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HAMILTONIAN APPROACH TO GEODESIC IMAGE MATCHING

FRANCOIS-XAVIER VIALARD

ABSTRACT. This paper presents a generalization to image matching of the Hamiltonian approach
for planar curve matching developed in the context of group of diffeomorphisms. We propose an
efficient framework to deal with discontinuous images in any dimension, for example 2D or 3D.
In this context, we give the structure of the initial momentum (which happens to be decomposed
in a smooth part and a singular part) thanks to a derivation lemma interesting in itself. The
second part develops a Hamiltonian interpretation of the variational problem, derived from the
optimal control theory point of view.
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1. INTRODUCTION

This paper arose from the attempt to develop the multi-modal image matching in the framework
of large deformation diffeomorphisms. Initiated by the work of Grenander, this context was deeply
used since , especially with applications to computational anatomy. The method followed
is the classical minization of an energy on the space of diffeomorphisms, which enables to compute
geodesics on this space and to derive the evolution equations. In most of the papers, the group of
diffeomorphisms acts on the support of the template; we add to this one a diffeomorphisms group

action on the level set of the template. This action is a natural way to cope with the multi-modal

Date: January 14, 2008.

1991 Mathematics Subject Classification. Primary: 58b10; Secondary: 49J45, 68T10.

Key words and phrases. Variational calculus, energy minimization, Hamiltonian System, shape representation
and recognition, geodesic, infinite dimensional riemannian manifolds, Lipschitz domain.

1



2 FRANCOIS-XAVIER VIALARD

matching and could be, in a certain way, compared to the metamorphoses approach exposed in
[]: the metamorphoses are another way to act on the images but the goal is very different in

our case. Matching in our context, is to find a couple (7, ¢) which minimizes the energy

1
E(n,¢) = D(1d, (n,¢))* + —lneloo ¢~ = Liargl 72, (1)

with Iy the initial function (or image) and I;,-4 the target function, Id is the identity map in the
product of groups, o is a calibration parameter. The distance D is obtained through a product of
Riemannian metrics on the diffeomorphisms groups.

All the complexity is then carried by the group of diffeomorphisms and its action: in the particular
case of landmark matching, the geodesics are well described. The problem is reduced in this
case to understand the geodesic flow on a finite dimensional Riemannian manifold. It should be
also emphasized that this problem can be seen as an optimal control problem. In [,
numerical implementation of gradient based methods are strongly developed through a semi-
Lagrangian method for computing the geodesics. A Hamiltonian formulation can be adopted to
provide efficient applications and computations through the use of the conservation of momenta.
In [], statistics are done on the initial momenta which is a relative signature of the
target functions. The existence of geodesics from an initial momentum was deeply developed in
[CY0d], but this work dealt only with smooth functions for Iy (essentially H') however with a
very large class of momenta. An attempt to understand the structure of the momentum for an
initial discontinuous function was done in the matching of planar curves in [[GTLOG].

We propose thereafter a framework to treat discontinuous functions in any dimension: the main
point is to derive the energy function in this context.

Finally, we chose to give a Hamiltonian interpretation of the equations which is the proper way
to handle the conservation of momentum. This formulation includes the work done in [GTLO]
but does not capture the landmark matching. The formulation we adopt gives a weak sense to
the equations and we prove existence and uniqueness for the weak Hamiltonian equations within
a large set of initial data. A word on the structure of initial data: the article on planar matching
([GTLO4]) focuses on Jordan curves. The main result is the existence for all time and uniqueness of
Hamiltonian flow. The initial data are roughly a Jordan curve for the position variable and a vector
field on this curve for the momentum. In our context, we choose four variables (I, Yo, po, Po). lo
is the initial function with a set of dicontinuities ¥g, pg is the momentum on the set ¥y and Py is
the momentum for the smooth part of the initial function. This is a natural way to understand
the problem and the choice to keep the set of discontinuity as a position variable can lead to larger

applications than only choose Iy as position variable.

The paper is organized as follows. We start with a presentation of the framework underlying
equation () We present a key lemma concerning the data attachment term with respect to the n
and ¢ variables. Its proof is postponed to the last section. Then we derive the geodesics equations
and ensure the existence of a solution for all time from an initial momentum. In the second part of
this paper, we give the weak formulation of the Hamiltonian equations, and deal with the existence

and uniqueness for this Hamiltonian formulation.
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2. FRAMEWORK AND NOTATIONS

2.1. The space of discontinuous images. Let n > 1 and M C R" a C' bounded open set
diffeomorphic to the unit ball.

We denote by BV (M) the set of functions of bounded variation. The reader is not supposed to
have a broad knowledge of BV functions. Below, we restrict ourselves to a subset of BV functions
which does not require the technical material of BV functions. However it is the most natural

way to introduce our framework. Recall a definition of BV functions:
Definition 1. A function f € L*(M) has bounded variation in M if

sup{/Mf divg dz | ¢ € CH(M,R™), |$|oe < 1} < 00.
In this case, Df is defined by fo dive dx = —fM Df ¢ dx.

Definition 2. We define Im(M) C BV (M) such that for each function f € Im(M), there exists
a partition of M in Lipschitz domains (U;)ic(o,k) for an integer k > 0, and the restriction fyy, is

Lipschitz .

Remark 1. The extension theorem of Lipschitz function in R™ enables us to consider that on

each U;, flu, is the restriction of a Lipschitz function defined on R™.

On the definition of a Lipschitz domain U: we use here (to shorten the previous definition) a large
acceptation of Lipschitz domains which can be found in chapter 2 of . Namely, U is a lip
domain if there exists a Lipschitz open set Q such that Q C U C Q. In the proof of the derivation
lemma ﬂ, we give the classical definition of Lipschitz open set that we use above. In a nutshell,
an open set is Lipschitz if for every point of the boundary there exists an affine basis of R™ in
which we can describe the boundary of the open set as the graph of a Lipschitz function on R?~1.
We chose to deal with Lipschitz domains because it makes sense in the context of application to

images.

Example 1. The most simple example is a piecewise constant function, f = Zle a; 1y, with

a; € R.

Remark 2. Our framework does not allow us to treat the discontinuities along a cusp, but we can

deal with the corners respecting the Lipschitz condition.

Let f € Im(M), we denote by J; the set of the jump part of f. As a BV(M) function, we
can write the distributional derivative of f: Df = Vf + D°f + j(f)(z)H" "' Js. Vf is the
absolutely continuous part of the distributional derivative with respect to the Lebesgue measure
and D, is the Cantor part of the derivative. In other words, with the classical notations j(f)(z) =
(f(x) — f~(2))vs(z), where (fF,f~,vs) + Jp — R™ x R® x S"7! is a Borel function. The
functions f* and f~ are respectively defined as f*(z) = limy .o+ f(z + tvy(z)) and f~(z) =
limy, .- f(z 4 tvy(x)). Naturally, j(f) does not depend on the choice of the representation of vy,
in fact j(f) is homogeneous to the gradient. See for reference [Bra9g or [AFPO(]. In our case,
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the Cantor part is null from the definition.
We then write for f € Im(M),

Df =Vf+j(f)(x)H" Ly, (2)

2.2. The space of deformations. We denote by Vs, <, >y a Hilbert space of square integrable
vector fields on M, which can be continuously injected in (x§ (M), ||.|[p,c), the vector space of C?
with p > 1 vector fields which vanish on OM. Hence, there exists a constant ¢y such that for all
veV:

[ollp.00 < cvvllv

Hence this Hilbert space is also a RKHS (Reproducing Kernel Hilbert Space), and we denote by
kv (z,.)a the unique element of H which verifies for all v € H: < v(z), a0 >=< ky(z,.)o,v >q,
where <, > is the euclidean scalar product and « a vector in R”. This will enable an action on

the support M.

We denote by S, <, >g a Hilbert space of square integrable vector fields on R, as above. We denote

by ks(z,.) its reproducing kernel. This will enable the action on the level set of the functions.

