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Abstract

We establish an asymptotic representation formula for the steady state current per-
turbations caused by internal corrosive boundary parts of small surface measure. Based
on this formula we design a non-iterative method of MUSIC (multiple signal classifica-
tion) type for localizing the corrosive parts from voltage-to-current observations. We
perform numerical experiments to test the viability of the algorithm and the results
clearly demonstrate that the algorithm works well even in the presence of relatively
high noise ratios.

Mathematics subject classification (MSC2000): 35R30

Keywords: corrosion, asymptotic representation formula, reconstruction, layer potentials

1 Introduction

Hidden corrosion, for instance in pipes, is a serious problem that is responsible for significant
economic losses and represents a dangerous threat to safety. In the field of nondestructive
evaluation, new and improved techniques are therefore constantly being sought to facilitate
the detection of such hidden corrosion.

Corrosion occurs in many different forms, and several mathematical models for elec-
trostatic fields in the presence of corrosion have been studied in the literature (see, for
example, Kaup and Santosa [16], Kaup et al. [17], Vogelius and Xu [21], Inglese [12], Luong
and Santosa [13], Banks et al. [3] and references therein).
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In this paper, we adopt the potential model: Laplace’s equation holds in the metal pipe,
and the effect of corrosion is described by means of a linear Robin boundary condition.
A model like this is motivated by a number of observations. On the one hand, corrosion
tends to roughen a surface: this effect can be modelled by the introduction of a thin coat-
ing characterized by rapid oscillations. In the limit as the thickness of the coating goes
to zero and the rapidity of the oscillations diverges, the emergence of a Robin boundary
conditions has been shown by Buttazo and Kohn [5]. On the other hand, the study of ac-
tive electrochemical corrosion processes can be based on “first principles”, which conjecture
a certain relation between the number of “free electrons” and the energy level (typically
an exponential Boltzmann-type distribution). Potential models with exponential boundary
conditions that arise from such considerations are often associated with the names of Butler
and Volmer. Vogelius and Xu [21] study a potential model of this kind. If we linearize the
boundary condition of this model, we get the linear Robin boundary condition studied here.

To set up the problem mathematically, consider a simply connected, bounded C%“ do-
main U in R? for some 0 < a < 1, and a simply connected C>® domain D, compactly
contained in U. Q = U \ D represents the specimen to be inspected, e.g., the cross section
of the pipe. We define I', = U and I'; = 0D, so that 02 = I'; UT,. Suppose that the

inaccessible boundary I'; contains some corrosive, connected parts I, s = 1,...,m. The
open curves I are well-separated, i.e., there is a constant ¢y > 0 such that dist (;, I;) > co
for i # j, and the corrosion coefficient, v, € C1(Iy), of each I, s = 1,...,m, satisfies

0 é Vs S C'0

for some constant Cp, and is not identically zero. Let

V(x) = Z’YSXS(Z')v T e FZ ) (11)
s=1
where x denotes the characteristic function of I;. A typical shape of Q would be an annulus.
We assume that the curve length of each I is small, to be specific,
d06§|15‘pi§D0 €, s=1,...7m N (12)

where € is a small parameter, representing the common order of magnitude of I, and dy,
Dy are positive constants. Each curve I is centered around a fixed point zs:

I, ={z€eT; : dr,(z,2s) < |Ls|/2} . (1.3)

Here |- |r, and dr, (-, ) refer to the one-dimensional curve length on I';. The internal voltage
potential ue, generated by a voltage f applied to I'., satisfies

Au, =0 inQ
Oue
e L yue=0  onTy , (1.4)
ov
ue = f onl, |

where v is the inward normal to © on I'; (i.e., the outward normal to D).
A realistic inverse problem in corrosion detection consists of the determination of the
corrosion damage on the inaccessible boundary part, I';, when the available data are a finite



number of voltage-to-current pairs on the accessible part I'.. The difficulties of this inverse
problem stem from its inherent ill-posedness and nonlinearity. Most of the techniques for
detecting the corrosion are based on iterative algorithms: least-square-fit algorithms and
Newton-type iteration schemes. These methods typically incur tremendous computational
costs to get close to the true corrosion damage, but more troubling: they frequently get
“stuck” near local minima.

The purpose of this work is to design a direct (non-iterative) technique for electrostatic
corrosion detection. This algorithm is of MUSIC-type (multiple signal classification) and
is based on an accurate asymptotic representation formula for the steady state boundary
currents. In many ways it is closely related to the algorithm developed in [4] for the purpose
of detection of small internal defects.

The Cauchy data continuation technique, as studied in the paper by Yang, Choulli,
and Cheng [22] for thermal detection of corrosion, is also a direct method. For reasons of
instability of the solution of the Cauchy problem it is less accurate than the method described
here. Furthermore it makes use of the formula v = (1/uc) due/Ov which, in the electrostatic
case is somewhat “unfortunate”, due to potential sign changes (and corresponding zeroes)
of u.. A significant (“signal-to noise”) advantage of the present method is that it directly

uses the boundary current perturbation data (%’f/ — %) Ir. (as opposed to aafj r.). Here
ug is the voltage potential in the absence of corrosion, i.e., the solution to
Aug =0 in Q
ou
—Z%—-0 onIy , (1.5)
ov
ug = f on I,

The present paper is organized as follows: In Section 2 we review some basic facts about
layer potentials. In the following section we establish a representation formula for the unique
solution to (1.4). This formula generalizes the formula proved by Kang and Seo in [14, 15].
The main goal of Section 4 is to rigorously derive an asymptotic expansion for %ﬁj — %
on I'.. Section 5 is then devoted to the design of the numerical algorithm, and several

computational experiments with it.

