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Résumé. 2014 Nous analysons les séries de haute température relatives aux exposants critiques du modèle d’Ising,
à l’aide d’une méthode de rapports modifiée.
Notre analyse montre qu’un changement mineur dans les méthodes d’extrapolation produit, pour tous les réseaux
disponibles, des valeurs pour l’exposant 03B3 proches de 1,245, et nettement inférieures à la valeur communément
admise 1,250. En revanche cette nouvelle valeur est bien plus proche de la valeur donnée par le groupe de renor-
malisation 1,241.
L’exposant 03B3 est calculé de deux façons : la première directe et la deuxième après calcul de la température critique Tc,
Avec les nouvelles valeurs de Tc, il est possible de calculer l’exposant 03B1. La valeur obtenue est en accord avec le

groupe de renormalisation 0,110.
Par contre la valeur de l’exposant 03BD n’est pas modifiée (0,638), différant de la valeur du groupe de renormalisation
(0,630) de sorte que l’hyperscaling reste un problème.

Abstract. 2014 High temperature series expansion for the critical exponents of the Ising model are reanalysed using
a modified ratio method.
The analysis shows that a minor modification of the ratio method yields for all lattices a value, for the exponent 03B3
in three dimensions, close to 1.245, therefore lower than the quoted value 1.250, and much closer to the renorma-
lization group (R.G.) value 1.241.
The exponent is analysed in two ways : in one method 03B3 is estimated directly while in the other one Tc, is calculated
first.
With these new values of Tc, the exponent 03B1 is recalculated and found to be very close to the R.G. value 0.110.
The value of 03BD is not modified (0.638) and is therefore still a problem for hyperscaling, and is in disagreement with
the R.G. value (0.630).
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1. Introduction. - For a long time high temperature
series (H.T.S.) expansions have been the only source
of information about the values of critical exponents of
ferromagnetic systems in three dimensions [1].

In recent years, renormalization group (R.G.)
ideas [2] have led to new methods of calculation, which
are based on the study of the small momentum beha-
viour of the cp4 continuous field theory. The first
method was the 8 = 4 - d expansion [3] which gave
values in qualitative agreement with the H.T.S.
values but with a poor accuracy. More recently [4, 5, 6]
calculations have been performed directly in three
dimensions yielding more accurate results, so that
some exponents now disagree with the H.T.S. esti-
mates.

For Ising like exponents the situation is the follow-
ing :

From these numbers two facts are apparent :
On one hand the exponents obtained from both

theories are close to an accuracy better than one

percent which can be considered to be very good and
seems to justify the idea that the cp4 field theory des-
cribes indeed the critical properties of the Ising model.
On the other hand if one takes seriously the guessed

error bars on the various results, one discovers a
significant discrepancy between the two models.
For y, for which the H.T. series are the longest and
therefore the most significant, the H.T.S. value is
much too high compared to the R.G. value.
The exponent a is somewhat higher in the H.T.

series but the series are shorter so it is not too trouble-
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some. But the exponent v creates a more serious

problem because again the R.G. and H.T.S. values
differ by too much, and in addition a and v from H.T.
series do not satisfy the scaling relation :

called sometimes a hyperscaling relation because the
dimension d = 3 of space appears explicitly in the
relation.

This relation can be proven to be exactly true in the
~4 field theory. So it was tempting for a member of a
group involved in the field theoretical calculations,
to reanalyse the H.T. series to get an independent
feeling of how serious these differences are.
The exponents y, v and a were calculated in two

and three dimensions for all available lattices.
We used a typical ratio method with two ideas

in mind :

i) To analyse first the exponents, when possible,
directly without using an estimated, and possibly
biased, value of the critical temperature.

ii) To use extrapolation methods which do not
involve the order n of the series explicitly and which
involve a minimal number of manipulations on the
series, because the exact structure of the series as a
function of n may be complicated and is not very
well-known.

