and
E = e-(Ex-Ey)/kT = e- 0394lkT and Kxx, etc. are the matrix
elements of Jea/lph.
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5.2 REDUCTION IN THE NUMBER OF TRANSITIONS
CONTRIBUTING TO CSLR. - The factor (1 + D)/Z(f3),
which appears in all the above expressions for rlm
is independent of the level Ex of interest and thus
the rate for a process involving Ex and a level below
it varies as

where D’ = e -A’/kT with 4 ’ equal to c5, A Ô or
Li + c5. [There are additional factors of D -1 and
E -1 1 in ryx and ryy respectively which we ignore as
unimportant for the moment. For example, D -1
varies between 1.53 at T = 1.3 K and 1.14 at

T = 4.2 K.]
The matrix elements of H03B2ph, the Hamiltonian

for the fl-lattice coupling, vary as ws1/2 since from
the JT theory of E-type ions coupled to E-type
vibrational modes there are still E-type terms linear
in lattice displacements which can cause spin-lattice
relaxation. [This is the same as the process occurring
in Ni3 + [2] but contrasts with the case of T-ions,
discussed in section 5. 3 of [4] when the E-type lattice
momenta cause the relaxation of the fast-relaxing
ion.] On a Debye model for the lattice, the phonon
density is proportional to w2s and thus Pljm varies as
w3s Thus the total relaxation rate r (x) of a process
involving Ex is given by

This is a maximum when L1’ is a maximum. As the
maximum ni of d’ is likely to be greater or much
greater than kT, r(x) has a maximum value when
d ’ = Ex + c5 so that

We have not yet taken into account the details of
the matrix elements involved in the different pro-
cesses but we will assume that rmax(x), gives a reasonable
guide to the relative importance of processes involving
the different levels Ex.
The energy levels of 3d4 ions in zero field are shown

in figure 7a. They consist of a ground state singlet
A(1), and then, in increasing energy, a singlet A(2),
a doublet E±(I), a doublet E:f:(2), a singlet A(3),
a doublet E±(3), etc... Their relative energies are
given in table IV.
For Mn3+, we find r("x8)" is 0.08 and 111 for the E+(2)

levels at temperatures of 1.3 and 4.2 K respectively
while for the E t (3) levels, r("’x has values of 7.4 x 10-8
and 10 respectively. For Cr2 +, the corresponding
figures are 0.64, 107 respectively for the E±(2) levels
and 5.5 x 10- 5, 41 respectively for the E±(3) levels.
These calculations show that processes involving
the E±(3) doublet and any other level above it can be
dropped as their contributions to CSLR are small.

Fig. 7. - Schematic energy level diagram of the six lowest levels
of 3d4 ions contributing to CSLR showing their transformation
properties in both trigonal and octahedral (in brackets) symmetry.
The doublets E±(2) and E±(3) are degenerate but they are shown
split for convenience. (a) Gives all the possible H’03B2ph and H03B103B2
transitions; (b) Shows only those which are allowed on time-
reversal arguments ; and (c) Summarizes the transitions effective
in H03B103B2ph.

5. 3 SELECTION RULES. - The only levels we need
consider are the six ground states indicated sche-

matically in figure 7a. Their transformation pro-
perties in both trigonal and octahedral symmetry
are indicated. We will assume that JepPh involves

coupling to those E-type vibrations which become Eg-
type in octahedral symmetry only. We also assume
that H03B103B2, the Hamiltonian describing the coupling
between the two ions, is due to magnetic dipole-
dipole coupling and hence we are interested in the
transitions within the fl-levels due to a magnetic
field from oc. The part of JC,,,, which operates on
fl-states will therefore transform as Tlg in octahedral
symmetry (A + E in trigonal symmetry).

