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Abstract

By means of a multi-scale analysis we describe the typical geometrical structure
of the clusters under the FK measure in random media. Our result holds in any
dimension d > 2 provided that slab percolation occurs under the averaged measure,
which should be the case in the whole supercritical phase. This work extends the
one of Pisztora [29] and provides an essential tool for the analysis of the supercritical
regime in disordered FK models and in the corresponding disordered Ising and Potts
models.
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1 Introduction

The introduction of disorder in the Ising model leads to major changes in the be-
havior of the system. Several types of disorder have been studied, including random
field (in that case, the phase transition disappears if and only if the dimension is
less or equal to 2 [23,4,10]) and random couplings.

In this article our interest goes to the case of random but still ferromagnetic and
independent couplings. One such model is the dilute Ising model in which the inter-
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actions between adjacent spins equal 3 or 0 independently, with respective proba-
bilities p and 1 — p. The ferromagnetic media randomness is responsible for a new
region in the phase diagram: the Griffiths phase p < 1 and 5, < # < [.(p). Indeed,
on the one hand the phase transition occurs at G.(p) > [, for any p < 1 that ex-
ceeds the percolation threshold p., and does not occur (i.e. f.(p) = o) if p < p,
B = B.(1) being the critical inverse temperature in absence of dilution [2,15]. Yet,
on the second hand, for any p < 1 and § > (3., the magnetization is a non-analytic
function of the external field at h = 0 [18]. See also the reviews [17.,9].

The paramagnetic phase p < 1 and 8 < [, is well understood as the spin correlations
are not larger than in the corresponding undiluted model, and the Glauber dynamics
have then a positive spectral gap [26]. The study of the Griffiths phase is already
more challenging and other phenomena than the break in the analyticity betray the
presence of the Griffiths phase, as the sub-exponential relaxation under the Glauber
dynamics [5]. In the present article we focus on the domain of phase transition p > p,
and 3 > (.(p) and on the elaboration of a coarse graining.

A coarse graining consists in a renormalized description of the microscopic spin sys-
tem. It permits to define precisely the notion of local phase and constitutes therefore
a fundamental tool for the study of the phase coexistence phenomenon. In the case
of percolation, Ising and Potts models with uniform couplings, such a coarse grain-
ing was established by Pisztora [29] and among the applications stands the study of
the L'-phase coexistence by Bodineau et al. [6,8] and Cerf, Pisztora [11,13,14], see
also Cerf’s lecture notes [12].

In the case of random media there are numerous motivations for the construction of
a coarse graining. Just as for the uniform case, the coarse graining is a major step
towards the L'-description of the equilibrium phase coexistence phenomenon — the
second important step being the analysis of surface tension and its fluctuations [32].
But our motivations do not stop there as the coarse graining also permits the study
of the dynamics of the corresponding systems, which are modified in a definite way
by the introduction of media randomness. We confirm in [31] the prediction of Fisher
and Huse [22] that the dilution dramatically slows down the dynamics, proving that
the average spin autocorrelation, under the Glauber dynamics, decays not quicker
than a negative power of time.

Let us conclude with a few words on the technical aspects of the present work. First,
the construction of the coarse graining is done under the random media FK model
which constitutes a convenient mathematical framework, while the adaptation of the
coarse graining to the Ising and Potts models is straightforward, cf. Section 5.5. Sec-
ond, instead of the assumption of phase transition we require percolation in slabs as
in [29] (under the averaged measure), yet we believe that the two notions correspond
to the same threshold (.(p). At last, there is a major difference between the present
work and [29]: on the contrary to the uniform FK measure, the averaged random
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media FK measure does not satisfy the DLR equation. This ruins all expectancies
for a simple adaptation of the original proof, and it was indeed a challenging task
to design an alternative proof.

2 The model and our results
2.1 The random media FK model

2.1.1 Geometry, configurations sets

We define the FK model on finite subsets of the standard lattice Z2 for d € {1,2,...}.
Domains that often appear in this work include the box Ay = {1,..., N — 1}9, its
symmetric version Ay = {—N,..., N}% and the slab Sy = {1,...,N — 1}9"! x
{1,...,H — 1} for any N, H € N*, d > 2.

Let us consider the norms
d 1/2
]2 = <;x2> and ||a]|oc = max |o;| , V€ Z°

and denote (e;);—;. 4 the canonical basis of Z¢. We say that x,y € Z¢ are nearest
neighbors if ||z — y||o = 1 and denote this as # ~ y. Given any A C Z%, we define its
exterior boundary

ON={zeZ\A:TFyecAx~y} (1)

and to A we associate the edge sets

E'(N)={{r,y} :z € A,y € Z% and = ~ y} (2)
and EY(A)={{z,y}:z,y € A and = ~ y}. (3)

In other words, E*¥(A) is the set of edges that touch A while E/(A) is the set of
edges between two adjacent points of A. Note that the set of points attained by
E¥(A) equals, thus, A UdA. We also denote E(ZY) = E¥(Z) = E/(Z%).

The set of cluster configurations and that of media configurations are respectively
Q={w:E(z') - {0,1}} and J={J:E(2") —[0,1]}.

Given any £ C E(Z") we denote by wyp (resp. Jip) the restriction of w € Q (resp.
J € J) to E, that is the configuration that coincides with w on E and equals 0 on
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E<. We consider then
Qp = {wpweQ} and Jp={JipJ €T}

the set of configurations that equal 0 outside E. Given w € 2, we say that an edge
e € E(Z9) is open for w if w, = 1, closed otherwise. A cluster for w is a connected
component of the graph (Z?, O(w)) where O(w) C E(Z%) is the set of open edges
for w. At last, given z,y € Z? we say that x and y are connected by w (and denote
it as x < y) if they belong to the same w-cluster.

2.1.2 FK measure under frozen disorder

We now define the FK measure under frozen disorder J € J in function of two
parameters p and ¢. The first one p : [0,1] — [0,1] is an increasing function such
that p(0) = 0, p(z) > 0 if x > 0 and p(1) < 1, that quantifies the strength of
interactions in function of the media. The second one g > 1 corresponds to the spin
multiplicity.

Given E C E(Z%) finite, J € J a realization of the media and 7 € Qge a boundary
condition, we define the measure q)ép OT by its weight on each w € Qp:

B () = e L) (1= p(I)) x4 (4)

eceE

where CT,(w) is the number of w-clusters touching E under the configuration w V 7
defined by

we ifee B
(wVm), =
7, else

and ZpP%™ is the partition function

ZgPtT = S TT (0(Je)) (1= p(Je)) 7 x ¢“F). (5)

wEQE eck

Note that we often use a simpler form for @ép 7. if the parameters p and ¢ are clear

from the context, we omit them, and if F is of the form E¥(A) for some A C Z¢
. . J77r . J,T(' . .

we simply write 3" instead of & Bu(A)- For convenience we use the same notation

for the probability measure (IJ}Q’7r and for its expectation. Let us at last denote f,w
the two extremal boundary conditions: f € Qg with f. = 0,Ve € E° is the free
boundary condition while w € Qg with w, = 1,Ve € E° is the wired boundary
condition.

When ¢ = 2 and p(J) = 1 — exp(—243.J), the measure &7 is the random cluster
representation of the Ising model with couplings J, and when ¢ € {2,3...} and
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p(J) =1 — exp(—3J) it is the random cluster representation of the ¢-Potts model
with couplings J, see Section 5.5 and [28]. Yet, most of the results we present here
are independent of this particular form for p.

Let us recall the most important properties of the FK measure (ID}Q’W. Given w,w’ € Q
we write w < ' if and only if w, < W/, Ve € E(Z%). A function f : Q — R is said
increasing if for any w,w’ € Q we have w < W' = f(w) < f(v'). For any finite
E C E(Z%), for any J € J, m € Qpe, the following holds:

The DLR equation For any function h: Q — R, any £’ C F,

" (h(w)) = 25"

(I) (w\/ﬂ)\(El)ch ((U'(El)c V w/):| (6)

where w’ denotes the variable associated to the measure ® E,WW)‘EC

The FKG inequality If f,g: Q — R" are positive increasing functions, then

5" (fg) = PLT(/)PE(9). (7)

Monotonicity along 7 and p If f: Q — R is a positive increasing function and
if m, " € Qpe, p,p' : [0,1] — [0, 1] satisfy 7 < 7" and p(J.) < p'(J.) for all e € E,
then

DEPIT(f) < DFT( ). (8)

Comparison with percolation If p = p/(p+q(1—p)), for any positive increasing
function f: Q — R we have

QPN (f) < PEIT(f) < RPN (). (9)

The proofs of these statements can be found in [3] or in the reference book [20] (yet
for uniform J). Let us mention that the assumption ¢ > 1 is fundamental for (7).

2.1.8 Random media

We continue with the description of the law on the random media. Given a Borel
probability distribution p on [0, 1], we call P the product measure on J € J that
makes the J, i.i.d. variables with marginal law p, and denote E the expectation
associated to P. We also denote Bg the o-algebra generated by Jg, for any £ C
E(74).

We now turn towards the properties of ®%™ as a function of J. Given E, E' ¢ E(Z%)
with F finite and a function h : J x  — R such that h(.,w) is Bg-measurable
for each w € Qg, the following holds:
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Measurability The function J — ®%"({w}) is Bg-measurable while

J — &L (h(J,w)) and J — sup &L (h(J,w)) (10)
TEQpe
are Bpug-measurable, for all wg € Qr and m € Qge.

Worst boundary condition There exists a B g-measurable function 7 : J —
Qge such that, for all J € 7,

o (h(J,w)) = sup OF(h(J,w)). (11)

TEQRC

The first point is a consequence of the fact that ®3"({w}) is a continuous function
of the p(J.) and of the remark that

;" = > " ({wh h(Jw).

weN g

For proving the existence of 7 in (11) we partition the set of possible boundary
conditions 2g. into finitely many classes according to the equivalence relation

T~ e Yw € Qp, Op(w) = CF (w).

A geometrical interpretation for this condition is the following: 7 and 7" are equiv-
alent if they partition the interior boundary of the set of vertices of £ in the same
way. Consider now 7y, ma, ..., T, € Qgc in each of the n classes and define:

k(J):inf{ke{l, n}: O™ (h(J,w)) = sup q)é“(h(J,w))},

WEQEC

it is a finite, Bpug-measurable function and 7 = 7 is a solution to (11).

2.1.4 Quenched, averaged and averaged worst FK measures

A consequence of (10) is that one can consider the joint law E®%™ on (J,w). We will
be interested in the behavior of w under both ®2™ for frozen J € J — we call 5"
the quenched measure — and under the joint random media FK measure IECDJ{;’W - we
will refer to the marginal distribution of w under IE(IDJ{;’W as the averaged measure.
In view of Markov’s inequality the averaged worst measure constitutes a convenient
way of controlling both the P and the sup, @}é”-probabilities of rare events (yet it
is not a measure): for any A C Qg and C > 0,

E sup &7 (A) < exp(—20) = P <sup DL (A) > exp(—C)) < exp(—C)

TEQ TeNs,

= E sup &7 (A) < 2exp(—C). (12)

TeNG
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2.1.5 Absence of DLR equation for the averaged measure

Similarly to systems with quenched disorder that are non-Gibbsian [30], or to av-
eraged laws of Markov chains in random media that are not Markov, the averaged
FK measure lacks the DLR equation. We present here a simple counterexample.
Consider p = Aoy + (1 — A\)d for X € (0,1), ¢ > 1 and p(J.) = pJ. with p € (0, 1).
Let £ = {e, f} where e = {z,y} and f = {y, 2} with 2 # = and 7 a boundary
condition that connects x to z but not to y. Then,

E®T (w. =1 and wy = 1) = A*pp
E®T, (we = 0 and wy = 1) = A*(1 — p)p + (1 — A)Ap
where
p p
1+ (1 -p)g—1) 1+ (1 -p2—1)
and it follows that the conditional expectation of w. knowing w; = 1 equals

and p=

D=

Ap

(BRF) (welws =) = 573575 >

Ap

since p < p. As Esup, @?é} (we) = E®Y,,(we) = Ap we have proved that the aver-
aged measure conditioned on the event w. = 1 strictly dominates any averaged FK
measure on {e} with the same parameters, hence the DLR equation cannot hold.

