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Résumé. 2014 Afin d’interpréter les nombreux résultats expérimentaux existants, nous avons calculé
la structure des bandes d’énergie du fluorure de magnésium en combinant la méthode des liaisons
fortes avec celle du pseudopotentiel. L’anisotropie du gap optique est mise en évidence et la largeur
des bandes interdites en lumière parallèle et perpendiculaire est en bon accord avec l’expérience :
nous proposons également une interprétation pour un certain nombre d’autres transitions expéri-
mentales.

Abstract. 2014 The electronic band structure of magnesium fluoride is calculated by a combined
tight binding and pseudopotential method in order to interpret the numerous experimental data.
The gap anisotropy is clearly shown and the values of parallel and perpendicular gaps are in good
agreement with the measured ones. A tentative interpretation of some other experimental transitions
is given.
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1. Introduction. - Whereas the band structure of
the alkali halides has been extensively studied during
the past few years, few theoretical studies have been
carried out on the other halides. In particular, there
is no precise theoretical information on the electronic
states of the alkaline-earth fluorides. At the moment,
only some qualitative investigations exist for the
calcium and magnesium fluorides [1, 2]. This lack
of band calculations is probably due to a complicated
crystal structure ; indeed, the unit cell contains more
than two ions and sometimes the space group is non-

symmorphic.
In the past few years, the optical properties of

magnesium fluoride (MgF2) have been subjected to
numerous experimental investigations. The optical
constants have been obtained in a large energy range
up to 150 eV by measurement of reflexion and absorp-
tion spectra [3, 6] and also by the energy losses of fast
electrons [7, 8]. Very recently, experimental data on
reflexion spectra obtained with polarized light have
provided more precise information on the interband
transitions [9].

Till now, the interpretation of the spectra was
difficult without the knowledge of the band structure ;
so, it was necessary to calculate the energy bands of

magnesium fluoride in order to interpret this large
amount of experimental data which is available.
This calculation is also of interest because it allows

us to study the influence of the lattice symmetry on
the energy band structure and to understand the
basic features of the band structure of the rutile group.
Magnesium fluoride exhibits the rutile structure with
space group D 14 . The unit cell is simple tetragonal [10]
and contains six ions. The Brillouin zone is also simple
tetragonal (Fig. 1) and the symmetry points are

labelled from Koster [11]. The notations of the
irreducible representations are those of Albert [12]
who classifies them with respect to inversion sym-
metry.
MgF2 is known to be strongly ionic. As in the alkali

halides, when forming the solid, the electrons are

transferred from the s states of the metal atom to
the p states of the fluorine. Therefore, the valence
band is mainly composed of the outermost p electrons
of fluorine and the corresponding wave functions are
considerably localized on F- sites. The lowest conduc-
tion band is chiefly composed of the excited s states
of magnesium. The electrons in closed shells of the
metal are very deep in energy compared with fluorine
2p electrons. There are in fact, two well separated
regions in the band structure : the valence band
filled by bound electrons is to be found about one

rydberg below the conduction states which are empty.
Because of the large value of the gap, the two types
of levels will be calculated separately by a method
adapted to each situation; this way of calculation
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was previously used by other authors [13, 14]. The
valence band is obtained by the tight-binding method
which has given good results for insulators [15, 19].
In order to calculate the conduction band, we use a
pseudopotential method recently proposed by Bassani
and Giuliano [20] for the conduction band of alkali
chlorides and modified by ourselves for the alkali
fluorides [21]. This approach which uses a pseudo-
potential model seems to be particularly suitable
because the electron densities do not overlap much.
The spin-orbit interaction is not taken into account
because its effect is extremely slight [22].
We present in this paper the first calculation of the

energy band structure of MgF2 following the above
described approach with the purpose of analysing
its optical properties.

In section 2, we recall briefly the study of the valence
bands while in section 3, we describe the calculation
of the conduction bands. In section 4, we compare
our results with the experimental ones and propose
an interpretation of the optical spectra.

