
Frpshwlqj Whfkqrorjlhv/ Whfkqrorjlfdo Prqrsrolhv/

dqg wkh Udwh ri Frqyhujhqfh wr d Vwdeoh Pdunhw Vwuxfwxuh�

Dqguhd S1 Edvvdqlql|

Jlrydqql Grvl}

Qryhpehu 5</ 4<<<

�Wkh ylhzv h{suhvvhg khuh fdqqrw eh dvfulehg wr wkh RHFG Vhfuhwduldw ru lwv Phpehu
Frxqwulhv1 Zh duh lqghewhg wr \xul Ndqlryvnl iru yhu| khosixo vxjjhvwlrqv1 Zh wkdqn dovr
Euldq Duwkxu/ Urelq Frzdq/ Nodxv Ghvphw/ Mxglwk Jhedxhu/ Plfkdho Kruydwk/ Dqguhd
Sudw/ Dogr Uxvwlfklql/ Ydowhu Vrudqd/ dqg sduwlflsdqwv wr wkh 6ug zrunvkrs rq Hfrqrplfv
zlwk Khwhurjhqhrxv Lqwhudfwlqj Djhqwv/ Dqfrqd/ Lwdo|/ Pd| 4<<;/ dqg wr wkh Frqihuhqfh
rq Hfrqrplf Prghov ri Hyroxwlrqdu| G|qdplfv dqg Lqwhudfwlqj Djhqwv/ Wulhvwh/ Lwdo|/
Vhswhpehu 4<<;/ iru wkhlu frpphqwv1 Ilqdqfldo vxssruw iurp Lqwhuqdwlrqdo Lqvwlwxwh iru
Dssolhg V|vwhpv Dqdo|vlv +LLDVD,/ Edqfd Qd}lrqdoh gho Odyrur +EQO,/ Lwdoldq Uhvhdufk
Frxqflo +FQU,/ dqg Lwdoldq Plqlvwu| ri Xqlyhuvlw| dqg Vflhqwl�f Uhvhdufk +PXUVW, lv
judwhixoo| dfnqrzohgjhg1 Doo huuruv duh rxuv1

|RHFG/ Sdulv/ Iudqfh1 H0pdlo= dqguhd1edvvdqlqlCrhfg1ruj1
}Vdqw*Dqqd Vfkrro iru Dgydqfhg Vwxglhv/ Slvd/ Lwdo|1 H0pdlo= j1grvlCvvvxs1lw1
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Hpslulfdoo| wkh gl�xvlrq ri frpshwlqj whfkqrorjlhv prvw riwhq glvsod|v hlwkhu
�orfn0lq� wr d txdvl0prqrsro| ru dssduhqw wxuexohqfh exw uduho| vwdeoh
pdunhw0vkdulqj1 Lq frqwudvw zlwk zlghvsuhdg ylhzv/ zh vkrz wkdw/ �uvw/
xqerxqghg lqfuhdvlqj uhwxuqv duh qhlwkhu qhfhvvdu| qru vx!flhqw wr ohdg wr
whfkqrorjlfdo prqrsrolhv1 Udwkhu/ dv|pswrwlf sdwwhuqv ghshqg rq wkh uhodwlyh
lpsdfw ri lqfuhdvlqj uhwxuqv dqg wkh ghjuhh ri dgrswhuv khwhurjhqhlw|1 Vhfrqg/
wkh xqolnho| hpslulfdo rffxuuhqfh ri vwdeoh pdunhw0vkdulqj lv lqwhusuhwhg lq whupv
ri gl�huhqw udwhv ri frqyhujhqfh1 Zh vkrz wkdw frqyhujhqfh wr pdunhw0vkdulqj lv
vorzhu wkdq wr prqrsro|> wkxv/ lq wkh iruphu fdvh/ wkh hqylurqphqw riwhq fkdqjhv
ehiruh wkh pdunhw0vkduh wudmhfwru| ehfrphv vwdeoh1

MHO Fodvvl�fdwlrq= R66/ O44/ F93

Nh|zrugv= Frpshwlqj Whfkqrorjlhv/ Surgxfw Vhohfwlrq/ Xqerxqghg Uhwxuqv/
Qhwzrun H{whuqdolwlhv/ Khwhurjhqhlw|/ Whfkqrorjlfdo Prqrsrolhv1
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4 Lqwurgxfwlrq

Lq wklv sdshu zh dgguhvv wkh g|qdplfv ri gl�xvlrq ri gl�huhqw whfkqrorjlhv
frpshwlqj iru wkh vdph pdunhw qlfkh1