Through the following paragraph, we recall the well-known properties on the flow of such vector
fields and its control. Most of them can be found in chapter 2 of [Gla05], and are elementary
applications of Gronwall inequalities. (See Appendix B in [Eva9q])

Let v € L2([0,1], V), then with [Tro9]] the flow is defined:

at(b&t = Uto(b&ta (3)
oo = Id. (4)

For all time ¢ € [0, 1], ¢§ ; isa C! diffeomorphism of M and the application t — dy¢p 4 is continuous

and solution of the equation:
t
o :

We dispose of the following controls, with respect to the vector fields; let v and v be two vector
fields in € L?([0,1],V) and T < 1:

1660 = Po,elloe < evllo —ullLrjoyexplev vl (6)
lddgs — ddgilloe < 2¢ev v —ullLijo.r explevvllLipo,r)- (7)
And we have controls with respect to the time, with [s,¢] C [0,T]:
||¢8,t - ¢8,s||00 < / H’Urlloodr < CV/ H'UTHVdT (8)
166,6 = Po,slloc < v /s = tl|vllzz, (9)
¢
lddgs — ddgslloe < CeXp(C’\/THUIILz[o,T])/ [[or|[v-dr. (10)
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with the constants C' and C’ depending only on cy. Obviously these results are valid if S replaces
V. In this case, we write 79, for the flow generated by s,. With the group relation for the flow,
Mt,u © Ns,t = Ns,u-

The group we consider is the product group of all the diffeomorphisms we can obtain through the
flow of u € L%([0,1],V x S).

We aim to minimize the following quantity, with p the Lebesgue measure:

A 1 1 _
Bons) =5 [ Nolfpae+ 5 [ Ut [ oo doo 6530 = Burg(w)Pdutw), (1)
0 0 M

with 79+ the flow associated to s;. Remark that the metric we place on the product groups V x S
is the product of the metric on each group which is represented by the first two terms in (@) The
functions Iy, Itarg lie in Im(M). In one section below, we prove classically that there exists at least

one solution and we derive the geodesic equations which give the form of the initial momentum.

3. DERIVATION LEMMA

This derivation lemma may be useful in many situations where discontinuities arise. Consider
for exemple two Lipschitz open sets U and V. One may want to deform one of these open sets

while the second remains unchanged (figure below). The basic case is the following;:

Ji = /VXU o ¢ tdx = p(V Ny (U)),

with p the Lebesgue measure. We answer to the differentiation of J;, we obtain a sort of Stokes
formula with a perturbation term. We discuss below a more general formula to apply in our

context. The final result is the proposition :

Lemma 1. Let U,V two bounded Lipschitz domains of R™. Let X a Lipschitz vector field on
R™ and ¢, the associated flow. Finally, let g and f Lipschitz real functions on R™. Consider the
following quantity depending on t,

h= [ fesrigtvdn
#+(U)
where du is the Lebesque measure, then

at‘t:mJt = / — <V, X >glydu +/ < X,n> fgiv(X)dqu. (12)
U ou
with 1y (X)(y) = limg_o+ 1 (y + €X), if the limit exists, 0 elsewhere. And we denote by dpov

the measure on OU and n the outer unit normal.

As a corollary, we deduce:

Corollary 1. We have,
Djemas 1V 00 = [ < Xon> T (K)o
U
with 1y (X)(y) = limgo+ 1y (y + €X), if the limit exists, 0 elsewhere. And we denote by dpou

the measure on OU and n the outer unit normal.
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FIGURE 1. Evolution of the area between two Lipschitz curves. (The arrows
represent X along the boundary of U)

In this case, the derivation formula is a Stokes’ formula in which one takes only into account the

deformation viewed in V.

Below is a figure to illustrate the lemma:

Remark 3. We could generalize the lemma to finite intersection of Lipschitz domains, with the
same scheme of the proof developed above. We gain hence generality which seems to be very natural

for concrete applications.

This generalization for Lipschitz domains is sufficient for the application we aim, and this appli-
cation is presented in the paragraph below to derive the geodesic equations. Hence we present the

corollary we use in the next paragraph.
Theorem 1. Let (f,g) € Im(M)?, X a Lipschitz vector field on R™ and ¢, the associated flow.
5= [ foor @aauta),
then the derivation of J; is:
OpjtmotJt = /M — < Vf, X > gdx — /(f+ —f)g<vy X >dH"L (13)

with gx (x) := limy,_ o+ g(Pe(x)) if the limit exists and if not, gx(x) = 0.

Proof: Writing f as f = Zi-c:l flzeu, where (U;)i=1,...,n is the partition in domains associated
to f, and using the same expression for g, by linearity of integration, we fall in the case of the

proposition E (Il

A last remark on the formulation of the lemma, we can rewrite the equation (E) in a more compact

form:
at|15:0-i-‘]t = 7/ <DfaX>§7
M

with Df the notation for the derivative for SBV function and g is the function defined above.
Remark that p a.e. § = g, these two functions differ on Jy.
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4. MINIMIZING THE ENERGY FUNCTIONAL

The existence of geodesics is a classical fact, but in this framework the derivation of the geodesic
equations did not appear to the author in the existing literature. With the metric introduced
above, a geodesic in the product space is a product of geodesics. We chose to understand the
two geodesics separately for technical reasons. We could also have described the geodesics in the
product space V x S, this point of view will be detailed in the Hamiltonian formulation of the

equations.
4.1. Existence and equations of geodesics.

Theorem 2. Let (Iy, I1ar) € Im(M)?, we consider the functional J on H = L2([0,1],V x S) defined
in ([L1)). There exists (v,s) € H such that J(v, s) = min, gep d(v,s). For such a minimizer, there
exists (pa, Py, pe) € L2(M,R™) x L?(Jp,,R™) x L?(M,R) such that:

Bsy = /Mpc(y)d[nt,l]zﬂy)ks(ff(y), Ddu(y), (14)
Aoy = /M o (G0, (2), ) Ao .5 " (pa(2))du(2)

+ / oy (o (), ) Ao .5 ™ (v () dp 1y (2), (15)
J

Io

with:
I7 =mno,t 0 o o ¢1,0,
I =mo,1 01y 0 ¢,
and Ji, the jump set of In. More precisely for the (pa,p.) we show, we have the equation:

Pa(z) = —Jac(do,1(x))V |z 1y pe(z). (16)

Proof:

On the space H, the strong closed balls are compact for the weak topology. The functional J
is lower semi-continuous, so we obtain the existence of a minimizer. As reference for the weak
topology [Br94]. We find here [[[Y05] a proof that the flow is continuous for the weak topology, the

main point to prove the semi-continuity: if (u,, $,) — (u,v) in H, then (¢o,1,70,1) — (P0,1,70,1)-
We first differentiate w.r.t. the vector field s € L?([0,T],S), we denote by 3 a perturbation of s.
Using the lemma [[( in appendix, we write: dsno,1(z) = fol [dt,1] 1m0 () 8¢ (110,¢ () )dt. We already
introduce the kernel:
1
[ B<sisezs+ [ 200~ Bl cagon) < ks ()., 50 >s dulw)lde =0,
0 M
it leads to:
Bst +/ 2(1(y) = Trarg ())[dnea] iz (ks (I (y), ) dp(y) = 0.
M
With the notation p. = —2(I1 — I14rg), we have the first equation announced.

For the second equation, we need the derivation lemma detailed in section E In order to use the

lemma, we first need to develop the attachment term:
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[ 1030 500 653 0) = Larg ) Pd(u) = [ (P = 20 Tany + Byt

M M

Now, only the first two terms are involved in the derivation, and we apply the lemma to these two
terms. (Actually the lemma is necessary only for the second term.)