2.2 Slab percolation

The regime of percolation under the averaged measure is characterized by
. Jf w N
]\}EI(I)OE(I)AN (O = 8AN) >0 (P)

yet we could not elaborate a coarse graining under the only assumption of percola-
tion. As in [29] our work relies on the stronger requirement of slab percolation under
the averaged measure, that is:

* . . Jf w >
HEN, inf il o ESF, (z&y) >0 (SP, d > 3)
lim E®%/ (3 an horizontal crossing for w) > 0 (SP, d =2)
N—oo N,k(N)

for some function x : N* +— N* with limy_ ., (N)/N = 0, where an horizontal
crossing for w means an w-cluster that connects the two vertical faces of OSy .-

The choice of the averaged measure for defining (SP, d > 3) is not arbitrary and
one should note that slab percolation does not occur in general under the quenched
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measure, even for high values of § when p(J.) = 1 — exp(—3J,): as soon as P(J, =
0) > 0, the P-probability that some vertex in the slab is J-disconnected goes to 1
as N — oo, hence

VH € N*,Nli_r)nOOIP( inf @ (& y) = ) _

x,yESN’HUE)SNyH

This fact makes the construction of the coarse graining difficult. Indeed, the averaged
measure lacks some mathematical properties with respect to the quenched measure
— notably the DLR equation — and this impedes the generalization of Pisztora’s
construction [29], while under the quenched measure the assumption of percolation
in slabs is not relevant.

Let us discuss the generality of assumption (SP). It is remarkable that (SP) is equiv-
alent to the coarse graining described by Theorem 2.1 (the converse of Theorem 2.1
is an easy exercise in view of the renormalization methods developed in Section 5.1).
Yet, the fundamental question is whether (P) and (SP) are equivalent.

In the uniform case, when d > 3 it has been proved that the thresholds for perco-
lation and slab percolation coincide in the case of percolation (¢ = 1) by Grimmett
and Marstrand [21] and for the Ising model (¢ = 2) by Bodineau [7]. It is generally
believed that they coincide for all ¢ > 1. In the two dimensional case, the threshold
for (SP, d = 2) coincides again with the threshold for percolation p. when ¢ = 1, as
pe coincides with the threshold for exponential decay of connectivities in the dual
lattice [27,1].

In the random case the equality of thresholds holds when ¢ = 1 as the averaged
measure boils down to a simple independent bond percolation process of intensity
E(p(J.)). For larger ¢ we have no clue for a rigorous proof, yet we believe that the
equality of thresholds should hold. The argument of Aizenman et al. [2] provides
efficient necessary and sufficient conditions for assumption (SP). Indeed, the av-
eraged FK measure can be compared to independent bond percolation processes
of respective intensities E (p(J.)/(p(Je) + q(1 — p(J.)))) and E(p(J.)) (see also (9)),
which implies that

p(Je)
iz <p<Je> Tl )

) © pu(d) = (SP) = E(p(J) > p(d)  (13)

according to the equality of thresholds for (P) and (SP) for (non-random) perco-
lation. If we consider p(J) = 1 — exp(—3J), then (SP) occurs for § large when
P(J. > 0) > pe.
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2.8  Owur results

The most striking result we obtain is a generalization of the coarse graining of
Pisztora [29]. Given w € Qpw(a,), We say that a cluster C for w is a crossing cluster
if it touches every face of 0Ay.

Theorem 2.1 Assumption (SP) implies the existence of ¢ > 0 and k < oo such
that, for any N € N* large enough and for alll € [klog N, NJ,

) g | There exists a crossing w-cluster C* in Ay
Einf &7 >1—exp(—cl)
T and it is the unique cluster of diameter > 1

where the infimum inf; is taken over all boundary conditions ™ € Qpzay gw(ay)-

This result is completed by the following controls on the density of the main cluster:
if
f— 1 J.f w A w o 1: Jw w 2
6/ = lim E®77 (0% 0Ay) and 0¥ = lim E7" (05 0Ay)  (14)
are the limit probabilities for percolation under the averaged measure with free and
wired boundary conditions, and if we define the density of a cluster in Ay as the
ratio of its cardinal over |Ay|, we have:

Proposition 2.2 For anye >0 andd > 1,

, 1 s | Some crossing cluster C* has
lim sup — log Esup &y’ <0 (15)
N N ™ a density larger than 0" + ¢

while assumption (SP) implies, for any € > 0 and d > 2:

5. | There is no crossing cluster C*
log Esup ®¢ < 0. (16)
™ of density larger than 0/ — ¢

I 1
1mNsup =

In other words, the density of the crossing cluster determined by Theorem 2.1 lies
between 67 and 6™. Yet in most cases these two quantities coincide thanks to our
last result, which generalizes those of Lebowitz [24] and Grimmett [19]:

Theorem 2.3 If the interaction equals p(J.) = 1 —exp(—3J.), for any Borel prob-
ability measure p on [0,1], any ¢ > 1 and any dimension d > 1, the set

: J, . Jw
Dpga= {ﬂ 2 0: A}l_I}gOIE@AIi # Nh_rgoEéAN}

18 at most countable.
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We also give an application of the coarse graining for the FK measure to the Ising
model with ferromagnetic random interactions, see Theorem 5.10.

2.4  Qverview of the paper

A significant part of the paper is dedicated to the proof of the coarse graining —
Theorem 2.1 — under the assumption of slab percolation under the averaged measure
(SP, d > 3). Let us recall that no simple adaptation of the original proof for the
uniform media [29] is possible as, on the one hand, the averaged measure does not
satisfy the DLR equation while, on the second hand, slab percolation does not occur
under the quenched measure.

In Section 3 we prove the existence of a crossing cluster in a large box, with large
probability under the averaged measure. We provide as well a much finer result:
a stochastic comparison between the joint measure and a product of local joint
measures, that permits to describe some aspects of the structure of (J,w) under the
joint measure.

In Section 4 we complete the difficult part of the coarse graining: we prove the
uniqueness of large clusters with large probability. In order to achieve such a result
we establish first a quenched and uniform characterization of (SP, d > 3) that we
call (USP): for e > 0 small enough and L large enough, with a P-probability at
least ¢ for n large enough, each x in the bottom of a slab S of length nL, height
Llogn is, with a ®-probability at least ¢, either connected to the origin of S,
or disconnected from the top of the slab. For proving the (nontrivial) implication
(SP, d > 3)=(USP) we describe first the typical structure of (J,w) under the joint
measure (Section 4.1), then we introduce the notion of first pivotal bond (Section 4.2)
that enables to make recognizable local modifications for turning bad configurations
(in terms of (USP)) into appropriate ones. Finally, in Section 4.4 we prove a first
version of the coarse graining, while in Section 4.5 we give the same conclusion for
the two dimensional case using a much simpler argument.

The objective of Section 5.1 is to present the adaptation of the renormalization
techniques to the random media case. As a first application we state the final form of
the coarse graining — Theorem 2.1 — and complete it with estimates on the density of
the crossing cluster — Proposition 2.2. We generalize then the results of [24,19] on the
uniqueness of the infinite volume measure — see Theorem 2.3. We conclude the article
with an adaptation of the coarse graining to the Ising model with ferromagnetic
disorder and discuss the structure of the local phase profile in Theorem 5.10.

10
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3 Existence of a dense cluster

In this Section we concentrate on the proof of existence of a dense w-cluster in
a large box. As our proof is based on a multi-scale analysis we begin with a few
notations for the decomposition of the domain into L-blocks: given L € N*, we say
that a domain A C Z% is L-admissible if it is of the form A =[], {1,...,a;L — 1}
with a,...,aq € {2,3,...}. Such a domain can be decomposed into blocks (and
edge blocks) of side-length L as follows: we let

BY={1,...,L—1}+Li and BF=1{0,...,L}"+Li (17)

and denote
BF=E(BF) and EF = E/(B) N E"()). (18)

We recall that E/(A’) was defined at (3), it is the set of interior edges of A’ C Z2,
in opposition with E*(A’) defined at (2) that includes the edges from A’ to the
exterior. We call at last

Iy ={iez': Bl c A}. (19)

Remark that the EZL are disjoint with EZL C EF. The edge set EX includes the edges
on the faces of B}, which makes £ and E} disjoint if and only if 4, j € I, 1 satisfy
i — jll2 > 1. See also Figure 1 for an illustration.

In order to describe the structure of configurations w € Qgw(x) we say that (&;)c Inz
is a L-connecting family for A if & is w, Ef—measurable, Vi € I and if it has the
following property: given any connected path ci, ..., ¢, in I ;, (that is : we assume
that ||cis1 —¢ll2 =1, forall i € {1,...,n — 1} ), for any w € N;_, &, there exists
an w-cluster in Uy_; £ that connects all faces of all 8BCLk ,fork=1...n.

Let us present the main result of this Section:

Theorem 3.1 Given any L € N* and A C Z* a L-admissible domain, there exist a
measure W% on Tew) X Qpuwny and a L-connecting family (;)ier, , such that

(i) the measure Uk is stochastically smaller than E®YY,
(i) under U§, each & is independent of the collection (€;)jer, , |jilla>1-
(iii) there exists py, € [0, 1] independent of the choice of A such that

inf Uk (&) > pr

1€ML,

with furthermore py, b 1if (SP,d > 3).

11
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An immediate consequence of this Theorem is that (SP, d > 3) implies the existence
of a crossing cluster in the box Apy for L, N € N* large with large probability under
the averaged measure E@,{f v ¢f. Corollary 3.5. Yet, the information provided by
Theorem 3.1 goes much further than Corollary 3.5 and we will see in Section 4 that
it is also the basis for the proof of the uniform slab percolation criterion (USP).

8.1 The measure Uk

The absence of DLR equation for the averaged FK measure makes impossible an
immediate adaptation of Pisztora’s argument for the coarse graining [29]. As an
alternative to the DLR equation one can however consider product measures and
compare them to the joint measure.

Assuming that A C Z¢ is a L-admissible domain, we begin with the description of
a partition of E*(A) = |’_, Ex. On the one hand, we take all the F* with i € Iz
and then separately all the remaining edges, namely the lateral edges of the BF (see
(18) for the definition of EL and Figure 1 for an illustration of the partition). This
can be written down as

=ﬂEk:(uEZL)u e 20)

k=1 i€y L c€BE (M)

where Bl (A) = E“(A) \ User, , EBE = Uz'eIA,L(EiL \ EL). We consider then for WX
the measure on Jgwa) X 2pw(a) defined by

wk(h l@EEkCPJ’“f] (L V.. N dywr V..V wy)) (21)

for any h: J x Q2 — R* such that h(.,w) is Bgw(a)-measurable for each w € Qpw(y),
where J1V...VJ, € Jgw() (resp. wiV...Vw, € Qgu)) stands for the configuration
which restriction to Ej equals Ji (resp. wy), for all k:

The first crucial feature of ¥¥ is its product structure: under W% the restriction of
(J,w) to any EL with i € Iy 1, or to {e} with e € EE,(A) is independent of the rest
of the configuration, so that in particular the restriction of w to EF is independent
of its restriction to Ujer, ,:[lj—if>1 E]-L, and for any L-connecting family point (ii) of
Theorem 3.1 is verified.

The second essential property of W% is that it is stochastically smaller than the av-
eraged measure on A with free boundary condition, namely point (i) of Theorem 3.1
is true. This is an immediate consequence of the following Proposition:

12
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Fig. 1. E¥(A) partitioned into the EZ and the lateral (dashed) edges.