2. Valence bands. - The valence wave functions
in the crystal are expanded, in the usual manner,
on the ionic occupied orbitals. In practice, the wave
functions of the deep ionic states are considerably
localized and their contribution to the higher valence
bands can be neglected. Although only the 2s and
2p F- states are expected to be necessary, we have
included in the basis set the 2s and 2p Mg+ + orbitals.
For this calculation we used the analytic wave func-
tions of the F- and Mg+ + ions given by Clementi [23].
The crystal potential is approximated by the

superposition of the ionic potentials centered on the
lattice sites. Each ionic potential consists of two parts,
the coulombic one which is obtained from the free

ion charge density while the exchange one is approxi-
mated by the Slater local pl/3 potential.
Three-center terms have been computed in the

spherical approximation ; more details of the calcu-
lation can be found in [24].
The energy bands were calculated along the lines A,

d and 1 in the first Brillouin zone by solving the
secular equation. The results are shown in figure 2.
Because of the complicated crystal structure with
six ions in the unit cell, there are a large number of
bands. Only the sixteen highest roots of the secular
equations are given. All the states at the edges of the
Brillouin zone are two-fold degenerate because of
the crystal symmetry (X and Z) and time reversal (M).

The first group of bands, between - 1.5 Rydberg
and - 1.9 Rydberg, is mainly formed by 2p F -

states, the maximum is the state T2 at the center of
the Brillouin zone. Its wave function is a mixing of
the 2p, F- orbitals. The relative positions of F’ 2
and F’ are important because these two levels are the
initial states of the gaps measured with polarized
light. For MgF2, the parallel gap will therefore be
smaller than the perpendicular one, which is confirmed
by the reflectance measurements of Thomas [9].
The second set of bands mainly due to 2s F- orbitals
are much narrower. The 2s and 2p magnesium states
not represented in figure 2 give rise to flat bands and
contribute little to the higher bands [24]. This valence
band structure of MgF2 is rather close to that obtained
by Arlinghaus et al. for Ge02 [26] and Sn02 [27].
In particular, the behaviour and the width of the 2p
bands (about 5 eV) as well as the sequence .of the
irreducible representations are rather similar.

3. Conduction bands. - 3.1 GENERALITIES. - The

tight binding method prci iously used for the valence
band calculation is not suitable to obtain the conduc-
tion band of MgF2. In this case, the electronic wave
functions are to be expanded on a basis set including
the excited states. These are fairly extended and so the
tight binding approximation cannot be valid because
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of the large overlap between them. Moreover, the
conduction states are not eigenvalues of the potential
model used for the determination of valence states.

Indeed, the Hartree-Fock potential is state dependent
and its variation, which is probably important for
large gap crystals, cannot be taken into account when
an average exchange approximation is used. We
calculate the conduction states as those of an extra
electron added to the lattice and seeing the potential
of closed shells ions [20]. Then, in order to compare
theoretical results with optical spectra, we consider
the electron hole interaction which lowers the optical
transition energy. We have chosen, owing to the

complex structure of MgF2, a semi-empirical method
already used for the conduction band calculation
of alkali fluorides [21]. This pseudopotential method
appears sufficiently reliable to obtain the conduction
states with enough accuracy for a better understanding
of the optical properties of MgF2.
A pseudopotential is a potential such that the

corresponding hamiltonian gives the same dispersion
relation E(k) as the true hamiltonian [28]. There are
in fact two classes of pseudopotential. In one, the

pseudo-wave equation is deduced from the true

Schrôdinger equation by an explicit mathematical
transformation which gives the eigenvalues of interest
but alters the eigenfunctions by removing the wiggles
that they have inside the core. In this case, the core
states are included explicitly, as for instance in the
Phillips-Kleinman potential [29] Vps, which is connect-
ed to the atomic potential Va by :