2 Layer Potentials

In this section we review some well-known properties of layer potentials for the Laplacian,
and establish some useful identities. Let ®(z) be the fundamental solution associated with
the Laplacian A,
O(x) = i111\3:| , x#0 .
2

Let D be a simply connected, bounded C*“ domain in R?, and let T' := dD. Let H'(D)
denote the set of functions f € L?(D) such that Vf € L?*(D). Furthermore, we define
H?(D) as the space of functions u € H'(D) such that 9*>u € L?(D), and the space H3/?(D)
as the interpolation space [H'(D), H?(D)], /2. Let H'/2(0D) be the set of traces of functions
in HY(D) and H~'/2(0D) = (H'?(8D))*. Finally, let H*(8D) denote the set of functions
f € L*(dD) such that 8f /0t € L*(dD), where 0/t is the tangential derivative.



The single-layer and double-layer potentials of a function ¢ € L?(T'), denoted Sr[p] and
Dr[p], respectively, are defined by

Stlel@) = [ @ —p)pdn,, ceR® (2.1)
Delpl(o) i= [ - ble = n)pln)do, . o BT . (2.2)

For a function u, defined in R? \ T', we denote

ou

5 () := lim (Vu(x £tvg),vy), €T

+ t—0+

if the limit exists. Here v, is the outward unit normal to I' = 9D at z, and (, ) denotes
the scalar product in R2. |1 are defined likewise.
It is well-known (see for example [11]) that for ¢ € L?(T)

w i(.%) = <:|:;I+/CI*1> [ga](x) , zel | (2.3)
’DF[SOHi(CU) = <:F;I+ /Cp) [p](x), xel | (2.4)

where Kr is defined by

Krlelte) = o= [ YT o) do,

T or o o yP

and K7 is the L2-adjoint of Kr, i.e.,

Kilel(o) = 5= [ Wso(y)day -

T or |z —
Since I is a C%® curve, there is a constant C such that

[(z — y, va)|

<C, zyel . 25
ey =00 Y 22

Thus it immediately follows that Kr is bounded on LP(I") for 1 < p < co. Moreover, the
operator ¢ — VrKr[p], where V1 denotes the tangential derivative on T', is a Calderén-
Zygmund operator on I' which is known to be bounded on LP(T) (1 < p < o), C#(T) and
CLA(T) (0 < B < 1) (see [19]). Therefore Kr and Kj: map continuously LP(T') into HP(T),
CA(T) into CMA(T") (0 < B < 1), and CYA(T) into C*A(T") (0 < B < «) since T is C*<. Here
H'P(T) is the collection of functions in LP(I") whose derivatives also belong to LP(T").

Lemma 2.1 The operators %I + Kr and %I + K are invertible on LP(T"), 1 < p, as well
as on CK(T') for k = 1,2.

Proofs of Lemma 2.1 on the spaces L?(I") and C(T') can be found in [11]. The invertibility
on the other spaces can seen as follows: consider the equation

(37K )l =7 o (Gr4xi)ll=r

4



If f € LP(T) for p> 2 and u € L*(T), then Kru € LP(T) and hence u € LP(T'). This shows

that 7 + Kr and I + Kj are invertible on LP(T) for p > 2. Invertibility on LP(T') for

1 < p < 2 can be seen by duality. Similarly one can prove invertibility on C*(T) for k = 1, 2.
In the case where I is a circle of radius r

<V:m T — y> 1
Vo T8 _ T
|l‘ _ y‘g 27/' ) x? y E )
and hence 1
Krlpl(z) = Krlel(x) = — | wly)doy . (2.6)
™ Jr
It now follows from (2.3) and (2.6) that
rinr if |z| <7
Selt)(z) = (2.7)
r1n|z| if || >7r |

in the case where I is a circle of radius r.
Finally, we recall some boundedness properties of single layer potentials for later use. If
p > 1, there is a constant C), such that

1Se[lll ey < CollpllLery (2.8)

for all ¢ € LP(T"). In fact, (2.8) can be proved using Holder’s inequality. It is also well-known
that
ISrlelll a1y < CllellLzr) (2.9)

for any ¢ € L3(T).

3 Representation Formula

Recall that = U \ D, where U and D are simply connected, bounded C? domains. Let
. =0U and T'; = D. For f € H'(T'.), let uy be the solution in the absence of corrosion,
i.e., the solution to the problem (1.5). We seek to represent ug in the following form

ug = Dr, [wo] + Sr, [1ho] in Q

for some functions pg € H'(T.) and g € L*(I';). The boundary conditions in (1.5) are,
due to the relations (2.4) and (2.3), equivalent to

1
2 ) ) @0) _ (é) e H'(T) x L*(T,) , (3.1)
_ __J_K* 0

R L

where v, and v; denote outward normal v to 2 on I'. and I'; (the subscripts e and ¢ emphasize
that they are defined on T'. and I';, respectively). For example, 22-Dr., [¢] = v; - VDr, [¢].



Lemma 3.1 Forp > 1, let X, := LP(T'.) x LP(I';) and

1
5[ + /Cpe Sr,
——D —=I - K}
Jv; Fe 2 T
Then Ay is invertible on X, as well as on H'(T.) x L*(T;).
Proof. Since there is a distance between I', and I';, the operator Ag is a compact
perturbation of
1
I+ K 0
gt TR

1
0 51—k,

which is known to be invertible on X, (Lemma 2.1). Therefore, it suffices, by applying the
Fredholm alternative, to show that the operator Ay is injective. Suppose that (¢, ) € X,

satisfies
¥
Ao ( ) 0.
v

Since (31 + Kr,)[¢] = —Sr,[¢)] on T and Sr,[¢)] is C* on I, we obtain that ¢ € C*(I;).
Likewise it follows that ¢ € C?(T';). Therefore, the function u defined by u = Dr, [¢]+Sr, [¢/]
in Q is a classical solution to (1.5), with f = 0. Since this solution is unique, we get

Dr.[¢] +Sr,[¥] =0 inQ ,

and hence
Dr,[¢] +Sr,[¥] =0 inU .