Proposition 3.2 Consider a finite edge set E and a partition (F;)i=1..n, of E. As-
sume that h : J x Q — R is Bg-measurable in the first variable and that for every

J, h(J,.) is an increasing function. If we denote by (J;,w;) € Jg, X Qg, the variables
associated to the measure E@ﬁi’f (resp. E@ﬁ’w}, we have:

softh < [@Ba ] G0y Vv ve)) @
i=1

resp.  EOLh > [@ EE,L@,Q;J”] (R(J1V ...V Ty V..V wy,)). (23)
=1

PROOF. We focus on the proof of the second inequality since both proofs are
similar. We begin with the case n = 2. Applying twice the DLR equation (6) for ®
we get, for any J € J:

Wi,

oF (h().) = OFF |05 [0 (h (Jiwn v wa))]|

. . J, .
where w is the variable for ®2/, w; that for @ET‘EQ and wy that for @ﬁ;’l. Since
h(J,wi V wy) is an increasing function of w; and wy, it is enough to use the mono-
tonicity (8) of ®5" along 7 to conclude that

®% (h(,w)) = ®% (@] (h (Jw V)]

The same question on the J-variable is trivial since P is a product measure, namely
it J, Jy, Jo are the variables corresponding to Eg,Ep, and Eg,:

Ep®% (h(J,w)) > Bp B, @57 [0 (h (1 V Ja, w1V ws))] .

It is clear that Ep, and q)}lﬂll’f commute, and that Eg, <I>}]311’f and EEQQ)J{JQQ’JC also com-
mute, hence the claim is proved for n = 2. We end the proof with the induction

13
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step, assuming that (23) holds for n and that E is partitioned into (E;)i=1. nt1-
Applying the inductive hypothesis at rank 2 to E; and Ef}) = U;>2FE; we see that
E®L h(J,w) > EEléﬁl’fEEéégé’fh (J1 V J5, w1 V wh). Remarking that for any fixed
(J1,w1) the function (J,w) € J X Q+ h(J1 V Jigy, w1 V w) is Bgy-measurable in J
and increases with w we can apply the inductive hypothesis at rank n in order to
expand further on .J;, and wj and the proof is over.

3.2 The L-connecting family EZL’H

The second step towards the proof of Theorem 3.1 is the construction of a L-
connecting family. The faces of the blocks BF play an important role hence we
continue with some more notations. Remark that (k,¢) € {1,...,d} x{0,1} indexes
conveniently the 2d faces of BX if to (k,e) we associate the face Li + Lee, + FE
where
FEk={0,....,L}"n{z e, =0}. (24)
We decompose then each of these faces into smaller d — 1 dimensional hypercubes
and let
j-e,=0and Vk € {1,...,d} \ {K},

HEH =57t (25)
L/(BH) < j-e,<2L/(3H) -1
and for any j € HXH we denote
FLM . =Li+ Lee, + Hj + F! (26)

so that F=" is the translated of FH=1 positioned at Hj on the face (k,e) of B,

1,K,E,]
as illustrated on Figure 2.

L
LH
! E,K,e,]
””””” = . \_Bf
H
L/3 L/3
Fig. 2. The d — 1 dimensional facets FZLKE i

The facets FZLHZJ will play the role of seeds for the L-connecting family. Given

w € Qpuy and @ € Ing, (k,e) € {1,...,d} x {0,1} and j, € H", we say that

14
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F;L;Z]O is a seed at scale H for the face (k, ) of BF if jg is the smallest index in the

lexicographical order among the j € HXH such that either F, LH A A =0, or all

27’{787.]

the edges e € E/(F/™ ) are open for w (we recall that E/(A’) is the set of edges

Z7I€7€7J

between any two adjacent points of A’ C Z¢, cf. (3))

The first condition is designed to handle the case when the face (x, €) of BF is not in
A (this happens if B touches the border of A, cf. Figure 1): with our conventions,
there always exists a seed in that case and it is the F,L,{Iz] of smallest index j € HLH,

Then, we let

Each face of BF owns a seed and _
= wEQEw(A) : ,VZEIAJ/ (27)
these are connected under wjpr

L.H
&

which is clearly a L-connecting family since, on the one hand, €Z-L - depends on
wypr only and, on the second hand, the seed on the face (k,1) of BF corresponds by

construction to that on the face (k,0) of Bf, , for any i,i + e, € I; 1. Hence we
are left with the proof of part (iii) of Theorem 3.1.

3.8 Large probability for EL under Uk

In this Section we conclude the proof of Theorem 3.1 with an estimate over the
UL_probability of

¢ O
gl = gltVolet (28)
for § > 0 small enough, and show as required that % (EF) — 1 as L — oo assuming
(SP, d > 3), uniformly over A and i € I, ;. Our proof is made of the two Lemmas
below: first we prove the existence of seeds with large probability and then we
estimate the conditional probability for connecting them.

Lemma 3.3 Assume that ¢ = Eq)‘{]’eé(we) > 0 and let 6 < —1/logec. Then there
exists (pr)r>s with imp . p, = 1 such that, for every L-admissible A and every
1€ Inr,

vk <{Each face of BE bears a seed at scale Hy, = [ﬁ/élogL]}) > prL.

Lemma 3.4 Assume (SP,d > 3). Then, there exists (ply)men+ with ply — 1 as
H — oo such that, for any L € N* such that HlLH # 0, any L-admissible domain

15
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ACZ%and any i € I g,

Each face of BE bears

vy & P (29)

WV

a seed at scale H

Before proving Lemmas 3.3 and 3.4 we state an important warning: the fact that
UE(ELE) — 1 as L — oo does not give any information on the probability of &F
under the averaged measure E®Y{ as £ is not an increasing event !

PROOF. (Lemma 3.3). The W4-probability for any lateral edge of B¥ to be open
equals ¢, hence a facet FZLHIZL] C A is entirely open with a probability

d—2
ld=D(HL—1)H} > CHg

for L large enough. Consequently, the probability that there is a seed at scale Hj,
on each face of BF is at least

o [#_2}1171
pr=1-2d(1 - ")

4 L d—1
>1—2dexp (—CHL X {E — 2} ) (30)

using the inequality 1 —u < exp (—u). We remark at last that for L large,

log (ch(f X

L d—1
= 2} > Hiloge+ (d — 1) (log L — log(4H}))
3,
> (1+dloge)log L — log(4Hy)

with 1+0log ¢ > 0 thanks to the assumption on d, hence the term in the exponential
in (30) goes to —oo as L — oo and we have proved that lim; ., pr = 1.

PROOF. (Lemma 3.4). We fix a realization wey, € QEW(A)\EZ.L such that each face of
BZ-L bears a seed under we. Thanks to the product structure of \Ifk, the restriction
to EE of the conditional measure Uk (.|w = wey ) equals E@g, hence the probability
for connecting all seeds together is l

E@éj; (w V Wext € SZLH) )

We will prove below that with large probability one can connect a seed to the seed in
any adjacent face, and this will be enough for concluding the proof. Indeed, denote

16
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S1,...,82q the seeds of we. Thanks to the requirement a; > 2 in the definition of
L-admissible sets, we can assume that s; and s; are on adjacent faces, both of them
inside A so that in fact s; and sy are entirely open for wey. If we connect s; to each
of the seeds s, ..., s94_1 in the adjacent faces of BY, and then in turn connect s, to
S9q We have connected all seeds together. As a consequence one can take

pyp=1-(2d-1)(1— inf pf,) (31)
L:HIL'H;ﬁ@ ’

as a lower bound in (29), where p% ; is the least probability under IE(IDJ‘;]LC for con-

- L.H LH . :
necting two facets F; - ; and F};, ., ;, in adjacent faces of B}.

For the sake of simplicity we let i« = 0, (k,e) = (1,0) and (+',€") = (2,0). Our
objective is to connect any two facets F(fi{é,j and F&é{éd, (j € HE and ' e Hé’H)
i
to assumption (SP, d > 3) there exist & > 0 and H; € N* such that any two points
in SUQS are connected by w with probability at least o under E@‘é’f , provided that
S is of the form S = {1,...,N — 1}471 x {1, H, — 1} with N € N large enough.
We describe now two sequences of slabs of height H linking the seeds F0L7 i{é,j and

F(f’%j, to each other. Let first, for [ € N and x € {1, 2}:

with large probability under E®*7 , and we achieve this placing slabs in BY. Thanks

S(lk)y={1,....1-1}n{z:1<r e, < H,—1} (32)
and then
L—1
U(l,h,k) = S(I, k) + he, + > [ ] e (33)
sl 2
forte{l,...,L}, he{0,...,L— H,} and k € {1,2}. The slab U(l, h, k) is normal
to e, and the e,-coordinates of its points remain in {h + 1,..., h+ Hy — 1}, it is

in contact with the face (x',0) of BE where {x'} = {1,2} \ {x} and it is positioned
roughly at the center of BX in every other direction e, for k > 3. We conclude these
geometrical definitions letting

Vo=U(j-eH+(n—1)H,,j -etH + (n—1)H,, 1) (34)
which are vertical slabs and
T,=U(j -etH+nH, j-esH + (n—1)Hyg,2) (35)

which are horizontal slabs, for any n € {1,...,[H/H,]}. As illustrated on Figure 3,
for any n € {1,...,[H/H,]|}, F()Lvifévj is in contact with E"(T),) since the largest
dimension of the slab is at least L/3, while E¥(V,,) touches F(f é{é,j,, and by con-
struction E(V,,) and E"(T,,) touch each other. Furthermore the edge sets E*(V},)
and E*(T,) are all disjoint, and all included in E*(BE). Consider now the product

17
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measure

[H/H.]
0= Q (E2} @Ed}). (36)
n=1

Under the measure ©, the probability that there is a w-open path in E*(V,,)UE"(T},)
between the two seeds F(fi{é,j and F(fé{é,j, is at least a? thanks to (SP, d > 3). By in-
dependence of the restrictions of w to the unions of slabs (E*(V,,) U E¥(T5)),1 g/u.1-
it follows that the ©-probability that w does not connect F(f i{aj to F(f é{aj’ in Ew(BOL)

is not larger than (1 — az)(H/ -1 Thanks to the stochastic domination © < E@g{
0

stoch.

seen in Proposition 3.2, the same control holds for the measure E@g{ and we have
0

proved that
H/H,
p,H/l = (1—@2)[ [

for any L such that H{"" # 0. In view of (31) this yields limpy_.o ply = 1.

Fig. 3. The slabs V,, and T;, in the proof of Lemma 3.4.

3.4 FExistence of a crossing cluster

An easy consequence of Theorem 3.1 is the following:

18
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Corollary 3.5 If (SP, d > 3), for any L € N* large enough one has

li]{[n E@,{’{N (There exists a crossing cluster for w in Apy) = 1.

PROOF. The existence of a crossing cluster is an increasing event hence it is
enough to prove the estimate under the stochastically smaller measure \II,L\L v Un-
der \I/kLN the events £ are only 1-dependent thus for L large enough the col-
lection (1 {gi[/})ie I, Stochastically dominates a site percolation process with high
density [25]. In particular, the coarse graining [29] yields the existence of a crossing
cluster for (1 {Qp})ie In;, in Iz with large probability as N — oo, and the latter event
implies the existence of a crossing cluster for w in Ay y as (EZ-L)Z-E Ir, 18 a L-connecting
family.

4 Uniqueness of large clusters

In the previous Section we established Theorem 3.1, that gives a first description
of the behavior of clusters in a large box. Our present objective is to use that
information in order to infer from the slab percolation assumption (SP,d > 3) a
uniform slab percolation criterion (USP).