Again, we have with the lemma [L(:

»m:ammmz—A 001,061 (o) (31610 (2)] )t

We consider the semi-derivation of ) at the minimum with respect to the displacement field v,

we use the notations of SBV functions for the derivatives:

1
/\/ <vt,vt>dt+/D (I?) 1/172/D11V1 g =0,
0
1
)\/ <vt,ﬁt>dt+/ 2 < VIV Vi > (IY — Liapg)dp +
0 M
L G(IP) = 20(I7)) Vi Frargdd" L = 0
»

As (I?)? and I} have the same discontinuity set, the second integration is only over .J v
We apply a version of the central lemma in [[GTLOE] which is detailed in appendix (see lemma [g).

g:L*([0,1],V) — L*([0,1],V) x L*(M,R™) x L*(Jy,R")
v o= (ij’Vl?‘/l‘JIl))

We ensure that B := {(v, 2VI{(I{ — Liarg), (5 ([IV]?) — 25(I7)) Targ), © € L?([0,1], V)} is bounded.
For each 0, |I~f’wg|oo < |Ttargloo- (This assumption could be weakened.) Whence we get with the
lemma E the existence of ftarg € Conv(B) (we observe that the Lebesgue part of ftarg is equal to

Itarg, the modification is on the set lev), such that:

1
/\/ < v, U > dt + /D[(If)Q]Vl 72/DIfV1]~m,«g:0,
0

1
A/ < ’Ut,’ljt > dt + / 2VI{J(I{J — Ita'r‘g)dﬂ+/
0 M

ﬂWﬁ%f/ 2§ (I} Trarg Vi = 0.
Trp Ty

Now, we aim to obtain the explicit geodesic equations by introducing the kernel, we denote by
A(D) := [ D[(I})*]V1 =2 [ DI{ViIiary the pseudo derivative of the attachment term and we denote

also:
A(z) = j((10)?) 0 p1.0(x) — 2i(Lo) © ¢1.0(x) Lrarg (),
which defines a normal vector field on J Iv-
A(D) / [ 20~ ) 0) < b (01400, I3, (Vi ), 5 >v )

/¢, o) < kv (d1,4(y), .)d(fﬁt,o);l,t(y)(ﬁ(y)),f)t(y) >y d“\%,l(ho)(y)dt-
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With the change of variable x = ¢1,0(y),

A() / — [ 2001 Larg) G0 () Tac(601 () < Ry (0040, Jdl000), (V1 ): B v

_/ Jac(¢o,1(x))
1y 1d90.1(n)]
with n, a normal unit vector to Jr, in € Jr,. Note that in the second term, the change of

variable acts on the hypersurface Jy,. This explains the term W which corresponds to the

< kv (¢o.t(x), -)d(¢t,0);§w(m)(A(%,l(ﬂﬁ)),171: >y dpy g, dt, (17)

Jacobian term for the smooth part.

We are done,
Mo = /M 22 (.1 (2))Tac(o.1 (1)) v (G0, (2), JAG51 )5 oy (V1T

Jac(¢o,1(x))
+/ [d00.1 ()]

With pa(z) = 2A(¢o,1(z))Jac(po,1(x))V |, (I§) and py(z) = A(qboJ(x))%, we have the

kv (60,6(2), (00,4 )y , ey (A(0,1(2)))dpty 1y, -

geodesic equations. [J

These geodesic equations are a necessary condition for optimality. In the next paragraph, we show

that if (pa, Py, pe) is given, we can reconstruct the geodesics.

4.2. Reconstruction of geodesics with the initial momentum. We first demonstrate that

if a vector field is a solution to the geodesic equations, then the norm is constant in time.

Proposition 1. Constant speed curves in vector fields spaces

If a vector field s is a solution of equation ([4) and the kernel is differentiable then ||s¢|? is
constant.

If a vector field vy is a solution of equation ([L5) and the kernel is differentiable then ||ve|? is

constant.

Proof:
We prove the first point:

lsell3 = / / Va1 oy ks (T3 @), I )Pl 1 oy die(' YA (y).

Remark that a.e. 0¢(d[n:,1]1:(y)) = —d[st]1 (y)d[Me,1]15 (). This equation is obtained by a derivation
of the group relation: d[no,1]1zs = d[n:,1 © 10,¢]15, and with the derivation of the equation (I4):

d[si]s = /M Al T}y Pe(9)O1 s (2, I3 ().

As ds; € L'([0,1]) then the equation ([)) proves that d[nealrs () is absolutely continuous. As the
space of absolutely continuous functions is an algebra, [|s;||% is also absolutely continuous. To

obtain the result, it suffices to prove that the derivate vanishes a.e.

sl =~ [ / eI (Dl a1 s (2 ) B2 ) 0) el 1z iy o)
/ / Yl ] ks (12 (), 13 ()50 (I3 ()Pl ) diey Y da() = 0.
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The second point is very similar. We underline that the equation (L) is a particular case of
the following, with a measure v which has a Lebesgue part and a singular part on the set Jz, of

discontinuities of the function Iy. We also define:

pi(a) = (dldo.e]7) " (Pa(@)Lag sy, +Po(2)laer,),

By the definition,
ol = [ [ bk (n.a(o): bnsw)pel)av a)av(y).
Remark that 8p,(z) = —dv} o do.1(z)ps(z), and we differentiate:
onl == [ [ [ 5@k (60.1(2). o0 (e v (.0(2), 00 (0) ) () ) ) ()

+ / / / pe(@)ky (0.0 (), b0 (9))Pe (9)ky (Do (@), 0.0 (2))pe(2)d(@)d(y)d(z) = 0.
[

This proposition is crucial to establish that the geodesics are defined for all time. Namely, we
answer to existence and uniqueness of solutions to (the set Jz, but could be much more general

than the discontinuity set of a function in Im(M)):

t
Id+/ Sy © Ny du,
0

Mot =

Bsi() = /MPc(y)d[m,o]zg(y>ks(ff(y))a-)du(y),
d’O,t = Id+/0vuo¢uduv

do() = / ) 0. (i) a)

+ / kv (-, @, (x))[do.e)z " (oo (@) dpy 1y, (2)dE. (18)
J

)

On purpose, this system of equations is decoupled in v and s. The proof of the next proposition

treats both cases in the same time but it could be separated.
Proposition 2. For T sufficiently small, the system of equations (@) with
(pa,pb,pc) € Ll(Mv ]Rn) X Ll(‘]foan) X Ll(Mﬂ R)

has a unique solution if the kernel is differentiable and its first derivative is Lipschitz.

Proof:
We aim to apply the fixed point theorem on the Banach space L?([0,T],V x S). We estimate the

Lipschitz coefficient of the following application:

=2:L%([0,T],V xS) ~ L*[0,T],V x S)
(v,s) = (§(v),4(s)), (19)
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with

£(s), = /M Pe(@) 0], o s (i (), Y dp (@),
£(v); = A (@) 0, 5 (o)) (o)
(

)
Jr

For the space L2([0,T], V'), if we have:
o) — &l < Ml = ull g0,
the result is then proven with Cauchy-Schwarz inequality:
I€w) = €)lzziom < VAT~ ul o,

This can be obtained with:

€)= C@HlP = < &€l — Eu)e > — < Eue o) — €l >,

€@)e = E(w)el* < 2max(] < E(v)s, () — E(w)e > || < E(u)e, E(v)e — E(u)e > |).
For one of the two terms in the equation above:

<€) €l - = [ [ 5.0 G 5, (), 65, ()15 ], ()

- ¢0 (@), b, +(y ))[d% t] " (Pa(y)ldp(y)du(z).
On the unit ball of L2([0,T],V x S) denoted by B, and with the inequality (E), we control the

diffeomorphisms:

ky (-, do.e(2)) (Aol (po () dpay gy, ().

166, = Polloe < cvllv—ullLifo,r explev), (20)
lde6, = ddoille < 2ev v —ullLijory explev).

With the triangle inequality, we get:
<€ € > | = [ 106507 a6 ). 65 461y ()
- ¢0 t( )s ¢0 t( ))[d% t] ( (y))]

|
[k (66,0 (2), 66,0 (¥)[d5 o1, (Pa(y))
= k(80,4(2), 06, (W) ]y (Pa ()]l dp()dpa(y).

