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x = {x1, . . . , xn(x)}, xi ∈ K,
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∀ω ∈ Ω, X(ω) = {x1, . . . , xn, . . . } xi ∈ K.
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Mr = [−
π

2
,
π

2
] × [Lr

min, L
r
max] × [lrmin, l

r
max].
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x
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Sr = K × Mr
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x ∈ Sr, x = (c1(x), c2(x), θ(x), L(x), l(x)) ,
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(c1(x), c2(x))
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θ(x)
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L(x)
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l(x)
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nqt��`v�nJr�gygknqpI�;nqr�pBiY�5wknhm�]Lgkg.�h]�¡5p[]?���FfIrsiyg.p[nqp>�&iynq\^r�m~r�pBik]�p�gjrsi|f"\^]?�qgk�[wy]
ν(.)

�qp5�
�`\"�{�[�[r�p[o

h(.)
t¥wynq\ ikX5]�gk�5�Jm�]�n{t�m�nqph¡5oJ�[w��&ikr�nqp�g-nqt���nJrspBi�g
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¢$¯ ]�m�nJp5gkr��h]?w.ikX[]�t¥�[p5m�ikr�nqp

Z(µ, h)
�h]�¡5p[]L�

�Jg
Z =

∫

C

h(x)dµ(x).
�u� �
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Z < ∞

�;iyX[](t¥�[p5m�ikr�nqp
Z−1h(x)

m?�{p®�;]`gk]�]�p¬�Jg�iyX[]`�h]?p5gkr£i|f�n{tx�"�;nqr�pBi��[wynhm�]?gyg
X
 �rsikX¬wy]?gk��]Lm«i�iyn"ikX5]�wy]�t¥]�wy]�p�m�]
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h(x) =

n(x)
∏

i=1

β(xi)
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β(.)
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v$nqr�gygjnJp��;nqr�pBi��[wknhm�]?gyg! �rsikX>r�pBik]�p�gjrsi|f
ν′(A) =

∫

A

β(u)dν(u).
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< ., . >
h(x) = e−<θ,t(x)> �AG��

a~t�m�nJ�[wygk]q�OiyX[]I�h]?p5gjrsi|fUr�g� .]����x�h]�¡5p5]?�¨r£t��{p��UnJp[�sfUr£t
Z(θ, µ) < ∞
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U(x) = − < θ, t(x) > .
� 8?���

����� � $)���"
C���D���8�	��
 3�� 3��

� p ��8�95�Î !]��[wy]?gk]�pBik]L�I�{p : _=: _ �{��oqnqwyrsikX[\ oq]?p[]�w��&iyrsp5o�gk�q\^�[�s]Lg.n{t��`��nJrspBiY�[wynFm�]?gyg
X
�h]�¡5p[]L�I�FfI�{p��[p[p[nJwk\"�{��r('�]?�

�h]?p5gkr£i|f
h(.)

�q�snJp[o  �rsikX �Qwy]�t¥]?wk]?p5m�]>v$nqr�gygjnJp©�;nqr�pBiI�[wknhm�]?gyg"�hr�gjikwyr��[�hikr�nqp�¢ WYX[]®nq�[iy�{r�p[]L� �q�soJnqwyr£iyX[\��[wynh�h�5m�]LgI�
:¬�qwk±Jn&¦�_!X5�{r�p

(Xt)t≥0
]�wyoqnh�hr�m��{����fIm�nqpF¦J]�wyoqr�p[o�iyn`iyX[]��hr�g|iywkr��[�hiyrsnJp>n{t
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U : C → R̄

x → U(x)
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U(x) = Udata(x) + ρUreg(x), ρ > 0.
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∆U = U(y) − U(x).
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¢ � i-wy]?gk�[�£i�g�r�pI� :¬�{wy±qn&¦�m�X5�qrsp

(Xt)t≥0
nqplikX[]�gj�5�Jm�]

nqt�¡5p5r£iy]�m�nqp[¡5oq�[w��&iyrsnJp5g.n{t���nJrspBiyg
C
¢

a~t�m�nq�[w�gj]J�
P (., .)

r�g��h]Lgjr�oqp5]?��rsp>nqw��h]?w!iyn"\"�{±q]�ikX5] :¬�{wy±qn&¦�_!X5�qrsp>m�nJpF¦q]�wyoq]~ikn& Y�{w��[g!ikX[]��[]?gkrswy]?���hr�g|iywkr��[�hiyrsnJp,¢
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∞
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,�nqik]^ikX��&i(ikX5] �B�5�{��r£i|fUn{t.ikX[]I�5wknJ��nBgjrsikr�nqp¨±q]?wkp[]?��g�r�g��qp¨r�\^��nJwji��{pBi�r�gkgk�[]q¢�}~g��®m�nqp5gk] �B�[]?p5m�]^ .]I�h]?gkrsoJp ±J]�wyp[]���g
gk�5m�XlikX5�{i�ikX[]�ikw��&z|]?m�iknJwkf(nqt�iyX[] :¬�qwk±Jn&¦�m�X��{r�plr�g��;nFnqwy�sf�m�nqwywk]?���{ik]L�(ikn(r�p5gk�[wy]���oqnFnh��]�¹F�5�snJwy�{ikr�nqpln{t;ikX[]�gjiy�{ik]�gk�5�qm�]q�
gk]�]�� 8?���S¢
} ¦J]�wyf­gjr�\^rs���{w^gkm�X5]�\^]
r�g`ikX[]��[r�]?m�]? �r�gk]>m�nqp�g|i��{pBi`oJ]�nq\^]�ikwyr�m?�{�!gym�X[]?\l]J¢§WYX[]�r��h]L�¬r�g`ikn¨±q]�]?�­ikX5]�iy]�\^�;]�w��&ik�5wk]
m�nqp5gjiy�qpJi^nqp g|iy]��5g^�qp5�Ô�h]Lm�wy]?�Jgj]�r£i"r�pÔ�[wy]?m�r�gk]�r�p5gjiy�qpJi�g�¢§}.i^¡5w�gjiloJ���qp5m�]J�$ikX[r�g^r��[]?� �snFnq±hg`wy�{ikX[]?w`��gj]?�s]Lgkg^gkrsp5m�]�rsi
r�g�]	�B�[rs¦&�q�s]?pJi`ikn rsp5m�wk]L�qgk]^ikX[]>m�nJp5gjiy�{pBi