Given L,n € N* with n > 3 we let
A8 ={1,Ln— 1} x {1, L[logn] — 1}, (37)

call Bottom(A;%) = {1,...,Ln—1}%"1 x {0} and Top(A%) = {1,..., Ln—1}4"1 x
{L[logn]} the horizontal faces of 8Al2gL, consider 0 = (1,...,1,1) € Z% a reference

2

point in A% and H~ the discrete lower half space

H™ ={zcZ: x-e; <0} (38)

as well as B~ = E/(H™) the set of edges with all extremities in H~. Then, we define
(USP) as follows:

3L € N*, 3¢ > 0 such that for any n large enough,
lo
Va € Bottom(A,)),Vr € QEw(Alysz)c,‘v’f € Qp-:

7T (:c o or x UF Top(Afi)) > ¢

log
An,L

P > €. (USP)

The implication (SP, d > 3)=(USP) will be finally proved in Proposition 4.7, and
its consequence — the uniqueness of large clusters — detailed in Proposition 4.9.
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4.1 Typical structure in slabs of logarithmic height

As a first step towards the proof of the implication (SP, d > 3)=(USP) we work
on the proof of Proposition 4.1 below. We need still a few more definitions. On the
one hand, given w € Q and x € Z¢ we say that o and x are doubly connected under
w if there exist two w-open paths from o to x made of disjoint edges, and consider

C? (w) = {x € Z* : x is doubly connected to o under w}. (39)

On the second hand we describe the typical .J-structure in order to permit lo-
cal surgery on w later on. Given a rectangular parallelepiped A C Z? that is L-
admissible, we generalize the notation BF defining

BI" = (Li+{-nL+1,...,(n+1)L—1}")nA (40)

for n € N; note that BL = B*" if i € Iy, (see (19)). Given J € J and e € E(Z%),
we say that e is J-open if J, > 0. For all ¢ € I ;, we denote

There exists a unique J-open cluster in
Gl = E“’(Bf’l) of diameter larger or equal to L (41)
and Ve € E“’(Bf’?’), Jo=0or J,. > ¢p
where ¢, > 0 is a cutoff that satisfies P(0 < J. < er) < e L. Given a finite rect-
angular parallelepiped R C Z? and I C Z® we say that I presents an horizontal
interface in R if there exists no x-connected path ci,...,¢, (i.e. |[cir1 — Cilloo = 1,

Vi=1...n—1)in R\ I with ¢; -4 = mingcrx - €4 and ¢, - €5 = max,cr v - €4. We
consider at last the event

There exists an horizontal interface Z in
L=13(J,w):{0,....,n— 1} x{1,...,[logn] — 1} such (42)
that: Vi € Z, C?> (w) N BE # 0 and J € G-

and claim:
Proposition 4.1 (SP, d > 3) implies the existence of L € N* such that

lim inf Einf &7, (£) > 0.
n,L

The proof of this Proposition is not straightforward and we achieve first several

intermediary estimates under the product measure \Ile/o?’g

An,L
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4.1.1  Double connections

The event £ introduced in the former Section efficiently describes connections be-
tween sub-blocks in the domain A. However, as it will appear in the proof of Proposi-
tion 4.7, the information provided by £F is not enough to be able to proceed to local
modifications on w in a recognizable way and this is the motivation for introducing
the notion of double connections. Assuming that L is a multiple of 3, that A C Z¢
is a L-admissible domain and that i € I 1 we define

DF= ) &R (43)

i J
j€3i+{0,1,2}4

Note that DF depends on w in EX, a box of side-length L, while the measure \Ifi/ s
associated to the 5]-L /3 has a decorrelation length L/3.

An immediate consequence of Theorem 3.1 is the following fact:

Lemma 4.2 Assumption (SP, d > 3) implies:

inf v (DF) = 1.

lim
L—o0,3|L A C ZL-admissible

1€ IA L

Moreover, the event D} depends only on wpr. For anyi,j € In g with |[i — jl2 > 1

the events D} and D} are independent under i,

The relation between DX and the notion of double connections appears below:
Lemma 4.3 If (i1,...,4,) is a path in Z¢ such that BZL,c C A,2VEk=1...n and if
w € DiLl n... ﬂDiLn, then there exist x € BZ.L1 and y € BiLn and two w-open paths from
z toy in Ug—y EL made of distinct edges.

This fact is an immediate consequence of the properties of SjL / 3, see Figure 4. Note

that the factor 3 in 5]-L /3 i necessary as the w-open clusters described by SjL /3 may

use the edges on the faces of BjL/g.

4.1.2  Local J-structure

We describe now the typical J-structure with the help of the event GF (see (41)).
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i

y
BL

n

Fig. 4. A loop made of good £X/3-blocks in a path of good DE-blocks.

Lemma 4.4 The event GF depends only on J ol and (SP, d > 3) implies

. . L/3
lim inf \IIA/ (QZL) = 1.
L—o0 A C Z%L-admissible

1€ IA L

PROOF. The domain of dependence of GF is trivial. Concerning the estimate on its

probability, we remark that the marginal on J of \Ifﬁ/ % equals P, while (SP, d > 3)
ensures that percolation in slabs holds for the variable 1, -0y under IP. Hence the
condition on the structure of the J-open clusters holds with a probability larger than
1—e~<L for some ¢ > 0 according to [29]. The condition on the value of J, also has a
very large probability thanks to the choice of £;: remark that |E*(B"®)| < d(7L)%,
hence

P(3e € B (Bf?):J. € (0,e)) <d(TL)%e™"

which goes to 0 as L — oo.

4.1.8  Typical structure in logarithmic slabs

We proceed now with Peierls estimates in order to infer some controls on the global
structure of (J,w) in slabs of logarithmic height. We define

A
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where DF and Gl are the events defined at (43) and (41) (see also (28) for the
definition of £). An immediate consequence of Lemmas 4.2 and 4.4 is that

inf vy (TF) =1

1m )
L—003|L A - 741, admissible

1€ IA L

if (SP,d>3), together with the independence of 7;* and T under i i
i — jlle = 7. We recall the notation Ai;gL = {1,Ln — 1}% ! x {1, L[logn] — 1}
(37) and claim:

>
>

Lemma 4.5 Assume (SP, d > 3). For any ¢ > 0, L large enough multiple of 3,

The cluster of T,*-good blocks issued
lim inf ‘I’/L\l/o?’g from 0 presents an horizontal interface | 2 1 —¢.
n n,L

in {0,n — 1}¢ x {1, [logn] — 1}

Remark that the cluster of 7;%-good blocks issued from 0 lives in {0,n — 1}% x
{0, [logn| — 1}, hence we require here (as in the definition of £ at (42)) that the
interface does not use the first layer of blocks. This is done in prevision for the proof
of Lemma 4.6.

PROQOF. The proof is made of two Peierls estimates. A first estimate that we do not
expand here permits to prove that some (ZL)—cluster forms an horizontal interface
with large probability in the desired region {0,...,n — 1}471 x {1,..., [logn] — 1}
if L is large enough. The second estimate concerns the probability that there exists
a 7-open path from 0 to the top of the region.

If the 7 -cluster issued from 0 does not touch the top of the region, there exists a *-
connected, self avoiding path of 7-closed sites in the vertical section {0,...,n — 1} x
{03472 x {0,..., [logn] — 1} separating 0 from the top of the region. We call this
event C and enumerate the possible paths according to their first coordinate on
the left side A > 0 and their length { > h + 1: there are not more than 7' such
paths. On the other hand, in any path of length [ we can select at least [1/13%]
positions at ||.||-distance at least 7 from any other. As the corresponding 7 -events
L/3

are independent under ¥ Alog »
n,L

i (© <30 3 T (- )



hal-00145720, version 2 - 18 Dec 2007

where p;, = mfZE[AL\I/L/S (ZL) This is not larger than ar/(1 — ar)? if ap =

7(1- pL)l/13 < 1, and since limy a;, = 0 the claim follows.

4.1.4  Proof of Proposition 4.1

We conclude these intermediary estimates with the proof of Proposition 4.1.

PROOF. (Proposition 4.1). As the event L is increasing in w, thanks to Proposi-

tion 3.2 it is enough to estimate its probability under the product measure \P/L\{o?’g .

We consider the following events on (J,w):

(J,w): there exists a modification of (J,w) on E*(BL)
A =1 such that the T-cluster issued from 0 forms an
horizontal interface in {0,...,n —1}471 x {1,..., [logn] — 1}
{‘v’e € Ew(BL) Je > ep and w, = 1}

By a modification of (J,w) on E*(BE) we mean a configuration (J',w’) € J x Q
that coincides with (J,w) outside E*(BL). Clearly, the event A does not depend
on (J,w), pu(izhy, Whereas B depends uniquely on (J,w) o (B According to the

product structure of ¥ Al/f; , we have

WS (ANB) = Ut (A) x v (B).
n,L n,L 0

In view of Lemma 4.5, liminf, \Ifil/i (A) > 1/2 for L large enough multiple of

3, whereas \Ifgé;’ (B) > 0 for any L large enough (we just need P(J, >¢er) >
P(J,>0) — el > 0). This proves that liminf, \IILI/O?’g (ANB) > 0 for L large
nL

enough. We prove at last that AN B is a subset of £ and consider (J,w) € AN B.
From the definition of A we know that there exists a modification (J',w’) of (J,w)
on E¥(BE) such that the T-cluster for (J',«’) issued from 0 forms an horizontal
interface in {0,...,n—1}4"1 x {1,..., [logn] — 1}. Let us call C that 7-cluster and

T=Cn{0,...,n— 1}t x{1,... [logn] —1}.
From its definition it is clear that Z contains an horizontal interface in {0,...,n —
1341 x {1,..., [logn] — 1}; we must check now that Vi € Z,C? (w) N BF # 0 and

J e Gk We begln with the proof that C (w) N B} # 0, for every i € Z: since i € C,
Lemma 4.3 tells us that there exist z € BL and y € BL which are doubly connected
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under w’. Since the corresponding paths enter at distinct positions in Ew(BL)

is also doubly connected to o under w which has all edges open in Ew(BL) As for
the J-structure, for every i € Z we have (J',w’) € T,F, hence J' € GF and J € G
for every ¢ € 7 such that BL BL ' = (. We conclude with the remark that the
replacement of J' by J in E“’(B0 ) just enlarges an already large J'-cluster (no new
large cluster is created, hence J' € GF = J € GF): the inclusion (J',u') € T}
implies the existence of a w’-open path of length L in Ew(BOL}, and this path is
necessarily also J’-open, hence J € GF for all i € Z such that Bf n B # 0, and
this ends the proof that AN B is a subset of L.

4.2 First pivotal bond and local modifications

We introduce here the notion of first pivotal bond: given a configuration w € €2, we
call C2(w) the set of points doubly connected to x under w. Given e € E(Z?) we say

that e is a pivotal bond between x and y under w if z < y in w and x U y. At
last we say that e is the first pivotal bond from x to y under w if it is a pivotal bond
between z and y under w and if it touches C? (w).

There does not always exist a first pivotal bond between two connected points: it
requires in particular the existence of a pivotal bond between these two points. When
a first pivotal bond from x to y exists, it is unique. Indeed, assume by contradiction
that e #£ €’ are pivotal bonds under w between z and y and that both of them touch
C? (w). If ¢ is an w-open path from  to y, it must contain both e and €/. Assume
that ¢ passes through e before passing through €', then removing e in w we do not
disconnect z from y since €’ touches C? (w) D C, (w‘{e}c), and this contradicts the
assumption that e is a pivotal bond.

In the following geometrical Lemma we relate the event £ defined at (42) to the
notion of first pivotal bond. We recall the notations Bottom(AlOg) ={1,...,Ln—

131 x {0} and Top(A%) = {1,..., Ln—1}*"! x {L[logn]}, as well as E~ for the
set of edges in the discrete lower half space H™ (see (38)). We say that w € Qp is
compatible with J € Jg if, for every e € £, J, =0 = w, = 0.

Lemma 4.6 Consider x € Bottom(AlOg) €€ Qp- and (J,w) € L with w such that

z Top(Alog) and z % o.

Then, there existsi € {0,...,n— 1}t x {1,...,[logn]| — 1} such that J € GF and
there exists a modification ' of w on E*(BF") compatible with J, such that the first

piwotal bond from o to x under W'V € exists and belongs to E*(B).

The variable & corresponds to the configuration below the slab A}ﬁgL. The point in
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introducing ¢ here (and in the formulation of (USP)) is the need for an estimate
that holds uniformly over the configuration below the slab in the proof of Lemma 4.8.

3L Llogn/]

d
0 M T w
7

w0

Fig. 5. Lemma 4.6: ¢1, co are w-open, d is w V &-open and /' is J-open.

PROOF. Note that Figure 5 provides an illustration for the objects considered in

the proof. We build by hand the modification w’. Since (J,w) € L there exists an

horizontal interface Z as in (42). Since on the other hand z R Top(Alrf,gL), there

exists ¢ € Z such that C,(w V &) N BF # 0. Let us fix such an i: we clearly have
J € GF. From the definition of the event £, we know that C2(w) N BF # (. We
fix y € Colw VvV E) N BE and 2 € C2(w) N BE. There exist two w-open paths ¢, ¢,
in E“’(Afi) made of disjoint edges, with no loop, that link o to z, as well as an
w V &-open path d in Ew(Af’gL) U E~, with no loop, that links z to y. Of course, d
does not touch ¢; U ¢y since x +» o under w V &.