Indeed each manipulation involves new assump-
tions on the unknown structure of the series and we
wish to make as few assumptions as possible. For the
same reason, if we introduce explicitly the order n of
the series, we shall have for instance to make the
choice of using n rather than n + a as a variable.
An inappropriate choice will lead to big higher order
corrections in 1/n. To get rid of these corrections we
will again require additional assumptions on the form
of the series.
The direct analysis is possible for y and v, while for a

the new values of Tc are necessary to get a reasonable
estimate.
The article is organized as follows :
In section 2 we explain our method.
In section 3 we analyse y, and in section 4 v and a,

in two and three dimensions for various lattices.
Section 5 contains our conclusions.

2. The method. - We shall first explain the method,
based on an analysis of the coefficients of the series
which we have used, and give the explicit extrapolation
formulae.

2. 1 THE SUSCEPTIBILITY EXPONENT y. - Following
Gaunt and Sykes [7], we have decided to make first a
direct analysis of y which does not involve an estimate
of the critical temperature Tc. But the method used
here differs on two points.

1) We have not made a conformal mapping to
eliminate the antiferromagnetic singularity.
The reason is the following : Such a mapping may

bring nearer other unknown complex singularities
making the analysis more difficult. The large oscilla-
tions observed in the results of reference [7] may be
due to such singularities.

Instead we have separated odd and even terms when
necessary i.e. for the square, S.C. and B.C.C. lattices
and even separated the terms modulo four for the
honeycomb and diamond, because the odd and even
terms separately have still an oscillation.
At the end of the calculation we have obtained two

or four series and we have averaged the terms two
by two (four by four respectively).

2) We have used different extrapolation formulae
in which in particular the order n of the series does not
appear explicitly. The reason for this is that we do
not know if we should use n or n + a. To correct for
this fact one needs a series of Neville extrapolation
which rely on the assumption that the series has an
expansion in 1/n, and we wanted to avoid as much as
possible such assumptions.

Starting from the susceptibility x series expansion :

we shall obtain a sequence for y by the formulae :

Indeed if, near the critical point Vc, X(V) behaves
like :

Then for n large :

Therefore :

In this analysis of y no value of Vc has to be assumed.
Now in a second step we have decided to calculate

also Vc and then to recalculate y with our new value
of Vc.
We have used the following extrapolation formulae :
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The second formula is similar to a one step Neville

extrapolation. Then the exponent y has been obtained
from :

Notice that the formulae are such that corrections of
order 1/n are automatically suppressed.

2.2 THE EXPONENT v. - In order to calculate v
one can use the series [8] for the second moment of the
two-point correlation function m(2) :

The natural procedure to calculate v is to calculate
the ratios of the coefficients of the series of x(V)
and m (2)(V)

We have calculated the quantities :

2.3 THE EXPONENT ce [9]. - For the exponent a,
in order to get a reasonable accuracy it is necessary
to use the critical temperature as obtained from the
susceptibility series. The method is then identical to the
method used for the second calculation of y.

3. The results for y. - 3.1 THE TWO DIMENSIONAL
ISING MODEL. - To check our methods we have

applied them first to the two dimensional Ising
model [10].
The lattice with the highest coordination number

having the smallest number of singularities, we expect

Table 1. - The exponent y for the planar triangular
lattice as a function of the order n.

to obtain the best results from the triangular lattice.
This is exactly what happens. Table 1 shows our result
for the direct method. Tables II and III show the
result for the square and honeycomb lattice respec-
tively. In all cases the deviation from the exact result
1.75 is smaller than 2 x 10- 3 for the last terms.

Table II. - The exponent y for the square lattice.

Table III. - The exponent y for the honeycol11h lattice.

Only Padé approximants for the square lattice give a
somewhat better convergence. But it is clear that one
cannot rely on only one method specially a method
with well-known problem of instabilities like Padé
approximants.

In addition, if one should require from any method
that it converges reasonably well for two dimensional
models, the best method for one model will not

automatically be the best one for any model, as at
some stage specific properties start playing a role.

We now calculate as explained in the previous
section Vc-l. The exact result for the triangular
lattice is :

The last terms differ only from the exact result by a
few parts in 105 (Table IV).
We then calculate y (Table IV). One sees that the

final accuracy is similar to the accuracy obtained
from the direct method. But due to the uncertainty
on the value of Vc-1 which translates in an additional
uncertainty over y. The method is somewhat less
accurate as :
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Table IV. - The critical temperature Vc- 1 and the
exponent y for the triangular lattice

Table V. - The critical temperature Vc-1 1 and the

exponent y for the square lattice 

Table VI. - The critical, temperature Vc-l 1 and the
exponent y for the honeycomb lattice

Similar observations are valid for the square
lattice (Table V) and the honeycomb lattice (Table VI).
For the square :

Notice the very important fact that the exponents
are the least sensitive to an error in Vc for the most
compact lattice.

