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ON TSFASMAN-VLADUT INVARIANTS OF INFINITE
GLOBAL FIELDS

PHILIPPE LEBACQUE

ABSTRACT. In this article we study certain asymptotic properties of
global fields. We consider the set of Tsfasman—VIaddu{ invariants of
infinite global fields and answer some natural questions arising from
their work. In particular, we prove the existence of infinite global fields
having finitely many strictly positive invariants at given places, and
the existence of infinite number fields with certain prescribed invariants
being zero. We also give precisions on the deficiency of infinite global
fields and on the primes decomposition in those fields.

1. INTRODUCTION

In the 80, Thara [[] initiated the asymptotical theory of global fields in the
particular case of unramified infinite global fields. More recently, Tsfasman
and Vladut i8] generalised his work to any infinite global fields, and defined
a set of invariants of such fields. The aim of this paper is to investigate their
properties further.

1.1.  Following [Ed], let us first recall some definitions and some basic facts
about the theory of infinite global fields. Let r be a power of a prime number
p. An infinite global field K is an infinite separable algebraic extension of Q
or F,.(¢) such that KN F, = F,. In the function field case, all the extensions
we consider are separable and without constant extensions. We write (N F')
(respectively (F'F)) in order to signify that an assertion concerns the number
field case (resp. the function field case). For any global field K, put nx its
degree over Q or F, (1), gx its genus (%log | D | in the number field case).
Denote by P(K) (resp. P¢(K)) its set of places (resp. of non-archimedean
places). For any place let p € P¢(K'), Np be its norm. For any prime power
q, let ®,(K) denote the number of its places of norm ¢, and let Pp(K),
Oc(K) be the number of its real and complex places respectively. Let A
denote the set of parameters {R, C, p*, p prime number, & € N*} in the
number fields case, {r*, k € N*} in the function fields case, and let A;
be the subset of the parameters which are prime powers. We also define
relative ®-numbers as follows: given a place p of a global field £, and K/E
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a finite extension, let ®, (/) denote the number of places of K above p

with the norm ¢ (or which are real or complex in the case ¢ = R or C). We

will omit the field A in our notation if there is no possible confusion.
Given a set of primes S of a global field K, denote by §(5) its Dirichlet

density if it exists:

§(5) = lim 2opes NP —
s—1t EpePf(K) Np s
If it does not exist, we put
5(S) = lim sup Zpesz —.
s—17 ZpePf(K) Np=
For any set of places S of a global field K" and any extension of global fields
L/K (resp. K/L), let S(L) be the set of places of L lying above (resp.
under) S.

Recall that a sequence {K};en of global fields is said to be a family if
K; is not isomorphic to K for ¢ # 7, and if the constant field of all the K
equals one and the same F, (see [E]). In any family of global fields, we
have g; — oo, because for any real number gy, there is only finitely many
number fields (respectively function fields over a given constant field up to
isomorphism) whose genus does not exceed go.

We say that a family of global fields {K;};cn is asymptotically exact if
the limit

su(1h)) = fim 2
11— 00 g](l.
exists for any ¢ € A. A sequence { K} of global fields is called a tower if
K; is strictly included in K,y for any integer ¢. Any tower of global fields
{K;} is an asymptotically exact family, and the ¢,’s depend only on U;en K.
Therefore one can define Tsfasman-VIddut invariants ¢,(K) of an infinite
global field K as being the ¢,’s corresponding to any tower {K;}ien such
that U;enK; = K. Define the support of an infinite global field as

Supp(K) = {g € A, ¢,(K) > 0}.
We also define the quantity

$oo(K) = lim “5
11— 00 g](l.

We say that an infinite global field is asymptotically good if its support is
not empty, and asymptotically bad if it is empty. In the same manner we can
define the relative invariants ¢, ,(K), for a global field £, a place p of £ and
an infinite global field K containing £, as the limit of the ratio ®, ,(K;)/gx,
for any tower {K;} such that £ C K; for any ¢ and U;enK; = K. As there
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are only finitely many places of £ whose norm is not greater than ¢ and the
number of archimedean places is also finite, we have

Z DK

peP(E

Define also the prime support of K/E as the set

PSupp(K/E) = {p € P;(E) [ 3q € As dpq > O}

Finally, for any (possibly infinite) global field K, any global field K C K,
let Ram(K/K) (respectively Rams(K/K), resp. Dec(K/K)) denote the
ramification locus (resp. the wild ramification locus, resp. the decompo-
sition locus) of K/K, that is set of places of K that are ramified in some
(resp. that are wildly ramified in some, resp. that are split in any) finite
subextension L/K of K/K. In the case K = Q or F,(¢), we omit it in the
notation.

1.2.  Tsfasman and Vladut proved that an infinite number field is asymp-
totically good if and only ¢., > 0. In the function field case that is necessary
but not sufficient. More precisely, for any prime number p,

Z moym < ¢r + 2¢c.

m>1
There is an analogous property for function fields considering instead of the
®,m’s the numbers @, ,m’s of places above a given place p of F, (¢).

Except for the case of asymptotically bad infinite global fields or of those
constructed from the optimal ones (see [H]), we do not know any example
where the set of the invariants of an infinite global field or even its support
is completely known. But Tsfasman and Vladut also gave the following
inequalities for the invariants which generalize Drinfeld-Vladut bound (see

[£9], Theorems ):

Theorem (Tsfasman-Vladut Basic Inequalities). For any infinite global
field, we have the following inequalities:

(NF — GRH) Z % + (log VBT + T+ 4/2)¢ + (log 87+ 7)ee < 1,

1

LDy % + (12 +102y/R)o + (1 + log 2m)c < 1.

W

where the (GRH) indication means once and for all that an assertion is true
assuming the Generalised Riemann Hypothesis.
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Several questions arise naturally. For any family (a,),ea of real numbers
satisfying the basic inequalities, does it exist an infinite global field such
that ¢, = a, for all ¢ € A? We will see that the answer to this question
is negative in the number field case, and the analogous result holds for
function fields (see Corollary B=). Some other natural weaker questions are
far from being within reach at the moment. For example, we do not know
if there exists an infinite global field with an infinity of ¢, being positive,
neither if there are infinite number fields with all but one invariants equal
to zero (the function field case being known in the case where r is a square,
using optimal towers). Even if we are not able to give answers to this two
questions, we can prove the following result:

Theorem A. Let n be an integer and 4, ..., 1, € Ay. There exists an infinite
global field (both in the number field and function field cases) such that
Dty s ooy Or, are all > 0, and such that, in the number field case, any other
&g, with ged(q, [[t:) > 1 is zero.

Note that an analogous result holds for function fields, if we consider the
¢, .m» numbers instead of ®,m.

Theorem B. Let P be a finite set of prime numbers. There exists an
asymptotically good infinite Galois number field KC such that, for any positive
integer m and any p € P, ¢,m(K) = 0. Moreover, PSupp(K/Q) equals
Dec(K/Q) (and therefore has a zero Dirichlet density, see Proposition ).