The “continuity” of the normal derivative of a double-layer potential, in combination with
(2.3) now gives

0 )
Y= %Sﬂ [¥] N - %51“13 [1/1]’_
- (% (Dr,[¢] + Sr, W) | — agy (Dr.[¢] +Sr,[¥])| =0 onT; .
+ _

In other words ¢ = 0, and Dr,[¢] = 0 in U. It follows from (2.4) that (31 + Kr,) [¢] = 0,
and the invertibility of 17 + Kr, now insures that ¢ = 0.

Invertibility of Ag on H*(T'.) x L?(T;) follows easily by the fact that if (¢,) € L?*(T,) x
L?(T';) and Ag <80) € HY(T,) x L3(T;), then Kr,[p] € H'(T.), and hence p € H*(T). This

(U
completes the proof. O

As an immediate consequence of Lemma 3.1, we obtain the following theorem.
Theorem 3.2 The solution ug to (1.5) can be represented as
uo = Dr,[po] + Sr,[tho] in €2,

where (po, o) is the unique solution to (3.1).



Using the exact same techniques we may also derive a representation formula for the
unique solution to the boundary value problem

Avg = inQ |

0 oy (3.3)
ov

v9 =10 onl, |

where g € L(T';). The formula simply reads

vo = Dr, [Po] + Sr,[to] in Q

©(2)-0)

We proceed to derive a representation formula for w., the solution to (1.4), valid for e
sufficiently small. In this case the relevant integral operator is

where (o, 1) is the solution to

i

1
I+ Kr, Sr,
2

A, =

0 1
D D —— I - Kt )
By, PP +7Dr. —3 Kr, +¥Sr;

Observe that
A, =Ay+M,B , (3.4)

where M., represents multiplication by ~y, and

0 0
B =
Dr, Sr,

Since
Lo,y < CP
we have
Jp1.8(9)]| < s 121661+ e ol
XP
)],
P ,l)[} Xp

for any p > 1. Here (o, %)|lx, = l@llzr @)+ ¥l zr(r,) and Cp is a constant depending only
on p. In other words, we have a bound for the operator norm, ||M,BAg"(|, , of M,BA;*
on X:

1M, BAG |, < Cpel/p : (3.5)



Likewise, one can show that

HMWBAol <@ < Chel/?

7/’) HHl(FC)xLQ(Fi)

td 59
¥ HY(I'e)xL?(T;)

A, = (I+M,BA;HA, ,

Since

we arrive at the following theorem.

Theorem 3.3 There exists a positive number ey such that for any 0 < € < ey Ay is invertible
on X, and on H*(T'.) x L*(T';). Moreover, for any f € H'(T.), the solution uc to (1.4) can
be represented as

ue = Dr,[pe] + Sr;[the] i Q

where (e, v.) € HY(T.) x L?(T;) is the unique solution to

Pe /
J)-() .

The last result in this section gives a complete expansion for u. in terms of iterates easily
constructed from ug. We can only prove convergence of this expansion for e sufficiently small.
First note that

-1 -1 —1y—1
AT =Ay (I +M,BA; ") , (3.8)

MyB (5) - (v De o] + Sn[wn) ' (3.9)

By expanding (3.8) in a Neumann series, we get

and

“+o0
ATV = A ) (-1 AGt (M, BAGY)"
n=1

Now let
(iz) = Ay' (M,BA;Y)" <£> . n=0,1,2,... , (3.10)
then
(%) = A! <f> - +f(fl)" (“’”) : (3.11)
o) =7 o) T &

Moreover, the following recursive relation holds:

(ip) - taem (3)- o "

It then follows from (3.6) and (3.10) that
lonllar o) + [9allz2wy < CoC™e 2 flmr,y, n=0,12,... , (3.13)

for some constant C' independent of €. Here Cj is a bound for Ay 1



If we define
Up = DFe [Spn] + SFi [wn} in ) n= 0) 17 27 cee (314>

which as far as ug is concerned is consistent with being the solution to (1.5), then the identity

(3.11) immediately yields
+oo

Ue = Z(—l)"un inQ .

n=0

It is not difficult to see that this series converges in H%/2(Q) (for e sufficiently small). In
fact, thanks to elliptic estimates, we have

lunll gsr2) < C'(IDr [enll-lmr .y + I1ST; [nlll 1 r,))
< CIGGT + K lonllr o + I8 Bl i)
< Cilllenllare.y + 1¥nllz2ry)
for some constant C’ and Cy, and hence, by (3.13),

w7372 () < CoCLCT " (| f | rnr,y - (3.15)

Thus the series for u. converges strongly in H?%/2 (Q) as long as € is sufficiently small.
By (3.9) and (3.12),

(o) = oo ) 7 )
= A = A; , n>1
Uy, v (Dr., [pn-1] + Sr; [n-1]) Yun-1lr;

and so u,, n > 1, is the solution to

Au, =0 in Q |

—% = YUp_1 onTI | (3.16)
ov

Up = 0 on Fe .

Here we have used the observation immediately following Theorem 3.2. In summary we have
proven:

Theorem 3.4 There exists a positive number €y such that, for any 0 < € < €y, and any
f € HY(T.), the solution u. to (1.4) has the expansion

“+o0
we =Y (=1)'un  in H¥?(Q) | (3.17)

n=0

where ug is the solution to (1.5) and un, n > 1, are the solutions to (3.16).