Since the trigonal distortion has little effect within
the ground states, we can use group theoretical

considerations, assuming octahedral symmetry, to

discover which transitions are allowed. Thus, non-
zero matrix elements are as follows :
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Operator symmetry in Oh Non-zero matrix elements

We can now revert to trigonal symmetry to remove some of the above possibilities. Zero matrix elements
occur as follows :

Operator symmetry in C3

The calculations of the matrix elements of Jeap
can be simplified further by using time-reversal

symmetry since, for an ion with an even number
of electrons, a time-odd operator 0 has no matrix
elements between two states related by time-reversal.
That is, QIOIQ&#x3E; = 0 where fJ 1 Q ) = 1 Q ) and
0-is the time-reversal operator. [Note that

1 E:t ) = 1 E± ) and 1 A ) = - 1 A ).] This means
that Jeap has no matrix elements for E+ ~ E_ and
within A.
One further restriction is present. In a two-phonon

CSLR process, the initial and final states of fl coupled
by the CSLR Hamiltonian JeaPph [équation (2.16)
of reference [4]] are not degenerate. We must therefore
assume that fl will immediately undergo a first-order
transition due to the perturbation H03B2ph [reference [4],
section 2.4]. This assumption is invalid, and the
complete CSLR will take longer, if the transition

of fi required is not allowed. For example, one possi-
bility is described by

but l03B2l&#x3E; * 16&#x3E; and l03B2m&#x3E; * 1 4 &#x3E; are not coupled
by H’03B2ph for a first-order transition. On the other hand,
for

1 03B21&#x3E; ~ |4 &#x3E; and | 03B2m &#x3E; ~ | 2 &#x3E; are coupled by 34ph*
Hence we make the added requirements that either
1 Pl ) and 1 03B2m &#x3E; should be directly coupled by H’03B2ph
or that EI03B2) and E2) are degenerate. From figure 7a
it is clear that neither of these requirements can be
satisfied for a CSLR process involving the levels

15 &#x3E; or 16 &#x3E; as 1 03B2l &#x3E; or 1 03B2m &#x3E;. Thus we see that
H03B103B2ph only couples the fl-levels as shown in figure 7b
and summarized in figure 7c - a cross denotes a
possible non-zero matrix element within the same
state [8].

There would appear to be a further complication
to consider since the virtual state could be higher
in energy than 5 ) or 6 ). Of these higher states

(j T2g &#x3E;, 1 A2g &#x3E;, I T1g &#x3E; and 1 Eg &#x3E; for B  0) H’03B2ph
only couples |15 &#x3E; or 16 &#x3E; to 1 A2g &#x3E; or 1 Eg &#x3E; and JC«o
does not couple either 1 A2g) or Eg ) with 5 ),
16 &#x3E; or 1 ). Similarly, JePph only couples 1 1 ) to

the higher 1 Eg) states and these in turn are not

coupled by JeafJ to 5 ) or 6 ). Hence, we can still
exclude 5 &#x3E; and 6 &#x3E; from consideration as 1 Pl )
or 1 Pm &#x3E;.

5.4 CALCULATION or T1m. - In order to relate

the particular case of 3d’ ions to the general theory
of CSLR given in section 5. 1, we assign the energy
Ex to the doublet E ± (1) of energy EE and Ey to the
singlet A(2) of energy EA. As in reference [4], equa-
tion (3.20), the solution of the Cr3 + rate equations
gives the relaxation time Tl as

where

is the rate due to the first-order coupling of Cr3 +
directly to the lattice.

If we neglect the variations of gxx, gxy, etc., with T
compared to the T-dependence of exp( - EE/k T ),
then

from equations (5.7) to (5.10). Then

The subscript « 1, 2 » indicates that both one- and
two-phonon processes contribute to CSLR. The

component of 1 /Tl varying linearly with T is thus
expected to be entirely due to the relaxation of Cr3 +
directly to the lattice.

In [8] it was shown that reasonably good agreement
between the values of EE determined by other tech-
niques and that deduced from fitting the relaxation
data to equation (5.18) was obtained for both Cr2+
(in five samples) and Mn3 + (in one sample). Since
then, the Ti. measurements have been extended
and a more detailed theory developed in which gxx,
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gxy, etc. are no longer assumed to be temperature-
independent. Substituting into (5.17) gives

and so relative values of the matrix elements Kxx, ...,
etc., are needed.