1.3. Tsfasman and Vladut also defined the deficiency of an infinite global
field as the difference between the two terms of the basic inequalities:

?4logq
NF — H) ) =1-—
( GR }: Jio1

—-Gogw4§F+-Z-+7M2)¢R—-Gog8ﬂ-+v0¢c,

log ¢
NF) §% =1 — Plogg
(NF) D

— (log 2y/7 + v/2)¢r — (log 27 + 7)éc,

o0

FF) 63 =1_ merm
( ) mz::lr?—l

In the case of function fields, when r is a square, there are infinite function
fields which reach the deficiency zero, and they are called optimal (see [H]
for example). But in the case of number fields, such fields are unknown and
we think that their existence is doubtful.
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The deficiency is an increasing function, therefore optimal fields, if they
exist, have to satisfy some similarly properties to those satisfied by just-
infinite global fields (meaning that they have no proper infinite subexten-
sion):

Theorem C. For any i € {1,2,3}, the map K — §(K) is an increasing
map for the inclusion of infinite global fields.

1.4. One can refine in some sense Theorem Bl looking for the best possible
field having n distinct invariants positive, in term of deficiency.

Theorem D. There exists an infinite number field having n positive non
archimedean invariants, such that its deficiency 6, <1 — &, satisfies:

8
NF - GRH) &, ~———— and,
( W i
4
NF n~—.
(NE) e 3In

One can obtain a corresponding result for function fields, but the class
field theory would likely give a very bad estimation comparing to what we
could obtain starting with an optimal tower. This should be done in a
further work.

1.5.  As one can see from the definition of the ¢,'s, these invariants are
closely related to the decomposition of primes in infinite global fields. The
most general result concerning it is a corollary of the Cebotarev density
theorem.

Proposition E. Let K be an infinite number field (resp. function field),
and let T be the set of places of Q (resp. F,(t)) that split in K. Then 6(T)

exists and is equal to 0.

This result implies in particular that, for an infinite Galois global field K
over a global field K, the set

{p € P(K) | ¢pnp > 0}

has a zero Dirichlet density, and in the particular case of Galois number
fields, the set {p | p is a prime number and ¢, > 0} has to be very small.
It seems to be hard to improve it, but in his paper [@], Thara considered
the primes decomposition in infinite unramified Galois extensions of global
fields, and proved that, for any number field £ and any unramified Galois
extension K of k
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where f(p) is the inertia index of a place of K above p, and C'(k) is a real
number depending only on k. Using the Tsfasman-Vladut-basic inequalities,
one deduces the following:

Proposition F. Let K be an infinite number field (resp. function field) and
let T' denote the set of places of Q (resp. F.(t)) that split in K. Then

log N(p) < 1

(NE) N(p) —1 = oo’

peT

Z log,, 1
peT VN(p) - 1
where 1/¢o, can be +00 (corresponding to asymptotically bad cases).

However in the case of asymptotically bad infinite global field, the sum
s(T) = ZpeT Np~! can be infinite, even if the set of ramification is relatively
small:

Theorem G. There exists an infinite global field K (in both cases of number
and function fields) without wild ramification such that s(Dec(K)) = oo and
d(Ram(K)) = 0.

One can improve this result a bit, giving a more precise information on
the ramification locus: for any & > 0 there is an infinite global field K
satisfying the above properties, and such that s(Ram(K)) < e.

The structure of the paper is as follows. First we recall basic facts con-
cerning infinite global fields, which will be useful for the comprehension of
the remainder parts. In § 3 we prove Theorem B using class field towers.
The following paragraph is devoted to the study of the deficiency and the
proof of Theorem B In § 5, we estimate the defect of towers involved in
Theorem Bl After that, we consider the problem of prime decomposition
in infinite global fields, which is central in our study and prove Theorem B
Finally, we prove Theorem B in the last section.

The author would like to thank Michael Tsfasman for all he has done as
his advisor, Christian Maire for the time he spent answering his questions
and for his advice concerning J and Alexei Zykin for all of his comments
on the first version of this paper.

2. BASIC FACTS ON INFINITE GLOBAL FIELDS

In this paragraph we recall briefly some basic properties of asymptoti-
cally good infinite global fields. For more details see [H], or [H] for the the
function field Galois case. If we want to construct an asymptotically good
infinite global field, we ask for three conditions. First, the tower should
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be tamely ramified, or we should be able to control the wild ramification
which is often the most difficult part. Second, the tower should be unram-
ified outside of a finite set of primes. There are examples in the function
field case, where ¢, > 0 and where the set of ramification is infinite (in fact
everywhere ramified, see [l]), but we do not know any example where the
field is asymptotically good. And third, there should be at least one split
prime (in the function fields case).

Controlling the wild ramification leads to specific calculations, as you can
find in [A]. In the following, we will always avoid wild ramification. If there
is no deep wild ramification, and if the field is Galois, then an asymptotically
good has to be finitely ramified. We say that an infinite global field K is
almost-Galois if there is a tower { K; };en of global fields such that UK; = K
and K;y1/K; is Galois for any ¢ € N.

Proposition 2.1. Let K be an infinite number field (resp. function field)
such that
. AN
I(}]%gte#]%ams(lC/[& ) =0.
Then K is asymptotically good (resp. ¢oo(K) > 0) if its ramification locus
S is finite. Moreover, if K/K (for a global field K ) is Galois, the converse

is true. If K = UK; is almost-Galois (for a tower {K; }ien of global fields),
then K is asymptotically good (resp. ¢oo(K) > 0) if and only if

Z ! Z log Np < o0,

Ki pERam (K 4+1/K5)

=0
where log denote the base e (resp. base r) logarithm.

Proof : This is a straightforward application of the Riemann-Hurwitz for-
mula (see [A]). For a number field (resp. a function field) K, let g} denote
gr (resp. gk — 1), so that the Hurwitz formula is exactly the same in the
case of number fields and of function fields without constants extensions.

Let {K;}ien (Ko = K) be a tower representing K (meaning that UK, =
K). Suppose that the ramification locus of K is finite. Let K; be a global
field of genus > 1 such that #Rams(K/K;) = 0. We can suppose that j =0
without any loss of generality. We have to show that the ratio gj /nx, is
bounded. We can always replace ny, by [K; : Ko], the computations being
modified by a factor equal to the degree of Ky over the ground field (Q or
F, (1)).

Write g, n; for gi.,[K; : Ko] respectively. Let S be Ram(K/Ky) and
S; = Ram(K;/Ky). The Riemann-Hurwitz formula (see B3, 1.3.10] and
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[0, 111,3.13]) implies that

b b 1
gi =nido T 5 Z Z(eﬂs — 1) i log Np,

peES: P/p

where B is a place above p, e denote the ramification degree of B/p and
fy the inertia degree of P/p.

As our extensions are separable,
> epfy =ni,
PB/p

and one deduces

1
g7 < nigs + 5ni Y logNp.,

PES;

1
< migs + 5ni Y log N,

peS

this last sum being finite because S is finite, and the first statement is
proven.

Suppose now that S is infinite and that the tower { K} is Galois, so that
K;/ Ky is Galois. We have to show that ¢//n; is not bounded.

* ~ e * 1
g7 = [Ki Kolgs + 5 D) (eq — 1) fylog Np.
peES: P/p

As ey — 1 > eq/2 because e > 2 (the extension is Galois), we deduce that

. L1 ep
g; > nigy + §ZlongZ7fﬂ3

pES; B/p
1
> nigo + g Z log Np.
PES;

The sum is now divergent because #5; tends to +oo, which prove the con-
verse.