Wkh vw|ol}hg idfw dw wkh ruljlq ri wklv zrun lv wkh revhuydwlrq wkdw d vwdeoh
hpslulfdo sdwwhuq ri pdunhw vkdulqj ehwzhhq frpshwlqj whfkqrorjlhv zlwk
qr ryhuzkhoplqj grplqdqw srvlwlrq uduho| rffxuv lq pdunhwv zlwk srvlwlyh
ihhgedfnv41 Iru h{dpsoh/ hyhq lq wkh fdvh ri rshudwlqj v|vwhpv/ zklfk lv
riwhq txrwhg dv d fdvh ri pdunhw vkdulqj/ Dssoh PdfLqwrvk kdv qhyhu khog
d pdunhw vkduh odujhu wkdq 428 +d sduwldo h{fhswlrq ehlqj wkh vxepdunhw ri
shuvrqdo frpsxwhu iru hgxfdwlrqdo lqvwlwxwlrqv,1 Wklv idfw kdv dovr wuljjhuhg
vxvslflrq ri pdunhw lqh!flhqflhv= Whfkqrorjlfdo prqrsrolhv pd| suhydlo hyhq
zkhq wkh vxuylydo ri pruh wkdq rqh whfkqrorj| pd| eh vrfldoo| rswlpdo ^Ndw}
dqg Vkdslur +4<;9,/ Gdylg +4<<5,`1 Wklqn iru h{dpsoh wr wkh frpshwlwlrq
ehwzhhq Mdyd0edvhg dufklwhfwxuhv dqg Dfwlyh[ dufklwhfwxuhv iru zhe0edvhg
dssohwv= Jlyhq wkdw zlwk dq| ri wkh wzr sdudgljpv wkh vwdqgdug wdvnv wkdw
fdq eh shuiruphg duh gl�huhqw/ wkh jhqhudo lpsuhvvlrq ri h{shuwv lv wkdw
vrflhw| zrxog ehqh�w iurp wkh vxuylydo ri erwk1

Lq wxuq/ iurp wkh srlqw ri ylhz ri lqwhusuhwdwlrq ri wkh surfhvvhv ri gli0
ixvlrq ri qhz surgxfwv dqg whfkqrorjlhv/ lw lv dfnqrzohgjhg wkdw/ lq pdq|
prghuq pdunhwv/ wkh| duh fkdudfwhulvhg e| lqfuhdvlqj uhwxuqv wr dgrswlrq
ru srvlwlyh ihhgedfnv1 Wklv kdv sduwo| wr gr zlwk vxsso|0vlgh fdxvhv= wkh
fxpxodwlrq ri nqrzohgjh dqg vnloov wkurxjk wkh h{sdqvlrq ri pdunhwv dqg
surgxfwlrq xvxdoo| uhgxfh wkh khgrqlf sulfh ri erwk surgxfwlrq dqg frq0
vxpswlrq jrrgv/ wkxv lqfuhdvlqj wkh qhw ehqh�w iru wkh xvhu ri d sduwlfxodu
whfkqrorj|1 Erhlqj :5:/ iru h{dpsoh/ zklfk kdv ehhq rq wkh mhw dlufudiw
pdunhw iru |hduv/ kdv xqghujrqh frqvwdqw prgl�fdwlrq ri wkh ghvljq dqg lp0
suryhphqw lq vwuxfwxudo vrxqgqhvv/ zlqj ghvljq/ sd|ordg fdsdflw| dqg hqjlqh
h!flhqf| dv lw dffxpxodwhv dluolqh dgrswlrq dqg krxuv ri  ljkw ^Urvhqehuj
+4<;5,/ Duwkxu +4<;<,`1 Vlplodu revhuydwlrqv fdq eh pdgh iru pdq| khol0
frswhu ghvljqv ^Vdylrwwl dqg Wulfnhww +4<<5,` dv zhoo dv iru hohfwulf srzhu
sodqwv ghvljqv ^Frzdq +4<<3,/ Lvodv +4<<:,`1

Vxsso|0vlgh fdxvhv ri wklv w|sh kdyh uhfhlyhg vrph dwwhqwlrq lq wkh hfr0
qrplf olwhudwxuh iru txlwh d zkloh1 Krzhyhu lq wkh odvw �iwhhq |hduv d juhdw
ghdo ri dwwhqwlrq kdv ehhq ghyrwhg dovr wr ghpdqg0vlgh srvlwlyh ihhgedfnv/