A
¢�D~n& !]?¦q]�wL��ikX[r�g�r��h]L�¬X5�Jg��¬\"�qrspÔ�J�h¦&�{pBiy�qoq]J¢¬WYX[]�gjik]?�§nqp§ �X5r�m�X­iyX[]

iy]�\^��]?wy�{ik�[wy]�r�g.±q]?�hi�m�nqp�g|i��{pBi.m?�{p
�;]��5gk]?�"iyn�iy]?gji. �X5]�ikX5]�w.ikX[] :¬�qwk±Jn&¦"_!X��{r�p
X5�Jg!m�nqpF¦q]?wkoJ]?�^nqw.p[nqi?�[�{p��"ikX5]�wy]��Ff
�h]Lm�wy]?�Jgj]�ikX5]�ik]�\^�;]�w��&iy�[wk]��Jm�m�nqw��hrsp5oq��fq¢��[nJw�rsp5gjiy�qp5m�]J�[r�p � ���S�SO.wynBnJ±hg!�5wknJ��nBgj]Lg.�[]?m�wy]?�Jgjr�p[o`ikX[]�ik]�\^�;]�w��&iy�[wk]�nJp[�sf�r£t
iyX[](m�X5�{r�pIX5�Jg!m�nqpF¦q]?wkoJ]?�Î¢�a~t�m�nJ�[wygk]q�JikX5r�g.r��h]?�`wk]	�B�[rswy]?gxikX[]�]�¹Fr�gjik]�p�m�]~nqt��(iy]?gji�nqp"iyX[]�m�X��{r�p�m�nJpF¦q]�wyoq]?p5m�]J�q �X[r�m�XIr�g
p[nqi~�^gjr�\^�[�s](�5wknJ�[�s]?\ �ugk]�]
� 8 C�� �«¢
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�� ��������- $(� ��-.
���E�-.$
� p � ; ��ikX[]~�q�hikX5nqwx�[wy]?gk]�pBi�g���m�nJ\l���{w��&ikr�¦q]�gjik�5�[f�n{t,�hr��O]�wy]�pBi-�[wynq�;nJgkr£iyrsnJp^±q]�wyp[]?��g��qp5�"m�nFnq��r�p[o(gkm�X[]L�h�[��]?g$iyX5�&i.m��{p"�;]
�5gk]?�
t¥nqw��lgk]�i�n{t$�qm��J�h]�\^r�m�gkr�\��[���&iy]?���{p[p[]L�{��rsp5o��[wynq�[��]�\"g �¥r�p5m��s�5�[rsp[o^iyX[] � gjr�p[ol\^nF�[]��1�«¢-}~p�r�pBik]�wy]?gjikr�p[o`t¥nqwy\"�{��r�gk\
r�g��[wynq�;nJgk]?�Î�qwk]?�[wk]Lgj]?pBikr�p[o~iyX[]�gk]���]?m«iyrsnJp`nqtO�qp`nJ�hikr�\"�{�5m�nFnq��rsp[o(gym�X[]?�[�[�s]��Jg���m�nqpBikwynq�h�5wknJ�[�s]?\>¢ � p"gjnJ\^]Ygkr�\l�5�s]�m?�qgk]?g
rsi~r�g���nBgkgkr��[�s]�iynI�h]�wyr�¦q](�{p5�q�sfBiyr�m?�{�,gknq���hikr�nqp5g?¢ ,~]�¦q]?wjiyX[]���]?gyg?�FikX[]�m�nq\^�[��]�¹hr£i|f�n{t$nq�[w�\^nh�h]?��g�\"�q±q]��{p��{��fJiyr�m?�{�Îwy]?gk�[�siyg
�hr�$Im��[�si~iynInq�[iy�{r�p,¢�¯¨]�iyX[]�wy]�t¥nJwk]�t¥nhm���g�nqp®\^nJwk](oJ]�p[]?wkr�m�X[]��5wkr�g|iyr�m?g�¢�¯¨]��[wy]?gk]�pBi~X5]�wy](i| !n"r�pBik]?wk]Lg|iyrsp[o��{�[�[wynJ�Jm�X[]?g
iyX5�&i~m?�{p���]�t¥nJ�[p5��rsp�iyX[](�srsijiy]�w��&iy�[wk]J�[�{�sikX[nJ�[oqX�ikX5]�fItu�qrs��]?��r�p�nJ�[w�m��Jgj]J¢

��³ K ³ �7�0/¥� /+/A/¥� ´ � a�p[]�n{t�ikX[]�r��[]?�qg^gjik�5�[rs]L�§r�p � ;#�S�-nqwyr�oqr�p5�{���sf¨�[wynq�;nJgk]?�­r�p �Ã�{� �9�-r�gl�5�Jgj]L�§nqp �Ugk�sr�oqXBiy�sf­\^nh�hrs¡5]?�
oJ]�nq\^]�ikwyr�m?�{��m�nFnq��rsp5o©gym�X[]�\^]q¢ ��]�i®m�nJp5gjr��h]?w�gknq\^] ikr�\l]¨r�pJiy]�wy¦&�{��g �Gg|iy]��5g��

t ∈ [ni, ni+1[
rsp5�[]�¹h]?� �Bf

i
�qp5� iyX[]

�Jgkgknhm�r��&ik]L���7¦J]�w��{oJ]�]�p[]?wkoJf

〈U〉i =
1

ni+1 − ni + 1

ni+1
∑

k=ni

U(xk).
� 8L���

WYX[r�g��7¦J]�w��{oq]�]�p[]?wkoJfI�&i~gjik]?�
i
m��qp��;]�gj]?]�p®�qg��^gjiy�{ikr�g|iyr�mq¢x}��5�qgkr�m�r��h]L�`r�gYiyn^m�nq\^�5�qwk]�ikX5](\l]L�qgk�[wy]?���7¦q]�w��{oJ]~��]�¦J]��

iyn>ikX[]"�[wy]�¦Fr�nq�5g�nJp[] �¥p5�q\^]���f
〈U〉i−1

���{p5�¨�h]?m�wk]L�qgk]�iyX[]^ik]?\^��]?wy�{ik�[wy]"nqp[��f¬rst!iyX[]"p[]?  �7¦J]�w��{oq]`]�p[]?wkoJf®r�g�oqwy]?�&iy]�w
iyX5�{p>�[wy]�¦Fr�nq�5g.nqp5]

Ti+1 =

{

Ti

rst
〈U〉i+1 ≤ 〈U〉i

ATi

rst
〈U〉i+1 > 〈U〉i.