Let us prove now the assertion concerning the almost-Galois case. Let .5;
denote the ramification locus of the Galois extension K,;y;/K;. Applying
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the Riemann-Hurwitz formula as before, we get:

41 1 i1

¥ Z-|—1 * Z-|—1
oY —I_Z o ZlongggH-l < i Zlong
% % pES,: n; pES,
gz-l—l
' pes, m+1 ' pes;

We obtain by induction

_I_ ZZlOng_ngSgo_l_ ZZIOng

n
7=0 pes; o+l 7=0 pes;

which concludes the proof. O

In particular, any infinite global field X' containing a global field K such
that X'/ K is unramified, satisfies ¢, > 0. The following result explains why
the split places are of particular interest in the study of the ¢,’s.

Proposition 2.2. Let K be an infinite global field, and let K be a global
field contained in K. Suppose that ¢, > 0 and that a non-archimedean place
p of K splits in K/K. Then ¢ny > 0. Moreover, if K is Galots, and if there
is a q € Ay such that ¢, > 0, then ¢, > 0 and there is a global field L C K
containing K and a non-archimedean place p of K such that any place of L
above p is of norm q and splits in K/ L.

Proof : For the sake of notation, let us prove it in the number fields case. If p
is split in K /K then, for any tower { K;} representing K such that Ky = K,
Onp(K;) > ng,/[Ko : Q], which implies the first assertion. Suppose now
that /K is Galois, and that ¢, > 0, for a prime power ¢. There is a place
p of K such that ¢,, > 0, because EpeP(K) Opg = @g. Then ¢ > ¢y, has
to be non zero. All the places above p in K have the same ramification
index and inertia degree, which have to be both finite: indeed, if K’ is a
global field contained in K, the ramification index e, the inertia degree f,
and the number d of places above p satisfy e f = [K': K]/d, and this ratio
is bounded over the subfields K" of K because of our assumption. Therefore
all the places above p have to split in X'/ L for some global field L. g

3. ON CLASS FIELD TOWERS

3.1.  This section is devoted to the construction of infinite global fields
using unramified classfield towers. For definition and results concerning S-
ramified T-split class field towers, see [E]. Let us recall first the construc-
tion: given a global field K, a prime number p and a set T" of places of K, let
HI(K) denote the maximal unramified abelian (-extension of K where T is
split. Construct a tower of field as follows: let Ky be our global field K" and
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Ty a set of non archimedean places of Ky. For i > 1 put K; = HZTi_l(]&”i_l),
and let T; be the set of places of K; above T;_;. The tower {K;} is called
the (-Ty-class field tower of Ky. The question of the finiteness of this tower
remained open for years until Golod and Schafarevitch gave in the 1960’s
a criterion to prove that such a tower is infinite. This result in particular
implies the following theorem:

Theorem 3.1. [Tsfasman—Viadut [B9] (NF), Serre [E4] , Niederreiter—Xing
3] (FF)] Let K[k be a cyclic extension of global fields of degree (. Let T'(k)
be a finite set of non archimedean places of k and T(K) be the set of places
above T(k) in K. Suppose in the function field case that gcd{(,degp,p €
T(K)} = 1. Let Q be the ramification locus of K/k. Let

(F'F) C(I,K/k) =#T(k)+2+ 6+ 2/#T(K) + d¢,
(NF) C(I,K/k)=#T(K)—to+r+r2+6+2—p+

2VH#T(K) + Uri + 72— p/2) + b,

where &, = 1 if K contains the (-root of unity, and 0 otherwise, ty is the
number of principal ideals in T(k), 1 = Op(K), 12 = Pc(K) and p is
the number of real places of k which become complex in K. Suppose that
#Q > C(T,K/k). Then K admits an infinite unramfied (-T(K)-class field

tower.

Remark that the assumption on the degree of the places in T' in the
function field case guaranties that there is no constant field extension in
the tower. These unramified towers give us infinite global fields such that
onp > 0 for every p € T, provided we can construct sufficiently ramified
cyclic extensions. Even though this point can be made explicitly (see SH),
we will use the Grunwald—Wang theorem.

3.2. Let S be a set of primes of a global field k, containing archimedean
places in the number field case. Let ks denote the maximal extension of k
unramified outside of S, which is Galois over k. Put G's = Gal(ks/k). We
set
(NF) N(S) ={n € N | vp(n) =0 for any p ¢ 5}

in the number fields case, and let N(.5) denote the set of numbers prime to
the characteristic of k£ in the function fields case.

Let us recall that the exponent of a finite group # A is the smallest integer
a such that x® = 14 for every x in A.

Let us now state the Grunwald-Wang theorem, as we can find it in [
in the case where S contains all the places of k.

Theorem 3.2 (Grunwald-Wang). Let S be a set of places of a global field

k, containing the archimedean primes in the number field case, such that
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(S)=1,1let T C S be a finite set of primes of k and A be a finite abelian
group of exponent a such that #A € N(S). Let K,/ky, be, for any p € T,
local abelian extensions such that G(Ky/k,) can be imbedded in A. Then
there is a global abelian extension K/k with Galois group A, unramified
outside of S such that K has the given completions K, for anyp € T, with

the exception of the special case (k,a,T ) when the following four conditions
hold:

(i)a=2"d, r>2

(ii) k is a number field

(iil) k(par)/k is not cyclic

(iv) {p € S | p divides 2 and p is not split in k(puqr)/k} CT.

Proof : 1t is nothing but the proof of 9.2.3. of [E2], where £ is replaced by
ks. For the sake of completeness, let us recall it. Consider A as a trivial Gg-
module. First recall the following. For any p € 5, we choose a k-embedding
ks — k, by chosing a place p of ks above p. This induces the restriction
map from G(ky/ky) to Gs = G(ks/k) (whose image is the decomposition
group of p over k). It induces the map

HY(Gs, A) = H' (G(kp/ky), A)
independent from the choice of the embedding.

lql(kSV{vA)ﬂ> HpeT Hl(%ﬂkva)‘

Let us prove the theorem now. We want to show that the map

Epi(Gs, A) — HHom (ky/kp), A)

is onto, where Epi(Gg, A) denotes the onto morphisms from Gs to A. Let
i, ---, g, be finite places of S — T not dividing 2 in the number field case,
and let

a, + Gk, [hy) = A
be morphisms such that their images generate A. For any p € T, 9, :

G(ky/ky) — A denotes the canonical map induced by the chosen embedding
G(Ky/ky) — A. Let T" denote the set T'U{qy, ..., q,}. The map

H' (ks|k, A) === 15 H(kplky, A)

is known to be onto in the case where §(5) = 1 and A is a trivial Gg(k)-
module, with exception of the special case (k,exp(A),T") = (k,exp(A),T)
(see I, 9.2.2]). An inverse image v : Gs — A of (¥y)pers in H'(Gg, A) =
Hom(G's, A) realises the local extensions and is onto because of the choice

of the ;. O
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3.3.  Using this theorem, we can now prove the following important result:

Corollary 3.3. Let P be a finite set of places of Q (resp. of F,.(t), con-
taining at least one rational place). Then there is an asymptotically good
infinite number field K (resp. infinite function field) such that all the places

in P are split, and that there exists a global field K of prime degree 2 such
that K /K is unramified.

Proof : Let @ be a finite set of places of non archimedean places of Q (resp.
of F,(t)) such that PNQ) = 0, and #Q is big enough to satisfy the condition
of theorem Bl for any quadratic extension of Q (resp. F.(#)).