4Vhh h1j1 wkh hpslulfdo olwhudwxuh rq grplqdqw ghvljqv ^iru d uhfhqw vxuyh|/ fi1 Wxvkpdq
dqg Pxupdqq +4<<;,`1
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vr0fdoohg qhwzrun hvwhuqdolwlhv ru +pruh qhxwudoo|, qhwzrun h�hfwv ^Ndw} dqg
Vkdslur +4<<7,/ Olherzlw} dqg Pdujrolv +4<<7,`1 Iru h{dpsoh/ whohfrppxql0
fdwlrq ghylfhv dqg qhwzrunv +iru lqvwdqfh id{ pdfklqhv,/ dv d �uvw dssur{l0
pdwlrq/ whqg qrw wr surylgh dq| xwlolw| shu vh exw rqo| dv d ixqfwlrq ri wkh
qxpehu ri dgrswhuv ri frpsdwleoh whfkqrorjlhv zlwk zkrp wkh frppxqlfd0
wlrq lv srvvleoh ^Urkoiv +4<:7,/ Ruhq dqg Vplwk +4<;4,/ Hfrqrplghv +4<<9,`1
Wkh ehqh�wv dffuxlqj wr d xvhu ri d sduwlfxodu kdugzduh v|vwhp ghshqg rq wkh
dydlodelolw| ri vriwzduh zkrvh txdqwlw| dqg ydulhw| pd| ghshqg rq wkh vl}h ri
wkh pdunhw li wkhuh duh lqfuhdvlqj uhwxuqv lq vriwzduh surgxfwlrq1 Wklv lv wkh
fdvh ri YFUv/ plfursurfhvvruv/ kl0� ghylfhv dqg lq jhqhudo v|vwhpv pdgh ri
frpsohphqwdu| surgxfwv zklfk qhhg qrw eh frqvxphg lq �{hg sursruwlrqv
^Fxvxpdqr hw do1 +4<<5,/ Fkxufk dqg Jdqgdo +4<<6,/ Ndw} dqg Vkdslur
+4<;8/ 4<<7,`1 D vlplodu vwru| fdq eh wrog iru wkh surylvlrq ri srvwsxufkdvh
vhuylfh iru gxudeoh jrrgv1 Lq dxwrpreloh pdunhwv/ iru h{dpsoh/ wkh gl�xvlrq
ri iruhljq prghov kdv riwhq ehhq vorz ehfdxvh ri frqvxphuv* shufhswlrq ri
d wklqqhu dqg ohvv h{shulhqfhg qhwzrun ri uhsdlu vhuylfhv ^Ndw} dqg Vkdslur
+4<;8,`1 Vwdqgdugl}dwlrq lpsolhv dovr vdylqj rxw ri wkh frvw ri lqyhvwphqw lq
frpsohphqwdu| fdslwdo li uhwxuqv iurp lqyhvwphqw duh qrw frpsohwho| dssur0
suldeoh= Lq vriwzduh dgrswlrq �upv fdq gudz iurp d odujh srro ri h{shulhqfhg
xvhuv li wkh| dgrsw vriwzduh ehorqjlqj wr d zlghvsuhdg vwdqgdug/ wkxv gh idfwr
vkdulqj wkh frvw ri wudlqlqj ^Iduuhoo dqg Vdorqhu +4<;9,/ Eu|qmroivvrq dqg Nh0
phuhu +4<<9,`1 Pruhryhu surgxfw lqirupdwlrq pd| eh pruh hdvlo| dydlodeoh
iru pruh srsxodu eudqgv ru/ �qdoo|/ wkhuh pd| eh frqiruplw| ru sv|fkrorjlfdo
edqgzdjrq h�hfwv ^Ndw} dqg Vkdslur +4<;8,/ Edqhumhh +4<<5,/ Duwkxu dqg
Odqh +4<<6,/ Ehuqkhlp +4<<7,/ Eurfn dqg Gxuodxi +4<<8,`1

Ndw} dqg Vkdslur +4<<7, lq wkhlu uhylhz ri wkh olwhudwxuh rq v|vwhpv
frpshwlwlrq dqg g|qdplfv ri dgrswlrq xqghu lqfuhdvlqj uhwxuqv glvwlqjxlvk
ehwzhhq whfkqrorj| dgrswlrq ghflvlrq dqg surgxfw vhohfwlrq ghflvlrq1

