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We study the Anderson localization of Bogolyubov quasipkas in an interacting Bose-Einstein condensate
(with healing lengtt) subjected to a random potential (with finite correlatiamghor). We derive analytically
the Lyapunov exponent as a function of the quasiparticle emomk and we study the localization maximum
kmax. For 1D speckle potentials, we find thatax o< 1/ wheng > or while kmax o< 1/0r Whené < og, and
that the localization is strongest whén~ or. Numerical calculations support our analysis and our et
indicate that the localization of the Bogolyubov quasiio#es is accessible in experiments with ultracold atoms.

PACS numbers: 05.30.Jp,03.75.Hh,64.60.Cn,79.60.Ht

An important issue in mesoscopic physics concerns the eBEC density[[5]. This problem has been addressed in the ide-
fects of disorder in systems where both quantum interferencalized case of uncorrelated disorder (random potentidtsavi
and particle-particle interactions play crucial roles. Itifille  delta correlation function) in RefL_HZZ].
scattering of non-interacting quantum particles from aoan In this Letter, we present a general quantitative treatroent
potential leads to strong Anderson localization (Aﬂ) [Hac-  the localization of the BQPs in an interacting BEC with heal-
acterized by an exponential decay of the quantum states overg length¢ in a weak random potential with arbitrary cor-
a typical distance, the localization length. AL occurs for a relation lengtho,. For weak disorder, we introduce a trans-
bitrarily weak disorder in 1D and 2D, and for strong-enoughformation that maps rigorously the many-body Bogolyubov
disorder in 3D [IZ]. The problem is more involved in the pres-equations onto the Schrodinger equation for a non-inti&xg.c
ence of interactions. Strong disorder in repulsively iatéing  particle in a screened random potential, which we derive an-
Bose gases induces novel insulating quantum states, such algtically. We calculate the Lyapunov expondht (inverse
the Bose [[B] and Lifshits[[4] glasses. For moderate disordelocalization length) as a function of the BQP wavenumber
and interactions, the system forms a Bose-Einstein condetfier 1D speckle potentials. For a given ratido,, we deter-
sate (BEC) |Ih[|5[|6], where the disorder induces a depletiomine the wavenumbét,ax for which 'y, is maximum: We
of the condensed and superfluid fractioﬂs [7] and the shift anfind kmax ~ 1/ for € > og, andkmax ~ 1/0 for £ < ox.
damping of sound wave§][8]. The absolute maximum appears for o, so that the finite-

These studies have direct applications to experiments offnge correlations of the disorder need to be taken into ac-
liquid “He in porous media[[g], in particular as regards thecount. Numerical calculations support our analysis. Hynal
understanding of the absence of superfluidity. Moreover, thPossibilities to observe the AL of BQPs in BECs placed in
realization of disordered gaseous BEEH [[LG, [L],[1p[13, 14§reckle potentials are discussed. _
has renewed the issue due to an unprecedented control of theWe consider al-dimensional Bose gas in a potentia(r)
experimental parameters. Using optical speckle figid, [15]with weak repulsive short-range atom-atom interactioharc
for instance, one can control the amplitude and design the co@cterized by the coupling constantts physics is governed
relation function of the random potential almost at wfillj[14 Py the many-body Hamiltonian
opening possibilities for experimental studies of AL [[Ld].1

Earlier studies related to localization in the context dfasl H= /dr{(hQ/Qm)[(Vé)Qﬁ + (VVR)?]

cold atoms include dynamical localizationdrkicked rotors . AQ R

[.d] and spatial diffusion of laser-cooled atoms in spegide +V(r)i+ (g/2)n* — pinf 1)
tentials [19].