Applying the theorem with A = Z/2Z, T = P U @), we obtain a cyclic
extension of degree 2 of Q (resp. de F,(¢)) where the set @, at least, is
ramified, and such that P is split. Note that we can obtain the totally ram-
ified local extensions of degree 2 by adjoining a root of Eisenstein separable
polynomials. Then we use Theorem Bl to obtain an unramified 2-class field
tower where all the places in P are split. This tower does not have constants
extension because P contains a rational place, and is asymptotically good
because of the results of §2. O

We remark that we can choose a tower with ¢r or ¢¢ positive, choosing
in the first step a real quadratic field or an imaginary one. In the corollary,
we can also take towers of degree p different from the characteristic of our
fields, but in that case, the norm of the places constituting ) must equal 1
modulo p so that the totally ramified local p-extensions exist.

3.4. Proof of Theorem Bl In the function field case, we apply the corol-
lary BEEd with a set of places P containing at least one place of degree log, t;
for any « = 1,...,n, which gives directly the desired result. If we want to
obtain such additional properties as in the number field case, we just follow
the number field case proof.

In the number field case, we consider the set P = {p("), ... p} of prime
numbers pt), ..., p® which divide one of the ;.

Lemma 3.4. There is a finite extension L of Q having the following prop-
erties:

(i) for any i =1...n there exists p € P(L) such that Np = t,,
(ii) for any p € P(L), if there exists p € P such that p|Np then there is
i € {l,...,n} such that Np = t,.

Assuming this lemma, let us apply the corollary B to the set of places
P. Tt gives us an infinite number field K = UK represented by the tower
of number field {K;}, Ky = Q, unramified over Ky, where all the places of
P are split. Then the tower {L.K;};eny is unramified over L.K7, therefore
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asymptotically good, and all the places of L. above P are split in L.K;. So
we obtain the field L.K having the desired properties.

Proof of the lemma: We construct the tower Ly = Q C Ly,... C Ly =L
using the Grunwald-Wang theorem. Let us begin by ordering the set 7'

Write
T k k

seey Vg 9000y Vi 9 9ttty Yy

such that p() divide all t(lr), ...,tg:) but no others. Put d;r) = log, t;r).
Recall first the following properties of local fields guarantees that we can

use the Grunwald—Wang theorem (see [E&, § I11.5, Theorem 2]):
Lemma 3.5. Let K be a local field with a finite residue field k, and let k' [k

be a cyclic extension of k. Then there exists an unramified cyclic extension

K'/K such that k' is the residue field of K'.

Given a global field K" and a place p, the completion K, of K at p, an
integer n > 0, there exists an unramified cyclic extension K’ of K, of degree
n (meaning that p is totally inert in it).

Using the Grunwald—Wang theorem, let us construct by induction a tower
Lo C -+ C L having the following properties:

(i) in Ly41/L,, all the places above p\¥) are split for j # r 4 1,
(ii) there exists an extension L! of L, of degree i,,, contained in L, 4
such that all the places above p('*1) are split.
(iii) in L,qq/LL there are [L,1 : LO]/(ir+1d§r+1)) places of norm t;r—H)
for any j.

Lo is given. Let us suppose that L,./Lg has been constructed. Put m, =
[L, : Lo]. Let L!/L, be an extension of degree i,4; where all the places
above any p(?) are split. In L! one has got 7,,ym, places

(r+1) (r+1) (r+1) (r+1)
pl,l v Plme 0t Pipgq, 100 0t Py ymey

above pUtY) | put into 7,4, packets containing m, places each.

Consider then successive cyclic extensions of prime degree (so we do not
fall in the special case). We obtain an extension L,;;/L; such that:
(i) all the places above pt¥) are split for any ¢ # r + 1,
(.. (r+1)
ii) above p;,
(r+1)
s

, for any 7 and any [, there are [L,,+1/Li]/d;1) places of
norm ¢

In order to deal with 5" packet, we ask for the existence of a cyclic extension
of prime degree dividing t;r—H), in which all the places above the p;rl—l_l)
totally inert for any [, and in which all the other pointed places are split,
(r+1)
j .

are

until we obtain places of norm ¢
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By induction, we obtain therefore Ly = L, satisfying by the construction
the two given properties. This ends the proof of the lemma and that of
Theorem B |

4. DEFICIENCY AND OPTIMAL FIELDS

The deficiency of an infinite global field is defined as the difference be-
tween the two sides of the basic inequality. Tsfasman and Vladut proved
that it is related to the limit distribution of the zeroes of the zeta func-
tion. This distribution admits a continuous density, and the deficiency is
its value at 0 (see [id]). The study of the deficiency is therefore not only
simpler than the study of the invariants itself, but also gives us some very
interesting knowledge about the field.

4.1. Proof of Theorem I The first but not the least result concerning
the deficiency is Theorem Bl Let us prove it in the case of 6!, the proof
being exactly the same in the two other cases (we replace log by log, in the
function field case). We begin by treating the non-archimedean terms:

Lemma 4.1. For any prime number p, any m € N, and any infinite global

fields K C L,
zm: k(L) log p < zm: k¢ (K) log p

D> W(ﬁi < 3" Fonl)

Remark that we could replace log p/(p*/? —1) by any decreasing function.
We can also prove the same inequality for the ¢, , along the same lines.
Proof of the lemma: Let K C L be two infinite number fields and p a prime
number. Recall that, for any m, we have:

An(K) = zm:k%k(io > A(L).

k¢ i (K)logp

N

Using Abel transform on >/ , we get:

from which we deduce the lemma. [ |
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Taking the limit, we obtain, for two infinite global fields X C L :

Z kqbp )log p < =~ kg, (K)logp

k=1 \/>_1 k=1 \/}?_1 7

LRSS G

Let us now consider the archimedean terms:

Lemma 4.2. For two infinite number fields K C L and two positive real
numbers oy, ay such that 2aq1 > ay, one has:

a1 ¢r(L) + azpc(L) < a1gr(K) 4 azgc(K).

Proof of the lemma: Let us consider two towers of number fields K = UK,
L =UL;, with K; C L;, and let us write the relations between archimedean
places of K; and L;.

We forget the indices and denote by K and L these fields. Let Pr(K)
denote the set of real places of K. Recall that the complex places are always
split in L/ K, giving birth to [L : K] complex places of L and each real place
v of K decomposes into ®,r(L/K) real places and ®,c(L/K) complex
places of L, so that ®, g(L/K) 4+ 2®,c(L/K)=[L: K].

Therefore one has

br(L)= > ®,p(L/K),

vePp(K)

and

bo(L) =[L: K|oc(K)+ > ®,o(L/K).
vePp(K)

Let oy and a3 be real numbers such that 2a; > «a5. Then

a®p(L) + asbe(L) = a1 Y ®up(L/K)+as[L: K]bc(K)

vePp(K)

tay Y Bo(L/K)

vePp(K)

<o Y (Pur(L/K)+2®,0(L/K))

vePR(K)

+ag[L: K]®o(K)
<L K)(on®p(K) + ay®c(K)).
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As gr, > [L : Klgx, one obtains, for gx > 0:
Op(L Oc(L Op(K Oc(K
041M+062 el )SOQ R(X)—l-az C(X)-
gr. gL 9K 9K
Taking the limit we get the lemma. |
This two lemmas (the first in the function field case) give us directly, tak-
ing for a; and a3 corresponding to the archimedean terms in the deficiency,

the decreasing property of the map K — 1 — 6, for any 4, which ends the
proof.