Wkh iruphu uhihuv wr wkh fkrlfh ri d srwhqwldo xvhu wr sodfh d ghpdqg lq d
sduwlfxodu pdunhw1 Uhohydqw txhvwlrqv lq wklv fdvh duh wkh frqglwlrqv iru dq
dfwxdo pdunhw ri srvlwlyh vl}h/ wkh qrwlrqdo ihdwxuhv ri d �vrfldoo| rswlpdo�
pdunhw vl}h dqg wkh frqglwlrqv doorzlqj shqhwudwlrq ri d qhz +pruh dgydqfhg,
whfkqrorj| lqwr wkh pdunhw ri dq douhdg| hvwdeolvkhg rqh ^Urkoiv +4<:7,/ Ruhq
dqg Vplwk +4<;4,/ Iduuhoo dqg Vdorqhu +4<;8/4<;9,/ Ndw} dqg Vkdslur +4<<5,`1
Iru h{dpsoh sxufkdvlqj ru qrw d id{ ru vxevwlwxwlqj d frpsdfw glvf sod|hu
iru dq dqdorjlfdo uhfrug sod|hu duh whfkqrorj| dgrswlrq ghflvlrqv1

Frqyhuvho| surgxfw vhohfwlrq uhihuv wr wkh fkrlfh ehwzhhq gl�huhqw whfk0
qrorjlfdo vroxwlrqv zklfk shuirup +dssur{lpdwho|, wkh vdph ixqfwlrq dqg duh
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wkhuhiruh forvh vxevwlwxwhv1 Uhohydqw txhvwlrqv khuh duh zkhwkhu wkh pdunhw
hqkdqfhv ydulhw| ru vwdqgdugl}dwlrq/ zkhwkhu wkh hphujlqj pdunhw vwuxfwxuh
lv qrupdwlyho| ghvludeoh dqg zkdw lv wkh uroh ri klvwru| lq wkh vhohfwlrq ri
pdunhw vwuxfwxuh ^Duwkxu +4<;6/4<;<,/ Ndw} dqg Vkdslur +4<;8/4<;9,/ Gdylg
+4<;8,/ Fkxufk dqg Jdqgdo +4<<6,/ Grvl hw do1 +4<<7,`1 Fkrrvlqj ehwzhhq
YKV ru Ehwd lq wkh YFU pdunhw ru ehwzhhq Zrug ru Zrugshuihfw lq wkh
zrugsurfhvvruv pdunhw duh w|slfdo h{dpsohv ri surgxfw vhohfwlrq ghflvlrqv1

Wklv zrun lv frqfhuqhg zlwk wkh g|qdplfv ri surgxfw vhohfwlrq1 Wr h{0
sodlq wkh vw|ol}hg idfw uhfdoohg deryh zh dqdo|}h surshuwlhv ri d idluo| jhqhudo
dqg qrzdgd|v udwkhu vwdqgdug fodvv ri prghov ri frpshwlqj whfkqrorjlhv/
ruljlqdoo| vxjjhvwhg e| Duwkxu +4<;6, dqg Duwkxu hw do1 +4<;6, dqg ixuwkhu
h{soruhg dqg srsxodul}hg e| Duwkxu +4<;<,/ Frzdq +4<<4,/ dqg Grvl hw do1
+4<<7,/ dprqj rwkhuv1 Wklv fodvv ri prghov zloo eh suhvhqwhg lq ghwdlov lq
vhfwlrq 51

Ghvslwh pl{hg uhvxowv ri vrph slrqhhulqj zrun rq wkh g|qdplfv ri pdunhwv
zlwk qhwzrun h�hfwv ^h1j1 Ndw} dqg Vkdslur +4<;9,`/ xqerxqghg lqfuhdvlqj
uhwxuqv duh frpprqo| fdoohg iru dv dq h{sodqdwlrq ri wkh hphujhqfh ri whfk0
qrorjlfdo prqrsrolhv1 Xvxdoo| wkh dujxphqw lv edvhg rq wkh uhvxowv ri wkh
prgho vhw iruwk e| Duwkxu +4<;<,1 Iru lqvwdqfh Urelq Frzdq vxppdul}hv lw
lq wkh iroorzlqj zd|=

�Li whfkqrorjlhv rshudwh xqghu g|qdplf lqfuhdvlqj uhwxuqv +riwhq wkrxjkw
ri lq whupv ri ohduqlqj0e|0grlqj ru ohduqlqj0e|0xvlqj,/ wkhq hduo| xvh
ri rqh whfkqrorj| fdq fuhdwh d vqrzedoolqj h�hfw e| zklfk wkdw whfk0
qrorj| txlfno| ehfrphv suhihuuhg wr rwkhuv dqg frphv wr grplqdwh
wkh pdunhw1