. _ _ _ wherem is the atomic mass; is the chemical potential, and
Transport processes in repulsively interacting BECs cal) ands, are the phase and density operators, which obey the

exhibit AL [£7, [2]. However, for BECs at equilibrium, commutation relatiorif(r), §(')] = is(r — /). Accord-

interaction-induced delocalizing effects dominate diswor  jng to the Bogolyubov-Popov theory J2[.] 2] 24], for small

induced localization, except for_very weak inte@ct?(ﬁhﬂb phase gradientsit|V6|2/2m < 1) and small density fluc-
The ground state of an interacting BEC at equilibrium is thusyations 67 < ne, wherene = (A) and dh = A — ng),

extended. Beyond, one may wonder how the many-body (COkyamiltonian [Jl) can be diagonalized up to second order as
dilute_ BECs, thgse excitz_itions correspond to quasipesticl f the excitation (BQP) of energy,. The many-body ground
(particle-hole pairs) described by the Bogolyubov theBd][  state of the Bose gas is a BEC with a uniform phase and a

and strong arguments indicate that the Bogolyubov quasipar

ticles (BQP) experience a random potensiedeened by the 1= —h*V?(\/nc)/2my/nc + V(r) + gne(r).  (2)



Expanding the density and phase in the basis of the exciq. (§) into Eqs.[{3) and](4), we find
tations, 0(r) = [—i/2y/nc(r)] > [f.5(r) b, — H.c] and ~

N 27.2 2
on(r) = /ne(r) Y, [f, (r) b, + H.c], the Hamiltonian re- Ik 9 = fh—Vlef - 2ka2 I
duces to the above diagonal form provided tfiatobey the 2m 2m 1+ pk
Bogolyubov-de Gennes equations (BAGE] [25]: 3+~ o
+ |V - V| 9 @)
1+ p3
[7(ﬁ2/2m)v2 +V+ gne— M] fj — El,f; (3) _p% 52]{;291: _ _h_2 le: _ 2pkV g;‘r
7 2
[~ (R /2m)V? +V +3gne — p] f7 = e fF, (4) o ; 12+ 4
1 + v?)pk = —
- . 8
" {V 1+ p; V] i ©

with the normalization/ dr [f;5 f,,* + f, "] = 26, . :
EquationsE]Z){]4) form a complete set to calculate the gidoun thuatlons|§|‘7) a.ncﬂ82, which are coupled atgmost by ﬁ term of
state (BEC) and excitations (BQPs) of the Bose gas, from"€ order o [since|V| < [V] and2p;/(1+ py) < 1], allow

which one can compute all properties of finite temperature Of.o_r perturbatlvg approaches_. Note _that the fu_nctlga_@sand
time-dependent BECs. g, have very different behaviors owing to the signs in the left-

. . hand-side terms in Eqg] (7) arf§l (8). Equatfdn (8) can be dolve
Here, we analyze the properties of the BQPs in the presg the lowest order i, /i with a Green kernel defined in

ence of weak disorder. According to Eqf. (3) ajld (4), theyget B1: we findg_ (r) = 2% [ ar/Ge, (r—x')V (r')git (')

are determined by the interplay of the disordérand the k g & kA

BEC density background.. Let V(r) be a weak random Wheres, = &/+/1+ (k€)?. Equation i) cannot be solved
potential 7 < ., see below) with a vanishing average and ausing the same method because thg per_turbatlpn series di-
finite-range correlation functior;(r) = V.2¢(r/ox), where vejgei. Nev2e/£the~less, from the solution &, we find tha_lt

Vi = /{V2) is the standard deviation, and the correlation 19 /9| S 15,7IV| < [V|/p < 1. The coupling term in
length of V. As shown in Refs [[4]§] 6], the BEC density pro- gq, () can thus be neglected to first ordeVir . and we are

file is extended for strong-enough repulsive interactiom®s ( |eft with the closed equation

for ¢ < L, where¢ = h/\/4myu is the healing length and

the size of the BEC). More precisely, up to first orde¥i —(R?2m)V2g + Vi(r)gih =~ (B°K?/2m)gs,  (9)
the GPE[() yields where
B 1+ 4(k€)? ~
ne(r) = 1= V())/g ) Vi) =V = eV - (@0)