4 Asymptotic Expansion

We now derive a formula for the principal term of %(u6 —ug) (onT'.) as € — 0. This formula
forms the basis for our corrosion detection algorithm. In order to derive our formula we need
an elliptic regularity estimate for the solution to the boundary value problem

Av=0 inQ
—@ =g onl; | (4.1)
ov
v=20 onl, .
In particular we need that

Ov

> < Cpllvglle sy (4.2)

H ov cy(r,) ! )

for any p > 1. This regularity estimate is a consequence of well-known Schauder estimates,
and could just be stated without proof — however, for completeness we show how it also
immediately follows from our integral representation of the solution. We have seen that the
solution v to (4.1) can be represented as

v="Dr [p] +Sr;[¢y] inQ ,

“(0)-0)

where (¢, 1) is the solution to

i.e. ,
1
(37 Kr. ) 1o+ Sr.lu1 =0 on T,
4.3
- (L Y = on T -
v r.l¥ 2 T =79 nly.
Since Ay is invertible on X, we have
[Pl < CpllvgliLey - (4.4)

Let 26 = dist(I';,T'.), and define Q5 := {z € Q : dist(z,T.) < ¢}. Then

ISt [Y]llc2e 05y < CllYlle,y < Collvgller,)

where constants depend on d. It now follows from the first equation in (4.3) and Lemma 2.1
that

-1
lellezece = | (374 Kr.) (Sl

¢ (Te)
< C|Sr, [T/J]H(:%a(re)
< Cplvaller sy - (4.5)

10



Note that if ¢ € C*%(T,), then Dr,[¢] € C>*(U). In fact, if ¢ € C>*(T.), then Kr_[¢] €

C*%(T.). Since u := Dr_[¢] is the unique solution to the Dirichlet problem Au = 0 in U

and ulr, = 3¢ + Kr, [¢], we have Dr,[¢] € C*>*(U). Therefore, we have in particular

which is exactly the estimate (4.2). By a combination of (4.2) with the estimate

ov

Y < ||Dr.[¢] + Sr, W]Hc?(m) < Cpllvaller sy >

CcH(Te)

Ivgllzer.) < CeYPllgll oo,y
we obtain the following lemma.

Lemma 4.1 Let v be the solution to (4.1). Then, for each p > 1, there is a constant Cy,
independent of g, such that

ov
= < Cpe gl Lo (- (4.6)
H ov c1(T.) ! )
Based on (3.16), (3.17), and (4.6)
SIGE <Y iy (4.7)
n=~k v CcH(Te) n=~k

for any k > 1. From (3.14) we have

[un—1llzee(r,) = IDr, [pn—1] + S, [¥n-1lllL=r,) < Cp

( \ 1) HX
wn 1 »
Wthh in combination Wlth (35) and (310) ylelds

n—1
-1l ey < Cp (CE/P) 1 flaoir,

Insertion into (4.7) now gives

“+ o0

D

n=~k

dun
v

C.el/p +§OO: Cel/p n-l o ek/p
< < -
c1(r,) = CLp€ P ( € ) Hf”LP(Fe) >~ Uk,p 1— Cel/P Hf”L”(FC) ,

for any k > 1, provided Ce'/? < 1. The preceeding analysis immediately leads to the
following theorem.

Theorem 4.2 For all p > 1, there is a constant C), such that

1

We now derive the desired formula for the principal term of %% — %_ Using the notation
from before we easily obtain that
8u1

Oue Oug »
() — S () = — (@) + O(ET)

GUE 8u0

ov ov

<Gl (438)
cH(Te)

11



uniformly on I',. We thus need to derive a formula for the principal term of %. For that
purpose, let G(z,y) denote the Green’s function for the problem (3.3), i.e., for each x € ,

G(z,y) is the solution to

0
G(Ivy):()v yGFe .

By continuity G(-,-) may be extended to all of Q x Q\ {(z,y) : z = y}, and it satisfies
G(z,y) = G(y,x). In terms of G the solution v to (4.1) can be written

v@) = [ Glontge, . sen .
r;
Remember: v is the inward normal to 2 on I';. With g = ug this yields
(@) = [ Glyn@uwin, . veo .

and, by taking the normal derivative on I'. we now obtain

8u1 o 0
g(x) = /FZ a—ymG(x,y)fy(y)uo(y)day , xzel, .

Note that %G(a@7 -) is a C? function on T; for any = € ', and that ug is also C? on T'; since
T'; is away from I'.. Thus we have

-Gl )u(s) = 3 [5Gl 2 )un(z) + 0 W)

1

S

where X is the characteristic function of I;. We thus finally get

3u1 _ i 8 2
ay(aj)—;a%G(x,zs)uo(zs)/j s do + O(e”) .

s

Define
(7)s ::/ Vsdo .
Is

s

Then we have arrived at the following formula for the principal term of %ue — %uo.

Theorem 4.3 Forx €Tl:

T @) — G2 @) = = D (httlz) o Gl ) + O (4.10)

forany 0 < B < 1.

12



5 MUSIC type algorithm for reconstruction

We now apply the asymptotic formula (4.10) to design a MUSIC (MUltiple SIgnal Clas-
sification) algorithm for locating small internal corrosive parts from boundary measure-
ments. MUSIC is generally used in signal processing problems as a method for estimating
the individual frequencies from multiple-harmonic signals [20]. In the present context the
MUSIC algorithm uses information about the spectral structure of the (exterior Dirichlet-
to-Neumann) boundary map for the Laplace operator with the “internal” corrosion (Robin)
boundary condition. The eigenvectors corresponding to the most significant eigenvalues
span a “signal subspace” in the sense that they contain nearly all the information about the
corrosive parts that can be extracted from the boundary map. The remaining eigenvectors
span a sort of “noise subspace”. In order to be of any practical interest our algorithm uses
spectral information about a particular discrete version of the boundary map.

It is worth mentioning that the present algorithm is also related to the linear sampling
method of Colton and Kirsch [9]. We refer to Cheney [7], and Kirsch [18], for detailed discus-
sions of the connection between MUSIC-type algorithms and the linear sampling method.