5.5 EVALUATION OF MATRIX ELEMENTS. - If we

make the identification

for the states of the 3d4 ion, the r’s defined in equa-
tions (5. 7) to (5.10) are the same as those used in [4]
with the identifications

and

Expressions for r1(A), ..., etc. are given in terms of
p¿m in equations (5.10) to (5.13) of [4] while the
corresponding matrix elements VbA(b), VXA(c5),
VBBab(03B4), VbB(d + c5) and Va’(d - 03B4) are given in

equations (5.5) to (5.9) of [4]. In addition, we need
the relations :

and

To evaluate these matrix elements, it is necessary to know details of the states. In general, we see from [12, 13]
that

and

where the states have both a vibronic part of A, E+ or E_ symmetry as indicated and a spin part with

using OZ along the trigonal axis. [See [14] for complete definitions.]
If R(R, 0, ~) is the position of the 3 d4 ion relative to Cr 31 and H03B103B2 is entirely due to magnetic dipole-dipole

interaction, then
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and

where

and

with 903B1, g03B2 the g-values of the a- and p-ions respectively. In a similar way

and

where q and r are Jahn-Teller reduction factors [5, 6].
Substituting (5.28) and (5.29) into equations (5.22) to (5.25) and equations (5.5) to (5.9) of [4] gives

expressions for the matrix elements required. Thus

and

where q, are phonon operators [2].

5.6 MAGNITUDES OF Kxy, Kyx, Kxx AND Kyy. -
Considerable simplification in the expressions for the
K’s is brought about by assuming c52 « L1 2. (The error
in making this approximation is  16 %.) Then K,,y

Table III. - Coefficients of states in equation (5.26)
for Cr2 + and Mn3 + (* denotes a value with a magnitude
less than 0.001).

(The Jahn-Teller reduction factors q, r have values 0.306 2, 0.7
respectively for Cr2 + [6] and 0.5, 0.7 respectivelv for Mn ‘ 11 13])

and Ky,, are dominated by the first terms given in the
expressions in (5.30). To make further progress,
the relative sizes of Z, R and W are required.
The values of the coefficients a to e and a’ to e’ of

equations (5.26) have been determined by diagona-
lizing the full matrix [12] using the latest available
parameters for Cr2 + [6] and Mn3+ [13]; the results
are given in table III. Detailed calculations for Cr2 +
show that W - 0.18 B, Z - 0.10 C, R - - 0.10 A
and X/ Y ~ 1.16. For Mn3, W - 0.36 B, Z ~ 0.59 C,
R - - 0.59 A and Xf Y - 1.0 1. A given Cr3+ ion can
undergo NCR with 3d4 ions in different relative
orientations so that the averages of A, B and C will
be close to each other. The numerators in the expres-
sions for the K’s are thus approximately of the same
order of magnitude. This enables us to make even
more drastic approximations by equating the nume-
rical factor in Kxy with that in Kyx and dropping both
Kxx and Kyy as they are smaller or much  smaller than
Kxy, Kyx. Equation (5.19) then simplifies to

where Kxy is temperature-independent.
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6. Analysis of expérimental data for NCR. - NCR
measurements on five ruby samples (D-H) containing
Cr2+ have been given previously [8]. A further three
samples of ruby (J-L) containing Mn3 + have now
also been measured and the results obtained, together
with those for sample 1 studied previously [8], are
shown in figure 8.

-. T - 

Fig. 8. - NCR between Cr3 + and Mn3+ : T1m versus 1/T. (The
dots represent experimental points and the curves are drawn with
EE = 6.0 cm-1 in equation (5.31).)

In order to test these results with the above theory
and equation (5 . 31 ) in particular, values of (gXY + gyx)
are needed for temperatures between 1.3 and 4.2 K.
The latter have been calculated from equations (5.8)
and (5. 9) using values of the energies given in table IV
and taking c5 = 0.382 cm-1. [The energies for Cr2 +
were computed in [6] and for Mn3+ in [13].] Our
experimental results have been fitted to (5.31) in
order to determine C1, KxY and EE and the values
obtained are shown in table V for Cr2+ and table VI
for Mn3+. These tables state the values for C’, Kxy
and the coefficient of correlation r where EE has the
accepted value (5.12 cm-1 for Cr2+ and 5.3 cm-1 for
Mn3+) and also when r is a maximum.