where p ) is the smooth part of the wave function,
Ee the core energy levels and 1 cp, &#x3E; the core wave
functions.
But it is not necessary to restrict oneself to this

class and any operator simulating the scattering
produced by the true potential in a given energy range
is a suitable pseudopotential. This approach presents
computational advantages ; moreover it avoids the

knowledge of the core states and the exact potential.
Numerous model pseudopotentials were proposed,
a well known example is the Heine-Abarenkov [30]
model

where P, is the projection operator on angular momen-
tum. A, and Rc are adjustable parameters. Recently
Giuliano et Ruggeri [31] have proposed a potential
model of the following type :

where Vt(r) has a continuous analytic form and the
right asymptotic behaviour at infinity and near the
nucleus -

ZK and NK are respectively the valence and the nuclear
charge and al and Ai are parameters which are

angular momentum dependent. This form has the

advantage of avoiding the oscillations of the matrix
elements of the potential due to the discontinuity
of the Heine-Abarenkov model. Moreover, if there

are no occupied states of given symmetry, the form
(4) can be constructed to agree with the true ionic

potential. The calculation of the valence band struc-
ture clearly shows that the magnesium levels are not
distorted by the crystal potential. The wave functions
are unchanged and the energy levels are simply shifted
upwards by a constant amount. So, we obtain the
magnesium pseudopotential following the Phillips
and Kleinman approach, by a direct orthogonalization
to the ionic orbitals whose eigenvalues are obtained
in the valence band calculation.
For the fluorine, we chose the pseudopotential

model proposed by Giuliano and Ruggeri [31] and
recently used by Bassani and Giuliano [20] for the
band calculations of alkali chlorides. Unfortunately,
the determination of the negative ion parameters
cannot be performed, because, in this case, there are
no bound states in the system formed by the F- ion
and one electron and the experimental data on

scattering cross sections are not available.
When 1 is greater than two, because of the lack of

inner states with the same value of 1, oei and A, must
be chosen to fit the ionic potential, while for the

occupied states, we take a large value of oei, which

gives a very repulsive effect near the nucleus. We

chose A, and Ap n order to obtain reasonable values
for the energy gaps of the alkali fluorides [21], the
same values being used for magnesium fluoride.
Instead of deducing the pseudopotential parameters
from atomic data, this is equivalent to obtaining
them from crystal data.

Because of the small overlap between the electronic
charge densities the crystal pseudopotential is well

represented by the superposition of the ionic pseudo-
potentials.

3.2 CALCULATION OF THE CONDUCTION BANDS. -

The conduction band structure is rather dependent
on the crystal symmetry ; for a better understanding,
we first study the conduction states in an average
constant potential. The plane waves are therefore
the exact solutions and the energies are given by

In this empty lattice model, the states are classified
by the crystal symmetry ; we report in table 1 the
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progenitors which contribute to the corresponding
states ; the symmetry of the occupied valence states
which generate symmetrized combinations of atomic
orbitals is given in table II. At the center of the Bril-
louin zone the lowest state 7B is followed by three
states r 2, r 4 and F’. At the zone edges, the lowest
levels are Xi, Z 1; at the M point, there is a group of
three states, Mi, M4 and Ms, the first two being
degenerated by time reversal.
The contribution of the crystal potential arises

from two terms ; the Fourier transform of the crystal
potential which is always negative and the positive
repulsive contribution. If the atomic states s or p
contribute to an irreducible representation, the repul-
sive part gives a positive contribution. In the other
case, there is no repulsive part, and only the negative
contribution of the atomic potential exists. As the

TABLE 1

Empty lattice states. In the first two columns, we list
the plane wave progenitors with their degeneracies.
In the third column, we give the irreducible represen-
tations to which they contribute.