Define the (exterior Dirichlet-to-Neumann) map A, from H/?(T.) into H~/2(T.) by

Ou,
ov ir,’

where u, is the solution to (1.4). Let Ay be the exterior Dirichlet-to-Neumann map for the
case when no corrosion is present. We proceed to show how partial spectral information
about A, — Ao may effectively be used to determine the corroded internal boundary parts.
The estimate (4.8) immediately gives that

1A = 20)(Nlergr,y < CoePlIf 2,y (5.2)

for any 1 < p < 2. In particular this shows that the operator A, — Ag, originally defined on
H'/? (T'.), can be extended as an operator on all of L?(T.). This operator is compact when
regarded as an operator from L?(T,) into itself. We also note that for g € H'/2(I,)

A"/(f) =

(5.1)

/ (Ay —Ao)(f) g do = / [Vue - Voe — Vug - Vg dx +/ Yue Ve do (5.3)
r. Q

r;

where v, and vy are solutions to (1.4) and (1.5) with f replaced by g, respectively. Note

that 5
/VUE-VUO dx:/ fﬂd /Vuo Vug dx.
Q

Thus we obtain by substituting f in place of g in (5.3)
/ (Ay —Ao)f f do z/ |V (ue — ug)|? dm—i—/ Y|uel? do .
r. Q T,
In summary we have established the following lemma.
Lemma 5.1 A, — Ag is self-adjoint, positive, and compact on L*(T.).
The identity (4.10) shows that
0
(A = Ao)()(@) = = Y (Mstio(20) 5 -Gl 2) + O(HF), weTe ,  (5.4)

Vx



for any 0 < 8 < 1. Tt is not difficult to see that the remainder term O(e!*?) is actually
bounded by Cse'*#|| f|| p2(r.) with Cj independent of f. Define the operator T on H'/*(T.)
by

m

(Tf)(@) = —Z<v>suo<zs>%a<x,zs>, rel, . (5.5)

s=1

Since ug depends linearly on f, T is a linear operator and can be extended as a bounded
operator on L?(T'.). Furthermore the estimate we have just verified may easily be sharpened
to show that

A, — Ao =T +0(P) (5.6)

in the operator norm on L?(T).

Lemma 5.2 The operator T is a compact, self-adjoint, positive semi-definite operator on
L3(T,).

If (7)s = cse for some fixed constants c;, then this follows immediately by multiplication of
(5.4) by €71, consideration of the ¢ — 0 limit, and use of Lemma 5.1. Here it is essential that
the remainder term is bounded by CB€1+ﬂ||fHL2(FE), i.e., that we have norm convergence.

More generally the lemma can also be verified by noting that 7" is a finite-dimensional
operator, and that ug is given by

/ oGl f(@)do(z), ye® | (5.7)

so that
/ h § suO Zs Vo Zs) )
e

where vg is the solution to (1.5), with f replaced by h.
We introduce the linear operator G : L*(T,) — R™

gf: (UO(zl)v'“auO(Zm)) ; (58)

where ug, as before, is the solution to (1.5). If R™ is endowed with the standard Euclidean
inner product then

(G.a) Za ) == [ <§;asaiG(x,zs)>f(w) do(a) .

for arbitrary a = (ay,...,a,) € R™. Therefore, the adjoint operator G* : R™ — L2(T,) is

given by
Z Gs5—G(2) (5.9)

Exactly as in Briihl et al. [4] there is a simple factorization of the operator T', and a
corresponding characterization of its range.

Lemma 5.3
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(i) G* is injective;
(ii) G is surjective;

(iil) T = G*MG, where

Ma = (('y>1a1, ce, <7>mam>, a=(ay,...,am) € R™;

(iv) Range(T) = span{a%G(:c,zs); s=1,...,m}.

Proof.  Suppose G*a = 0, and let w denote the function w(z) = > | a;G(z,zs). Then
w= %} =0 on I'., and therefore by unique continuation w(z) = > ", a;G(x, zs) = 0 in all
of Q. It immediately follows that a; = 0 for s = 1,...,m. Assertion (ii) follows from (i) and
the well-known relation between the range and the null space of adjoint finite-dimensional
operators: Range(G) = Ker(G*)*. Using (5.5), (5.8), and (5.9), it is easy to see that (iii)
holds. Now, according to (iii) we have Range(T) = Range(G*MG) = Range(G*), since M
and G are surjective. This yields (iv), and the proof is complete. O

The following result forms the basis for our algorithm to identify the midpoint locations,
zs, of the small corroded boundary parts.

Theorem 5.4 A point z € T'; belongs to the set {zs: s =1,...,m} if and only if

0
a—ny(-,z)’Fe € Range (T) . (5.10)

Proof.  Assume »2-G(, Z)}F € Range (T). As a consequence of (iv) of Lemma 5.3 there
exist coefficients az, 1 < s < m such that

0 Ui d
. G(z,2z) = Sz:;asa—%G(ﬂc,zs) , forzel, . (5.11)

Since G(z,z) = 0 for any = € T, and z € T';, we also have
G(z,2) = ZaSG(x, zs) , forxel, | (5.12)
s=1

and by unique continuation it follows that G(z,z) = >""; a;G(x, z5) for all z € Q. Due to

the singularity of G(z,z) at = z this is only possible if z € {z;: s =1,...,m}, and so we

have established the sufficiency of the condition (5.10). The necessity follows immediately

from (iv) of Lemma 5.3. O
The finite-dimensional, self-adjoint operator T" has a spectral decomposition

m
T:ZApvlﬂ@U;ﬂ ) HUPHL2(FG) =1 ’

p=1

where )\,, 1 < p < m, are the (positive) eigenvalues of T, and v, is the corresponding
eigenfunction. Note that the rank of T, m, is exactly the number of corroded parts. We
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assume that Ay > Ay > ... > A, > 0. Let Py : L3(T.) — span {v1,...,05}, k=1,...,m,
be the orthogonal projector P, = 22:1 vp ® vp. It then follows from Theorem 5.4 that

z€{zs:8=1,...,m} iff (I—Pp) (6‘
Vg

or equivalently,
z€{zs:8=1,....m} iff cotf(z)= +o0, (5.13)

where the angle 6(z) € [0,7/2) is defined by

HPm (%G("z) F)‘ L2(T.)