4.2. Optimal Fields. We say that an infinite global field is optimal for (")
if its deficiency 6@ is equal to 0. In the function case, when r is a square,
there are examples of optimal fields. Different constructions can be used,
such as tower of modular curves or recursive towers. In the number field
case, or even in the function field case where r is not a square, the question
whether optimal towers exist or not remains open. Let us give first some
properties that should be satisfied by optimal fields. We will prove then that
most of the infinite number fields constructed using the class field theory
cannot be optimal.

Proposition 4.3. Let K be an optimal infinite number field (resp. function
field) for §O. If p is a non archimedean place of Q (resp. F,.(1)) such that
Opq = 0 for any q, there is no infinite global field L contained in K such
that ¢y 4(L) > 0.

Proof : Let us prove it for : = 1. Suppose there exists such an extension L.
The proof of Theorem Hl shows that, for any prime number p,

Z L)logp < ko (K)logp

>

k=1 \/7_1 k=1 \/ZTk_1

Because of Lemma 22 one has

L= (D 6,(L) 4 6(L) + ardr(L) + a2e(L)) < 1= (14 8(L)),
p#L

= 5,(K).

where a7 and a3 are the archimedean coefficients involved in the deficiency
§W). Therefore §M (L) < —rgplog £/ (£7/* —1) < 0, which leads to a contra-
diction. O

Proposition 4.4. Let K be an optimal infinite Galois number field (resp.
function field) for §©. Let p be a place of Q (resp. F,.(t)). Suppose there
is a prime number p and an integer d such that ¢, ,a(K) > 0. Then K does
not contain any infinite global subfield L such that ¢y ,m(L) > 0, m # d.
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Proof : We show the result for §(V). Let £ € K such that one ¢ppm > 0, and
m < d (the other case cannot happen because K is Galois). We prove that

L is a subfield of K whose deficiency is strictly smaller than the deficiency
of K. Indeed, for any prime ¢ # p, we have 6,(L) > 6,(K). As for p, one has

D k(L) > deya(K),

k<d
since £ C K, we deduce

kﬁbp kqbp dqbpd(lc)
Z Z\F—1 V-1

k<d k<d

But this is impossible, because K is optimal. g

Let us prove now that fields constructed with class field theory are mainly
not optimal. Consider the deficiency without G RH in the number field case
(the G'RH-deficiency result can easily be deduced), and call it é.

Let Q denote Q in the number field case (resp. F,.(¢) in the function field
case). Let K/Q be a finite Galois extension. Let S(K’) be a finite set of
non-archimedean places of K. Let P be a minimal set of non-archimedean
places of K such that:

(i) P is disjoint from S(K’),
(ii) P is stable under the action of the Galois group of K/Q,
(iii) For any non-archimedean places p and g of K outside of S(K'), such
that Np < Ng, if q belongs to P, p belongs to P.
(iv) In the number fields case,

log Np lay
NF (K)— —
NF) X e > ) - 5

where oy = v 4 log 27, and in the function fields case,

log, Np .
Y > g (K).
peP Np—1

The sum 3 p Eiﬁf (resp. D ,cp i;li—rpljﬁ) taken over all non archimedean
places of K, is divergent; therefore such P exists. One constructs it taking
consecutively all the non archimedean places of K outside of S(K) (and
those obtained by applying the Galois action), until the sum becomes bigger

than the right hand side term. Let py be a prime of maximal norm in P,
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and pg the prime of Q under it. Put

. llog po 1 1
NF) o(K,S):= -
W) alh 2= (Npo -1 Npj— 1)

(K, ) llog, Npg 1 1
(84 = _
’ g(K) \vNpo—1 /Npf—1

Let us now state the theorem.

(F'F)

Theorem 4.5. Let K/Q be a cyclic extension of prime degree { ramified
exactly at S a finite set of non archimedean places of Q. Let q,q" ¢ S be two
places of K (of relatively prime degrees in the function field case). Let K =

Ky(?) be the maximal unramified (-extension of K (resp. let K = &”éq’q/}(ﬁ)
be the maximal unramified (-extension of K where q and q' are split). Sup-
pose that #5 > 3+ 04 2v/2+ 02 (resp. #5 >6 —ec+ 230+ 1 —c— see
Theorem B2 for notation).

Then K is not optimal. Moreover its deficiency satisfies 6(K) > a(K, 5).

Remark that it is also the case of any field containing K, in particular
it is the case of Qs (the maximal extension of @ unramified outside of )
in the number field case. The condition on S guarantees that K is infinite
because of Theorem EJL
Proof : Suppose §(K) < a. Let log denote as usual the logarithm with base
e in number field case, and with base r in the function field case. Prove first
that there is a finite place with no contribution in 4.

Lemma 4.6. There is a place py € P such that, for any m > 0, ¢,m =0,
where p; = p1 N Q.
Proof of the lemma: Suppose that for every place p in P, there is an m, > 0
such that ¢pnpme > 0. As K is Galois, it is also the case for all the places
above p N Q. S is by our hypothesis sufficiently large so that, for any place
t not in 5, the maximal extension K* of K, contained in K, with all the
places above v in K split, is not finite. Let us prove first that, for any place
p of P, my = 1. If we only want to prove the non optimality, it is sufficient
to apply the proposition 4

Let us suppose that m, > 1 for a place v. All the places above v in K
have the same norm, they are unramified in any tower contained in X,
therefore the difference of their contributions to the deficiency of Kt and
their contributions to that of K is given by

(NF) lilog Nt B ’E log 1;% ‘
g (K)(Np—1)  g*(K)(Ne™ —1)

llog, N llog N

(FF) og, Nt B og Nt

(K (WNp—1) g (K)(VN™ —1)
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It cannot exceed a, because the deficiency belongs to [0, 1]. Moreover, this
quantity is decreasing in p, increasing in m, so it is sufficient to verify that,
for the biggest p in our set, and for the smallest m (meaning m = (), the
condition is satisfied.

Because of the definition of «, this is not satisfied and therefore we have
a contradition. Consequently m, = 1 for any place p of P.

Then for any p € P,
e = Pnp(K)

VTR

Indeed, all the places above p N Q in K are split and the equality follows.

We have

quql%q 1 Z IOng n gOéQI S 17

g*(f)p Np—1 " 2g*(K)
log log, Np
(FF) o) — > - > 1,
P

where oo = a1r(L) + azpc(L) is the contribution to the deficiency of
the archimedean places. Indeed 6., > lazg and ¢ = (g*(K)™'. This
contradicts T-V Basic Inequalities. [ |

Consider now the maximal unramified extension of K such that p; is
split. The contribution of vy = p; N Q to the deficiency of this extension is
M% > a( K, S), whereas it is zero in K. This leads to a contradiction
since this infinite global fields would have a strictly negative deficiency. O

5. AN EFFECTIVE VERSION OoF THEOREM El

The aim of this paragraph is to produce an example of infinite number
field with n positive invariants having a deficiency 4,, as small as possible.

In order to achieve our goal, we will apply Theorem EZl Take for the set
P the first prime n numbers greater than 2: P = {3,5,7,...,p,} We will
take for K a quadratic extension, Q(,/Gi..-G,,7), where r, is the smallest
integer satisfying the conditions of Theorem EJl with s = 2n :

r, =14+ |n+5+2vV2n+4+1]|.

Then r, = n + 2v/2n + ¢, where ¢, is a bounded sequence. Remark that for
imaginary quadratic extensions, we could take a smaller r,, but that does
not change anything asymptotically.