3.2 THE THREE DIMENSIONAL ISING MODEL. - We

know now series for four lattices [10,11, 12, 7] the face
centredcubic(F.C.C.), the body centred cubic (B.C.C.),
the simple cubic (S.C.), and the diamond (D.) with
decreasing coordination numbers. From our two

dimensional experience we expect the best results to
come from the F.C.C. lattice which has always been
known to give a smaller value of y [12].
The results by direct analysis are given on tables VI I,

VIII, IX, X respectively. It is remarkable that the
three first lattices give values smaller than the com-
monly quoted value [ 13], 1.250. For the last one the
diamond, the convergence is too poor and nothing
can be said.

Table VII. - The exponent y for the F.C.C. lattice.
n v- n ’V..

Table VIII. - The exponent y for the B.C.C. lattice.

Table IX. - The exponent y for the S.C. lattice.

Table X. - The exponent y for the diamond lattice.
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From all results, one can probably estimate :

a result which is inconsistent with previous estimates
except the analysis of references [12,14].
To discover the reason for such a deviation and to

check the consistency of our results we have then
estimated V, for all lattices (Tables Xl, 11, XIII, XIV
respectively).

Table,XI. - The critical temperature Vc- 1 . and the
exponent y for the F.C.C. lattice

Table XII. - The critical temperature Vc- 1 and the
exponent y for the B. C. C. la ttice

Table XIII. - The critical temperature Vc- 1 and the
exponent y for the S.C. lattice

Our estimates differ from the previous admitted
values for the B.C.C. and S.C. lattices.

For the F.C.C. we get :

Vc- 1 = 9.830 2 instead of 9.830 0 [12] . (21 )

Table XIV. - The critical temperature Vc- 1 and the
exponent y for the D. lattice

dy/dVc-l = - 13 .

For the B.C.C. :

Vc- 1 = 6.406 2 instead of 6.405 5 [1] . (22)

For the S.C. :

V -1 = 4.584 8 instead of 4.584 4 [1]. (23)

When we then use these new values in order to
calculate y we have results completely consistent with
the direct estimates as can be seen from table XV.

Taking in account the probable error on Vc-’11
these values are completely compatible although
they have some tendency to be systematically slightly
higher.
So our analysis by both methods gives results

which are below the accepted value of 1.250 and sug-
gest a value much closer to and almost compatible
with the R.G. value of 1.241 1 + 0.001 1 5.

Table XV. - Comparison between the values of y
from dirent estimates y(1), and those using the value of
VC, y(2).

4. The exponents v and ce. - We shall be rather
brief in the description of our results concerning these
exponents because our results for v are very similar to
those previously obtained, while for a we obtain
smaller values partially because we use new values of
Vc- 1.

Series for the 2.D Ising model are rather short and
the convergence very slow. For example with 8 terms
for the triangular lattice one obtains

For the three dimensional lattices, specially the
F.C.C. and B.C.C., by contrast, the convergence seems
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to be very rapid as already noticed by other authors [8].
Table XVI gives our results which agree completely
with the standard value :

instead of

The value suggested by the S.C. is higher (0.643) but
the convergence seems poorer.
Using now our new values of Vc we analyse the

series for oc (Table XVII).

Table XVI. - The critical exponent v calculated for
the three lattices F.C.C., B.C.C. and S.C.

Table XVII. - The critical exponent a calculated for
the three lattices F. C. C., B. C. C. and S. C.

The convergence is poor but the interesting result
is that the last calculated terms agree with each other
to predict :

which is exactly the R.G. value and the value obtained
from accurate measurements on binary mixtures [15].

This value is definitively lower than the quoted
value [ 1 ] : :

So that the discrepancy in the relation [16] :

is reduced from 0.030 to 0.024 but does not disappear.