Equation [p) is formally equivalent to a Schrodinger egprat
where V(r) = [dr'Ge(r — r')V(r') and Ge, the Green for non-interacting bare particles with energ¥k?/2m, in a
function of the linearized GPED[4[| 6], readSe(q) = random potential,(r). This mapping allows us to find the

om)—4/2 /11 + 21in Fourier spacd [26]. Then, localization properties of the BQPs using standard methods
(@m=/1 + (lale)’] pacd[36] for bare particles in 1D, 2D or 30} [P7]. However, singg(r)

depends on the wave vectkritself, the localization of the
‘7((}1) =V(q)/[1+ (la/&)?]. (6) BQPs is dramatically different from that of bare particlss a
discussed below.
) ) ) In the remainder of the Letter, we restrict ourselves to
Thus, ¢ is a threshold in the response of the densityto  he 1D case, for simplicity, but also because AL is expected
the potentialV’, asV(q) ~ V(q) for |[q] < &', while {5 pe stronger in lower dimension [2]. The Lyapunov ex-
V(a) < V(q) for |g| > ¢7'. The potentialV(r) is @  ponentI', is a self-averaging quantity in infinite 1D sys-
smoothed potential|6]. 11/ is a homogeneous random po- tems, which can be computed in the Born approximation us-
tential, so isV, and according to Eq[](5), the BEC density ing the phase formalisn] [P7] (see also R§f][17]). We get
profile n is random but extendef [, 6]. 1 = (v21/8)(2m/h2k)?Cy (2k), whereCy,(q) is the Fourier
Solving the BAGEs([{3) and](4) is difficult in general be- {ransform of the correlation function 0f.(2), provided that
cause they are strongly coupled. Yet, we show that for 4% <  [16, [l [21. Sinces.(q) o< (|Vi(q)*), the compo-
weak (possibly random) potentidf(r) this hurdle can be nent ofVy, relevant for t_he calculation dfy, is Vi(2k). From
overcome by using appropriate linear combinatighof the ~ EdS. [b) and[(30), we find
fi& functions, namely,s = +p 2 £ + pf 2 £, with
pr = /1+1/(k€)? andk = |k|. ForV = 0, the equations
for gf are uncoupled [see Eqsﬂ @) ar[t]i (8)] and we recove
the usual plane-wave solutions of wave vedtoand energy
er = pr(R?k?/2m) [R]. For weak but finiteV, inserting Ty = [S(kE)x (12)

V(o) = SUROVR) S = g, (1)

Snd the Lyapunov exponent of the BQP reads



Ty

wherey, = (vV21/32)(Va/1)?(0x/k*€*)c(2k0r) is the Lya-
punov exponent for a bare particle with the same wavenumber
k(L7 271.

Let us summarize the validity conditions of the perturba-
tive approach presented here. It requires: (i) the smogthin
solution (}) to be valid (i.eV, < w); (ii) the coupling term
proportional tag, in Eq. @) to be negligible (which is valid if
Ve < w); and (i) the phase formalism to be applicable. The
latter required’, < k, i.e. (Vi/u)(0w/6)Y? < (k€)3/2[1 +
1/2(k€)?], which is valid for anyk if (Va/u)(0e/€)Y? < 1.

Applying Eq. {1}) to uncorrelated potential§’(z) =
2Dé(z) with o — 0, Vi — oo and2D = VRzaRfdxc(ac) = _ _ _
cst], one recovers the formula fdr), found in Ref. ]_ Figure 1: (color online) Density plot of the Lyapunov expohef
Our approach generalizes this result to potentials withefini the BQPs for a 1D speckle potential.
range correlations, which proves useful since uncorrélate
random potentials are usually crude approximations of real
istic disorder, for whicho,, can be significantly large. We and {§) in a finite but large box of size. The Lyapunov
show below that if¢ < ok, as e.g. in the experiments of exponents are extracted from the asymptotic behavior of
Refs. [Lp[1[J4, 39, 14], the behavioriof versusk is dra-  log[ry.(z)/rk(21)]/|2 — 2|, wherez, is the localization center
matically affected by the finite-range correlations of tfie d andr(z) is the envelope of the functigy), obtained numer-
order. ically. The numerical data, averaged over 40 realizatidns o