� 8&� �
OY�qgkr�m��{����fq�JikX[r�g�gkm�X5]�\^]�wy]���r�]?g!nqpIiyX[]�r��[]?��ikX5�{i!iyX[](g|i��{�[r��srsi|f"n{t�ikX[](�7¦q]?wy�qoq]�]?p[]�wyoqf^r�g.�`oqnFnh�Ir�p5�hr�m��{iknJw!nqt,ikX[](m�X5�qrsp
m�nqpF¦q]?wkoJ]�p5m�]q¢�WYX[r�gxgym�X[]�\^]Yr�g�gj�[�[z|]?m«i�iyn�i| !n�\"�&z|nJw$�[wknJ�[��]�\"g�¢ ��rsw�gji�iyX[]�m�nJp5gjiy�{pBi

A
p[]?]?�[g$iyn���]��J�7z|�5gjik]?�l�[wynq�;]�wy��fq�

�qp5�>gj]Lm�nqp��Î�FikX[]�gym�X[]?\l]�r�gY¦q]?wkf
gk��n&  rsp>�[w��qm�ikr�m�]J¢

R · - �?�?� - �Ô� 6 ³ � 
 · ¸ ´ - ��
 /G�©� 7 ³F³ ¸ � }�p[nqikX[]?w"��nBgkgkr��[rs��rsi|f§r�g"ikn­�h]?gkr�oqpª�¨gym�X[]?\l]®�Ff§]�¹Fik]�p��hrsp5o iyX[]®r�pJiy�[rsikr�¦q]
�[XFfhgkr�m?�{���qp5�{��nqoJf"n{t�ikX[]�gkr�\��[���&iy]?�>�{p[p5]?�{��r�p[o^�[wknhm�]?�h�[wy]q¢Ya�p[](r��[]?�^r�g�ikn^t¥nhm��5g�nqp�iyX[]�]�pBiywknJ�Bf
n{t�ikX[]�gkfhg|iy]�\>¢-¯¨]
�h]Lgkm�wkr��;](X[]�wy](�lgym�X[]?\l](�h]�iy�qrs��]?��rsp �Ã�{�h�	80G��9¢
� p��J�[�hrsikr�nqp�iknliyX[]��7¦q]?wy�qoq]~]?p[]�wyoqfJ�F�s]�i~m�nqp�gjr��h]�w��^gk]?m�nqp5��nqw��h]�w�gjiy�{ikr�g|iyr�m

〈(∆U)2〉 =
1

ni+1 − ni + 1

ni+1
∑

k=ni

(U(xk) − 〈U〉i)
2.

� 80C��

WYX[](¦&�qwkr��{p5m�]�m?�{p���](��r�p[±q]L�
iynlikX[]�iyX[]�wy\^r�m(m?�{�5�Jm�rsi|f

C(T ) =
〈(∆U)2〉

T 2
,

� 80G��

 �X[r�m�X�ik�[wyp5g.iyn"��]�iyX[]��h]�wyr�¦7�{ikr�¦q]�n{t�ikX[]�gkfhg|iy]�\°]?pBikwynq�Ff

dS

dT
=

C

T
.

}�g��^m�nqp�gj]	�J�5]�p5m�]q�FikX5]�t¥nq���sn& �r�p[o^gkm�X[]?\^]�]�¹hX[rs�5r£i�g��^m�nqp�g|i��{pBi�]�pBikwynq�Ff"¦&�{wyr��{ikr�nqp

Ti+1 − Ti ∝

T

C
=

T 3
i

〈U2〉i − 〈U〉2i
.

WYX[]��5wknJ��nJwjiyrsnJp5�{��r£i|f��5�qwy�q\^]�ik]?w$p[]�]L�[g$ikn��;]�m��qwk]�t¥�[�s��f(iy�[p[]?�,¢���nBnBgj]?�sf`gj�;]?�q±Br�p[o��7ikX[r�gxgym�X[]�\^].ik]?p5�[g$iyn���r�\lrsi�ikX5]�oJ�{�
nqt�iy]�\^��]?wy�{ik�[wy]��;]�i| .]�]�p`i| .n�gjik]?�5g� �X[]?plikX[]�]?p[]�wyoqf�¦&�qwkr��&iyrsnJp�r�g�rs\^�;nqwkiy�qpJiL¢ � p^nJ�[wxm��Jgj]J�&ikX[r�gxgym�X[]�\^]��hr��lp[n{ix .nqwy±
 .]���� ��iyX[]"m�X[nqr�m�]^n{t!ikX[]"m�nqp5gjiy�qpJi(�{�5��]L�{wy]?�®iyn>��]I��\"�&z|nqw�r�gkgk�[]J�,]?gk��]Lm�r��{���sfUrsp¨nqw��h]�w�iyn�oJ]�i�¡5p[rsik]Im�nq\^�[�hi��&ikr�nqp��{�
iyrs\^]?g?¢