Since i is not in the first block layer (see the remark after Lemma 4.5), ¢; N E*(B")
and d N Ew(BZ-L 1) have a connected component of diameter larger or equal to L.
Since 1,-¢ is larger than w these components are also J-open, and since J € GF,
this implies that there exists a J-open path u in Ew(BiL 1), self-avoiding, joining
¢1 to d. Noting (u); the vertices of u, we call v = min{t : p; N'd # (0}, then
u=max{t <v:pu N{ciUc} # 0}, and 1’ the portion of p between p, and p,.
Finally, we define the modified configuration as

w, if e ¢ E¥(BF)
/

w, =141 ifee BB YN{aUcUdU '}

0 else
and claim that {p,, t,41} is the first pivotal bond from o to x under w’' V &: first
of all, there is actually a connection between o and x under w’ V & since p’ touches

both ¢; Ucy and d. Then, it is clear that u,, is doubly connected to o, to prove this, if
ly € ¢ for instance we just need to consider ¢} the portion of ¢; from o to p, and ¢}
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the rest of ¢;; ¢} is a path from o to x, and a second path is made by ¢ U co, which
uses edges distinct from those of ¢|. At last, {ft, ftus1} is a pivotal bond between o
and = (and more generally any edge of i’ is a pivotal bond) since p’ touches ¢; U ¢y
only at its first extremity.

4.8 The uniform estimate (USP)

We are now in a position to prove the uniform estimate (USP) defined at the
beginning of Section 4.

Proposition 4.7 (SP, d > 3) implies (USP).

PROOF. In view of Proposition 4.1, one can fix L € N* and § > 0 such that

lim inf Einf &7, ((J,w) € £) > 30.

n—oo T An 7

s

According to Markov’s inequality (12) we thus have

P (n;f ST, (Jw) € L) 2 5) >

n,L

for any n large enough. In the sequel we fix J € J such that

inf ‘I’i’% (Jw) € L) =0 (44)
Consider z € Bottom(A}fi), T € Qpy (A8 ye and ¢ € Qg-. One of the following cases
must occur: ’

(i) ' (:c v 0> > §/3

log
An,L

(ii) or &7 (a: R Top(Al;:gL)) >60/3

log
An,L

(iif) or &7, (m % o and 145 Top(AiggL)> >1-26/3.

An,L

The first two cases lead directly to the estimate

@X’lzg (x o or w O Top(Aiﬁ)) >4/3.

n,L

We focus hence on the third case. We let

L, = {w € Qpupiony (Jw)e L, x 5 0 and o 5 Top(A}ﬁgL)} , (45)

n,L
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it follows from (iii) and (44) that (I);;Z (aes ) (L) > 0/3. Then, for w € L, we define
n,L

the set of could-be first pivotal bond:

e€ E(ARE):Fi€{0,...,n— 1} x {1,..., [logn] — 1}
with J € G* and a modification & of w on E*(B/")
compatible with J such that e € E¥(B}"") is the

first pivotal bond from o to x under © V &

where E(Alr?,gL) = Uie Lo | EZL Lemma 4.6 states that F,(w) is not empty whenever
n,L’
w € L,. Hence, for all w € £, we can consider the edge f,(w) = min F,(w), where

min refers to the lexicographical ordering of £ (Ai‘;i) Given e € &€ (Af%;) we denote
by i(e) the unique index i € Z% such that e € EL. We prove now the existence of
cr, > 0 such that

Javw ge [ e first pivotal bond from o
Vwe L, N{w: fulw) =e}, ®p >cp. (46)
to z under wyge VW'V §

JmVw ge
where w’ is the variable associated to @, " and E; = Ew(BZ.L(f)). Letw e L,N{w:
fz(w) = e}. According to the definition of f,, there exists ¢ such that J € G,
e € E¥(B/"") and there exists a local modification & of w on E*(B}""), compatible

with J such that e is the first pivotal bond from o to x under @wV¢. From the inclusion

E“(BI'Y) Ew(BiL(’e)) we deduce that @ is a modification of w on the block Ew(BZ.L(f))
that does not depend on i. On the other hand, E“’(BZ.L(’;) C E¥(BF*) and in view of

the definition of GF (41) this implies that for all e € E“’(BZ.L(S), Je=0or J, = e¢p.
From the DLR equation (6) it follows that

JmVw ge
Oy (@) 2 T f O (we = &)

ecE;

and remarking that

V. €[0,1], 0] (we=0)2 [ (we=0)=1=p(J) =1—p(1) >0

and

VI € e 1], O (we=1)2 00 (we=1)=p(]) >
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thanks to the assumptions on p stated before (4), we conclude that (46) holds with

o= [m (1 -0, el p<e>>>

Combining the DLR equation for ®’ (6) with (46), we obtain

| Bl
> 0.

o e first pivotal bond from

log
Lo\ o to x under w V&

Javwge [ e first pivotal bond from o

= @ifgg o
to r under wige VW'V §
CLq)Anog (Lo N {fa(w) =e}). (47)

If we now sum over e € £ (Alog) — the events in the left-hand term are disjoint for

distinct edges e, and all included in {o R x} — we obtain

wV

¢Alog < (_)5 x> CL®A10g (cl‘)

which is larger than c.d/3 as seen after (45). To sum it up, under the assumption
(44) which holds with a P-probability not smaller than J, we have shown that

<I>Alog (x L5 0 or Top(A10g )) > min(d/3,cLd/3)

and the proof is over.
4.4 An intermediate coarse graining

The strength of the criterion (USP) lies in the fact that it provides an estimate
on the ®/™ connection probabilities that is uniform over x, 7 and ¢. This is a very
strong improvement compared to the original assumption of percolation in slabs
(SP, d > 3).

In this Section, we establish an intermediate formulation of the coarse graining. We
begin with an estimate on the probability of having two long vertical and disjoint
w-clusters in the domain

A = {1, N — 124" x {1,[N/4] — 1}. (48)
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Lemma 4.8 Assume (SP, d > 3). There exist L € N* and ¢ > 0 such that, for any
N € N* large enough multiple of L and any x,y € Bottom(A]l\&):

w w w N
E inf <I>/J\’£/4 (x & Top(A%4),y & Top(A]l\;‘l) and x < y) < exp <_ClogN> . (49)

PROOF. We fix some L € N* and ¢ > 0 so that the uniform criterion (USP) holds
whenever n = N/L is large enough. The domain A%‘l contains all slabs

Sh =A% + hL[lognleq, h € {0,...,n/ (4[logn]) — 1}
Given J € J, we say that S}, is J-good if for all € Bottom(S), ™ € Qgu(g, ) and
é- E QE;7
@é: (:c 5 op or 2 45 Top (Sh)) > ¢ (50)

where

E, =E' (]HI_ + hL[logn] ed)
(cf. (38)) and o, = o+ hL[logn]e,. The event that ), is J-good depends only on
J. for e € E¥(S},), thus for distinct h these events are independent. Since they all

have the same probability larger than ¢, Cramér’s Theorem yields the existence of
¢ > 0 such that

There are at least [en/(8logn
P 1[4 /(8logm) >1—exp <—c n ) (51)
J-good slabs in A} logn

for any n large enough.

Let us denote k = [en/ (8logn)] and fix J € J such that there are at least x J-
good slabs. We denote by hy, ..., h, the positions (in increasing order) of the first x

J-good slabs. Given some boundary condition 7 and z,y € Bottom(A]l\&), we pass
to an inductive proof of the fact that, for all kK € {1,...,x}:

J,m w w w
®Ew(A}V/4)mE,jk+1 (1’ < Top(Sh, ),y < Top(Sh,) and = < y) <(1—=e*/a)k  (52)

We assume that either k£ = 1 or that (52) holds for & — 1 and we let

Q if h < hy
Dy, = <> Top(Sh),y <> Top(Sh)
w € QA1/4 : else.
¥ and z +» y under w, o
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It is obvious that D, C D,_; for any h > 1. For any k such that hy > 1 and

w € Dy, _1, we define x(w) as the first point (under the lexicographical order)

of Bottom(Sy,) = Top (Sh,—1) connected to = under Wig- (respectively, yx(w) is
k

the corresponding point for y) — see Figure 6 for an illustration. If hy = 0 we let

zp(w) =z and y(w) = y.

Ty Yk Shm

]

S

< L3 K

\1/3

|
[o | [

A

—

N

\
\ N)

./ﬁ ./ Y1 / Sin

d N

Fig. 6. The z; and y; in Lemma 4.8.

Applying the DLR equation we get:

wiVE
Smveipws, e | Tk Yk Top(Shy,)

® 00 (Dny) = @000 | 1n,, P (53)
AN AN k hi and T W{E[Xﬁ yk
. Jr J,T(\/w‘Ew(Sh ye
where the variable w (resp. wy) corresponds to <I>A’1 "4 (resp. to (I)Shk ), € =
N

¢(w) = wyg- s the restriction of w to K, and z and yj refer to xp(w) and yg(w).
k

Here appears the reason for the introduction of £ in Lemma 4.6 and in the definition
of (USP): the cluster issued from z under wy V £ is the same as that issued from zy

under wy V £, while in general z gas Top(Sh, ) does not imply z;, <% Top(Sy, ).

We use now the information that Sy, is a J-good slab. Given any m € Qgu (s, )e,
§ € QE; and z € Bottom(Sy, ) we have, according to (50):
'k

@é}:c <z “Ess Top(Shk)> > % or (IJé: (z & ohk) > % (54)
Here we distinguish two cases. If
CI):]q;; (:ck “pe Top(Shk)) > % or @é}? (yk Y Top(Shk)> > %
it is immediate that
<I>é:k (:Ek WAC Top(Sh, ) and yy wpYE Top(Thk) <1-— % (55)
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In the opposite case, (54) implies that both

wk\/f

BT (o o) = 5 and DG (g B op,) >

N ™

and the FKG inequality tells us that

(I)é:]; <xk ad yk) > (I)é:]; <xk ad ohk> X (I)é:]; (yk wpye Ohk) > (56)

Since either (55) or (56) occurs in a good slab, we see that

2
. . - . . 5
inf inf <I>é’h (a:k, n wpYE Top(Sh,) and xy e yk) 1—
WEQEw(Shk)c 569}3; k
k

N

and reporting in (53) we conclude that

2
J,m € J,m
(I)A}VM (th) < <1 - Z) (I)A}\{Al (1th71) )

which ends the induction step for the proof of (52) as Dy, C Dp,_,. The proof of
the Lemma follows combining (51) and (52) with & = k = [en/ (8logn)].

We are now in a position to present a first version of the coarse graining:

Proposition 4.9 Assume (SP, d > 3). Then for any € > 0 there exists N € N*
such that
There exists a crossing cluster for w
Einf CP}{;; in Ay and it is the only cluster of | 21 —¢e. (57)

diameter larger or equal to N/j

This estimate is clearly weaker than Theorem 2.1, yet it provides enough information
to establish Theorem 2.1 with the help of renormalization techniques (Section 5.1).
Note that at the price of little modifications in the proof below one could prove the
following fact, assuming (SP, d > 3): there exist L C N* and ¢ > 0 such that, for any
N large enough multiple of L and any function g such that (log N)* < g(N) < N,

There exists a crossing cluster for w
. J . . Cg(N)
Elgf @y, | in Ay and it is the only cluster of z1l—exp| T+

diameter larger or equal to g(N)
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Yet, this formulation suffers from arbitrary restrictions: the logarithm in the denom-
inator and the condition that N be a multiple of L. This is the reason for our choice
of establishing a simpler control in Proposition 4.9, that will be reinforced later on
by the use of renormalization techniques.