+

On the unit ball B, we have:

[de illo <1+ 2cyexp(ev),
166, — Idlloc < cv.
Let M € R a bound for the kernel and its first derivative on the unit ball B. Such a constant
exists thanks to the hypothesis on the kernel and its first derivative.
A bound for the first term can be found with the second inequality of (2():
2ev v — ull 0.7y explev )M (1L + 2ev exp(ev))p ]

the second term is controlled with the first inequality of (@) with the Lipschitz hypothesis on the

kernel:

cv v = ullipo,zy explev ) Mi(1 + 2cv exp(ev)) [[palll|ps I
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Finally we get,

1€@)e = E()el|* < 6 evllv — ull Lo,y exp(ev) Mi(1 + 2¢ev exp(ev))l[pallllpy -

We have now concluded for the first component of the application Z. For the second term, the
proof is essentially the same, we do not give the details. O

We have proven that there exists T' > 0 such that we have existence and uniqueness to the system
(E), we prove now that the solutions are non-exploding i.e. we can choose T' = +o00 in the last
proposition. This property shows that the associated riemannian manifold of infinite dimension is
complete, since the exponential map is defined for all time. Without the hypothesis on the kernel,

we can find simple counter-examples to this fact.
Proposition 3. The solution proposition@ is defined for all time.

Proof:

Thanks to propostion , we know that the norm of the solution u; is constant in time, which will
enable the extension for all time. Consider a maximal solution with interval of definition [0, T'] with
T < 400, then with the inequalities from (E) and after, we define the limit limy .7 ¢o+ := 0,7,
since for all z, ¢ +(x) is a Cauchy sequence. This is the same for limy .7 dgo¢(x). This limit is
also a diffeomorphism, since we can define the limit of the inverse as well. The proof is the same
to extend 7, for all time.

We can then apply the proposition (existence for small time) to the current image I; instead of
Iy, we obtain diffeomorphisms q307s and 7o s in a neighborhood of 0, [0, ¢]. Composing with ¢o 1

and 1o T, we extend the maximal solution on [0,7 + €]. This is a contradiction. [J

We decoupled the equations in s and v to give a simple proof of the existence in all time of the flow.
The formulation of (B) implies the following formulation, which is the first step to understand
the weak Hamiltonian formulation. If we have the system ([1§) and the relation ([Ld), through the

change of variable u = ¢ (), we get easily:

t
10, Id+ / Sy © Ny du,
0

Bsi() = - /Mth)ksat(x)),.>du<w>,

b0t = Id—i—/vuoqﬁudu,
0

() = /Mkv(.,u)Pt(u)V‘uItdu(z),
+ /JIO kv (-, do,e(x))[ddo,e];  (py())dpy gy, (2)dt, (21)
with,
Py(x) = Jac(¢r0)dne,olrs 2)Po o dt0,
Po(z) = —pe(@o.1())d[n0,1]1(z)ac(Po,1(2)).



HAMILTONIAN APPROACH TO GEODESIC IMAGE MATCHING 13

5. HAMILTONIAN GENERALIZATION

In numerous papers on large deformation diffeomorphisms, the Hamiltonian framework arises.
The simplest example is probably the Landmark matching problem for which the geodesic equa-
tions and the Hamiltonian version of the evolution are well known ([VMTY04],[[ATY0H]). Our

goal is to provide an Hamiltonian interpretation of the initial variational problem. The main

difference is that we want to write Hamiltonian equations in an infinite dimensional space, which
is roughly the space of images. The first step was done in ] where Hamiltonian equations
were written on the representations of closed curves. Our work generalizes this approach to the
space of images. We use the point of view of the optimal control theory (as it is developed in
[ATY0H)) to formally introduce the Hamiltonian. Then, we state a weak Hamiltonian formulation
of the equations obtained by the variational approach. We prove uniqueness for the solutions to
these equations. At the end of this section, we discuss the existence of the solutions with the help
of the existence of the solutions for the variational problem.

In the whole section, we maintain our previous assumptions on the kernel for the existence of

solutions for all time.

5.1. Weak formulation. In this paragraph, we slightly modify the approach in order to develop
the idea of decomposing an image in ”more simple parts”. Let introduce the position variables.
We consider in the following that the discontinuity boundary is a position variable. Instead of
considering the function I; as the second position variable, we introduce a product space which
can be projected on the space Im(M). Let (U, ...,U,) be a partition in Lipschitz domain of M.
We denote by ¥y = U}, 0U; the union of the boundaries of the Lipschitz domains. We consider

the projection:

p: [[whe() — Im(M) (22)
(IYi1, . 1::551¢1m. (23)

Discontinuities give derivatives with a singular part. Maybe we could have treated this case
adopting only the variable Iy, but we find the idea of decomposing an image into more simple
parts rich enough to study the case. Observe that ¥y is endowed with an important role in the
definition of the projection: to write down a Hamiltonian system on the large space, we need to
introduce the deformation of ¥y and the deformation of each function in the product space. We
will derive the Hamiltonian equations from this optimal control problem: (the position variable is

Q and the control variable is U, ¢(U) is the instantaneous cost function)

Q = (Qozizr = (3, (I1<izr) € L' (S0, M) x Wh (M),
U = (v,8)€V xS,
O = FQU)=0Q" (~(VQ' 1) + 5@ ziz)

W) = S+ D1sk
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The cotangent space D of the position variable contains F = L>(X,R") x L}(M,R)" C D. We

write the formal minimized Hamiltonian of the control system on the subspace F', with P € F:

H(P,Q) = min /Z (Po(a). Qo)) dpys, () + /M PiOudp(z) — (U). (24)

Minimizing in U, we obtain optimality conditions in (u,v) a minimizer such that for any pertur-
bation (dv, ds):

Mo, dv) = /E (P°,6v 0 Q%) dyys, (= Z/ PUVQ, 6v)du(x),
B(s,ds) = Z Pi5s(I')du(x).

i=17M

Using the kernel, it can be rewritten,

™

W= /E H@ @), )P, () = 3 /M kv (2, ) PPV Qidu(z), (25)
Bs = Z/M ks(Q, ) Pldu(x). (26)

We deduce the expression of the Hamiltonian,

HPQ) = gl [ Pk (@@, Q)P s, e, ()

+ / PI(y)VQ (y)ks(y, z)VQ (x) P () du(z)dpu(y)
-2 Z / /E kv (Q°(y), ») P (x)VQ' (z)dp(w)dpys, ()]
’ % Z /M M ( )kS(QJ( ) Qi(m))Pi(x)dM(x)dﬂ(y)-

Now, we want to give a sense to the Hamiltonian equations, V i € [1,r]:

QY = 9poH(P,Q:)(.), 27)
Ji = OpH(P,Qu) Vi€ L],

P = —0gH(P:,Qy),

Pl = —0gH(P,Q)Yi€ L]

These derivatives should be understood as distributions, for ¥ € Cf>°(M,R) and u € Cy (M, R")
and with the notation introduced in ([ 9), Vi € [1,7]:



HAMILTONIAN APPROACH TO GEODESIC IMAGE MATCHING 15

omH(PQw) = | (00 @w),ulw))dius, ), (28)
opHIPQIW) = [ W) (5(Q0) ~ (o). VQ' () dio).

o0 H(P.Q) = | (] (1), P9, )

2 HP.QW) = [ W)lds)oP W) - 0) P O)TE@)du().

Remark that only the last equation really needs to be defined as a distribution and not as a

function. Now we can give a sense to the Hamiltonian equations but only in a weak sense:
Definition 3. An application x € C°([0,T], L* (X0, M) x Wh(M)" x L*(Xo, R"™) x L*(M,R)") is
said to be a weak solution if it verifies for W € Cf ([0, T] x M,R) and u € C;>°([0,T] x M,R"):
(we denote x(t) = (Q¢, %))

T ) T
/ / 0, Qidpdt = / OpH (P, Q)(W) dt Vi € [1,7], (20)
0 M
T
/ —0y¥ Pldudt = / OqiH (P, Qi) (Y) dt Vi€ [1,r], (30)
0
/ / —8tu Qtd,u‘zodt / aPOH Pt;Qt)( ) N (31)
3o
/ / —0wu PPdpys,dt = f/ dqoH (Pi, Q1) (u) dt. (32)
0 >0 0

5.2. Uniqueness of the weak solutions. In this paragraph, the uniqueness to the weak Hamil-
tonian equations is proven, and the proof gives also the general form of the solutions. This form

is closely related to the solution of the variational problem of the previous section.