H(I—Pm) (a—iG(~,z) FE)

Since A, — Ay is a self-adjoint, positive, and compact operator on L3(T.), it admits a
spectral decomposition

cotf(z) = (5.14)

L3(Te)

+oo
Ay=Ao =) Mvs@vs , il =1, (5.15)
p=1

with A{ > A5 > ... > A > ... > 0. Let Pf: L*(T.) — span {v§,...,v5}, k=1,2,..., be
the orthogonal projector PS = Zlgzl v, ® vp.

The data for our identification algorithm consist of (an appropriate approximation to)
the spectral decomposition of A, — Ag. Motivated by (5.10), we seek to find those points

z € I'; such that 5

OV,
This condition is fulfilled approximately by z € I'; if the following quantity is sufficiently

large:
e ),
[i2- Py (s26c.2))

Since we don’t a priory know m, we plot the angles 05 (z) (for £ = 1,2,...) as a function
of z. When the plots “stabilize”, i.e., don’t significantly change by increasing k, we have
a good estimate for m, and we interpret locations where small angles are attained as good
candidates for the z,.

Once the locations zs are approximately found, we can also estimate the integrated
corrosion coefficients (y)s. Our procedure for doing this is the following. Define wg, s =
1,...,m, to be the solution to

G(-,z)|Fe € Range (A, — Ag) . (5.16)

cot 05.(z) :=

(5.17)

L2(r.)

Aws =0 in Q |
Ows
5 = 0 onl; |, (5.18)

we(z) = iG(JL‘,ZS) xeTl, .



It then follows from (5.4) and (5.15) that

=3 b))~ (=) (60 20)

x
m
~ YO <u;,, G%G(-, z)> v
p=1 z
By integrating both sides of the above formula against vy, we obtain

m . a ) 6 8
_ ;ws/(zs) <vs/, T%G(" Ze)> (7)s =AY <vsl, MG(.,ZS/)> , (5.19)

for s/ =1,...,m. Therefore the values of (v)s, s =1,...,m, can be calculated by solving a
linear system. For the simplest case, m = 1, the formula reads
AL
<PY>1 ~ wy (Zl)

5.1 Numerical Results

In this section we present some numerical experiments with the MUSIC-type algorithm we
have designed to find the internally corroded parts, I, C R?, s = 1,2,--- ,m. The domain
Q) C R? is taken to be an annulus, i.e., = U \ D, where U and D are disks centered
at (0,0) with radii r, and r;, respectively. The measurements used for the identification
represent a discrete analogue of the Dirichlet-to-Neumann map A, — Ag on I'c. In order to
find a good approximation from the “identification point of view” the following observation
will be useful.

Lemma 5.5 The functions gG( y), y € T; span a dense subspace of L*(T.).

Proof. The solution to the boundary value problem (1.5), for a given f € L?(T,), is given
by

[ GGl dota)
If f € L?(T'.) were orthogonal to 81/ ( y) : y €T, }it thus follows that
ou
a—VO =up=0 onl; .

By unique continuation this implies that wg = 0 in all of £2, and so consequently f=0. O

With this observation in mind we approximate A, — Ay by using Dirichlet data of the
form f(-) = BVG (,y), y € Ty, and solving the integral equations (3.1) and (3.7). Note that
G is a quite particular fundamental solution, namely the solution to (4.9). Practically it is
very important that these normal derivatives can be calculated efficiently. To understand
how, let G be the Green’s function for U, that is, for each z € U, let G(:r y) be the solution
to

AG(z,y) = —0,(y) iU,

_ (5.20)
G(z,y) =0 y el
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Since U is a disk, é(w, y) has a simple explicit expression. In fact, G is given by

~ 1 1
G(z,y) = fﬂln|xfy\+%ln

Te |m\
—x — —1. 5.21
oo 2 y‘ (5.21)

For any y € I'; we may now compute gTG(-, y) on I, by solving the integral equation (5.22)

of the following lemma.

Lemma 5.6 For any y € Iy, let G, () := G(x,y), and Gy(z) := G(z,y) for x € To. Then

(x), ze€T,, (5.22)

dSr, 9, \ [0G, G,
v, Oy, ) [81/8 ] (@) =2 ov,

(1 + 2K, — 4
where ve and v; denote outward normal vectors to U on I'., and to D on T';, respectively.
Proof. Fix y € Q and let u(zx) = (G, — éy)(az) for z € Q. Because of the symmetry of G

and (~¥, u satisfies Au =0 in Q, u = 0 on I'¢, and % = —%ﬁy on I';. Thus by the Green
theorem, we have '

ou
v,

ou
5 V;

u(g;):—spe{ ](x)—&-Dpi[u](ac)—i—Spi[ }(a:) zeq .