TABLE Il

Atomic state symmetries generating crystal states

pseudopotential is weak, we calculate the energy
levels by expanding the pseudo-wave function in

plane waves and solving the secular equation at

symmetry points. The basis set used for this calculation
includes about 200 plane waves with energy lower
than four rydbergs, enough to obtain a good conver-
gence. Because of the low crystal symmetry, the
matrices to be diagonalized are larger than in the
cubic system and at the M point, they are complex.
The results are reported in figure 3. The lower band is
broad with a parabolic minimum at the zone center T1.

As the valence maximum is also at r, the gap is direct
and the transition energies between valence and
conduction states at the edges of the zone are clearly
larger than the gap energy. There are numerous

differences with the conduction band of alkali fluorides
which crystallize in the f.c.c. structure. First, because
of the symmetry, the crystal potential does not split
the lower levels X, and Zl while for f.c.c., the corres-
ponding levels give two conduction states Xi and X4.
Moreover, the states X, and Zl have rather different
energies.
At M point, the splitting between Mi - M4 and M5

is weak. On the other hand, there are no pure d states
in the conduction band ; so the separation between r1
and the upper state F.’ is lower than the energy
différence between Ti and T25 in the cubic case.
We cannot compare directly our results with

experimental data. Fowler [32] has shown that

polarization effects induced by the extra electron are
significant for optical transitions in insulators. Indeed
when the electron jumps from valence to conduction
band, the charge displacement polarizes the ions.
The electronic cloud polarization is instantaneous
while the ions have no time to find a new equilibrium
position. According to the theory of Fowler [32] the
electrons are polarized in an independent way and
the self-energies of the electron He and the hole Hh
can be obtained by a static theory. Dagens and
Perrot [33] have shown than the electronic polarization
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inside the cell where the electron or the hole are

located has also to be taken into account. The total

polarization energy is obtained as the sum of these
contributions

and is to be added to the theoretical gap Eg to obtain
the optical gap E:pt :

It is particularly difficult to calculate He and Hh
for the crystals of the D4h group because they are
anisotropic; moreover the electrostatic field due to
the dipole moment induced on each ion by the extra
charge is not equal to the Lorentz field as in f.c.c.

crystals, nor even parallel to the external field. An
exact solution of this self-energy calculation is impos-
sible ; so we have approximated it, following the
Rittner et al. [34] approach using the results of Uzan
and Chandrasekharan [35] ; these last authors have
shown that in MgF2, the electronic polarizabilities
can be considered as a scalars. The values obtained
for He and Hh are respectively - 0.277 Rydberg and
- 0.179 Rydberg. Because in our valence band
calculation Hartree-Fock energy values have been

used, we have to add the correlation energy of the
hole e that we have calculated following the Dagens
and Perrot method [33]. For fluorides, this correction
is found to be equal to - 0.112 Rydberg which
gives a value of - 0.57 Rydberg for the total pola-
rization energy.
As observed by Lipari and Fowler [36] and Mickish

and Kunz [37] the main effect of the polarization
corrections is to shift rigidly the bands without large
change of their shape ; the valence bands are going
up while the conduction bands go down; so we can
interpret the optical spectra including the same

polarization correction for all states of interest.
When this correction is added to our results the

resulting gap is 12.8 eV. From reflectance measurement
Thomas [9] deduces a gap of about 12.4 eV. The

agreement is therefore good taking into account the ’
necessary approximations involved by the complexity
of the crystal structure.

4. Comparison with experiment. - Numerous expe-
rimental works [3, 9] in fairly good agreement with
each other have been made on magnesium fluoride ;
the optical constants behaviour is known up to

150 eV. Williams et al. [3] and Stephan et al. [4] have
studied the optical properties of MgF2 by measu-
rement of reflectance respectively up to 27 eV and
48 eV. Hanson et al. [5] have enlarged these measu-
rements to 80 eV. The optical absorption spectra in
the region of the core excitations has been studied
from 50 eV to 150 eV by Rabe et al. [6]. Recent reflec-
tance measurement, using partially linearly polarized
light, has been performed by Thomas et al. [9]. Their

results are given in figure 4. The energy losses have
been studied by Gout et al. [7] and by Venghaus [8].
The characteristics of the spectra suggest a division

FIG. 4. - Imaginary parts of dielectric constant after Thomas
et al. [9]. Solid line : 82 ; dashed line 82.