PROOF. In Corollary 3.5 we have seen the existence of L; € N* such that, for any
N large enough multiple of Ly,

E inf @1‘{; (There exists a crossing cluster for win Ay) > 1 —¢/2. (58)

It remains to prove that it is the only large cluster. We fix Ly, € N* and ¢ > 0
according to Lemma 4.8, and assume that N is a large enough multiple of L; and
of Ly so that both (58) and (49) hold. We consider the event

There exists a crossing cluster C*
A = ¢ for w and another C’ of diameter

larger or equal to N/4

For any w € Qpgu(ay) N A, there exists some direction k& € {1,...,d} in which the
extension of C’ is at least N/4. Since all directions are equivalent we assume that
k = d. If we denote h = inf{z-e4,z € C'} and A}V/‘l’h = A%4 + heg, there exist
z,y € Bottom (A%4’h) such that

x,y & Top (A%A"h) and z &% Yy

A
where w" = W g AL/ As a consequence,

w” 1/4,h

_ - x,y < Top (A
Esglrp <I>;(’N (A) <d > Esglrp (b;]\’}v/4,h o ( " )
h=0...[3N/4] and z & y

z,y € Bottom(A}\&'h)

N
< d(3N/4 + 2)N?@-1) -
(3N/4+2) exp ClogN

which goes to 0 as N — oo and the proof is over.
4.5  The two dimensional case

In the two dimensional case the adaptation of Proposition 4.9 is an easy exercise:
it is enough to realize a few horizontal and vertical crossings in Ay to ensure the
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existence of a crossing cluster, together with the uniqueness of large clusters.

Proposition 4.10 Assume (SP, d =2). Then for any e > 0, for any N € N* large
enough:

There exists a crossing cluster for w
Einf ‘PXJC in Ay and it is the only cluster of z1—e (59)

diameter larger or equal to N/j

PROOF. We divide Ay in eight horizontal parts: for k € {0,...,7} we let
Pyp=A{1,...,N—1} x {[Nk/8] +1,...,[N(k+1)/8] — 1}

and then we decompose each Py in slabs of height x(V) where  is the function
appearing in the definition of (SP, d = 2): for all

h e {0,...,[[N/8]/k(N)] — 1},
we define
Snih=11,...,N =1} x {[Nk/8] + he(N) +1,...,[Nk/8] + (h+ 1)k(N) — 1}.

Given k € {0,...,7} we consider the measure ¥ on (Jpy,,2py,) induced by (J; V
oo Vidhpo, w1 V... Vwy, ) under the product measure

®  E,,

where hpax = [[IV/8]/k(N)] — 1. Thanks to Proposition 3.2 we know that ¥ is
stochastically smaller than E@;{fi , and thus than E@i’;(‘]) if 7 is a worst boundary
condition for (59), cf. (11). Consider now the event

there exists h € {0,..., hpax} such that w
gk =weN: )

presents an horizontal crossing in Sy,

thanks to (SP, d = 2) and to the product structure of ¥ there exists some ¢ > 0
such that

U(E) > 1— exp <— KC(]]\\Z))
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for any NNV large enough, and because of the stochastic domination (remark that &
is an increasing event) it follows that

7 N
E@X’;(‘]) (&oN...N&)>1—8exp <—%> .

We proceed similarly in the vertical direction and let & the event that w presents a
vertical link between Bottom(Ay) and Top(Ay) in the region

(kN/S, ... (k+1)N/8} x {1,...,N — 1}.

The event &N ...NE NEN ... NE] has a large probability under IE(IDI‘{’;(J), on the
other hand it implies the existence of a crossing cluster, as well as the uniqueness of
clusters of diameter larger than N/4.

5 Renormalization and density estimates

In this Section we introduce renormalization techniques, following Pisztora [29] and
Liggett, Schonmann and Stacey [25]. We then finish the proof of the coarse graining
(Theorem 2.1 and Proposition 2.2). We also adapt the arguments of Lebowitz [24]
and Grimmett [19] to the random media case and prove that for all ¢ > 1 and all p,
for all except at most countably many values of 3, the two extremal infinite volume
measures with parameters p(J.) = 1 — exp(—3J.), ¢ and p are equal. We conclude
on an adaptation of the coarse graining to the Ising model.

5.1 Renormalization framework

The renormalization framework is made of two parts. First we describe a geometrical
decomposition of a large domain A into a double sequence of smaller cubes, then we
present an adaptation of the stochastic domination Theorem from [25].

We begin with a geometrical covering of A with some double sequence (A;, Al)cr.
Its properties are described in detail in the next Lemma, for the moment we just
point out what we expect of the A; and of the A! respectively:

e The A, are boxes of side-length L — 1, they cover all of A and most of them are
disjoint. In the applications of renormalization they will typically help to control
the local density of clusters.

e The A} are boxes of side-length L+2L'—1 such that A; and A, have an intersection
of thickness at least 2L" whenever i and j are nearest neighbors. The role of the
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Al is to permit the connection between the main clusters of two neighbor blocks
Ai and A]

Definition 5.1 Consider some domain A of the form
d
k=1

with z = (21,...,29) € 2%, Ly € N*, and L,L' € N* with L' < L. Assume that
L+ 2L <ming_y_4 Ly, denote

Ing = kl:[ {0,...,[Ly/L] — 1}

and for all i € In 1, call x; the point of coordinates z, + min(Li - ey, Ly — L) (k =
1...d) and x} that of coordinates z, + min(max(Li - ey, L"), Ly — L — L'). Consider
at last:

Aj=a;+1{1,...,L}Y and A=z} +{-L +1,..., L+ L'}
We say that (Ai, A})ier, , 1s the (L, L")-covering of A.

Remark that z; and «} are the closest points to Li, with respect to the ||.||; distance,
such that A; and Al are subsets of A.

Lemma 5.2 The properties of the sequence (A;, Af)ier, , are as follows: for any
A, L, L as in definition 5.1, we have:

(i) The union Uic;, , Ai equals A.
(i1) For everyi € Inp, A; C Al and d(A;;, A\ A]) > L'+ 1.
(i4i) Ifi,j € Inp and k € {1,...,d} satisfy j =i+ ey, then both A} and A’ contain
the slab
{red): (v—a))- e <L}
(iv) For any x € A such that x-e, < Ly —L for allk =1...d, there exists a unique
t € Iy such that x € A;.
(v) Given any x € A, there exist at most 6¢ indices i € In 1 such that x € Al

PROOF. We begin with the first point. If we denote A;, = {1,...,, L}%, it is clear
that the sequence (Li + Ap)ier, , covers all A and that:

Vi € ]A’L,(L’i—i—AL)ﬁA CA; CA
thanks to the definition of z;. The equality U;c;, , Ai = A follows. For (ii), the

inclusion A; C Aj is a trivial consequence of the remark that ||z; — ;|| < L'. As
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for the distance between A; and A \ Al, we compute the distance between A; and
the outer faces of A} included in A. In a given direction e, (for some k € {1,...,d}),
it is exactly L' + 1 whenever z; - e, = 2} - e;. If z; - e, < 2 - e, then the block
Al touches the face of A of e;-coordinate 1 and the distance between A; and the
unique outer face of A normal to e; and included in A is larger than L' + 1. The
same occurs if x; - e, > x. - e, with the opposite face of A. For (iii), remark that
v — x} = ley, with [ < L. For (iv), consider such an z and let i € I, 1 such that
x € A; (it exists thanks to (i)). Since the coordinates of x; are strictly smaller than
those of x, they do not exceed Ly — L — 1. In view of the definition of z; this implies
that z; = Li and hence that © € Li+ A, which determines ¢. Consider at last z € A
and i € I, such that © € AJ. For each k = 1...d, at least one of the following
inequalities must hold:

Li-e,. <L or Li-e,>L,—L—L or Li-e,—L'+1<z-e.<Li-e,+ L+ L

since the k-coordinate of z) is Li - e, whenever the first two inequalities are not
satisfied. The first condition yields only one possible value for ¢ - ey : i - e, = 0 since
L’ < L. For the second we consider candidates of the form i - e, = [Ly/L] — n with
n > 1 (recall that i € I, 1), and there are at most two possibilities corresponding to
n € {1,2}. At last, the third condition yields not more than 3 possibilities for i - ey
and the bound in (v) follows.

We now present the stochastic domination Theorem and its adaptation to the aver-
aged measure. Stochastic domination is a natural and useful concept for renormal-
ization, that was already present in the pioneer work [29]. It goes one step beyond
the Peierls estimates we use in the proof of Theorem 2.1 and could have used in that
of Corollary 3.5. It is of much help for example in the proof of (16) in Proposition 2.2.
Let us recall Theorem 1.3 of [25]:

Theorem 5.3 Let G = (S, E) be a graph with a countable vertex set in which every
vertex has degree at most K > 1, and in which every finite connected component of
G contains a vertex of degree strictly less than K. Let p € [0, 1] and suppose that u
is a Borel probability measure on X € {0,1}* such that almost surely,

w(Xs =o({ Xy : {s,t} ¢ E})) = p,Vs € 5.
Then, ifp>1— (K — 1) "1/ KX and

K
() = (1 e ) (= (= 0 = %)

the measure |1 stochastically dominates the Bernoulli product measure on S of pa-
rameter r(K, p). Note that as p goes to 1, r(K,p) tends to 1.
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We provide then an adaptation of the former Theorem to the averaged measure:

Proposition 5.4 Consider some finite domain A C Z¢, (E;)i—1.., a finite sequence
of subsets of EV(A) and (&;),_, ,, a family of events depending respectively on wg,
only. If the intersection of any K + 1 distinct E; is empty and if

o . J,m )
p=_inf Einf 57 (&)

i=1...n

is close enough to 1, then for any increasing function f:{0,1}" — R we have:

Eiggf)q)i,wmwm) <f (1&’ o 16n)

w=m on EY(A)\ EZ> > Bl py (f)
i=1

where B is the Bernoulli product measure on {0, 1}" of parameter r and r'(K,p) =

r? (K, 1—4/1-= p) (withr(.,.) taken from Theorem 5.3). In particular, lim,_, ' (K,p) =

1.

The conditional formulation for the stochastic domination is motivated by the need
to control some region of the domain uniformly over constraints in the remaining
region. A good example of this necessity will be seen in the formulation of the lower
bound for L' phase coexistence in the Ising model [32].

PROOF. The proof is based on Markov’s inequality. Consider

G — {J it R () > 1 /1 —p}.

Clearly, the G; are Bg,-measurable and hence any two G;, G, are independent under
P if E; N E; = (. Thanks to Markov’s inequality (12), as E(1 — inf, (I)gr) <1l-p
it follows that P(G;) > 1 — /T —p for all i = 1...n. Consider now the graph on
I'={1,...,n} with edge set L = {{i,j} € I? : i # j and E; N E; # 0}. All vertices
of the graph have degree at most K — 1, while almost surely

mf P (Gi|G; : {i.j} ¢ L) =infP(Gi) > 1 —/1—p.