Theorem 3. Every weak solution is unique and there exists an element of L*([0,T],V x S) which

generates the flow (¢ot,1n0.t) such that:
Q(x) = dor(x),x € Xy, (33)
Qi(u) = mosoQpodro(u),u ¢ doi(Xo) i€ 0,n], (34)
and for the momentum variables:
P(z) = dlgos; " (Fy(2)), 2 € Yo, (35)
Pi(u) = Pjo¢rodac(eno)dneolq: i, w ¢ bo.:(Xo)- (36)

Proof: Let x a weak solution on [0, T], we introduce

e ) = [ HQIa) )PP, @ Z [, e BV Qi)

which lies in L?([0,T], V). This vector field is uniquely determined by the weak solution. From

the preliminaries, we deduce that ¢g¢( fo vs(¢s,0(x))ds is well defined. We introduce also,

—— Z/ ks(QL, ) Pidu(a).
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For the same reasons, we can integrate the flow: ng.(z) = fot Sr(nro(x))dr is well defined. In-
troducing Q(x) = 0 0 Qi o ¢o; for i € [1,7], we obtain, with Sy o n;0(z) = dnso(z) and
Vio ¢ot(x) = Oro,e(x):

T ~ .
/ / —0 Qldy =
0 M

-0 v Mt,0 © QZZ o ¢ ¢ dudt

*7],570 (¢] Q; [8t\11] o gf)noJ&C((bno)dﬂdt

(SH(QD)— < VQi, Vi > +dnio(Qi 0 ¢o.)) T dpdt

(S:(Qi)— < VQi, Vi > +

[,
[,
_ /O ! A 00 Q) (¥ © 6ol < V0 0,110 b0 > Il o)
[,
[,

dneo(— < VQ' 0 o, v0 o > +5(Q" 0 o)W dudt.

The cancelation of the equation above relies on the group relation of flows of vector fields. We

have the equality:
St + dneo(stomot) =0,

then the first and last terms cancel. The remaining terms cancel too because of the relations:

VQi = déy, (dno(VQiodro)),
deo,: (Vi o ¢r0) = 0.

+

(%7

Then, we conclude:

T
/ / —80,¥ Q! dudt = 0.
0 M

Introducing ¥ (¢, z) = A(t)y(z), with A € CT>°([0,T]) and v € C*t°° (M), we have:
fOT ~N(t)([yy v(x) Qidp)dt = 0, hence: [,, v(x) Qidu = [, v(x) Qidp, i.e. Qi = Q= Q}, and:

Qi =1n0.t0Qf o bro-

Plogo,iJac(¢o,:(.))

Now, we introduce for i € [1,7], P/(.) = T :
Ping, t0Q4 ()

, this quantity is well defined because

of the inversibility of the flow of s; and v;. Remark that d]:’f(ﬂ
Pno,t0Qh ()

everywhere because Qf is Lipschitz on M. We want to prove that fol Sy —0: Y Pidudt = 0 with
U € O (M), which leads to: P/ = P} = P{, and then we are done.

is differentiable almost
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To prove the result, we first use the change of variable y = ¢ (x), this is a straightforward

calculation, we will also use the equality: d[n:0]y, ,(.ydno,:(.) = 1.

T T
/ / WO, P} dudt — / / Ptiatllfoq§t7oJac(¢t,o) dudt,
0 M

T
/ / VO, P} dydt / / ———t 9T o ¢y dpdt,
o Jm 77t0@<>

, .
. \p PZ

/ /\IlatPtZdudt - / / P (2ot T Gy dde(n) >

o Ju nt,o]Q;(.) d[ne0lqi(,)

+ Pt Vo ¢t,0 at( [UO,t]ng%,t)dﬂdta (37)

The third term of the last equation can be rewritten:

T
/ / P/ o ¢r0 Oc(d[n0,t] i og,, ) dpdt =
0o Jm

T
/ / Pi% o duo (< V(diolgs ) —dno(vr) > +dlselg; dinolgson.) dudt.  (38)
0 M

Now, we can apply the hypothesis on OP}, the first term of the expression is equal to:

¥ o T )
/ / PO . = / / P < V(W 0 duodliioJogos ) 01 >
0 M

dlne0lq;)
— W oo dno,iloios,, dstlqi P dudt, (39)
1 1
/ / Pl <V(¥o ¢t,0d[n0,t]Qéo¢o,t),’Ut > dudt = / / P < dg;o(VV4, ), ve > d[7707t]Q30¢0’t
0 M 0 M
+ PP <dd, V(dnoigs),ve > dudt. (40)

All the terms of the equation cancel together, so we obtain the result.

With P?(z) = d[¢o+]:PP(z) and Q¥ = ¢10 0 QY, we get the result for the last two terms of the

system in the same way than the preceding equations, but it is even easier. [J

Remark that we only have to suppose the weak solution is L? to obtain the result. More than
uniqueness, we know that the weak solution ”looks like” a variational solution of our initial prob-

lem.

5.3. On the existence of weak solutions. We consider in this section a Hamiltonian equation
which includes our initial case, for which we have proved existence results. Namely, we can rewrite

our result on the last section in terms of existence of weak solution of the system (@)

Proposition 4. Let (Uy,...,Uy) be a partition in Lipschitz domain of M, 3¢ = U ,0U;. For
any intial data, Iy € WL (M)", Qo = (X0, 1p) and Py € L*(Zy,R") x L*(M,R)" such that

Supp(P}) C Uy, then there exists a solution to the Hamiltonian equations.

Remark that this solution has the same structure than a variational solution of our initial problem.
In this case, all the momenta (i € [1,7]) can be viewed as one momentum: with P, = Y7_, P/,
we have all the information for the evolution of the system.

Now, we can say a little bit more on the general Hamiltonian equations. We will not give a proof

here of the existence if we relax the condition on the support of P¢, but the reader can convince
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himself that the existence is somehow a by-product of the last section.

Summing up our work at this point, from a precise variational problem we obtain generalized
Hamiltonian equations, for which we can prove results on existence and uniqueness. A natural
question arises then, from what type of variational problems could appear these solutions? The
answer could be based on the remark: because the decomposition we choose is the direct product
of spaces, we can put a sort of product metric on it. A simple generalized minization is obtained

by modifying the equation ()

T 1 _ _
E(n,¢) = D(Id, (1.))* + ) o (I1u:) 0 67" = Liagllze, (41)
=1

with for i € [1,7] I§ € W1 (M), and I{ € Im(M).
6. CONCLUSION

The main point of this paper is the derivation lemma which may be of useful applications.
This technical lemma gives a larger framework to develop the large deformation diffeomorphisms
theory. The action on the level lines is far to be none of interest but we aim to obtain numerical
implementations of the contrast term applied to smooth images. Finally, the interpretation as a
Hamiltonian system through optimal control theory ends up with giving a proper understanding
of the momentum map. To go further, the technical lemma seems to be easily enlarged to rectifi-
ables domains, and there may be a useful generalization to SBV functions. This would enable a
generalization of a part of this work to SBV functions. But to understand the weak Hamiltonian
formulation would have been much more difficult within the SBV framework. From the numerical
point of view, some algorithms that are currently developed to treat the evolution of curves could

be used efficiently but they need strong developments.