� ��� � �Y'$���0���`	����§ �*����Y'�
���	��� ����

¯¨]��h]Lgkm�wkr���](r�p�ikX[r�g�gk]?m�ikr�nqp®gjnJ\^](]�¹h��]?wkr�\^]�pBiy�q�Înq�5gk]�wy¦&�&iyrsnJp5g�¢�¯¨]��5gk]�ikX5](\lnh�h]?�, .](�[wk]Lgj]?pBik]?��r�p ��8L�����{p��� �X5r�m�X
 .](�[wyrs]%Q5f
�h]Lgkm�wkr���]L�
r�p¬dF]?m�ikr�nqp®�h¢¾�B¢
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:���� � - ��
C- �D�6�����	EF$(� ��-.
���E�-
¯¨]IgjX5n& �nqp ��r�oq�5wk]^���[r �O]�wy]�pBi(oq]?nq\^]�iywkr�m��q��gym�X[]�\^]Lg� �r£iyX¨�hr��O]�wy]�pBi(�5�{w��{\^]�iy]�w�g�¢`a~tYm�nJ�[wygk]q�OiyX[]likr�\^]lp5]�]?�[]?�Uikn
wy]?�Jm�X¬ikX5]^ikX[wy]?gkX[nq���Uik]�\^�;]�w��&iy�[wk] �

Tmin = 10−7 ��r�g(����nqoB�{wyr£iyX[\^r�m�t¥�[p5m�ikr�nqpQn{t.ikX[]"m�nBnJ�sr�p[o>�5�qwy�q\l]�ik]?w?¢
��rsoJ�[wk](;
�[wy]?gk]�pBi�g.ikX[]�m�nqwywk]Lgj�;nqp5�[rsp[olgjr�\��5���{ik]?�>�qp[p[]?�q�sr�p[o`ikw��&z|]Lm«iknJwkr�]?g?¢
WYX[]¬iywy�{z|]?m�iknqwyr�]?g
�qwk]U�[�snqijiy]?� r�p �©gj�;]?m�r£¡�m  Y�7fq¢¤¯¨]¨�[wk]Lgj]?pBiIikX[]¨oqw��{�5X n{t�iyX[] ]?p[]�wyoqfª�qg��­t¥�5p5m«iyrsnJp n{t�iyX[]
iy]�\^��]?wy�{ik�[wy] �

x(t) = −log(T (t))
�{p��

y(t) = U(t)
��¢>WYX5]I\"�{r�p­nq�5gk]�wy¦&�&ikr�nqp¨ .]
m��qp¨\"�q±q]"r�g(ikX��&i�t¥nJw`�®gk��]Lm�rs¡�m

iy]�\^��]?wy�{ik�[wy]q�JikX5]~�7¦q]?wy�qoq]Y]�p[]?wkoJf�r�gxX[r�oqX5�sf^�h]��;]�p��h]�pBi!nJplikX[]�m�nFnq��rsp5o�gj�;]�]L�I�{p5�liyX5�&i-ikX[]~tu�qgjik]�wxikX[]�m�nFnq��rsp5o�gj�;]�]L�Î�
iyX[](X[r�oqX[]?wYikX[]��7¦J]�w��{oq]�]�p[]?wkoJfq¢

��r�oq�[wy]�� � � r �O]�wy]�pBi��[r�]?m�]� �r�gj](m�nJp5gjiy�{pBi�oq]?nq\^]�iywkr�m��q�Îm�nFnq��rsp5olgym�X[]?�[�[�s]Lg;�Óiy]�\^��]?wy�{ik�[wy](�qg��lt¥�[p�m«ikr�nqp>nqt�ikr�\^]5��¢

:��%� � ��� ��- ����- ����- 
�-.E"� ?
��r�oq�[wy] ;`]�¹hX[r��[r£i�g!�qpIr�\l�;nqwkiy�qpBi!�[X[]?p[nq\^]?p[nqp,¢ �[nJw.��oqr�¦q]?p^ik]�\^�;]�w��&iy�[wk]J�qiyX[]�m��[wywk]?pBi!�7¦q]?wy�qoq]Y]�p[]?wkoJf`r�gY�h]��;]�p��h]�pBi
nJp iyX[]"�[wy]?m�]�]?�[rsp[o>rsik]?wy�{ikr�nqp5g?¢^¯ ]Im?�{����ikX[r�g(�[X5]�p[nJ\l]?p[nqp � m�nqpF¦J]�wyoq]�p�m�]^�h]����7f �s¢"WYX[r�g�ik]?wk\^r�p[nq��nqoJf®�[p5�h]?wk��r�p[]?g�iyX[]
tu�Jm«iYikX5�{iYikX[](�[wynhm�]Lgkg.�hnF]?gYp[nqi�X5�7¦q]�]�p[nJ�[oqX
ikr�\l]�iyn`wy]?�Jm�XIiyX[]�ikX[]?nqwy]�ikr�m��q�Î�7¦q]�w��{oJ]�]�p5]�wyoqf"��]�¦q]?�Î�qgygjnhm�r��&iy]?�" �rsikX®�
gk��]Lm�rs¡�m�ik]?\^��]?wy�{ik�[wy]

〈U〉[t,t+∆t[ ≥ ETt
[U(Xt)].

�G�q���

:��%2 � ����� ��$ �"����� ���6���D�����	E!�D-.
C�!- ����������-
¯¨]�p[n&  �h]?gym�wyr���]���¦J]�wyf`r�pBik]�wy]?gjikr�p[ol�[X[]?p[nq\^]�p5nqp,¢�dF�[�[�;nJgk]�ikX5�{i!iyX[](gjfhgjik]�\ r�gY�&i���gk��]Lm�rs¡�m�iy]�\^�;]�w��&ik�5wk]

Tt

�h �rsikX
�qp>�7¦J]�w��{oJ]�]�p[]?wkoJf

〈U〉t
¢

¯ ]�iywkr�]?�>�{p>�q�5�{�hiyrs¦J]�gym�X[]?\l]��5�Jgj]L�
nJp��5wknJ��nBgjrsikr�nqp5g �$�`p5]�  ik]�\^�;]�w��&iy�[wk]
Tt+1 < Tt

r�gY¡�wygji��[wknJ��nBgj]L�Î�h�{p5��iyX[]�p
rst$gknq\^]��[wynq�;]�wki|f"r�g.t¥�[�s¡5���s]L� �u] �B�[r��sr��[wyrs�5\°ik]Lg|i)�-ikX[](p[]?  iy]�\^��]?wy�{ik�[wy]�r�g��Jm�m�]?�hik]L�Î�[�{p��In{iyX[]�wy �r�gj]�ikX[]�iy]�\^�;]�w��&ik�5wk]
r�g�gk]�i��5�qm�±IiknlikX[](�5wk]?¦Br�nq��g.ik]�\^�;]�w��&iy�[wk]