Hence the assumptions of Theorem 5.3 are satisfied for p large enough and it follows
that the law of the G; dominates a Bernoulli product measure of parameter r =
r(K,1 —+/1—p). We keep this fact in mind for the end of the proof and now fix
a realization of the media J. We call I' = {i € I : J € G;}. Let (I, L) be the
restriction of the graph (7, L) to I’: again, the maximal degree of all vertices is at
most K — 1. We consider now the sequence (&;);c;r under the conditional measure

J,T("Ew(A)
Mg = (I)A .

w=m on EY(A) \ZQ EZ)
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where m € (). Thanks to the DLR equation for <I>}];7T and to the definition of G;, we
have again:

inf pun(E1E; {7} ¢ L) > inf inf @57 (£) 21— /1 —p

almost surely. Thus, according to Theorem 5.3, if B is a Bernoulli product measure
of parameter r = r(K,1 — /1T — p) as above, and if we denote its variable (X;);es,
then the family (1¢,);c;r stochastically dominates (X;);cr. In other words, for any
increasing function f : {0,1}" — R we can write (notice that i € I \ I’ = 1g, = 0):

pr(f(Lg 1ey, ..., 1g,1g,)) = Bl (f(1g, X1, ..., 16, X))

and taking the infimum over m we get (since 1g,1¢, < 1g,)

IIIf (I)JW‘EUJ(A) <f(1gl, ceey ]_gn)

TeQ

wzﬂonEw(A)\OE,) >
BY(f(1g, Xy, ..., 15, X)), (60)

n

At this point, we just need to exploit the stochastic minoration on the sequence
(Gi);er: let By another Bernoulli product measure of parameter r on I, and denote
its variable (Y;);c;. Then,

B'(f(1g, X1, - .., 16, X)) = B ( r<f<nX1,...,YXn>>>
= Ba(f(X1,...,X,))

and reporting in (60) we prove the claim.
5.2 Structure of the main cluster

Using the former geometrical decomposition, the weak form of the coarse graining
and the Peierls argument, we provide with Theorem 2.1 the final version of the
control on the structure of the w-clusters under the averaged measure. Our result is,
at last, entirely similar to Theorem 3.1 of [29]. We recall that a crossing cluster in
Ay is a cluster that connects all outer faces of Ay (hence it lives on E*(Ay)), and
cite anew Theorem 2.1:

Theorem 5.5 Assumption (SP) implies the existence of ¢ > 0 and k < oo such
that, for any N € N* large enough and for alll € [rklog N, NJ,

) J» | There exists a crossing w-cluster C* in Ay
Einf 37 >1—exp(—cl)
T and it is the unique cluster of diameter > 1
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where the infimum inf, is taken over all boundary conditions ™ € Qpzap go(ay) -

PROOF. We begin with a geometrical covering of Ay: for L > 2 we let (A, A;)ie[AN’L
the (L, L — 1)-covering of Ay described at definition 5.1. For each i € I, 1 we con-
sider

There exists a crossing cluster for w
& =qw € Q:in Al and it is the only cluster of

diameter larger or equal to L in Al

and denote by A; the event

There exists a crossing cluster C¢ for &; in
Al=qweld: [ An,z such that the diameter of any connected

component of I, 1\ Cg is at most [[/L] —1
In a first time we prove the inclusion

There exists a crossing w-cluster C* in Ay
A Ciwe: . (61)
and it is the unique cluster of diameter > [

To begin with, remark that if ¢, j € I, are nearest neighbors, and if w € & N E;,
then the corresponding w-crossing clusters in Aj and A are connected because the
intersection E"(A}) N E"(A}) has a thickness at least 2L — 2, cf. Lemma 5.2 (iii).
Hence we see that for every w € A; there exists a crossing cluster C for w in Ay.
Consider now w € A; and some w-open path ¢ in E*(Ay) of diameter larger or equal
to [. It has an extension at least [ in some direction k, thus we can find a connected
path iy,...,4, in I, 1 of extension at least [I/L] in the same direction such that ¢
enters each A;, . Because of the definition of A;, at least one of the i; pertains to Cs.
Yet in view of Lemma 5.2 (ii), ¢ has an incursion in E"(A! ) of diameter at least L,
hence ¢ touches the w-crossing cluster in E*(A} ) which is a part of C, thus ¢ =C
and (61) is proved.

We need now a lower bound on the probability of A;. If w € Qgw (s ) is such that there
exists no x-connected path iq,...,4, with n = [I/L] and Vi € {1,... ,n},w & &,
then w € A;. This is a consequence of Lemma 2.1 in [16] or of the (simpler) remark
that the set of £;-good blocks constitutes a connected interface in every slab of I, .
of height [I/L], whatever is its orientation, hence the holes in C¢ have a diameter
at most [{/L] — 1.
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Thanks to the stochastic domination (Proposition 5.4), and to the fact that A; is
an increasing event, it follows that

There is no *-connected path i, .., %,
. 7 Iny, . .
E inf <I>,‘{’N (A) = Bp™" | in Ipy.r with n =[l/L] and
X;, =0, forall k € {1,..,n}

where p;, can be chosen arbitrarily close to 1 for an appropriate L in view of Propo-
sitions 4.9 and 4.10. We conclude using a Peierls estimate: there are no more than
[Iay.z] X (3%)™ #-connected paths of length n in Iy, ., hence

Einf ®37 (4;) > 1 - N'(3%)"(1 - pp)".

If we fix L so that p;, > 1—37% it follows that (39)"(1 —pL)" = exp(—c'n) for some
c > 0, together with

Einf &7 (4) > 1 —exp (dlog N — ¢I/L)

hence the claim holds with ¢ = ¢//(2L) and k = d/c.
5.8  Typical density of the main cluster

In this Section we prove Proposition 2.2 and provide estimates on the averaged
probability that the density of the main cluster be larger than 6* or smaller than
67, where

of = lim Ecpg (0 0Ay) and 0¥ = lin E®1"(0 & OAy) (62)

(see after (1) for the definitions of Ay and Ay). An important question is whether
these quantities are equal, and we will prove in Theorem 2.3 this is the case for
almost all values of 3. We recall the contents of Proposition 2.2:

Proposition 5.6 For anye >0 andd > 1,

) 1 5. | Some crossing cluster C* has
lim sup — log E sup @y <0
N N ™ a density larger than 0% + ¢

while assumption (SP) implies, for any ¢ > 0 and d > 2:

, 1 s» | There is no crossing cluster C*
lim sup —— log Esup @}« < 0.
N N ™ of density larger than 67 — ¢
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The proofs of these two estimates differ very little from the original ones in [29], yet
we state them as examples of applications of the renormalization methods.

PROOF. (Upper deviations). Given L € N* we consider (A;, A;)er, , the (L,0)-
covering of Ay and calleN,L ={0,...,[(N —1)/L] — 1}, so that A; and A; are
disjoint for any ¢ # j € Iy, 1, cf. Lemma 5.2 (iv). We let furthermore

1 e
Y = T4 Z 1{x<i>8iAi} (i € Iay.L),

TEA;

they are i.i.d. variables under the product measure @ ; IECDJ{J’}"( A and their ex-

iefAN’
pectation is not larger than 6" + /4 for L large enough. Hence Cramér’s Theorem
yields:

. 1 J 1 £
lim sup — lo EDLY E— V<0 +=-| <0
N p [AN’L g ® Ef(Az) [ Z 2

iefANvL | AN’L‘ iEiAN,L

for L large enough. Thanks to the stochastic domination (Proposition 3.2) the same
control holds under E@X’;j, and thanks to the remark that

Do Loy LY D YitdINT

TEAN iefAN,L

it follows that

1

1 J
li — logE o
1m]\rfsup N og 3171Tp Ay <|AN|

TEAN

which implies the claim.

The proof for the cost of lower deviations is more subtle as it relies on Theorem 2.1
and Proposition 5.4:

PROOF. (Lower deviations). Given L € N* we call (A;, Aj)ier, , the (L,L —1)
covering of Ay. We use the same notation I v.L as in the previous proof and let

1 o
Y= Ti > 1{diam(cz)>\/z} (1 € Iay,L)

TEA;
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where C, is the w-cluster containing z. One has lim inf;_, ., E®%/ B (Ao )(YO) > 67, hence
Cramér’s Theorem yields

1

hmsup log ® IE(I)}]E’J{(A”

[ Ian.L SN [Tl i€hayr

for any L large enough. Consider now 7y : Jgwiny) — gw(ay)e a measurable
boundary condition as in (11) that satisfies

DT (AR) = sup 7 (A5).

where A5, is the event that there is no crossing cluster of density larger than 6 — ¢
in Ay. Thanks to Proposition 3.2 we infer that

lim sup

1
i 1ogE<1>J”N<J> ( . Y v - f) <0 (63)

|]AN7L| ieIAN,L

for any L large enough. On the other hand, consider the collection of events

¢ There exists a crossing cluster for w in A
and it is the unique cluster of diameter > /L

for i € Iry . Each & depends only on wjgw(a;) while Theorem 2.1 implies:

lim B inf @3 (&) =1

L—oo WEQEw(A/_)c i
K2

uniformly over ¢ € I, 1. Hence the assumptions of Proposition 5.4 are satisfied.
Applying Theorem 1.1 of [16] thus yields: for any 6 > 0, any L large enough,

Tin () There exists no crossing cluster
-y log B, <0 (64)
N of density > 1 — ¢ for (gi)iGIAN,L

lim sup
N

Assume now that w € Qpw(a,) realizes neither of the events in (63) and (64) — this
is the typical behavior under ECP‘MN ) up to surface order large deviations. Call
C C Ip,,r the crossing cluster for 5 Because of the overlapping between the A
(Lemma 5.2 (iii)), to C corresponds a crossing cluster C* for w in Ay that passes

through every Al for i € C. Since C* is the only large cluster in each A} when i € C,
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we have

1= Y (Li—2dVLIL")

i€CNIA N L

N —17¢ e 2 N d
L)
[ ; }L(G ; ﬁ) oLt (F+1)

which is not smaller than N¢(67 — ¢) provided that § = ¢/6, L > (12d/¢)? and N is
large enough.

5.4 Uniqueness of the infinite volume measure

Adapting the arguments of Lebowitz [24] and Grimmett [19] to the random media
case, we prove that for all except at most countably many values of the inverse
temperature, the boundary condition does not influence the infinite volume limit of
joint FK measures.

To begin with, given the parameters p, ¢, p(J) = 1 —exp(—/3J) with § > 0 we define
two infinite volume measures on J X €2 by

O/ = lim E®}/ and OY = lim E®IY. (65)
> N—oo An > N—o0 AN
As in the uniform media case, these limits exist and ©/ is stochastically smaller

than ©Y thanks to the stochastic inequalities

E®Y < BeYY < EofY < B

N stoch. N+1 stoch. AN+ gtoeh. An

regarding the law induced on (J,w)gu(4,- Let us recall Theorem 2.3:

Theorem 5.7 If the interaction equals p(J.) = 1 —exp(—p3J.), for any Borel prob-
ability measure p on [0,1], any ¢ = 1 and any dimension d > 1, the set

_ R E Jf : Jw
Dyga = {/5 =>0: A}l_rgoIE(I)AN + ]\;l—{%o]EéAN}
18 at most countable.

We will present the proof of this Theorem after we state one Lemma. Given a finite
edge set E, a realization of the media J € Jr and a boundary condition © € Qge

we denote ) .
J, © -
Yy — <p76> x ¢“E@) (66)

er= 2 U=

the (adapted) partition function (see Section 2.1 for the definition of CF(w)).
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Lemma 5.8 Let (my)nen+ such that VN € N*, my € Qpuwiny)e. Then, the limit

Elog Y“N (67)

1
% (2N + 1)4
exists and is independent of (wy). Furthermore, y and Elog Y™ (for any E C E(Z%)
finite and ™ € Qge) are convex functions of log 3.

The parameter log (3 for the convexity appears naturally in the proof, see below after
(70).

PROOF. As in the non-random case, the convergence in (67) with 7y = f follows
from the sub-additivity of the free energy. The influence of the boundary condition
is negligible as Cf. () (w) fluctuates of at most [OA| with 7.

We address now the question of convexity. Let I be an interval and F': I — R, a
twice derivable function. We parametrize the inverse temperature letting 5 = F'())
and denote on the other hand A\, = log(p(J.)/(1 — p(J.))) € RU {—0c}, thus

V= 3 o (T wa ) o (63)

weNE eeE

with the convention that w.\, = w, Cil{)f —

particular the equality

0 when w, = 0 and A\, = —o0o. Using in

Vw € Qp, 7" ({w}) =

(Z we ) x q“B) (69)

ecl
we get after standard calculations that:
vt (£ (Y (s (£ 2))
2 E E u)e We —~ - E We 1
dx? c€E cer A cer A

and Jensen’s inequality implies:

d? d*\.
S log YT > @ (E ey ) (70)
eckE

Here we recover the result of [19]': if J = 1 we have A\, = log(p(1)/(1 — p(1))),
hence log Y5 is a convex function of A\ = log(p(1)/(1 — p(1))). Now, let us develop

I In the same direction we could prove the following: if Ve € E,J, = 0 or J. > ¢,
then log YE]’W is a convex function of log(p(¢)/(1 — p(g))) as [ varies, since f, : x —
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the expression A\, = log (eﬁ"e — 1) and calculate its second derivative in terms of %

d?g.
and VR

2 as\?% —sJ.
A (1.9) e?

dN2 1 —e Bl (1 Bl
S L T T I A
T—es a2 T an

and fix at last 3 = e, so that the former line simplifies to

d*\. Je3

d\? (1— e—ﬁJe)2 [

L— e (14 8J.)]

which is non-negative since J, > 0 and 1 + .J, < €%/, In view of (70) this implies
the convexity of log Y];]’W along A\ = log 3, and the convexity of Elog Yé]’w and y
follows.