Let us discuss the physical content of Ed$. (9) (10)the disorder, are in excellent agreement with form{il (13) a
According to Eqs.|]3) ancﬂ(4), the properties of the BQPs arshown in FigDZ. These results validate our approach. Itlshou
determined by both the bare random poteritizind the BEC  be noted, however, that our numerical calculations ret@®B
densityn, in a non-trivial way. Equatior{}9) makes their roles wave functions that can be strongly localized for very small
more transparent. As the occurrence of the smoothed pakentimomenta:. This will be discussed in more details in a future
V(2) in Eq. (I9) is reminiscent of the presence of the meanpublication [29].

field interactiongn in the BAGEs [B) and}4), it appears that  of special interest are the maximabf, which denote a
the random potential; (z) results from thescreening of the i ayimum Ilocalization of the BQPs. It is straightforward to
random pqtentlaV(z) by the.BEC density backgrpunﬂ (5] show that, for a fixed set of parametéi§, /s, ¢, ox), Ty is
More precisely, the expressiop [11) for the Fourier COMPO{5n-monotonic and has a single maximuay, in the range
nentVy(2k), relevant for the Lyapunov exponent of a BQP, [0,1/0¢] (see Fig[]). This contrasts with the case of bare par-
shows that the screening str_ength depends on the Wavenuiisies, for which the Lyapunov exponemit decreases mono-
ber k. In the free-particle regime (k > 1/¢), we find that  gpically as a function of:, provided that(2ko,) decreases
the Lyapunov exponent of a BQP equals that of a bare particlgerssy; (which is valid for a broad class of random poten-
with the same wavenumber{ ~ v;), as expected. In the iais [5]). The existence of a localization maximum with re
phonon regime (k < 1/¢), the disorder is strongly screened gpectio the wavenumbkis thus specific to the BQPs and re-
and we findl’, < v, @s in models of elastic medif J28]. s from the strong screening of the disorder in the phonon
Here, the localization of a BQP is strongly suppressed by theegime. In general, the value éfa, plotted in the inset of

repulsive atom-atom interactions, as compared to a bare PaEig. @ versus the correlation length of the disorder, depend
ticle in the same bare potential. These findings agree with

i ~ L (11—

and generalize the results obtained from the transfer matribOth"C ando. For.UR .<< ‘Ej we fm_dkmax RVET: (1 2\/5)’
method, which applies to potentials made of a 1D random se30 that the localization is maximum near the crossover be-
ries ofd-scatterers[32]. tween the phonon and the free-particle regimes as for un-

Our approach applies to any weak random potential with &orrelated potentials[ [p2]. _Far, > ¢ however, we find
finite correlation length. We now further examine the case ofimax =~ 2/30%, SO thatkmax is no longer determined by the
1D speckle potentials used in quantum gafel[[Ao 11, 12, 18ealing length but rather by the correlation length of the di
[[4]. Inserting the corresponding reduced correlationtiong ~ Order, and lies deep in the phonon regime. For 1/og, T
(k) = /7/2(1— k/2)O(1 — r/2) where® is the Heaviside vanishes. This defines affective mobility edge due to long-

VR

0.010

0.005
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function [T]), into Eq. [IR), we find range correlations in speckle potentials, as for bare glesti
(7, (391
w (V& 201{:2(1—]60) . . L .
Iy =— <_R) Ri;;@g — kog) (13) Finally, let us determine the absolute localization maxi-
8\ u [1+2(k€)?] mum. The Lyapunov exponemt, decreases monotonically

which is plotted in Fig.[]l. To test our general approachversus¢ and V,/u. However, for fixed values of;/p and
on the basis of this example, we have performed numeri§, I';, has a maximum at, = /3/2 £ andk = 5*1/\/6
cal calculations using a direct integration of the BdGEs (3)(see Fig|]1) and we find the corresponding localization lengt
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