7. PROOF OF THE LEMMA

After recalling some classical facts about Lipschitz functions, we prove the derivation lemmas:

Lemma 1. Let U,V two bounded Lipschitz domains of R™. Let X a Lipschitz vector field on
R™ and ¢, the associated flow. Finally, let g and f Lipschitz real functions on R™. Consider the
following quantity depending on t,

h= [ fesrigtvdn
$:(U)
where du 1s the Lebesgue measure, then

at‘t:()JrJt = / —< Vf,X > glydu +/ <X,n> fgiv(X)dqu. (42)
U oU

with 1y(X)(y) = limg o+ 13 (y + €X), if the limit exists, 0 elsewhere. And we denote by dpov

the measure on OU and n the outer unit normal of OU .
We will use,

Theorem 4. Rademacher’s theorem
Let f : U — R™ a Lipschitz function defined on an open set U C R", then f is differentiable p

a.e.
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Theorem 5. Let F' : RY x R™ — RY, Lipschitz continuous on a neighborhood of (vo,yo) and
F(vo,yo0) = 0. Suppose that &1 F(vo, yo) exists and is invertible. Then there exists a neighborhood
W of (vo,y0), on which there exists a function g : R™ — R? such that in W :

® 9(y0) = vo.
e F(g(y),y) =0 for (g(y),y) € W.
® |9(y) — 9(yo)l < cly — yol,

with ¢ = 1+ (Lip(F) + 1)]|0,F (vo, y0) |-

This theorem can be found in [} and in a more general exposition than we will use hereafter.
Now an obvious lemma of derivation under the integral,

Lemma 2. Let f a Lipschitz function defined on an open set U C R™. Let X a Lipschitz vector
field on R™ of compact support and ¢, the associated flow. Consider J; = fU fo¢idr, then:

Ot=0Jt = / <Vf, X >dx. (43)
U

Proof: Using Rademacher’s theorem, this is a staightforward application of dominated convergence
theorem. Note that under the condition that f is Lipschitz, if both f and V f are integrable and
X is a bounded vector field, we can relax the hypothesis of a compact support for the vector field,

which is replaced here by the integrability condition. O

We will need the following characterization of derivation for real functions to prove the lemma [f .

Lemma 3. Let w : R” — R a function, then w is differentiable in x € R™ if and only if there

exist f and g two C functions and a neighborhood V of x, such that f(z) = g(z) and ify € V,
9(y) < wly) < fy). (44)

Proof: Suppose w differentiable in z, it suffices to prove that there exists f C' such that w < f
in a neighborhood of z. (To obtain g, consider then —w.) we can suppose x = 0, w(0) = 0 and
w'(0) = 0 then limy, ., % = 0. Hence there exists a continuous function v defined on B(0,r > 0)
such that: % < v(y) and v(0) = 0. With the notation |z| for the euclidean norm in R™, let
m(|z|) = supjy<|, v(y), we have m(|z|) > v(z) for z € B(0,r). The function m is non decreasing
and continuous with m(0) = 0. At last, let f(z) = f‘i“m‘ m(t)dt, then w(x) < |zim(jz]) < f(z).
Moreover, the fact f is C? is straightforward to verify.

Suppose f and g are C!, and denote by f’ and ¢’ their derivative in x, then f'(x) = ¢’(z) since

f — ¢ >0 and has a minimum in z. On V' we have:
gz +h)—g'(x).h <w(x+h)—g(x).h < flx+h)— f(z).h

Hence, w(z + h) — ¢'(x).h = o(h) and w is differentiable. (Remark that we only use the fact that
f and g are differentiable in z.) O

Using the lemma above, we study the deformation of an epigraph of a Lipschitz function under

the action of a vector field, which leads to study the deformation of the graph of the function:
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Lemma 4. Let ¢; the flow of the vector field Lipschitz X on R™ (with | X|| bounded on R™). Let
V ={(z,2) € R" 1 xR|z > w(z)} withw a Lipschitz function, and w(z) = inf{z|(x, z) € ¢+(V)}.
Then, a.e.

Orjr=owi(2) = — < Vw(z), p1 (X (2, w(2))) > +p2(X (2, w(2))),

with p1 and po orthogonal projections respectively on R"™1 x 0 and 0"~ ! x R.

Proof: Remark that w; is well defined for all ¢ by connexity reason, but w; might be discontinuous
for ¢ large enough. However it is Lipschitz continuous for t in a neighborhood of 0: we first apply

the implicit function theorem for Lipschitz maps to the function:

F(x,t) = pi(¢i(z, w(z))) — o,

note that 0, F(xo,0) = Idgn-1, so we obtain for each zg € R™~! a function g : t — x¢(t) such
that xo is Lipschitz and the equation F(z,t) = 0 & x = x¢(t) on a neighborhood of (zg,0). Note
that the implicit function theorem in [PS03] gives only existence but not uniqueness. We develop
now the uniqueness. The Lipschitz condition on w can be written with the cone property. Let
(A, B) two points on the graph of w, then |ya —yp| < M|z — zp|, for a Lipschitz constant. This
open condition is then verified in a neighborhood of {t = 0}. We see that, F(x1,t) = F(x2,t)

implies ¢ (21, w(x1)) = Pi(x2, w(x2)), hence x; = 5.

If w is C1, we get by implicit function theorem the first derivative of xo(t):
Ope=or = —p1(X (2, w(wy))).
We deduce,
wi () = pa(de (e, w(xt))), (45)

and that ¢t — w;(zg) is a Lipschitz function for each xg. In the C* case, we get by differentiation
of the equation (1),

O,_owi (o) = — < Vw(z), p1 (X (2, w(x))) > +p2(X (2, w()))-

We now observe that there is an obvious monotonicity in w of w;. Indeed, if w < v then w; < v;.
We then use the lemma Pl to prove the result in the case w is Lipschitz . Let x such that w is
upper and lower approximated by C! functions: let u and v such that u(z) = w(z) = v(z), and
u < w < v. We obtain:

1

1
S () = u(@) < 5 (w @) - @) <

| —

(ve(2) —v(2)), (46)
We deduce the result:

lim %(wt(w) —w(@)) = = < Vw(z), p1 (X (2, w(2))) > +pa(X (2, w(@))),

for all the points of derivability of w, i.e. almost everywhere since w is Lipschitz. [J

Now, we prove the following lemma, which can be seen as a consequence of the coarea formula. It

will be used in the proposition E

Lemma 5. Let w:R" — R, an a.e. differentiable function, A = w=*({0}) and B = {z|Vw(z) #
0} then u(ANB) =0.
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Proof: For n = 1, the lemma is obvious because the point of A N B are isolated with Taylor

formula. For n > 1, we generalize with Fubini’s theorem:

AnB=|JANB;,
i=1
with B; = {z € R"| < Vf(z),e; ># 0}. To prove the result, it suffices to see that u(AN B,) = 0.
Consider (z,t) € R" ! x R, f,(t) = f(x +1t) and D, = 2 x R. Then we apply the case n = 1 to
the function f,: u(AN B, N D,) =0, and with Fubini’s theorem, u(A N B,) =0. O

Remark that this lemma can be applied to a Lipschitz function. Below lies the fundamental step

to prove the derivation lemma.

Proposition 5. Let w : R"™! +— R a Lipschitz function. Let V = {(x,y)ly > w(z)} and
U := {(z,y)|ly > 0}. Let X a Lipschitz vector field on R™ and ¢; the associated flow. Finally,
let g and f Lipschitz real functions on R™ of compact support. Consider the following quantity
depending on t,

J, = / foor gy,
¢t (U)

where dy is the Lebesque measure also denoted by dx, then
8t|t:0+Jt = / —<Vf, X >glydz +/ <X,n> fgiv(X)dqu. (47)
U oU
with 1y (X)(y) = limg o+ 1 (y + €X), if the limit exists, 0 elsewhere. And we denote by dpov

the measure on OU and n the outer unit normal.

<

7

FIGURE 2. The main case

Proof: The first case to treat is when w > 0, we can then integrate on V instead of ¢4 (U).

Jy = / foor glvdp,
1%

we differentiate under the integral, we get:
Oicoi = [ = < VX > glvdp,
U

this is the formula because the second term is null. In the following, we have to use this case.
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To treat the general case, we first do a change of variable:

Ji = / / fgo dedac(on)du
Rn—1 ()t

We introduce some notations:

7 = max(0,z) = H(z),
VH(z)(v) = 0,z<0,orxz=0etv <0,
VH(z)(v) = wv,elsewhere,
we(z) = inf{z|(x,2) € d_+(V)}.
Let p; and py the orthogonal projections respectively on R"~! x {0} and 0"~! x R. With the
lemma ,
Oyjr=o+wi(x) =< Vw(x), p1 (X (z,w(x))) > —p2(X (2, w(x))).

Consequently,

Orje=o+wi(2)" = VH (w(z))(< Vw(z), p1 (X (2, w(@))) > —p2(X (2, w(x)))).