However, in view of (2.3), we have

Dr.[ul(2) = Sr, (;1 + ’%) - L}im ]

L@

for all z € R? \ D. Therefore there is a density function 1 with Jr, ¥ = 0 such that

0G, 0G,
v, v,

(Gy —G,)(x) = =5, () +Sr; [Y)(x) , z€Q . (5.23)

Similarly to (3.1) we now obtain from (5.23)

N
<2I+’C“> e B el vl s

Since T'; is a circle, Kt [¢] = 0 when fFi ¢ =0 (cf. (2.6)) and hence

oG, S, [aay - aéy] .

oG, S,
aVZ' +2 8VZ'

oG, G,
v, ov,

b= —2

Since éy(x) + SFE[%](IIZ) = —®(z,y) for z € U and y € U (cf. Equation (2.23) of [1]), it
follows that )

b 205n. {acy} 0%

Ov; | Ov, Ov; (5-24)
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By substituting (5.24) into (5.23) and taking normal derivatives (on I'.) of both sides of
(5.23), we obtain

1., 85,05\ [0G,] (1. ... \][oG,
(2I+’Cre —2 ov. Oy, ) [auJ B (21+KP8> v,

+ 2

aSr, {a«py

r
81/6 GVJ onte s

for any fixed y € 2. We claim that in the limit as y approaches I'; from inside
1 G oo G

v, Ove | Oy, Ove
and (5.22) immediately follows. It remains to verify (5.25). First of all, by (2.6),

. oG, | 1 aa,
e v, | dmr, r, Ove ()ds
1 ~ 1
= A = —
47rre/U Gy(x)de dnre

for any y € Q. Secondly, in the limit as y approaches I'; from inside €2, we have

P 1
lim Sr, {gyv} (x) = . Injz—y|—Inlz|], for|z|>r . (5.26)

In fact, we have

00,7, 1 0 B
S | Got| @) = 333 [ e =l s = ylds(s) = D 0.0,

and hence from (2.4) and (2.6)

0%,

lim Sr, [&JJ (z) = —%%(y) .

4’/TTZ'

/ @, (y)do(y)
r;

1
=~ [In|z—y| —In|z|],

which is the desired formula. Note that the last equality holds because of (2.7).

A similar statement holds for any derivative with respect to z, |x| > r;. In view of (5.21),
it is now a matter of straight-forward computation to check that in the limit as y approaches
T'; from inside

oG aSr, [0® 19G
li * Yy 2 i Yy — Y T
i (ICF& Ov, + OV, { Ov; }) 2 Ov, onte s
and we obtain (5.25). This completes the proof. O

For computation, we discretize ', and I'; by choosing points

{re(cosby,,sinb,)|0, =2n(n —1)/N, n=0,1,...,N — 1}
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and
{ri(cosy,,sin6,)|0, = 27(n —1)/N, n=0,1,...,N — 1},

with N = 256. Put z,, := re(cosb,,sinb,) and y, := r;(cosb,,sinb,) for n =0,1,...,255.
The discrete data we use for our numerical algorithm consist of the 256 x 256 matrix
((Ay — AO)(%(~,yn))(mm))ﬁglzl, or rather its SVD (singular value decomposition). For
comparison we also calculate the 256 x 256 matrix (T(22 (-, yn))(2m))22%,_; and its SVD.
Notice than none of these two matrices are symmetric.

Figure 1 displays the singular values of our discrete versions of A, — Ag and 7" when
there are two internally corroded parts. The singular values of our approximation to T'
exhibit a significant drop, to machine epsilon, after the first two (consistent with the fact
that the range of T is two-dimensional) there is also a drop in the singular values of our
approximation to A, — Ao, but it is of course not nearly as significant due to the discrepancy
between A, — Ap and 7', and due to the very approximate nature of our discrete data. It is
nonetheless still possible to estimate the location of the corroded parts very accurately from
the SVD of our discrete version of Ay — Ag.

Using the first & (left-)singular vectors of our data, we plot approximate values of 05,(z) =
cot ™! L¢ (2) where

er 0G(-,z
VR LG el RS
k(z) T o 0G(-,2)
I = Po) (=)l 2.

We start this process with just one singular vector (k = 1) and continue with increasing k
until the plot of 65,(z) stabilizes. Values near zero correspond to locations are that likely to
be close to the I (or z).

(5.27)

Example 1. In this example, the outer radius r. = 1 and the inner one r; = 0.8 and there
are two corroded parts. The top part of Figure 1 shows the locations of the corrosion and
the approximate SVD of A, — Ag and T". The bottom of Figure 1 clearly shows that there
are two corroded parts, since the minima of 6, stabilize already at & = 2. The minima of 05
are the locations of the corroded parts. Since we use the same 256 points for the calculation
and plotting of 65 and for the potential location of the points z,, the fact that |z5 — 25| =0
really asserts that z, is accurately estimated up to the spacing between two adjacent mesh
points, which is approximately 0.0172. By solving (5.19), we compute the integrated cor-
rosion coefficients: (){ = 0.3846, (7)5 = 0.1660. The actual, integrated coefficients are
(7)1 = 0.3927, (7)2 = 0.1767.

Example 2. In this example we consider a case with five corroded parts. The actual data
of the configuration is summarized in the top of Table 1. The corroded parts are num-
bered counter-clock-wise starting with the smallest positive angle. Note that the first three
corroded parts have low corrosion coefficients while the remaining two have relatively high
ones. The computational results with 1% noise are summarized in Table 1 and Figure 2.
It is interesting to note that the corroded parts 1 and 2 which are close to each other and
have low corrosion coeflicients, are detected as a single one. The actual midpoint locations
of corroded parts 1 and 2 are (0.0686,0.6966) and (—0.1197,0.6897), and the single detected
location is (—0.1027,0.6924). On the other hand, the corroded parts 4 and 5, which have
high corrosion coefficients, are clearly detected already with k& = 3.
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actual data
m.o s Zs <’7>s
5 0.1 (0.0686, 0.6966) 0.0120
0.5 (-0.1197, 0.6897)  0.0430
0.3 (-0.4307, 0.5518)  0.0206
1.0 (0.2519, - 0.6531) 0.1203
1.2 (0.5723, - 0.4031) 0.1031

detected data

me % sz =z [(n)s — ()5

4 (-0.1027, 0.6924) 0.0514  0.0172 0.0084
(-0.4170, 0.5622)  0.0212  0.0172 0.0006
(0.2519, - 0.6531)  0.1181 0 0.0021
(0.5723, - 0.4031)  0.1026 0 0.0005

result for each step

ey A e

1 1 (0.3889, - 0.5820) 0.1554
2 2 (-0.1366, + 0.6865) 0.0579
(0.3889, - 0.5820) 0.1554
3 3 (-0.1366, + 0.6865) 0.0579
(0.2519, - 0.6531) 0.1181
(0.5723, - 0.4031) 0.1026