Now let us choose r. We want the p; to be split (otherwise they are inert
and we loose a /n factor). Take for ¢;, i < r,, the r, primes following p,
in the prime progression, and choose r in the following way so that the p;
are split:
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Lemma 5.1. There exists r € {0,....2[[p: [[ ¢, — 1} prime to 2,p;, q; for
any i, j such that the p; are split in K/Q.

Proof of the lemma: Recall that the p; are split in K/Q if r [] ¢; is a square
mod p; for any ¢, 1.e. if for any 1 < n

(1) (m() -

J

When the p; and the ¢;, j < r, have been chosen, r has to satisfy

Vie {l,..,n} (5) =11 (i-f) .

J

We choose a non zero solution modulo p; for any . We lift it to an odd
integer of {0,...,2][pi[[¢; — 1} equal to 1 modulo ¢; for any j. If this
integer is different from 1, it splits into a product of prime numbers, which
are distinct from the p;, ¢; and from 2. We choose it squarefree, which is
possible because if r has a square factor p*, r/p* suits us too. Note that r
can be equal to 1, and that its factors ramify in A/Q but these factor have
got no consequences on the validity of Theorem EJl B We remark
that we could probably improve the upper bound on r. But it would only
improve the involved constants in the following proposition. For instance
we took r in the most trivial way. We could have computed the number
of integers smaller than 2. ][ p; satisfying the conditions on the Legendre’s
symbols and compared it to the number of integers prime to all the ¢; and
2.

From now on we denote by K, the field K corresponding to n and an r
obtained from Lemma BEZ1

Proposition 5.2. The genus gg, of K, satisfies

3
9K, < gn, where g, = §nlogn + o(nlogn),

1
9K, > G, Where g, = §nlog n + o(nlogn).
Proof :
1 1 1
9kn = 5 Ej log q; + 5 logr + §5log 2,

where ¢ = 2 if 2 is ramified and 0 otherwise. One has logr < ZZ log p; +
Z]‘ log ¢; + log 2. Therefore

logr < Z log p.

qurn
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Thus .
9K, < Z log p — 5 Z logp +log?2 = g,.
P<qry, p<pn
From the analytic number theory (see [H]), we know that the function
Hx) =3, <, logp is asymptotically equal to x + o(z), as v — oo, and that
the n'" odd prime number p, satisfies p, = nlogn + o(nlogn). Thus
Z logp = nlogn + o(nlogn).

P<pn

Asr, =n+2v2n 4+ O(1), one has ¢,, = (2n + 2v/2n)logn + o(nlogn),
q-, being the (n + r,)™ odd prime number. Therefore:

Z logp = (2n +2V2n)logn 4 o(nlogn),

qurn
and we get
3
Gn = 5 logn + o(nlogn).
The second inequality can be obtained in the same way, using r > 1. O

Apply now Theorem Ellto K,,/Q. K, admits an infinite unramified class
field tower K,, = (K} );»0, with K = K,,, where the p; are split in K,,/Q
for 1 < n.

Proposition 5.3. For any 1 > 0, gxi = 2igrc.
Proof : As the tower is unramified, we have for any 1,
grivr = gri [KT K.
We obtain the desired result by induction. O
Corollary 5.4. ¢..(K,) = O((nlogn)™).
Proof : For any i, we have ng; = 211 50 that

n](;‘l 22+1 2

9K a 9K B 9K,
and, taking the limit we get
2
(k) = -

Therefore ¢o.(K,,) < gl, and the result follows from Proposition B2 O

Let us evaluate now the sum involved in the deficiency. Because the p;
are split and because of Proposition B2l we have ¢, = 2#. Therefore we

need to study the following sums:
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Proposition 5.5. Let S, = ", %, Sh=3" 1;’5—_79;. Then

Sy ~24/nlogn
S; ~log (nlogn).
Proof : Let us introduce the function A : N — R defined by
An) = { logp sinm=pisa prime number,

0 otherwise.

Asd(z) =3, ., A(n), we have

ZA(n) B D -I-/x V(t)dt
iR VCONERVCIRN POV
Because () = x4 o(x), the first term in the sum is equal to /x4 o(y/) as

x — oo. Concerning the second, it is a divergent integral. As 211(\% ~ ﬁ,

we ﬁﬂd.
/l’ 19
2

t)dt Todt
O
2/t . 2V/1
As p, ~ nlogn and as 5, is divergent, we get

A()
Sy~ Z = ~ 24/nlogn.

The same computation, using

|
Z o8P ~logx, as x — oo,
p—1

p<w
leads to the estimate of 57, O

Corollary 5.6. Fori=1,2, st <1—e@ where
s d
~—————— an
3v/nlogn ’
4

(1)

) I
€ 5
Proof : We will prove it in the case of §(!) the second case being the same.

lo
As >, qbq% > 2$Sn, we get

1
9K,

Then the result come from our estimates of the genus and of S5,,, and from
the fact that archimedean factor are negligible. O

5, <1-2

S — (v + log 87)dc(K\) — (7/2 + 7 /4 + log VBT ) pr(K.,).
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6. ON PRIME DECOMPOSITION IN INFINITE GLOBAL FIELDS

The class field theory produces examples of infinite global fields with
finitely many places split. But as we can see from the last paragraph, it
seems impossible to use it directly to obtain asymptotically good infinite
global fields having infinitely many places split, and thus infinitely many
positive invariants. The question of prime decomposition in infinite global
field is central, and the analytic theory (in particular the Cebotarev density
theorem) allows us to understand a bit what happens in such field. Let us
recall a corollary of this theorem:

Proposition 6.1. Let K be a global field and let T' be the sel of places of
K which split in a separable extension L/ K of degree n such that, if K is a
function field, F, N L =F,. Then §(T) < L.

Corollary 6.2. Let K be a global field, K/ K an infinite global field and T
the set of places of K split in K. Then 6(T) exists and is equal to 0.

6.1. Proof of Proposition BZl Let us recall first the Cebotarev density
theorem. Let K/L be a Galois extension, ¢ = Gal(L/K) and o € Gi. Put

Ppyx(o) = {p e P(K)| 3IBlpe P(L) o= ({/;() }7

and <o >={r7'or | 7€ G}.

Theorem 6.3. (Cebotarev) The set Pr i has a Dirichlet density. It is
given by
#<o>
0(Prx =
(Pryx()) G

Proof : [, 7.13.4] O

Recall the following lemma:

Lemma 6.4. Let L/K be a separable extension of global fields and N be the
Galois closure of L/ K. Then p splits in L/ K if and only if it splits in N/ K.

Proof of the lemma: N/K is the compositum of all the conjugates of L/K.
If a place p splits in L/ K, it also splits in o(L)/K for any o € Gal(N/K),
therefore it splits in their compositum. The converse is obvious. [ |

For any separable extension of global fields L/K, define Pr g as the set
of unramified places p of K" admitting a place 3 of L above it, whose inertia
degree over p is 1.

Lemma 6.5. Using notation and assumptions of the last lemma, put G =

Gal(N/K) and H = Gal(N/L), One has :
PL/K — |_| PN/K(U).

<o>NH#D
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Proof of the lemma: [ 7.13.5] [

Lemma 6.6. Under this hypothesis, we have §(Prx) > + with the equality

—1
if and only if L/K is Galois. In addition, we have §(Prjrx) <1 — n#G .