In equation (5. 31), C’ T is the rate due to the first-
order coupling of Cr3+ to the lattice. We would then
expect C’ to be constant for all samples and to be
about 0.75 K - 1 s-1 [4]. The results for Mn3 +, given
in table VI, are close to this value. Exact agreement is
not expected as the many approximations made in
section 7 must add up to produce an extra contribution

Table IV. - Energies of the lowest states for Cr2 +
and Mn3+.

Table V. - Analysis of the experimental data of
NCR with Cr2 +.

Table VI. - Analysis of the experimental data of
NCR with BMn3+.

to C1 ~ 0.75 K-1 s-1. Other impurities such as iron
are also likely to be present and they will undoubtedly
make a modest increase in the relaxation rate.
The expected values of EE, determined directly or

indirectly by other techniques, correspond to high
values ( &#x3E; 0.996) for r. In the case of Cr2 +, EE deduced
here is smaller than 5.12 cm - 1. However, for the F,
G and H samples, EE is within 5 % of this value. The
specimen (I) of ruby doped with manganese having
the lowest chromium concentration gives a value for
EE somewhat lower than that expected. Other samples
(J, K and L) give EE ~ 6.0 cm - 11 Instead of 5.3 cm - ’ 1
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as reported by Aubach and Richards [14]. However,
very recent phonon spectroscopy experiments by
Dietsche et al. [5] suggest a value for EF slightly higher,
but due to the experimental uncertainties in these

values, the différences are not significant. It is also

interesting to note that when the T1m temperature law
was measured over a larger range of temperatures
(1.33 to 9.03 K) for the ruby (L) having the higher man-
ganese concentration, a value of 6.25 cm-1 has been
obtained for EE (Ci = 1.55 K-1 s-1, Kxy = 86.9 s-’
and r = 0.999 26).

7. Discussion. - The analysis of RCR and NCR
processes between Cr3 + with Mn3 + and Cr3 + with
Cr2 + is undoubtedly the most difficult we have

attempted so far. It is easy to see in retrospect why
that, although the first experimental measurements
of T1m in irradiated rubies were made nearly fifteen
years ago (see [7], [8] and [16] for further details)
no previous complete explanation has appeared.
The most important complication in the theory is
that NCR affects RCR. It is necessary, therefore, to
select suitable samples, frequencies and the type and
amount of irradiation to actually observe RCR.
It is now clear that, if the conditions are just right,
RCR shows itself exactly as anticipated. The computer
analysis of the NCR also gives values for EE which
are in good agreement with those deduced by other
techniques. The value obtained for EE is also insensitive
to small errors in the energies of the other levels used
to compute Z(j8).

It can be argued that NCR data analysis is probably
at least as good a method of determining EE for 3d4
ions as any other bearing in mind the range of values
obtained by the other techniques [13, 5]. It has one
considerable advantage in that the 3d4 ion is studied

by an EPR method which is not only cheap and simple
to run, but very sensitive to the small 3d4 ion impurity
concentration.

Finally, one other very important comment emerges
from the work which is fundamental to all relaxation
measurements, particularly those in ruby. It always
appears that the measured value of Tl is smaller than
that calculated. In ruby, for example, Donoho’s
values [ 11] for Tl are always larger than those measured
in nominally pure rubies. It seems that even the smallest
trace of Cr2 + and Mn3 + will reduce Tl through NCR.
Other ions will almost certainly have the same effect.
In addition, there is always a finite probability that
clusters of Cr3 + ions will exist. Whilst pairs are
unlikely to be effective as they have a non-magnetic
ground state, triads are almost certainly faster relaxers
than isolated Cr3 + ions. Their major influence will
be via NCR processes. While we have so far not been
able to positively identify such clusters via RCR,
we are conscious that clusters together with other
trace impurities will all contribute via NCR processes
so that T1m is less than Ti calculated from any ela-
borate theory. We suggest that such NCR processes
account for the two-thirds factor alluded to in sec-
tion 3. 2.
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