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Abstract
This paper presents an improved algebraic pruning method
for point projection for Bézier curves. It first turns the point
projection into a root finding problem, and provides a sim-
ple but easily overlooked method to avoid finding invalid
roots which is obviously irrelative to the closest point. The
continued fraction method and its expansion are utilized to
strengthen its robustness. Since NURBS curves can be eas-
ily turned into Bézier form, the new method also works with
NURBS curves. Examples are presented to illustrate the ef-
ficiency and robustness of the new method.
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1 Introduction
The point projection problem is to find the closest point on
the curve to a given point, and return the corresponding pa-
rameter of the closest point [5; 11; 14; 22; 18; 27]. It is
very important in geometric modeling, computer graphics
and computer vision [11; 14; 22; 18]. It is also essential
for the B-spline curve fitting problem [30].

Given a point p and a Bézier curve q(u) of degree p, the
point projection problem can be described mathematically
as to find u∗, such that

�p − q(u∗)� = min{�p − q(u)� |u ∈ [0, 1]}. (1)

If u∗ �∈ {0, 1}, then Mortensen and Zhou [16; 33] give a
necessary condition mathematically as follows,

(p − q(u∗)) · q′(u∗) = 0, (2)

where q′(u) denotes the derivative of q(u). The closest point
can be obtained by solving Equation (2). There are many
methods on solving all the real roots of a polynomial equa-
tion, such as Newton’s method [2; 9; 17; 22], Sturm se-

quence method [1; 23; 31], Bézier clipping method [20; 26],
hybrid method [17; 23], and so on [19; 18; 29].

However, not all roots are necessary to be computed. The
pruning technique based on the subdivision of the curve
is able to reduce the unnecessary computation [9; 12; 13;
14; 22], whose aid is to obtain a good initial value for the
Newton-Raphson method. The Newton-Raphson method
needs a good initial value for achieving the convergent re-
sult [23; 28]; otherwise, it may give a wrong answer or even
fail [14; 21; 22]. Each subdivision step of a Bézier curve
of degree p in the space Rm requires p(p + 1)m/2 additions
and p(p+1)m/2 multiplications for the non-rational case, or
p(p+1)(m+1)/2 additions and p(p+1)(m+1)/2+2p+1
multiplications for the rational case [4; 6; 20; 21]. To obtain
a good enough initial value, it is necessary to subdivide the
curve in a very high lever, which leads to too much expensive
computation time on subdivision.

The algebraic method of solving the roots of a polynomial
equation costs less computation on subdivision, and the geo-
metric method based on the subdivision of the Bézier curves
prunes some unnecessary computation. Combining with
these two methods, this paper presents an algebraic pruning
method for the point projection problem for Bézier curves.
The new method spends much fewer computation time on
subdivision and obtains higher efficiency. Our method first
isolates all the different real roots, then provides a method to
prune most of the unnecessary roots, finally combines bisec-
tion method with Newton’s method to subdivide the object
function instead of the curve, until it obtains the exact solu-
tions within a given tolerance.

We assume that the Bézier curve is defined by

q(u) =
∑p

i=0 Bi,p(u)wiPi∑p
i=0 Bi,p(u)wi

=
V(u)
w(u)

, 0 ≤ u ≤ 1, wi > 0,

(3)
where p is the degree of the curve, Pi are the control points
in the space R3, u is the parameter of the curve, {wi} are the
weights, and {Bi,p(u)} are the pth-degree Bernstein basis
functions. We assume that the closest point to the testing
point p is not a end point of the curve.

This paper is organized as follows. Section 2 presents the
outline of the new algorithm. Section 3 gives correspond-
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andIAM with the unit millisecond. As shown in Table 2,
IAM are more rapid thanGPM andGAM .

Table 2: Resulting computation time for the point projection
problem of B́ezier curves

Time Fig 2(a) Fig 2(b) Fig 2(c) Fig 2(d)
Tg 0.017ms 0.051ms 0.061ms 0.071ms
Ta 0.013ms 0.036ms 0.051ms 0.072ms
Ti 0.007ms 0.013ms 0.018ms 0.025ms

In Table 3, Nk denotes the number of points whose cor-
responding distance error are within the tolerance10Š k ,
k = 5 , 6, · · · , 9. As shown in the Table 3, the numbersN9

andN8 in the improved methodIAM are larger than those
numbers inGPM andGAM .

Example 2. Fig. 3 shows point inversion examples for
Bézier curves of degree 4,5,7 and 9, respectively. For each
case, we select 201 points at parameter{ i/ 200} 200

i =0 on the
corresponding B́ezier curve. The corresponding results are
shown in Table 4. In Table 4,Tm denotes the corresponding
computation time with the unit millisecond, andNk denotes
the number of points whose corresponding error are within
the tolerance10Š k . As shown in Table 4,IAM is more rapid
thanGPM method. For all the examples shown in Fig. 4, all
the resulting points byIAM are within the tolerance10Š 8,
and there are more points within the tolerance10Š 6, 10Š 7,
10Š 8 or 10Š 9 in IAM thanGPM.

(a) (b)

(c) (d)

Figure 3: Point inversion for B́ezier curves of degree 4 (a),
5(b), 7(c) and 9(d).

4 Conclusion
The algebraic method turns the point projection problem for
Bézier curves into a root-�nding problem of a polynomial
equation. Usually, it will compute all the real roots. This

paper provides an improved method, which reduce most of
the computation for �nding the invalid real roots. It also in-
troduces a similar continued fraction method to improve the
robustness of the new method. The new method can prun-
ing most of the invalid roots as the geometric methods do,
but the computation time for each pruning step is much less
than the geometric methods, which are based on the subdivi-
sion of the curve itself. Examples are shown to illustrate the
ef�ciency and the robustness of the new method.
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