In particular the set of places of K having no degree 1 places above them
in L is of positive Dirichlet density. Therefore we have the following result:

Corollary 6.7. Let K be an infinite number field (resp. function field).
Let U be the set of primes of Q (resp. F,(t)) such that ¢pnp = 0. Then U

contains a set of positive Dirichlet density.

Proof of the lemma: For the first point see [l 7.13.6]. Concerning the
second inequality, we start from:

6(Prr) =46 |_| Pnig(o) | < Z #;%.

<o>NH#D <o>NH#Q
Saying that < ¢ > NH is not empty is the same as saying that o belongs
to the set
< H >= U rH ™,
TEG
and in this case < o > lies in < H > . Therefore
1
M Prk) < —# < H>.
(Pr/r) < #G#
An easy basic exercise in group theory (making GG act on < H > by conju-
gation) shows that

4« H><1+#G-[G: H],

from which we deduce the second inequality. [ |

Proof of Proposition B=): Consider the Galois closure N/K of L/K, and
let T be the set of splitting places of L/K,, or equivalently of N/K. The
last lemma implies that

§(T) < 8(Pry) = [Nlil(]

1
< -
n
To obtain the corollary, we just let n — 4oc0. g

6.2. Proof of Proposition Bl We will prove in fact the following result:



ON TSFASMAN-VLADUT INVARIANTS OF INFINITE GLOBAL FIELDS 25

Proposition 6.8. Let K be an infinite global field and {K;}ien be a tower
representing K. Let T' be the set of primes of Ko split in K/Ky. Then

log N o
(NP) Y et < (; (1~ 5 (log2n +7)0-.).

peT -
(NF —GRH) ) log N "1‘0(1——(1 87 + 7)o )
VNP1 = BT TP

peT
Z longp nIXO
pcT \/ _1 B qboo

where the right hand terms can be infinite (in the case of asymptotically bad
fields).

Proof : Let us make the proof in the number fields case, the function fields
one and the GRH one being deduced using the appropriated inequalities.
Suppose that K is asymptotically good. Because of T-V Basic Inequalities,

one has

Z%bgq /2 +log 2v/T)dg + (7 + log 2m)ébe < 1.

As op + 2¢@ = (oo, We obtain the inequality

@y log q 1
<1-—=(log2 o
> 1 = 5 log 2m + )¢

q

Let T be the set Dec(K/Ky) of places of Ky split in K. For any ¢ in A, let
T, be the set of places of T' of norm ¢, and let #7, = N,(T'). Remark that
because of the Riemann-Hurwitz formula, the ratio ng,/gx, is decreasing to
¢oo. Therefore, for ¢ such that T, is not empty,

Qq([}’n) > (K, @ Ko _ 1 ng, > 1 beo.
9(K,) 9K, nK, 9K, MK,
Therefore
b >
Then
log Np 1og q ns o log q
sy, <ty ey
et P g T;é@ N ¢“ T #0
Thus Z log Np nBO qu 1qu i (1- —(10 27 4 V) Poo)-
ZNp— 1= 0 2155 T
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6.3. Asymptotically bad Case. One question arises naturally. We know
that the Dirichlet density of the set of the split places is zero. When the field
is asymptotically good, we have also proved that s(7') has to be bounded.
Can s(T') be infinite in asymptotically bad towers? Can the set T' be infinite?
A negative answer would be a disaster, because of the link between the
positive ¢, and the split places. We do not know at the moment how to
construct asymptotically good fields having infinitely many positive ¢, or
splitting places, and this seems to be a very difficult problem because of the
restricted ramification condition. However, we can construct such examples
in the asymptotically bad case:

Theorem 6.9. For any global field K, there is an infinite Galois global field
K containing K such that infinitely many places split in KC, EPGDSC(K) Np~t
is infinite. It has no wild ramification over the Galois closure of K (in some
given separable closure of K') and 6( Ram(K)) is zero.

In the number field case (and also likely in the function field case) we

could ask in addition that s(Ram(K)) < e (meaning: for any given € > 0,
there is an infinite number field such that...) using a result of Gras (see [B,
Corollary V.2.4.7]) and doing the same as we will do in our proof. But he
only proved it for the number fields case, that is why we will use once again
Grunwald—Wang Theorem, which allows us to prove the theorem in both
cases of number and function fields.
Proof : Recall that, for a set F of places of a global field K, we put s(F) :=
ZpeE Np~1, eventually infinite. Let Ky be the Galois closure of K. Consider,
for the simplicity of notation, the number field case. Let Sy (resp. Dg) be
the ramification locus of Ko/Q (resp. the splitting locus of Ko/Q). We will
extend this notation to other indices than 0 by putting 5, = Ram(K,,/Q)
and D,, = Dec(K,/Q). Let Ty be a finite set of places of @ split in Ky/Q
such that s(7p) > 1. Such a set exists since 6(Dy) > 0 by the Cebotarev
density theorem. Let ¢ be a prime in Ty (or a prime number different from
the characteristic of Ky in the function field case).

We construct by induction the tower of fields K, Galois over Q and the
set T,, C D,, with s(T,,) > n+1 having the desired properties in the following
way. Suppose that we have constructed a field K,,_1, n > 1, Galois over @),
and a set T, as above. Let K be a {-extension of K,,_; unramfied outside
of Dy—1(K,—1), such that all the places above T,,_y in K,_; split. Let S
denotes the ramified places of K*/K,_;. Then we consider the maximal
l-extension K, of K,_;, unramified outside of the places of S* and their
conjugates by the Galois action, where the places of T,,_1(K,_1) split in
K. This extension is non trivial, and moreover K, is Galois over Q. To see
that, let us take a morphism o from K, to a separable closure Q of Q. o(K,)
is a l-extension of o(K,_1) = K,_1 unramified outside of the conjugates of
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places of S, where the places above T,,_; split, therefore it is contained in
K,,. For the set T),, let us take a subset of D,, containing T,,_; and such that
s(T,) >n+ 1.

If we denote by T the splitting locus of K/Q and put S = US, for
the ramification locus of K/Q, then we have s(T') > s(T,) for any n and
therefore s(T') = oo. In addition, S,4; is contained in D, for any n > 0.
Therefore U5, Sm C D, for any n > 0. So we have §(5) = 0. Indeed,
suppose that §(S) > 1/0™ for a given ny > 0. Then §(S — Uicng S5) > 1/47,
but this is impossible because S — Uj<y, Si C Dy and 6(Dy,) < 1/07. 1 s
not ramified in K'/Q, thus there is no wild ramification over Kj. O

To conclude, we remark that there are infinite global field having no places
split: this is for example the case for the maximal abelian extension of Q.

6.4. Abelian Case. Let us give now the negative answer to a natural
conjecture of Michel Balazard formulated at Poncelet Laboratory seminar
(Moscow). In the case of @ and in that of cyclotomic extensions, we have
the following beautiful result of Norton ], which can be obtained using

Brin-Titchmarch and Siegel-Walfisz Theorems:

Proposition 6.10 (Norton). Let g be a prime number and a be an integer
non divisible by q. Let

I, = {p prime number |p=a mod ¢,p < z}.
Then there exists a constant M independent from q,a such that

Z__

pEI

loglogx < M.

It seems to be hard to obtain good generalisations of these two theorems
to general global fields (see [] for the number fields case). However Michel
Balazard put forward the following conjecture:

Conjecture 6.11. Let K be a global field. Let L/ K be an abelian extension
of degree n. Then there exists a constant M depending only on K such that

1
Z ———loglogx < M.
n

, Np
peDec(L/K), Np<=z

Unfortunately, this conjecture is not true, at least this formulation, as
we will see it producing an example of pro-cyclic infinite global field which
violates it.