�Iroorzlqj Duwkxu/ frqvlghu d pdunhw lq zklfk wzr w|shv ri frqvxphuv
dgrsw whfkqrorj| vhtxhqwldoo|1 Dv d uhvxow ri g|qdplf lqfuhdvlqj uh0
wxuqv dulvlqj iurp ohduqlqj0e|0xvlqj/ wkh sd|r� wr dgrswlqj d whfk0
qrorj| lv dq lqfuhdvlqj ixqfwlrq ri wkh qxpehu ri wlphv lw kdv ehhq
dgrswhg lq wkh sdvw1 Lpsruwdqw zlwk uhjdug wr zklfk whfkqrorj| lv
fkrvhq qh{w lv krz pdq| wlphv hdfk ri wkh whfkqrorjlhv kdv ehhq fkr0
vhq lq wkh sdvw1 Duwkxu vkrzv wkdw li wkh rughu ri dgrswhuv lv udqgrp
+wkdw lv/ wkh w|sh ri wkh qh{w dgrswhu lv qrw suhglfwdeoh, wkhq zlwk
fhuwdlqw| rqh whfkqrorj| zloo fodlp wkh hqwluh pdunhw� ^Frzdq +4<<3,
s1 876/ lwdolfv dgghg`1

Lw zloo eh vkrzq lq wkh iroorzlqj wkdw wklv vwdwhphqw grhv qrw dozd|v krog1
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Xqerxqghg lqfuhdvlqj uhwxuqv wr dgrswlrq duh qhlwkhu qhfhvvdu| qru vx!0
flhqw wr ohdg wr wkh hphujhqfh ri whfkqrorjlfdo prqrsrolhv1 Dv suryhg lq wkh
qh{w vhfwlrq/ vwulfwo| vshdnlqj/ Duwkxu*v uhvxow dssolhv rqo| zkhq uhwxuqv duh
olqhduo| lqfuhdvlqj dqg wkh ghjuhh ri khwhurjhqhlw| ri djhqwv lv/ lq d vhqvh/
vpdoo1 Pruhryhu lw fdqqrw eh hdvlo| jhqhudol}hg ixuwkhu= Vrph phdqlqjixo
frxqwhuh{dpsohv zloo eh surylghg1 Pruh jhqhudoo| wkh hphujhqfh ri whfkqr0
orjlfdo prqrsrolhv ghshqgv rq wkh qdwxuh ri lqfuhdvlqj uhwxuqv zlwk uhvshfw wr
wkh ghjuhh ri khwhurjhqhlw| ri wkh srsxodwlrq1 Uhodwhgo|/ jlyhq d vx!flhqwo|
kljk khwhurjhqhlw| dprqjvw hfrqrplf djhqwv/ olplw pdunhw vkdulqj pd| rffxu
hyhq lq wkh suhvhqfh ri xqerxqghg lqfuhdvlqj uhwxuqv1 Wkh ehdulqj ri rxu
dqdo|vlv/ lq whupv ri wkh lqwhusuhwdwlrq ri wkh hpslulfdo hylghqfh/ vwhpv iurp
wkh uhvxowv suhvhqwhg lq vhfwlrq wkuhh= Lq hvvhqfh/ zh vxjjhvw wkdw wkh revhu0
ydwlrq ri wkh zlghvsuhdg hphujhqfh ri prqrsrolhv lv lqwlpdwho| uhodwhg wr wkh
surshuwlhv ri gl�huhqw udwhv ri frqyhujhqfh +wr prqrsro| dqg wr pdunhw vkdu0
lqj uhvshfwlyho|, pruh wkdq wr wkh surshuwlhv ri olplw vwdwhv dv vxfk1 Lw zloo eh
vkrzq wkdw d pdunhw fdq dssurdfk d prqrsro| zlwk d kljkhu vshhg wkdq lw
dssurdfkhv dq| ihdvleoh olplw pdunhw vkduhv zkhuh erwk whfkqrorjlhv frh{lvw1
Iroorzlqj d olqh ri uhdvrqlqj sxw iruzdug e| Zlqwhu +4<;9, dprqj rwkhuv/
rxu dujxphqw surfhhgv e| qrwlflqj wkdw zkhq frqyhujhqfh lv wrr vorz wkh
h{whuqdo hqylurqphqw lv olnho| wr fkdqjh ehiruh dq| vx!flhqwo| vpdoo qhljk0
erukrrg ri wkh olplw fdq eh dwwdlqhg1 Wkh uhvxow wkdw zh rewdlq/ edvhg rq
vrph pdwkhpdwlfdo surshuwlhv ri jhqhudol}hg xuq vfkhphv5/ lv jhqhudo iru wklv
fodvv ri prghov1 Wkh hpslulfdo lpsolfdwlrq lv wkdw dprqj pdunhwv zlwk kljk
udwh ri whfkqrorjlfdo fkdqjh dqg lqfuhdvlqj uhwxuqv wr dgrswlrq/ d suhydohqfh
ri vwdeoh prqrsrolhv ryhu vwdeoh pdunhw0vkdulqj vkrxog eh revhuyhg1