PROOF. (Theorem 2.3). We call again A\ = log  and for any N € N*, 7 € {f, w}
we denote
g 1 J,
U= N i 8 Ve
Consider some ¢ > 1 and a Borel probability measure p on [0, 1]. Since y is a convex
function of A (Lemma 5.8), the set

D = {\ € R: y is not derivable at \}
is at most countable. Then, for any A € R\ D, 7 € {f,w} we have

dyy  dy
lim =% = = 1
M T (1)

thanks to the convexity of y3 and to the pointwise convergence to y. Calculating
the derivative we get:

dy}{f 1 Jm 6Je
= Ed .
dx (2N +1)¢  Ax ( > 1 —exp (—ﬁJe)we

6€Ew([\N)

log((1 4 €*)® — 1) is convex for every o > 1:

ae®(1 +e%)o !
(14e*)*—1

and (log (f4,(2))) = [1(14:;;]721 J:elm)_aa—eml] -0

folz) =
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We fix now ey = {0, e;} the edge issued from 0 that heads to e; and denote

ﬁJe()@i{ (Weo) and 7 — ﬁ]e()(bi’;” (Weo)
1 —exp(—0Je) L 1—exp(—0Je)

r{:E

For any = € Ay and e € E¥(Ay) we have

Jvf Jvf J7w J,’Ll)
EQ7 (we) < EO™ . (we) < EO5 . (we) < EQ7 (we)
therefore, choosing x = z, such that e = {z., z.te;} and summing over e € EW(AN)

we obtain ;
dvk _ [B"(Ow)| ;o _ 1EU(AN)] L, du

dx SN+ S oN 114 NS gy

as the actual direction of ey in the definition of ¥ and 7 does not influence their
value. In view of (71) this implies that the limits of 74y and 7%, are equal, hence

. ﬁJeo Jow S f _
]\}l—r{cl)oEl —exp (=) (q)AZN (weo) — q)AZN (we‘))) = 0.
As BJ., = 1 — exp(—FJ,,) and @;{’;‘]’V(weo) > @}(’jN (Weo), the equality ©7(w,,) =

O¥(w,,) follows. The stochastic domination ©/ < ©¥ leads then to the conclusion:
0f =Y, YA e R\ D.

5.5 Application to the Ising model

In this last Section we adapt the coarse graining to the dilute Ising model (The-
orem 5.10). Applications include the study of equilibrium phase coexistence [32]
following [6,8,11,13,14,12].

We start with a description of the Ising model with random ferromagnetic couplings.
Given a domain A C Z? we consider the set of spin configurations on A with plus
boundary condition

Y= {a - 7% — {—1,4+1} with o(z) = +1 for all z ¢ A}.

The Ising measure on A under the media J € Jguw(y), at inverse temperature 3 > 0
and with plus boundary condition is defined by its weight on every spin configura-
tion: Vo € X},

was({o}) = % exp (ﬂ > )Jeamay> (72)

ZA,B e={z,y}eE¥(A
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where Z;\]: 5 is the partition function

Z;\]E = Z exp (6 Z Jeamay) .
)

UEEX e={z,y}eE¥ (A
The Ising model is closely related to the random-cluster model. To begin with, we
say that w € Qguw(n) and o € Y1 are compatible, and we denote this by o < w if:
Ve ={z,y} € EY(A), we=1= 0, =0,.

We consider then the joint measure \Il;{; defined again by its weight on each config-
uration (w, o) € Qpuw(y) X X1

Ut ({(o,w)}) = 1;;;"} H( )p(Je)“’ﬁ(l — p(Je))' (73)
A3 ecEw(A

where p(J.) = 1 —exp(—24J,) and Z;\]E is the partition function that makes \I/;{E a
probability measure. It is well known (see [28, Chapter 3] for a proof and for advanced
remarks on the FK representation, including a random cluster representation for spin
systems with non-ferromagnetic interactions) that:

Proposition 5.9 The marginals of \If}(; on o and w are respectively
,u}(;'; and P,

Conditionally on w, the spin o is constant on each w-cluster, equal to one on all
clusters touching OA, independently and uniformly distributed on {—1,+1} on all
other clusters. Conditionally on o, the w. are independent and w, = 1 with probability

1{0'x20'y} X p(Je) Zfe = {x,y}

Direct applications of the previous Proposition yield the following facts: first, the
averaged magnetization

. J,
mp = lim By o(00)

equals the cluster density 6% defined at (14). Second, assumption (SP, d > 3) can
be reformulated as follows: there exists H € N* such that

inf inf Eul’ 0,0,) >0
NeN* 3 yeSy i ’usN,Hﬂ( z y)

where ,u;{fﬁ is the Ising measure with free boundary condition, that one obtains

considering E/(A) instead of E¥(A) in (72), and S = S UAS. On the other hand, a
sufficient condition for (SP, d = 2) is: there exists a function x(N) : N* — N* with
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K(N)/N — 0 as N — oo and

lim sup i) (0,04) >0

N—oo ’USN R(N)0
S LCft(SN’N(N))

y € Right(Sn,x(n))
where Left(S) and Right(S) stand for the two vertical faces of 95.

We now present the adaptation of the coarse graining to the Ising model with random
ferromagnetic couplings (the adaptation to the Potts model would be similar). As
in [29] it provides strong information on the structure of the local phase by the
mean of phase labels ¢. Given N, L € N* with 3L < N +1, we denote (A;, A;)ie[ANVL
the (L, L)-covering of Ay as in Definition 5.1. For any i € I, 1 we let MZ(o) the
magnetization on A;, that is

Mi (o Ld Z Og-

TEA;

Theorem 5.10 Assume that 3 > 0 realizes (SP) and ©7 = ©%. Let N,L € N*
with 3L < N + 1 and 6 > 0. Then, there exists a sequence of variables (gbi)ie]AN’L
taking values in {—1,0,1}, with the following properties:

(i) For anyi € Iy, 1, we have

<.

¢i # 0= [MF(0) = my ¢

The event ¢; # 0 implies the existence of a w-crossing cluster and the unique-
ness of w-clusters of diameter at least L in E*(A).
(ii) If one extends ¢ letting ¢; = 1 fori € Z\ I, 1, then:

¢y d; =0, Vi, je€Z withi~ j.

(iii) For every i € In, 1, ¢; is determined by o\, and WIEw(AL)-

(iv) The sequence (|9i|)ier, , ., stochastically dominates a Bernoulli product measure
with high density in the following sense: for every p < 1, if L is large enough,
then for any I C In, 1 and any increasing function f: {0,1} — RT, we have

=7 on E”(An)\ | E¥(A )28{,(]“) (74)

el

Bt v (1 ((ohir) |

where BII) s the Bernoulli product measure on I of parameter p.

49



hal-00145720, version 2 - 18 Dec 2007

PROOF. We define the variable ¢; in two steps. First we let ¢’ > 0 and consider

In E™(AY), there exists a crossing cluster for w,

it is the unique cluster of diameter > L'/3.
E=qwe: In E¥(A,), there exists a crossing cluster C; for w,
its relative density belongs to [mg(1 4 6/2)] and

there are at least ¢’ L% isolated w-clusters.

and
w € &;, 0 and w are compatible

G =< (o,w):
and ‘MZL(O') —mge;(o, w)‘ <0

where ;(0,w) is the value of ¢ on the main w-cluster in E¥(A;). Then we let

4 = gi(oyw) if (o,w) € G;

0 else.

Properties (i) to (iii) follow from the definition of & and G;, together with the plus
boundary condition imposed by \If;{;r 5 ono.

We turn now to the proof of the stochastic domination and use the hypothesis (SP)
and ©/7 = ©¥. Combining Theorem 2.1, Proposition 2.2 and the remark that for
any 0’ > 0 small enough,

, 1 ;. [ There are less than &' N*
lim sup — log E sup @}y ¢ <0
NN i clusters made of 1 point in Ay

(remark that {z} is a cluster for w in Ay if all the w, with = € e are closed, which
happens with probability at least e~2% conditionally on the state of all other edges,
uniformly over J € J), we see that there exists py 55 with prss — 1 as L — oo
(for small enough ¢’ > 0) such that, uniformly over N and i € I, 1,

E i:grlf @i?(&-) Z PLss -

Given w € &; we examine as in [13] the conditional probability for having (o,w) € G;.
The contribution of the main w-cluster C; to MF (o) belongs to emgs(1 =+ 6/2) where
¢ stands for the value of o on C;. Then, if 2dL~%/3 < §/4 the contribution of the
small clusters connected to the boundary of A; is not larger than §/4 and it remains
to control the contribution of the small clusters not connected to the boundary.
Since the spin of these clusters are independent and uniformly distributed on {£1},
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Lemma 5.3 of [29] tells us that:
v (L v,
M2\ 18Ca, (w)] '

z€SCa, (w)

>_
4

5 [0
w) < 2exp (— [SCa, (W) A (4Ld/3>>

where SCx, (w) is the set of small clusters for w in A; not connected to the boundary,
L3 an upper bound on the volume of any small cluster, and

1 1-—
+$log(1+x)+ =

A (z) = log (1 —z),Vo e (—1,1)
is the Legendre transform of the logarithmic moment generating function of X of
law 0_,/2 + 0;/2. Because of the assumption w € &;, we have | SCa,(w)| > §'L<.

Hence,
1 0 I TdAx Y
w) < 2exp <—5LA <4Ld/3>>

i 2 O

z€SCx, (W)

> —
4

J,+
\IIAN,ﬁ (

As A*(z) = 2*/2 and mg < 1 we conclude that for L large enough, for any w € &;,
Uit 5 (Gilw oma,) = Phse = 1 — 2exp(—d'8° L3 /16).
We now conclude the proof of the stochastic domination for |¢;| = 1g, and consider

I C Iry.1, together with an increasing function f : {0,1} — RT. We fix w €
Qpw(ay) and consider

I'={iel:we&} and f:{0,1}/' - R*
defined by
F(@)ier) = f((z:)ier), Y(z;) € {0,1} with z; =0,Vi e T\ I'.
Since no more than 6¢ distinct A; can intersect, Theorem 5.3 tells us that
Ui (f (()ier)| @) = s (# ((L6)icr) | )
> Byioasy, 0 (' (Xier))
- Bv{(Gd,p’L’M,) (f ((Xil&')ief)) : (75)

Integrating (75) under the conditional measure

Jw
ol (

w=mon EY(Ay)\ | Ew(A;)>

iel

o1
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and taking Einf, we obtain on the left hand side, thanks to Proposition 5.9, the
left-hand side of (74). For the right-hand side, we remark that

y = (i)ier — B, (f (Xiwi)ier))

is an increasing function, hence Proposition 5.4 gives the lower bound

w=mon EY(Ay)\ |J Ew(A;)>

el

Ei:grlf (I)/{’x <B7{(6d’pll,,6,6’) (f ((Xil&')iel))

> By (6., 5.0 (Bﬁ,r(ﬁd,p;,mn (f ((Xiyi)ief)))
:Bg(,r'(ﬁdpma,)xw(Gd,p'LM,) (f ((Xi)zez))

and the claim follows as, for any ¢’ > 0 small enough,

ngrolo r'(6d,pL,5,5') X T(6d7pll,,6,6’) =1

6 Conclusion

These estimates for the Ising model with random ferromagnetic couplings conclude
our construction of a coarse graining under the assumption of slab percolation. It
turns out that apart from being a strong obstacle to the shortness of the construction,
the media randomness does not change the typical aspect of clusters (or the behavior
of phase labels for spin models) in the regime of slab percolation.

This coarse graining is a first step towards a study of phase coexistence in the dilute
Ising model that we propose in a separate paper [32]. Following [8,12] we describe
the phenomenon of phase coexistence in a L! setting, under both quenched and
averaged measures. The notion of surface tension and the study of its fluctuations
as a function of the media are another key point of [32].

Another fundamental application of the coarse graining, together with the study of
equilibrium phase coexistence, concerns the dynamics of such random media models.
In opposition with the previous phenomenon which nature is hardly modified by the
introduction of random media, the media randomness introduces an abrupt change
in the dynamics and we confirm in [31] several predictions of [22], among which a
lower bound on the average spin autocorrelation at time ¢ of the form ¢=¢.
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