TABLE III

Allowed transitions at F point



600

into three regions. The first one, for energies below
the plasmon energy (about 25 eV) is that of transitions
arising from the bands mainly formed by the 2p
fluorine states. The second region lies from the

plasmon energy up to about 50 eV and encloses the
transitions from the 2s fluorine states. In the third

region, above 50 eV, the structures arise primarily
from core level excitations, in particular from the 2p
states of magnesium.
Our purpose here is not to make a detailed compa-

rison between the numerous experimental data and
our results, but to test the validity of our calculation
by only studying a few transitions.
We have first determined the interband transitions

allowed by the selection rules with polarized light.
The tables III, IV and V give the results we obtain
at r, M and Z points. At the X point, the allowed

TABLE IV

Allowed transitions at Z point

transitions are respectively XI -&#x3E; X2 for E e C
and Xi,Xi for E 1 C.

The excitonic peak previously found at 11.8 eV [3-8]
has been separated by Thomas [9] into two compo-
nents at 11.6 eV for E // C and 12.1 eV for E 1 C.
The spectral resolution does not allow a precise
determination of the corresponding interband transi-
tions but Thomas estimates them to be between
12.5 eV and 13.5 eV. The lowest calculated transitions

(table III) are F’ 2 ---&#x3E; T1 (only allowed with E // C)
and F’ ~ T i (with E 1 C) ; they are found respec-
tively at 12.8 eV and 13.4 eV. This concordance both
qualitative (the perpendicular gap is smaller than the
parallel one) and quantitative (the experimental
difference is about 0.5 eV when the calculated one
is 0.6 eV) leads us to the interpretation of the excitonic
peaks at 11.6 eV and 12.1 eV as those corresponding

TABLE V

Allowed transitions at M point
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TABLE VI

Comparison between experimental and theoretical results

to the F’ 2 --+ T 1 and F’ 5 ~ T 1 transitions. Then at

about 15 eV we find a structure in the 82 spectrum
which is lacking in the ell 2 one. The selections rules
in table III show there can be a possible transition
allowed with E 1 C at 15.5 eV while in this energy
field there is no allowed transition with E // C

(tables III, IV and V). So we feel that we can assign
this singularity to the transition F’ ---&#x3E; r 1 .

According to our structure, we expect the first
excitation from the 2s band of F- at 39.4 eV with

only E 1 C ; we assign the peaks observed at about
38 eV to these transitions.

We estimate at about 56 eV the onset of interband
transitions of 2p bands of Mg+ + ; we think they are
responsible for the structure which appears near

56 eV.

The identification of the other transitions is difficult.
The spectra obtained by the different authors are rather
similar but the experimental values present a few
differences and it is not possible to know without

ambiguity their origin even if one can associate an

interband transition to each experimental one. A
tentative interpretation is given in table VI.

5. Conclusion. - In this paper the energy bands of

MgF2 have been obtained for the first time in order
to interpret the numerous experimental data. We have
performed this calculation by two complementary
methods taking into account the characteristics of
each electron type. In particular, it is shown that,
with the F- parameters previously obtained by
fitting the gaps of alkali-fluorides, the simple model
potential used can give some reasonable results for the
conduction band. It is possible to interpret without
ambiguity the first singularities of the spectra; the
theoretical values are in good agreement with the

experimental ones. The identification of other singu-
larities is difficult ; it could only be clarified by some
experiments performed at lower temperature with
total polarized light and also by the calculation of
the imaginary part of the dielectric constant, which
is indeed a formidable task for such a complicated
structure.
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