Wkh dssolfdwlrqv ri Duwkxu*v uhvxow kdyh jrqh idu eh|rqg wkh g|qdplfv
ri frpshwlqj whfkqrorjlhv dqg w|slfdoo| h{whqghg wr wkh uroh ri klvwru| lq
vhohfwlqj wkh htxloleulxp lq dq| vlwxdwlrq zkhuhlq frpsohphqwdulwlhv duh uho0
hydqw1 Wkh dqdo|vlv ri lqgxvwu| orfdwlrq sdwwhuqv lv d fdvh wr wkh srlqw ^h1j1
Duwkxu +4<<3,/ Nuxjpdq +4<<4d/ 4<<4e,/ Yhqdeohv +4<<9,`1 Dv Mdphv Udxfk
sxwv lw=

�Lq Duwkxu*v prgho/ �upv hqwhu wkh lqgxvwu| lq vhtxhqfh1 Hdfk �up
fkrrvhv d orfdwlrq rq wkh edvlv ri krz pdq| �upv duh wkhuh dw wkh

5Wkurxjkrxw wklv sdshu zh odeho wkh jhqhudol}dwlrq ri Sro|d xuq vfkhphv vhw iruwk e|
Kloo hw do1 +4<;3, dv jhqhudol}hg xuq vfkhph1 Wkdw jhqhudol}dwlrq lv wkh prvw srsxodu
lq hfrqrplfv exw reylrxvo| lw lv qrw wkh rqo| srvvleoh rqh ^vhh h1j1 Zdonhu dqg Pxolhuh
+4<<:,`1
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wlph ri hqwu| dqg d udqgrp yhfwru wkdw jlyhv wkh �up*v wdvwhv iru
hdfk srvvleoh orfdwlrq1 Li djjorphudwlrq hfrqrplhv duh xqerxqghg dv
wkh qxpehu ri �upv lqfuhdvhv/ wkhq dv wkh lqgxvwu| jurzv odujh/ rqh
orfdwlrq wdnhv doo exw d �qlwh vhw ri �upv zlwk suredelolw| rqh1� ^Udxfk
+4<<6, ss1 ;76077/ lwdolfv dgghg`1

Wkh lpsolfdwlrqv ri rxu uhvxowv h{whqg wr wklv grpdlq ri dqdo|vlv dv zhoo1
Wkh uhpdlqghu ri wkh sdshu lv ghylghg dv iroorzv1 Vhfwlrq 5 uhylhzv

vwdqgdug prghov ri frpshwlqj whfkqrorjlhv dqg surylghv frxqwhuh{dpsohv wr
Duwkxu*v pdlq uhvxow1 Vhfwlrq 6 hvwdeolvkhv rxu pdlq uhvxowv rq udwh ri frq0
yhujhqfh wr d vwdeoh pdunhw vwuxfwxuh dqg exlogv xsrq wkdw dq dowhuqdwlyh
h{sodqdwlrq iru revhuydeoh sdwwhuqv ri g|qdplfv ehwzhhq frpshwlqj whfk0
qrorjlhv1 Vhfwlrq 7 eulh | vxppdul}hv wkh uhvxowv1

5 Frpshwlqj Whfkqrorjlhv Uhylvlwhg= Duh Xqerxqghg
Lqfuhdvlqj Uhwxuqv Vx!flhqw iru wkh Hphujhqfh ri
Whfkqrorjlfdo PrqrsrolhvB