Using f(y)(< Vg, X > +div(X)g) = div(fgX) —g < Vf, X >, we get:

s i= [ ~Bumorun(o) o wle) gl (o) )
/ / <Vf(z,2),X(z,z) > g(x,z)dxdz
Rn—1 ¢ (z)t

+/ Jg < X,n>duswnv-
aUunv)
Here n is the outer unit normal of (U NV). Rewrite the last term:

/ fg<X,n>dpownv)y = / fg<X,n>dpov
a(UNV) ovnU

+ / f(z,0)g(z,0) < X, n > dz.
(]—00,0])

In a neighborhood C of z such that w(z) > 0, we have demonstrated that the formula holds, so

the first term in the equation above is equal to:
[ ge<Xonsdwav - [ Dup—own(w)* f(z,0)g(x, 0)da.
avnU w1t (]—00,0])

Moreover, on the set F' = {z : w(x) = 0}, we have, with the lemma E, a.e. Vw = 0. Then, we have:
Oye=o+wi(2)t =< X,n >* [ ae. On theset G = {2 : w(z) < 0}, we have: Oy—o+w;(x)" = 0.
We now get the result with:

/ (< X,?’L > _at|t:Owt($)+)f(xa O)Q(CE, O)dl‘ =
1(]—00,0])

/ 1y (X)(z,0) < X,n > f(z,0)g(z,0)dz.
~1(]—00,0])

Indeed, if < X,n > 0 the result is straightforward because the limit exists in the definition of
1y. If < X,n >=0, the contribution is null. [J

Our goal is to prove the formula for Lipschitz open sets, we present some definitions.
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Definition 4.
An open set U # () of R™ is said to be locally Lipschitz if for each x € OU, there exist:
e an affine isometry I, of R™,
e an open neighborhood V (x) of x,
o a Lipschitz function w defined on R"~1 with a Lipschitz constant K (x)
such that,
I(V(z)nU) = I(V(z)) N {(z,y) € R"™ x Ry > w()}

If the constant K (x) can be chosen independent of x, U is said to be Lipschitz.

Remark 4.

(1) An open bounded set of R™ which is locally Lipschitz is also Lipschitz .
(2) By Rademacher’s theorem, the outer unit normal n(z) exists for H" =% a.e. x € OU.

(3) We will say that (V(x),I) trivializes the Lipschitz domain in x.

The three lemmas below prove that one can describe a Lipschitz domain in many systems of
coordinates. This is a key point to understand the two boundaries at a point of intersection and

enables to use the proposition E

Lemma 6. Let ¢ a C diffeomorphism of R™ and V a Lipschitz domain, then (V) is a Lipschitz

domain.

Proof: The proof is straightforward with the characterization of Lipschitz domains with the uni-
form cone property, which can be found in [DZ01]. O

Lemma 7. Let (ey,...,e,) an orthonormal basis of R™, and w a Lipschitz function defined on

R"1 of Lipschitz constant M. Let U the Lipschitz open set which is above the graph of w:
U= {(z,y) € R"™ x Rly > w(z)},

then for each n in the open cone C = {n = (z,y) € R"™ ! x Ry|y > M|z|} one can trivialize
the boundary of U through the graph of a function defined on n* (with an orthonormal basis).

Moreover, this function is Lipschitz .

FIGURE 3. Trivializing with respect to the orthogonal hyperplan to n.

Proof: Note that, n can be represented with the angle between the hyperplan and the vector

orthogonal to this hyperplan, and also the Lipschitz constant can be represented as the tangente
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of such an angle. Let two points a,b € R™ which belong to the QU, then b — a and n are not
colinear, because of the Lipschitz property. As a consequence, QU is defined as the graph of a
function @ on n'. And, one can verify that, if n is normalized, a Lipschitz constant for @ is equal

to: tan(|0y — 62|), if 01 is the angle of n and 6, associated to the Lipschitz constant. [J

Lemma 8. Let U C R™ a Lipschitz domain with 0 € OU, then there exist a neighborhood V' of 0,
w a Lipschitz function defined on R"™1 and a linear transformation A such that: (e1,...,en_1) C
Ker(A—1Id) and

VNAU) =V n{(z,y) € R* xRy > w(z)}.

Here is the illustration of the idea driving the proof.

0
H

FIGURE 4. The linear transformation A

Proof: In some coordinates, we write U as the epigraph G of a Lipschitz function v on a hyperplan

H in a neighborhood W of 0. We note by n a normal vector to H. We face two cases:

eIf <n,e, >#£0,let A€ L(R™) defined by: A(n) = e, and (ey,...,e,—1) = Ker(A—Id). Denote
by ps the orthogonal projection on (ey,...,e,—1). Let M € G defined by its projections z on H:
M = z 4+ w(z)n, by definition of A, A(M) = (p2(2),w(2)) + A(z — p2(2)). But z — pa(2) = AM(z)n
with A € (R™) so we obtain: A(M) = (p2(2),w(z) + A). Also pyjy is a linear isomorphism, we
note the inverse ps ! then with the change of variable = = p2(2), we get

G = {(z,Mpy " (x)) +wopy*(z))lx € p2(HNW)}.

w o py Lis clearly Lipschitz and we obtain the lemma in this case.

o If < n,e, >= 0, we can choose by lemma ﬁ another system of coordinates for which we fall in

the first case, and the lemma is demonstrated. [

We present a smooth (C') version of the derivation lemma.

Proposition 6. Let U a bounded C' domain of R"™ and V a bounded Lipschitz domain. Let X a
Lipschitz vector field on R™ and ¢ the associated flow. Finally, let g and f Lipschitz real functions
on R™. Consider the following quantity depending on t,

h= [ fesiigtvd
¢:(U)
where dyu is the Lebesque measure also denoted by dx, then

8t|t:0+Jt = / — < Vf, X >glydr +/ <X,n> fgiv(X)dqu. (48)
U oU
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with 1y (X)(y) = limeo 1y (y + €X), if the limit exists, O elsewhere. And we denote by dpayr the

measure on OU and n the outer unit normal.

Proof: Let K a Lipschitz constant of V. Applying the definition of a C' domain with the compact
boundary of U, there exist a finite covering W1, ..., Wy of OU with open balls and (¥q, ..., Uy)
C! diffeomorphisms such that for each i € [1, k],

U, (W; NU) ={(z,y) ER" " x Rly > 0} N T;(W;),
also one has:
U, (W; NOU) =R x {0} N0, (W5).
Let (o, ..., 0n,0k+1) a partition of unity associated to the family
(Wo =R"\U,W1,..., Wi, W1 =U).
It means:
e 0<0;<1,Vie[0,k+1]and 3,/ x4y i =1 onR"

o Supp; C W, fori € [1,k+1].
o Supp By CR*\ U.

Through the change of variable y = ¢¢(x), the quantity is:
k41

Jy = 0igo pily o ¢yJ djs.
f ;/Ufg@v orJac(oy)dp

Four cases appear:

° UﬂWiCV
W,NU CR"\V
e VNW,CcU
oV NoU NW; # 0.

In the first case, the formula is the result of the derivation under the integral, which is allowed

because ¢ is Lipschitz.
=0+ Jt = f(< Vg, X > +div(X)g)du,
W;

with, f(y)(< Vg, X > +div(X)g) = div(fgX) — g < Vf, X >, and applying Stokes theorem true
for a rectifiable open set and Lipschitz functions, we obtain the result.

In the second case, the quantity is null for ¢ sufficiently small. So the formula is obvious.

In the third case, we can integrate on V instead of ¢:(U N W;):

i = / fod; glvdp,
1%
we differentiate under the integral, we get:
=0+ Jt :/ — < Vf, X > glydy,
U

because the second term of the formula is null.

We deal hereafter with the last case: as ¥; is a C! diffeomorphism, W;(V) is also Lipschitz.
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Consequently, we can find a finite covering By, ..., By, of W;, for which one of the following

conditions holds:

e B,CV
e B, CR" \ \%
e B;NIV # () and there exists I such as (V;(B;), I) trivializes the Lipschitz domain ¥;(V).

In the first two cases, we have already demonstrated that the formula is true.
With the lemma E, we know that after a linear transformation A which is the identity on R~ x {0},
the Lipschitz domain can be represented as the epigraph of a Lipschitz function defined on R*~1.