5. Conclusions. - From our method, as a result
of our analysis it seems reasonable to conclude :

This value takes in account all lattices and is sur-

prisingly lower than the values coming from most
other analysis. We do not know what the reason is for
such a discrepancy or any reason why our method
should be rejected. We do not claim that it is superior
to others used previously but at least it shows that the
results are method dependent. As a result the diffe-
rence between the R.G. value and H.T.S. value has
been much reduced and the difference can no longer be
considered as a strong indication of the difference
between the two models : the Ising-model and the cp4
continuous field theory.

Also with our method we have obtained values of a :

in complete agreement with the R.G. value. Unfor-
tunately we have obtained a value for v identical to
the values obtained by previous authors :

which differs from the R.G. value :

so that the discrepancy in the relation

has been reduced by only a small amount. Although
the series are short the convergence is surprisingly
good, compared for instance to the 2.D Ising-model.

Perhaps a few terms more in the series would show
some indication of an overestimate of the speed of
convergence ?

In the same way an increase in the length of the
series for y might solve definitively the problem of its
real value. A last comment : in general in our estimates
the lattices with highest coordination number seem
to give the most accurate results because apparently
the singularity at Tc is the only one close to the circle
of convergence, and also because, in a method involv-

ing the knowledge of Tc, the results for the exponent
are the least sensitive to the exact value of Tc, effect
which is not compensated by a more accurate deter-
mination of Tc in the longer series.



975

References

[1] For a review see
DOMB, C., GAUNT, D. S. and GUTTMANN, A. J., in Phase

transitions and Critical Phenomena, eds. C. Domb and
M. S. Green (New York ; Academic Press) Vol. 3.

[2] WILSON, K. G., Phys. Rev. B 4 (1971) 3174 and 3189.
[3] WILSON, K. G. and FISHER, M. E., Phys. Rev. Lett. 28 (1972)

240. For a review see for example
BREZIN, E., LE GUILLOU, J. C. and ZINN-JUSTIN, J., in Phase

transitions and Critical Phenomena, eds. C. Domb and
M. S. Green (New York, Academic Press) Vol. 6.

[4] BAKER, G. A., NICKEL, B. G., GREEN, M. S. and MEIRON, D. I.,
Phys. Rev. Lett. 36 (1976) 1351.

[5] LE GUILLOU, J. C. and ZINN-JUSTIN, J., Phys. Rev. Lett. 39
(1977) 95 and in preparation

SEZNEC, R. and ZINN-JUSTIN, J., J.M.P. to be published.
[6] BAKER, G. A., NICKEL, B. G. and MEIRON, D. I., Phys. Rev. B

17 (1978) 1367.
[7] GAUNT, D. S. and SYKES, M. F., J. Phys. A 12 (1979) L25.
[8] MOORE, M. A., JASNOW, R. and WORTIS, M., Phys. Rev.

Lett. 22 (1969) 940. One of the early reference for 03BD is :

FISHER, M. E. and BURDFORD, Phys. Rev. 156 (1967) 583.

[9] ESSAM, J. W. and HUNTER, P. L., J. Phys. C 1 (1968) 392.
[10] SYKES, M. F., GAUNT, D. S., ROBERTS, P. D. and WYLES, J. A.,

Phys. Rev. A 5 (1972) 624 and 640.
[11] GAUNT, D. S. and SYKES, M. F., J. Phys. A 6 (1973) 1517.
[12] MCKENZIE, S., J. Phys. A 8 (1975) L 102.
[13] See reference [1]. Also

BESSIS, D., MoussA, P. and TURCHETTI, G., Saclay preprint
DPh-T/78/101.

[14] CAMP, W. J. and VAN DYKE, J. P., Phys. Rev. B 11 (1975)
2579 ;

CAMP, W. J., SAUL, D. M., VAN DYKE, J. P. and WORTIS, M.,
Phys. Rev. B 14 (1976) 3990 ; see also

BAKER, G. A. and HUNTER, D. L., Phys. Rev. B 7 (1973) 3377.
[15] BEYSENS, D. and BOURGOU, A., Saclay preprint DPh-G/

PSRM/1572/78.
[16] BAKER, G. A., Phys. Rev. B 15 (1977) 1552.