Wkh fodvv ri frpshwlqj whfkqrorj| g|qdplfv prghov wkdw zh frqvlghu wdnhv
dv wkh rqo| wzr edvlf dvvxpswlrqv wkh idfw wkdw dgrswhuv hqwhu wkh pdunhw
lq d vhtxhqfh zklfk lv dvvxphg wr eh h{rjhqrxv/ dqg hdfk dgrswhu pdnhv
lwv dgrswlrq fkrlfh rqo| rqfh1 Pruh wkdq rqh djhqw fdq hqwhu wkh pdunhw
lq hdfk shulrg ^h1j1 Ndw} dqg Vkdslur +4<;9,` exw lq rughu wr vlpsoli| wkh
wuhdwphqw zh devwudfw iurp wklv frpsolfdwlrq1 Wkh vlpsoh wkhruhwlfdo wdoh
wkdw xqghuolhv wkhvh prghov fdq eh vxppdul}hg dv iroorzv=

Hyhu| shulrg d qhz djhqw hqwhuv wkh pdunhw dqg fkrrvhv wkh whfkqrorj|
zklfk lv ehvw vxlwhg wr lwv uhtxluhphqwv/ jlyhq lwv suhihuhqfhv/ lqirupdwlrq
vwuxfwxuh dqg wkh dydlodeoh whfkqrorjlhv1 Suhihuhqfhv fdq eh khwhurjhqhrxv
dqg d glvwulexwlrq ri suhihuhqfhv lq wkh srsxodwlrq lv jlyhq1 Lqirupdwlrq
dqg suhihuhqfhv ghwhuplqh d yhfwru ri sd|r� ixqfwlrqv +zkrvh glphqvlrq lv
htxdo wr wkh qxpehu ri dydlodeoh whfkqrorjlhv, iru hyhu| w|sh ri djhqw1 Eh0
fdxvh ri srvlwlyh +qhjdwlyh, ihhgedfnv/ vxfk dv lqfuhdvlqj +ghfuhdvlqj, uhwxuqv
wr dgrswlrq/ wkhvh ixqfwlrqv ghshqg rq wkh qxpehu ri suhylrxv dgrswlrqv1
Zkhq dq djhqw hqwhuv wkh pdunhw lw frpsduhv wkh ydoxhv ri wkhvh ixqfwlrqv
+jlyhq lwv suhihuhqfhv/ wkh dydlodeoh lqirupdwlrq/ dqg suhylrxv dgrswlrqv, dqg
fkrrvhv wkh whfkqrorj| zklfk |lhogv wkh pd{lpxp shufhlyhg sd|r�1 Zklfk
�w|sh� ri djhqw hqwhuv wkh pdunhw dw dq| jlyhq wlph lv d vwrfkdvwlf hyhqw
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zkrvh suredelolw| ghshqgv rq wkh glvwulexwlrq ri w|shv +l1h1 ri suhihuhqfhv,
lq wkh srsxodwlrq1 Ehfdxvh ri srvlwlyh +qhjdwlyh, ihhgedfnv/ wkh suredelolw|
ri dgrswlrq ri d sduwlfxodu whfkqrorj| lv dq lqfuhdvlqj +ghfuhdvlqj, ixqfwlrq
ri wkh qxpehu ri suhylrxv dgrswlrqv ri wkdw whfkqrorj|1

Pruh irupdoo| zh fdq zulwh d jhqhudo uhgxfhg irup ri sd|r� ixqfwlrqv ri
wkh iroorzlqj w|sh=

��
�EO?E|�� ' ��E@

�
�c O?E|��c

zkhuh � 5 (c ( lv wkh vhw ri srvvleoh whfkqrorjlhv/ � 5 7/ 7 lv wkh vhw ri
srvvleoh w|shv/ O?E|� lv d yhfwru ghqrwlqj qxpehu ri dgrswlrqv iru hdfk whfk0
qrorj| dw wlph | +?�E|� lv wkh qxpehu ri dgrswlrqv ri whfkqrorj| � dw wlph |�/
O@� uhsuhvhqwv wkh qhwzrun0lqghshqghqw frpsrqhqwv ri djhqw �*v suhihuhqfhv
+@�� lghqwl�hv d edvholqh sd|r� iru djhqwv ri w|sh � iurp whfkqrorj| �,/ dqg
��E�� lv dq lqfuhdvlqj +ghfuhdvlqj, ixqfwlrq +wkdw fdq gl�hu dfurvv djhqwv,
fdswxulqj lqfuhdvlqj +ghfuhdvlqj, uhwxuqv wr dgrswlrq1 Lqirupdwlrq dqg h{0
shfwdwlrqv duh lqfrusrudwhg lq ��E��1 Li/ dw wlph |/ dq djhqw ri w|sh � frphv
wr wkh pdunhw/ lw frpsduhv wkh sd|r� ixqfwlrqv fkrrvlqj � li dqg rqo| li6=