Tt

t¥nJw��"gj]�iYnqt�rsik]?wy�{ikr�nqp5g?�F��]�t¥nqwy]�ikwyfFrsp[o^�^p[]?  �h]Lm�wy]?�qgk]q¢
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��r�oq�[wy] ; ��dFr�\��[���&iy]?�®�qp[p[]?�q�sr�p[o"iywy�{z|]?m�iknqwyr�]?g?�[m�nqwywy]?gk��nJp5�hr�p[o^ikn"iyX[]`m�nFnq��rsp[oIgym�X[]L�h�[��]?g��5wk]Lgj]?pJiy]?��r�p ��rsoJ�[wk]��5¢�WYX[]
tu�Jg|iy]�w�ikX[]"gym�X[]�\^]J�ÎikX[]^X[r�oqX5]�w�ikX[]liywy�{z|]?m«iynqwyfq¢(¯¨]^�[�snqijiy]?�

U(t)
�qg��
t¥�[p5m�ikr�nqp¨n{t

−log(T (t))
¢�W�nq� ��oq��nq�5�q��¦Fr�]� (�

�;n{ikiknq\ �xm��snBgj]�¦Frs]? (¢
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dFnq\^]�ikr�\l]Lg��{�5��]L�{w�g��^�[X[]?p[nq\^]�p5nqp�ikX5�{i~ .]��5gk]�ikn
�h]�¡5p[]�nqt �jm�wkrsikr�m��q�Oik]�\^�;]�w��&iy�[wk] 	�¢Y}��sikX5nq�[oJX>ikX[](iy]�\^�;]�w��&ik�5wk]
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��]�¦J]��Ym��{pÔrsp5�[]�]?�§��]�g|iy�5m�±¨ikn �U�s]?¦q]?�- Y�7f �[p��h]�w`ikX[]��s]?¦q]?�-iyX5�&ilX5�qg`��]?]�p§nJ�5gk]�wy¦q]?�­�[�[wkr�p[o®iyX[]�¡5wygjiyg`g|i��7fFrsp[o �&i
iyX[]��[wy]�¦Fr�nq�5g!ik]?\^��]?wy�{ik�[wy]q¢�¯¨]��[wynq�;nJgk]~iyn"wk]Lgj]�iYikX[](wy]�t¥]?wk]?p5m�]���]�¦q]?�,]�p5]�wyoqf"rst

nbinhib

gjik]���g�X5�7¦q]�¡5p5r�gkX[]?�� �rsikX[nJ�hi
wy]?�Jm�X[rsp5o�iyX[](�[wy]�¦FrsnJ�5gYwy]�t¥]�wy]�p�m�]��s]?¦q]��

Uref

¢

����� � E"�����6������

¯¨]��h]�i��{r��,X[]?wk]�ikX5](wk]Lgj�[�sikr�p[o"�{��oqnJwkrsikX5\�¢

T = Tinit ���������	��
���
������	�����
Tref = Tinit

r = 0.85
temref = 0

Uref = 0

��� ��
	� T > Tmin �������������������	����
����������������
nbdec = 0

Umes = 0

Uaverage = 0

Nover = 0

��� temref = 1

Tref = T  ��!�����������"�����"���#��	���
T = AT

$ �	� k = {1, . . . , N} �������������������	���%!���
�
��������
$ �	� l = {1, . . . , δt}& �%!�"�
������(')��*�������!,+ T -

Umes = Umes+ . ���	����*

Umes = Umes/δt

Uaverage = Uaverage + Umes

��� Umes > Uref − ε
Nover = Nover + 1

��� Nover ≥ n1 � � ��� temeq = 1 ��
��	� temeq = 0 / ��
�����0	�����1��0 � �	�	2���#

��� Nover ≥ n2 � � ��� temslow = 1 ��
��	� temslow = 0 ���������3������
���4�
	*

��� temref ≤ 0 � � ��� temcomingback = 1 ��
��	� temcomingback = 0 ��� � � / ���������

��� temref < 1

��� eq = 1

temref = 1

��
��	�
temref = temref + 1

��� temref = 1

��� temeq = 1 �	� temcomingback = 1 5 ��#��������	� Uref

Uref = Uaverage/N

��� temeq = 0 #���0��������	��0�����
������6��������#
T = Tref

A = Ar

temref = −nbinhib + 1 � � ��2���
�"����	� Uref ��� / 
���0�7��	#

��� temslow = 1 ����# temcomingback = 0 � � ����������#����3�8��0��������	��#
A = A1/r
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dFr�\��5���{ikr�nqp
A ∆t

,~]�]L�h]?�
Tmin� �[¢ G�G�C$9 �q�q�q� �q��\^r��s��rsnJp5g�rsik]?wy�{ikr�nqp5g

� �[¢ G�G�G�; �q�q�q� ��9`\^r��s��rsnJp5g
m �5¢ G�G�G�G!; �q�q�q� �{�J��\^r��s��r�nqp5g
� �q�[�q�hikr�¦q] �{�J�q�J� ��9q��\^r��s��r�nqp5g

W��{�[��](8 � � ]Lgkm�wkr��hiyrsnJp�nqt�iyX[]��hr��;]?wk]?pJi~gkr�\��[���&iyrsnJp5g�¢