4 (-0.0686, + 0.6966) 0.0515  0.0486 0.0056

(-0.4031, + 0.5723) 0.0344  0.0237 0.0030

(0.2519, - 0.6531) 0 0.1181 0.0021

(0.5723, - 0.4031) 0 0.1026 0.0005

5 4 (-0.1027, + 0.6924) 0.0172  0.0514 0.0084

(-0.4170, + 0.5622) 0.0172 0.0212 0.0006

(0.2519, - 0.6531) 0 0.1181 0.0021

(0.5723, - 0.4031) 0 0.1026 0.0005

6 4 (-0.1027, + 0.6924) 0.0172 0.0514 0.0084

(-0.4170, + 0.5622) 0.0172 0.0212 0.0006

(0.2519,- 0.6531) 0 0.1181 0.0021

(0.5723, - 0.4031) 0 0.1026 0.0005

Table 1: Summary of computational results with five corroded parts, and 1% noise. Two
corroded parts with low corrosion coefficient are detected as a single one.
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actual domain with noise=0% 10 SVD for Ay — Ao 10 SVD for T’
10 10
0.5
100 [ ] ° oo 100 [ J °
®e
0 .o.
L)
107 o 107"
-0.5
o © 0 0 000cscm
-1 107 107
-1 05 0 05 1 10° 10" 10° 10
number of eigenvectors(k)=1 k=2 k=3
2 2 2
1.5 15 15
~ ~ ~
Tl o1 Tl
E E E
0.5 0.5 0.5
0 ¢ 0 ¢ 0 o
0 100 200 0 100 200 0 100 200
I T; T
The results for steps
number of
c c c c c
Zs |25_zs| <r>/>s |<7>S - <,7>s‘

sing. vectors(k)
1 1 (-0.6759, 0.4280) 0.3846
2 2 (-0.6759, 0.4280) 0.3846 0.0081
(-0.3597, -0.7146) 0.1660 0.0107
(

3 2 (-0.6759, 0.4280) 0.3846 0.0081

0.3597, -0.7146) 0.1660 0.0107

O OO O

Figure 1: Pipe with two internal corroded parts, and “approximate” singular values of
A, — Ap and T in upper figures. The bottom figure shows 60§ for three different values of
k. In the table, m® is the number of estimated corroded parts, z, and z¢ are the actual
midpoint locations and the estimated midpoint locations, and (v)s, (7)¢ are the actual and
the estimated, integrated, corrosion coeflicients, for a particular k.

Example 3. Figure 3 shows the computational results with various degree of noise. The
information about the actual locations and corrosion coefficients is summarized in Table 2.
Observe that the first two corroded parts have low corrosion coefficients. They are detected
as a single corroded part with 5% noise. The other two corroded parts, which have high
corrosion coefficients, are detected very well even with a high ratio of noise.

6 Conclusion

We have designed a non-iterative algorithm of MUSIC-type for detecting small, internal,
corroded boundary parts based on external, electrostatic boundary measurements. Our
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(A — Ag)(59)
0
-0.05
z
=
-01
-0.15

Figure 2: The computational results with 1% noise. The last plot shows the values of

(A,y — Ao)(%%) on Fe X Fi-

method relies on an asymptotic representation formula for the steady state current pertur-
bations caused by small, internal corroded boundary parts. We have performed numerical
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m Vs Zs <7>s

4 0.1 (0.5657, + 0.5657) 0.0137
0.05 (0.3597, 4+ 0.7146) 0.0049
3.0 (0.6307,-0.4922) 0.2945
3.0 (0.7464 - 0.2879)  0.2945

Table 2: Pipe with four corrosive parts.

actual corrosion SVD for A, — Ag with noise=0% SVD for T
1
[ ] [ ]
05 f 10° ® e g 10° ® ey
oo
.0.\
107 .‘“ 107
-0.5
© ¢ 0 0oossssmmmy
-1 0 1 o 1
-1 -65 0 05 1 10 10 10 10
SVD for A, — Ay with noise=1% noise=5% noise=10%
o e . 0 @ ° o ® °
10 ® o o ococcsinmmp 10 ® o o000tdessmmm» 10 ® . © ¢ 0 o0ccssmmn
107 107 107
10° 10" 10° 10" 10° 10"
number of eigenvectors(k)=1,noise=5% k=3,noise=5% k=48,noise=5%
2 2 2
1.5 1.5 1.5
3
o1 1 1
3
0.5 0.5 0.5
0 (0] 0
0 100 200 0 100 200 0 100 200

T; T; I

Figure 3: Computational results with varying degree of noise

experiments to test the viability of the algorithm using a discrete version of A, — A as data.
The numerical tests clearly demonstrate that the algorithm works well even in the presence
of relatively high noise ratios, provided the corrosion coefficients are sufficiently large. The
latter restriction is to be expected, since only those corroded parts with reasonably sized
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corrosion coefficients can cause sufficient changes in currents. Furthermore, it is practically
most important to detect the corroded parts with the highest coeflicients, since they are
likely to “develop” more rapidly, and therefore potentially cause the most serious damage
(to the pipe). It should be mentioned that our algorithm cannot identify separately the size
of the corroded parts (without assuming that we know the corrosion coefficients). We can
only reconstruct the integral (v)s = [ 1 do for s =1,...,m. It is likely that a higher-order
asymptotic expansion of the boundary perturbations would yield formulas that permit such
identification.
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