Proposition 6.12. Both in the case of number fields and in the case of
function fields, there exists an Znﬁnzte Galois global field K /K of pro-cyclic

Galois group such that EPGDSC () Np = oo.
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Proof : Grunwald-Wang Theorem will allow us to produce such an example.
We will give the construction in the number field case for simplicity of
notation. Let us take a prime number pyg = 3 and consider a cyclic extension
Ky of the field K (K being a finite separable extension of Q) of degree pq.

Let us take then a finite set Ty of primes pY, ..., p0 of the ground field Q
split in Ky such that ZpeTo NLp > 1.

Take for the field K a cyclic extension of Q of prime degree p; > py which
does not divide the degree of K, such that Tj is split in Ky. Thus K. Ko/ K
is a cyclic extension of degree pipy, where Tg is split. Take for T} a set of
places of Q split in K.K, containing Ty and satisfying ZpeTl Nip > 1.

Suppose that we have constructed in this way a field K,,.K,,_;... Ko/ K of
degree p,...po together with a set T, of splitting places, satisfying ZpeTn Nip >
n. We construct K11, T,11 from K,.K,,_1...Ky, T, in the same way that we
have constructed Ky,T) from Ky, Ty. Then we obtain our tower by induc-
tion. This tower satisfies the hypotheses of the proposition. O

Corollary 6.13. Conjcture B=l is false, even for cyclic extensions.

Proof : Suppose it is true for a given K. Consider the tower of the last
proposition starting from K, and let T" be its splitting locus. Taking the
limit as n — 400, for any = we have:

1
> 'NE'S M.

peT, Np<a

Taking the limit as @ — 400 we get a contradiction. 4

7. Proor orF ToeoreEM B

First let us recall the following definitions and notation from Galois co-
homology. Let G be a profinite group. The cohomological dimension ed G
of (G is the smallest integer n, if it exists, such that

HY(G, A) =0 for every ¢ > n

and every torsion G-module A. If no such integer n exists, then ¢d G = .
For a pro-p-group, ¢d G < n if and only if H*"*'(G,Z/pZ) = 0 (see [,
§II1.3]). For example, any non trivial finite group has an infinite cohomo-
logical dimension.

We will prove now the following result which implies Theorem B

Theorem 7.1. Let p be an odd prime number and let Sy be a set of primes
congruent to 1 modulo p, such that Qs,(p) — the mazimal p-extension of Q
unramified outside of So— ts of cohomological dimension 2. Let P be a finite
set of prime numbers. Then there exists a finite set of primes S containing
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So and not containing p such that, for any m > 1 and any prime number {,

b (Qs(p)) = 0, and that, for any € S U P, ¢4(Qs(p)) = 0.

Remark that the only primes which can be ramified in a p-extension are
congruent to 0,1 modulo p, thus the condition on Sy is natural.

As a corollary, we deduce directly Theorem B Indeed, Labute (see [H])
gave some examples having the cohomological dimension 2 property, for
example cd Gal(Qq7,1961,1633(3)/Q) = 2, so one can apply Theorem Eto the
set P. The resulting infinite number field K = Qg(3) is asymptotically good
because it is tamely ramfied and unramified outside of a finite set of primes.
In addition, the splitting prime numbers ¢ in K satisfy ¢, > 0 because
of Proposition B2 and no other prime number belongs to PSupp(KX/Q)
because of Theorem L

Let us now prove Theorem E1 In order to do that, recall a result due to
Schmidt ([, Theorems 2.2 and 2.3]). Denote by Gs(p) the Galois group
of the maximal p-extension of QQ unramified outside of 5.

Theorem 7.2 (Schmidt). Let p be an odd prime number and let S be a
finite set of prime numbers congruent to 1 modulo p.

(i) Suppose that Gs(p) # 1 and that ed Gg(p) < 2. Then cd Gs(p) = 2,
and for any € S, Qs(p) realises the mazimal p-extension of Q.

(ii) Suppose edGs(p) = 2. Then, if { ¢ S is an other prime num-
ber congruent to 1 modulo p, which is not split in Qs(p)/Q. Then
cd GSU{Z}(p) =2

Consider now an odd prime number p, Sy a set of primes congruent to 1
modulo p, such that ¢dGs, = 2 and a finite set P = {py,...,p,} of prime
numbers. Let us begin by proving two lemmas:

Lemma 7.3. If ed Gs(p) = 2,then for any m > 1, for any prime number {
not belonging to S, ¢m(Qs(p)) = 0.

Proof of the lemma: 1f cdGg(p) = 2, then for any closed subgroup H of
Gs(p), H*(H) =0 for any n > 2 ([E, §1 prop. 21']). Suppose that ¢m >0
for £ ¢ S and m > 1. Then the Frobenius of Fym which is of finite order, can
be lifted in the decomposition subgroup in Gs(p) of any place over ¢ to an
element of finite order. The subgroup generated by it is finite therefore of
infinite cohomological dimension, so it does not satisfy the above property.
This leads to a contradiction. |

Lemma 7.4. If ¢cdGs(p) = 2, then for any m, for any prime { in S,
¢en(Qs(p)) = 0.

Proof of the lemma: We apply Theorem =, which tells us that the inertia
index of £ in Qg(p) is infinite (indeed, there exists an unramified infinite
algebraic extension of Q). |
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Let us prove now Theorem
Proof : Consider Qg,(p) and its splitting locus T. We will complete the set
So by a finite number of places in order to make the ¢, vanish one after the
other. We will construct a set S of primes having the following properties:

(i) any ¢ € S is congruent to 1 modulo p,
(ii) Qs(p) is asymptotically good and ¢d Gs(p) = 2,
(iii) ps, ¢ < r, is not split in Qs(p).

The key ingredient of the proof is the existence of a tamely ramified p-
extension, unramified at T, such that the p; are inert. Such an extension
exists because of the precise version of Grunwald—Wang Theorem.

Indeed, because of the Grunwald—Wang theorem, there is a cyclic exten-
sion K of degree p, unramfied outside of (P(Q) — T'), such that p and the
p; are inert. Put S = Sy U Ram(K). Thus no p; is split in Qs(p).

As the only primes which can be ramified in a p-extension are congru-
ent to 0,1 modulo p, S satisfy the first condition. Moreover Qgs(p) is
asymptotically good, because it is tamely and finitely ramified. In order
to prove ii, we have to prove that one can apply Theorem A (ii) to all
the places in Ram(K) = {s1,..., S, }. We have to satisfy that s; is not split
in Qs,ufso}-ufsi_13(p). As this field contains Qg,, and as s; is not split in
it since 1" is unramified, s; is not split in Qg ufs}-ufsi_i3(p). Thus we can
apply Theorem B (ii) to all the set Ram(/K') and obtain (ii).

From the first lemma, we deduce that the ¢,m(Qs) are all zero and we
have proven the theorem. O

Let us conclude this section by the following remark: in order to prove
Theorem B we could have first considered a (-extension K/Q where all the
prime in P are inert and its ramification locus Ram(/A’) and then extended
this set to a set S such that ed Gg(p) = 2 (see [, 7.3]). Using this, the
ramification locus and thus its deficiency may be much bigger.
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