����	 � ��
 
 - ����$
¯¨]Yp[n& ©�h]�iy�qrs�hgknq\^]�gj�;]?m�r£¡�m!�;]�X5�7¦Fr�nqw�g�nqt5ikX5].�5wknJ��nBgj]L��gym�X[]�\^]q¢$dF�[�[�;nJgk].¡5w�g|i$ikX��&i$ikX[]Y�[wy]�¦Fr�nq�5g�gjik]��

i−1
wk]Lgj�5�£iy]?�

r�p®�l�[]?m�wy]?�Jgj]�n{t�ik]?\l�;]�w��&iy�[wy]q¢$¯ ]�iyX[]�wy]�t¥nJwk]�X5�7¦J]��loqnFnh��]?gjikr�\^�{ik]
Uref = 〈U〉i−1

n{t�ikX[]��7¦J]�w��{oJ]�]�p[]?wkoJf"n&¦q]?w!iyX[]
�[wy]?m�]�]L�hrsp5o���]?wkr�nh�Î¢�}.i-iyX[]��;]�oJrsp5p[rsp5o�n{tÎiyX[]�p5]�  �;]�wyrsnh�

i
�BikX[]�m�nFnq��rsp5o�r�g-ikwyr�]?�"�5gkr�p[o(ikX5]�m��5wkwy]�pBi-�5�qwy�q\^]�ik]?w

A
¢�}�g

gknFnqp>�qg.ikX5]�g|iy]��
i
r�g.¡5p[r�gjX[]L�Î�hiyX[](��]?X5�7¦FrsnJwYn{t�ikX[](]?p[]�wyoqfI�h�5wkr�p[olikX[]�gjik]?�>r�gY]�¹h�q\^rsp[]L�Î¢

1 � t�iyX[](�5�q���qp5m�]�ik]Lg|i�r�g��;nJgkr£iyrs¦J]q� �¥r9¢ ]q¢ Nplus ≥ n1)
�[i| !n^�;nJgygjr��[��]�m?�qgk]?gYm��qp>��]��hr�gjikr�p[oq�[r�gkX[]?� �

� ]?r£iyX[]�w^iyX[]®]�p5]�wyoqf­X5�Jg"gj�;]�pBi
�&i"��]?�Jg|i
n2

gk�[�©�;]�wyr�nF� n&¦J]�w`ikX[]®wy]�t¥]?wk]?p5m�]>]�p5]�wyoqf
Uref

�
Nplus ≥ n2

���
wy]?gk�[�sikr�p[olrsp®�^�h]?m�wk]L�qgk]�n{t

A
�ursp�m�wy]?�qgk]�n{t�ikX[]�m�nBnJ�sr�p[o"gk��]?]?�����

� nJw
n1 ≤ Nplus < n2

�[�qp5�
A
g|i��7fFgYm�nqp5gjiy�qpJiL¢

� p>��nqikX>m��qgk]?g?�FikX5]�g|iy]��
i
¡5p[r�gjX5]?g� �rsikX�ikX5](�[�;�5�&ik]�nqt�iyX[](wk]�t¥]�wy]�p5m�]�]?p[]�wyoqf��

Uref = 〈U〉i
�Y�qp5�
ikX[](wy]�t¥]?wk]?p5m�]

ik]?\l�;]�w��&iy�[wy]
�
Tref = Ti

��¢xWYX[]�ik]?\^��]?wy�{ik�[wy]�r�g.iyX[]�p>�[�O�[�&iy]?�
Ti+1 = ATi

�qp5��ikX[]�gjik]?�
i + 1

gjiy�qwji�g�¢
1 � txikX5]`�5�q���qp5m�]�ik]?gji�r�g�p[]�oB�&iyrs¦J]q�;ikX[]�ik]?\l�;]�w��&iy�[wy]�r�g�gk]�i��5�qm�±�iynIikX5]`wy]�t¥]?wk]?p5m�] � Ti+1 = Tref

��¢(WYX[]`m�nBnJ�sr�p[o
�5�{w��{\^]�ik]�w$r�g�r�p5m�wy]?�Jgj]L� �

A = Ar
�$ �X[r���]YikX[]�wy]�t¥]?wk]?p5m�]Y]�p5]�wyoqf���]�¦J]��

Uref

r�g�±J]��hi-m�nqp5gjiy�qpJiL�{r9¢ ]J¢
Uref = 〈U〉i−1

¢
:®nqwy]�n&¦J]�wL�

temref

r�g(gj]�i�iyn
temref = −nbinhib + 1

�Î\^]L�{p[r�p[oIiyX5�&i�iyX[]^�[wknhm�]?gyg~ �r��s��gk��]?p5�
nbinhib

gjik]?�5g��&i
ikX[]�gy�{\^]�ik]?\^��]?wy�{ik�[wy]q�h]�¹hm�]��hi�rst�ikX[](]?p[]�wyoqfIgjiy�7fhg.n&¦q]?w

Uref

�h�[wyrsp5o^�{i��s]L�qgji
n1
gk�[��� gjik]���g��

� r�p� �X[r�m�X®m?�qgk]q�FikX5]�m�nFnq��rsp5o`oJnB]LgYnqp�p[nqwy\"�{���sfJ�h�5gkrsp[oliyX[](p[]�  �5�{w��{\^]�ik]�w
A
¢

� a�p
ikX[]�nqikX[]?w.X��{p5�Î�hrst
nbinhib

gjik]���gYX5�7¦q]���]?]�p>gj�;]�pBi��&i���ik]?\l�;]�w��&iy�[wy]
Tref

�{p5�
 �r£iyX[nq�[i�wk]L�qm�X[r�p[o�iyX[]
wy]�t¥]?wk]?p5m�]
�s]?¦q]��

Uref

�snJp[o¬]�p5nq�[oJX,�$ikX[]�wk]�t¥]�wy]�p5m�]I]�p5]�wyoqf¨r�g`�[�O�[�&iy]?� �
Uref = 〈U〉i+nbinhib