We replace ¥; by Ao ¥, = ¥. We then have the following situations:
YWinV) = {(z )]t > w(2)},
or
YWinV) = {(z )]t <w(2)},
with w : R*~1 N B(0, p) — R a Lipschitz function. This situation (or the symetric situation which

is essentially the same) is treated in the proposition E (]

We generalize the proposition E to the case of Lipschitz domains, we need some additional results

of approximation:

Theorem 6. C' approrimation
Let f : R™ — R a Lipschitz function. Then for each € > 0, there exists a C' function f : R™ — R
such that:

p({z|f(x) # f(x)orDf(z) # Df(x)}) < e.
In addition,
sup|Df| < CLip(f),

for some constant C depending only on n.

See the proof of [EG9Z].
Remark 5. A direct consequence of the theorem is that we have,
If = Fllse < 2max(C, 1) Lip(f)v/n — Len.

On each cube of volume € there exists a point where the two functions are equal, then we deduce

easily the claimed bound. Thus, we get also
p({(x,y)|f(z) <y < f(x) or flx) <y < f(z)}) <2max(C, 1) Lip(f)vVn — Tttt
We deduce a corollary:

Corollary 2. Let U a bounded Lipschitz domain, for each € > 0 there exists V a C* domain such
that, S = U\ V UV \ U, is a rectifiable open set verifying:

u(S) < e (49)
H1(9S) < e. (50)
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Proof: We just present the main points for the proof of the corollary.
By compacity of U, there exists a finite open covering (V1, ..., Vy) of U, such that for each open
set we can trivialize the boundary. On each open set V;, we have by previous theorem a Lipschitz

application g; : OU N'V; — R™ which gives a C! hypersurface. We have
H ' {z e dUNVi|z # g(x)}) < e

Moreover we can assume that this covering satisfies the following property. Let 0 < n < € and
Z = Uiz;V; NV, H""HOU N Z) < n. We thus obtain an application g : OU +— R™ which is
Lipschitz (OU is endowed with the induced metric by the euclidean metric on R™) and is the

boundary of a C' domain V, for which we have:
501 ({z € Uz # g()}) < (k + e

Then, H"1(dS) < 2 Lip(9)" ' (k + 1)e. And also with the same argument given in the pre-
ceding remark, there exists a constant K such that, p(S) < K Lip(g) ((k + 1)6)1+ﬁ, with

K =+/n—1Lip(0U). O
We now turn to the proof of the lemma .

Proof: We use the corollary E, let U. a C!' domain for € as in the corollary. Let M; a constant
such that in a compact neighborhood of U, |f o ¢y — f| < Mit, g < Ms, |f] < M5 and |X| < K.
We have, with

S.=AU,U)=U\UUU\U,,

We denote by § = 1y — 1y, so we have (triangular inequality for the second inequation):

(L (U) = JoU)) — (Ju(U) — Jo(U))| < /V 0067 f o d7 g — 0fgldn,
(V) = To(0)) — (1) — Jo(U))] < /V 100671 (f 06719 — fa)ldu+
/ (00 67— 0) fldu,
A%
(L(U) = Jo(U)) — (Ji(U) — Jo(U2))] < / i~ fodr lglLydu
VN (Se)

+/ |fg|lvdu,
VOA(6:(S0).50)

[(J(U) = Jo(U)) = (Je(Ue) = Jo(Ue))| < tMyMap(he(Se) N V) + MsMap(V N A(61(Se), Se))

We first treat the last term. We claim that, for so > 0 such that Lip(¢;) < 2, we have, for
t € [—s0, S0],
H(A(G(S.), 5.)) < tmax(2, M) 1(DS.).
Introduce ¥ : (¢,z) € [—s0, So] X R™ — ¢ (x) € R™.
We have Lip(¥) < max(2, M), and H"([0,t] x 3S.)) = tH""1(dSc). Hence, H"(¥([—s0, so] X
9Se)) < tmax(2, M)"H"~1(S,.)). To finish, we prove that:
A($1(Se), Se) € | 64(0S0).

s<t
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Let z € A(¢p:(Se), Se),

e Suppose z ¢ S, there exists © € S, such that ¢:(z) = z. The map c: s € [0,t] — ¢s(x)
verifies ¢(0) = = € S and ¢(t) = z ¢ S. By connexity, there exists u € [0,¢], such that
c(u) € 0S.. By composition of flow, ¢, (c(u)) = 2.

e Suppose z ¢ ¢1(Se), there exists © € ¢:(S.) such that ¢_;(z) = z. Themap c: s € [0,t] —
@—s(x) verifies ¢(0) € ¢:(S) and ¢(t) = z ¢ ¢+(S). By connexity, there exists u € [0,¢],
such that c(u) € 9¢:(S:). By composition of flow, m = ¢_,(z) € dS. and obviously,
Pu(m) = z.

We give a bound for the first term in the same neighborhood for ¢ € [—sg, o],

w(e(Se) NV) < p(de(Se)) < 2"tep(Se).

Consequently,
. 1 —
lim sup |¥[(Jt(U) — Jo(U) — (Je(U) — Jo(U))]| < MyMopu(Se) + MzH"1(9S,)).
t—0

We can now obtain the conclusion. Let € > 0,

lim sup |%[(Jt(U> — Jo(U) = (Ji(Ue) = Jo(Uo))]| < (M1 M3 + Ms)e.

t—0t
We use now the formula already demonstrated for C! domains,

1
lim sup |¥[(Jt(U) - Jo(U) —/ — < Vf, X >glydu+

t—0t .

[ <Xon> folv(Xdigu.]| < (0 + Mae
oU.

and the result is proven. [

8. APPENDIX

8.1. Central lemma of [ We present here a different version of the lemma, which is

essentially the same, but from another point of view.

Lemma 9. Let H a Hilbert space and B a non-empty bounded subset of E a Hilbert space such that
there exists a continuous linear application g : H — E. Assume that for any a € H, there exists

by € B such that (b,, g(a)) > 0. Then, there exists b € Conv(B) such that (b,g(a)) =0, Ya € H.

Proof: We denote by Hy = g(H). Let p the orthogonal projection on Hy and Z = Conv(B) is a
non-empty closed bounded convex subset of H, whence weakly compact. As p is weakly continuous
and linear, p(Z) is a weakly compact convex subset and thus strongly closed. From the projection
theorem on closed convex subset, there exists b € p(Z) such that: |b| = inf.cz |c| and (b,c—b) >0

for ¢ € p(Z). As a direct consequence, we have also:
(byu—0b) >0Vu € Z. (51)

The element b lies in the adherence of g(H) then there exists a sequence b, € g(H) such that
limb,, = b. From the hypothesis, there exists u,, € B such that: (u,,—b,) > 0. As B is bounded,
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lim(uy, b —b,) = 0, hence lim sup{u,, b,) < 0. By (@), we get limsup(uy,b) > (b,b). As a result,
(b,b) < 0and b = 0. By definition, there exists v € Z, p(v) = b= 0. Now, v € Hg- and ¢(.) = (v,.)
gives the result. O

8.2. A short lemma. We give here a short proof of the perturbation of the flow of a time
dependent vector field with respect to the vector field. We assume in the proposition that the
involved vector fields are C! but it can be proven with weaker assumptions on the regularity of
vector fields. (See [[G1a0d], for a detailed proof following another method.)

Lemma 10. Let u; and v; be two time dependent C' vector fields on R™, and denote by ¢G5+ the
flow generated by the vector field u; + evy, then we have:

1
Do (z) = / [dbe 1), (a0, ().

Proof: Introduce the notation A; € R™ defined by: A(¢o.+(z)) = 0c¢§ (). Deriving this expres-

sion with respect to the time variable:

d
2 At(@0.¢(2)) = dur(Ae(¢o,t(2))) + ve(¢o,2(2)),
Remark that the expression above can be written as (with £ the Lie derivative):
d _ _
L, A = du _,[3%0.t4u] H At u(Prra(2))) = [do,d] ™ (ve (o, (@)

By integration in time, we obtain the result. [J
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