�«��iyX[]Iiy]�\(�
�;]�w��&iy�[wy]�±q]?�hi�m�nqp5gjiy�qpJi3�

Ti+nbinhib+1 = Tref = Ti−1
���;ikX[]lm�nFnq��rsp5oI�5�{w��{\^]�ik]�w

A
r�p5m�wy]?�Jgj]L�®�{p5�U�"p[]� 

r�p[X[r��[rsik]L��m�fhm���]�r�g�gjiy�qwjiy]?� �
temref = −nbinhib + 1

��¢

� � �������«	�� �������. ����0���`	��

¯¨]Y�[wk]Lgj]?pBi�r�p�iyX[r�g�gk]?m�ikr�nqp�gknq\^].wk]Lgj�5�£i�g��qp5��m�nq\^�5�qwk]-ikX[].�[wynq�;nJgk]?��m�nBnJ�sr�p[o�gkm�X5]?�h�[��]xiyn���gj�5�q�Foq]�nJ\^]�ikwyr�m��{�Fgym�X[]�\^]?g?¢
¯¨]^nq�hiyrs\^r('�]`ikX[]l\^nF�[]��$ �r£iyX¬i| .n�]?�s]?\^]�pBiyg3�¥wy]?m�iy�{p5oq��]?g��{p5� gj]?oq\^]�pBiyg��YiyX5�&i� .]`�[wynq�;nJgk]?�¬rsp ��8L���9¢�WYX5]`wy]�t¥]?wk]?p5m�]
gkrs\`�[���&ikr�nqp�gY !]?wk]�nq�[iy�{r�p[]L�
�5gkr�p[o^�[rs]Lm�]? �r�gk](m�nqp�g|i��{pBi�oq]�nJ\^]�ikwyr�m��{�Îm�nBnJ�sr�p[o^gkm�X5]�\^]?g?¢
WYX[]¬�[wynq�5�s]?\ m�nJp5gkr��h]?wk]L� X[]�wy]®r�g
wk]L�{���sf m�nJ\l�5�s]�¹O¢ WYX[]¬\^nh�h]?�~r�gI\"�q�h]®nqt�i| !nQi|fF�;]?gInqt(nq�hz|]Lm«iyg?���{p5� gk]�¦J]�w��{�
r�pBik]�w��qm�ikr�nqp5g?¢xa�p`iyX[r�gx�[wynq�[��]�\>�qikX[]~gym�X[]?\l] 8&���{p5�liyX[]~gym�X[]�\^]� �rsikXI�(m�nqp5gjiy�qpJi�iyX[]�wy\^nh�hfFp5�{\^r�m�gj�;]�]L�"�{wy]��5gj]?�s]Lgkg �
iyX[]�f¨�{wy]lgkn®gj��n& �ikX��&i��&tÓiy]�w��� .]�]�±O�ÎiyX[]^ik]?\^��]?wy�{ik�[wy]^ .�Jg�gjikr����-g|iy�5m�±U�{i(�qp r�pBik]?wk\^]?�[r��qwkf®��]�¦J]��9���{wynq�[p��¬iyX[]l¡5wygji
m�wkrsikr�m��q�Oik]�\^�;]�w��&iy�[wk]J¢

	���� � -.��- ���	E �!-���� ���"���
WYX[]�¡�wygji�wk]Lgj�[�si�X5�JgY��]?]�p>nq�hi��{r�p[]?�� �rsikX

nbinhib=1
�
L = 20000

�
N = 10

�
n1 = 1

�
n2 = 5

¢
¯ ].m�nJ\l���{wy] ;�gkrs\`�[���{ikr�nqp5g� �X[nJgk]�iywy�{z|]?m«iynqwyrs]Lg,�{wy]x�[wy]?gk]�pBiy]?��r�p ��rsoJ�[wk] C[¢ � p`W��q�[�s]�8x .]-�[wy]?gk]�pBi,iyX[]!m�nqwywk]Lgj�;nqp5�[rsp[o
�h]Lm�wy]?�Jgjr�p[o>gj�;]�]L�Î���Jg� !]?�s�x�Jg�ikX5]"wk]	�J�5rswy]?�Uikr�\^]^ikn®wy]?�qm�X

Tmin = 10−7 ���[wkn&¦Fr��h]?�UikX��&i(ikX5]"�[wknhm�]?gyg�r�g�gjiy�qwjiy]?�¨�&i
Tinit = 1

¢
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b

a

c

d

��r�oq�[wy]�C �^W�wy�{z|]?m«iynqwyrs]Lg(�qgygjnhm�r��{ik]?�¨ �rsikX­iyX[]�m�nFnq��rsp[o gjr�\��[���&iyrsnJp5g��h]Lgkm�wkr��;]?�Qr�p­iy�q�[�s] 8q¢¬WYX[]�]�p[]?wkoJfU]�¦Jnq���hikr�nqpQr�g
�[��n{ikik]L�¬�qg��lt¥�[p5m«iyrsnJp¬n{t$iyX[]�iy]�\^��]?wy�{ik�[wy] �

x = −log(T )
�
y = U

�«¢�W�w��&z|]?m�iknJwkr�]?g � � � � � X5�7¦J](��]?]�p¬nJ�hiy�qrsp[]L�>�5gkrsp[o
oJ]�nq\^]�ikwyr�m?�{�Îgkm�X5]?�h�[��]?g?�h �X[r��s] � m�nqwywk]Lgj�;nqp5�5gxiyn^ikX[](�[wynq�;nJgk]?���q�[�q�hikr�¦q](gym�X[]�\^]J¢

c

d

��rsoJ�[wy] G �xW�]?\^��]?wy�{ik�[wy]�]?¦qnJ�s�hiyrsnJp��Jg.t¥�[p5m�ikr�nqp>n{t�ikr�\^]��
x = t

�
y = log(T )

�-t¥nqw�gkrs\`�[���&ikr�nqp�g � �{p5� � ¢
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WYX[]�wy]?gk�[�si~�[wy]?gk]�pBik]L�>rsp ��r�oq�[wy] G��¥ik]�\^�;]�w��&iy�[wk]l�qg��"t¥�[p5m«iyrsnJp¬n{t�iyrs\^]���gkX[n& �gYikX��&i~iyX[]��[wynq�;nJgk]?�®gym�X[]?\l]`�{���sn& �g
gjiy�7fFr�p[o
��nqp[oJ]�w��&i�r�pBik]?wk]Lg|iyrsp[o
ik]?\l�;]�w��&iy�[wy]?g� �X[rs��]�oJnqr�p[oItu�Jg|iy]�w� �X[]�p ��nBgkgkrs�5�s]J¢ ��r�oq�[wy]�8L�
gkX[n& �g~��m���nJgk]?�®¦Fr�]� �n{t
iyX[]�iy]�\^��]?wy�{ik�[wy]�]�¦Jnq���hikr�nqp"�{ixikX[]���]?oqr�p[p[r�p[o�nqt;iyX[]~gkrs\`�[���&ikr�nqp�¢ � i!gkX[n& �g$iyX5�&i!ikX[]�m�nFnq��rsp5o�gj�;]�]L�^r�g-rsp5m�wk]L�qgk]?�Î�J�[pBikr��
wy]?�Jm�X[rsp5o(ikX[]~¡5w�g|iYm�wyr£iyr�m?�{�[iy]�\^�;]�w��&ik�5wk]J¢ ��r�oq�[wy]?g 8�8~�qp5� 8L��gjX[n&  �h]�iy�qrs��g-nqtÎikX[]�gjr�\��5���{ikr�nqpI�{wynq�5p5�likX[]~¡5w�g|iYm�wyr£iyr�m?�{�
'?nqp[]J¢xWYX[](�h]?m�]���]�w��&ikr�nqp�nhm�m��[wygYm�nqwywk]Lm«ik��fq�h�q�£iyX[nq�[oJX�rsi�r�g��l�srsijiy�s](�[rsi~�h]?���7fJ]?�Î¢

c

d

��rsoJ�[wy]�8L� � O.]�oJrsp[p5rsp[o^nqt�iyX[](gjr�\��[���&iyrsnJp � ¢-W�]�\^��]?wy�{ik�[wy](�qg��`t¥�[p5m�ikr�nqp>n{t�ikr�\^]��
x = t

�
y = log(T )

��¢

��rsp5�q�s��fq�Îr�p ��r�oq�5wk] 8?�h�Î .]"m�nJ\l���{wy]�ikX5]l]?p[]�wyoqf>]?¦qnq���hiyrsnJp �qg���t¥�[p5m�ikr�nqp¨n{txiyrs\^]^rsp ikX5]^m?�qgk]�nqt.��gj��n&  �[r�]?m�]� �r�gj]
oJ]�nq\^]�ikwyr�m?�{�Ygkm�X[]L�h�[��] �ugkrs\`�[���{ikr�nqp � �l�{p��§n{t�ikX[]®�J�[�{�hiyrs¦J]�gym�X[]�\^] �ugkrs\`�[���&ikr�nqp � ��¢©WYX[]®m�nJp5m����5gkrsnJp§r�glikX5�{iliyX[]
�J�[�{�hiyrs¦J](gkm�X[]?\^]��;]�wkt¥nqwy\"gY��]�ijiy]�wL¢

	��%� � -.E�- � �D����� �C$(��� � ��������
 �	E �!-���� �������
WYX[]®�q�[�5�{wy]�pBi"�q�h¦&�qpJi��{oJ]
n{t�ikX[]>�[wynq�;nJgk]?�Ô�{�[�[wynJ�Jm�X§r�glikX5�{i^rsiI�hnF]?g^p[nqilwy] �B�[r�wy]����{�[p�m�X[rsp5o¨gk]�¦J]�w��{�Ygjr�\��[���&iyrsnJp5g
iyn¬¡5p5�§ikX[]���]Lg|i^�h]?m�wk]L�qgkrsp5oUm�nJp5g|i��{pBi� �rsikX§wy]?gk�;]?m«i`iknUikX[]��[wknJ�[��]�\>¢ WYX[]��hw��7 ��5�qm�±¬r�g�ikX5�{i�ikX5]�p[]?]?�h]L�Qikr�\^]
r�g
iywk]?\l]?p5�hnJ�5gj��f����{wyoq]J¢��5nqwxnJ�hiy�qrsp[r�p[o�iyX[]��;]?gji-��nBgkgkr��[�s]~wk]Lgj�[�si?�qikX[]~�[wknJ��nBgj]L�`�J�[�{�[ikr�¦q]�gym�X[]�\^]�gk]�]�\"g$iyn��;]~�q�h]	�B�5�&iy]q¢
a�pQiyX[]In{iyX[]�w�X5�{p5�,��iyX[]Ip5�{ik�[w��{�x�J�h¦&�{pBiy�qoq]^n{tYikX5]Ioq]?nq\^]�iywkr�m��q�xgkm�X[]?\^]"r�g�iyX5�&i`r£i`�q�s��n& �g�¡[¹hr�p[o¬�{p­nJ�hikr�\^r�'L�&ikr�nqp
iyrs\^]q¢
O.fIrs\^�;nJgkrsp5o^�l��n& !]?wY��nJ�[p5��nqp�ikX[](m�nBnJ�sr�p[o"gk��]?]?�

A < Amax

�[rsi�r�gY�;nJgygkrs�[��]�iknIm�nqp5gjikw��{r�pIiyX[](nq�hiyrs\^r('?�{ikr�nqp�ikr�\l]J¢
�5nqw�r�p5g|i��{p5m�]q�J !]YX5�7¦J]Ym�nqp5gjikw��{r�p[]L�

A < 1−exp(−10)) = 0.99
¢��~gkr�p[o(g|iy]��5g�nqt;��]�p5o{ikX

∆t = 20000
�Lrsixoqr�¦q]Lg�ikX5�{i�ikX[]

gkrs\`�[���&ikr�nqp�m��qpIoqn�t¥wknJ\
Tinit

ikn
Tmin

r�p��$9�\^r��s��r�nqp5g!n{t�rsik]?wy�{ikr�nqp5g?�h�&iY !nJwygji?¢�¯¨]�X5�7¦J]�m�nq\^�5�{wy]?�"ikX[r�gYgkm�X[]?\^]� �rsikX
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� ½�� x = t, y = log(T )
� J � x = t, y = U

� Ç�� x = −log(T ), y = U
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� ½�� x = −log(T ) Ö y = U
� J � x = t Ö y = T

� Ç�� x = t Ö y = U
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� ½�� x = t Ö y = U
� J � x = t Ö y = T

� Ç�� x = −log(T ) Ö y = U
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