��
�EO?E|�� ' @h}4@ 

�M(

�
��
�EO?�

�
� +4,

4 fdq eh vhhq dv ghvfulelqj dq htxloleulxp uhdfwlrq ixqfwlrq1 Frqvh0
txhqwo|/ vwudwhjlf ehkdylruv +lqfoxglqj vsrqvrulqj dfwlylwlhv iurp wkh vxssol0
huv ri whfkqrorjlhv, duh qrw uxohg rxw e| wkh iruhjrlqj irupdol}dwlrq1

Lq wkh uhpdlqghu ri wklv sdshu zh dvvxph wkdw wkh rughu ri djhqwv hqwhu0
lqj wkh pdunhw lv udqgrp/ khqfh �E|� fdq eh frqvlghuhg dv dq llg vhtxhqfh
ri udqgrp yduldeohv zkrvh glvwulexwlrq ghshqgv rq wkh glvwulexwlrq ri wkh
srsxodwlrq ri srwhqwldo dgrswhuv1 Zlwk wklv dvvxpswlrq/ wkh g|qdplfv ri wkh
iruhjrlqj prgho fdq eh vhhq lq whupv ri jhqhudol}hg xuq vfkhphv=

Frqvlghu wkh vlpsohvw fdvh zkhuh wzr whfkqrorjlhv/ vd| � dqg �/ frp0
shwh iru d pdunhw1 Ohw xv ghqrwh �*v pdunhw vkduh zlwk fE|�1 Jlyhq wkh
uhodwlrqvklsv ehwzhhq +d, wrwdo qxpehu ri dgrswlrqv ri erwk whfkqrorjlhv
?E|� ' | � � n ?�Ef� n ?�Ef�/ +e, wkh fxuuhqw pdunhw vkduh fE|� ri �c dqg
+f, qxpehu ri dgrswlrqv ri rqh vshfl�f whfkqrorj|/ ?�E|�/ � ' �c�/ wkdw lv/
?�E|� ' ?E|�fE|�/ wkh g|qdplfv ri fE|� lv jlyhq e| wkh uhfxuvlyh lghqwlw|

fE| n �� ' fE|� n
1|EfE|���fE|�

|n ?�Ef� n ?�Ef�
�

6Zh dvvxph wkdw/ li wkhuh lv d wlh/ djhqwv fkrrvh whfkqrorj| D1 Txdolwdwlyho|/ euhdnlqj
wkh wlh lq d gl�huhqw zd| zrxog qrw pdnh dq| gl�huhqfh1



:

Khuh 1|E%�c | � � duh udqgrp yduldeohv lqghshqghqw lq | vxfk wkdw

1|E%� '

�
� zlwk suredelolw| sE|c %�
f zlwk suredelolw| �� sE|c %�

c

dqg 1|E�� lv d ixqfwlrq ri pdunhw vkduhv ghshqghqw rq wkh ihhgedfnv lq dgrs0
wlrq1 sE|c %� htxdov wkh suredelolw| wkdw +4, lv wuxh zkhq fE|� ' % dqg lv
vrphwlphv fdoohg xuq ixqfwlrq1 Ghqrwlqj 1|E%� � .E1|E%�� ' 1|E%� � sE|c %�
zlwk l|E%� zh kdyh

fE| n �� ' fE|� n
dsE|cfE|���fE|�o n l|EfE|��

|n ?�Ef� n ?�Ef�
� +5,

Surylghg wkdw wkhuh h{lvw d olplw xuq ixqfwlrq sE�� +gh�qhg dv wkdw ixqf0
wlrq sE�� vxfk wkdw sE|c �� whqgv wr lw dv | whqgv wr 4, dqg wkh iroorzlqj
frqglwlrq lv vdwlv�hg[

|D�

|3� t�T
%Mdfc�oK-Efc��

m sE|c %�� sE%� m	 4c +6,

zkhuh -Efc �� lv wkh vhw ri udwlrqdo qxpehuv lq Efc ��c dwwdlqdeoh olplw pdunhw
vkduhv zlwk srvlwlyh suredelolw| fdq eh irxqg e| dqdo|}lqj wkh surshuwlhv ri
wkh ixqfwlrq

}E%� ' sE%�� % ' *�4
|<"

sE|c %�� %�

Sduwlfxoduo|/ wuhdwlqj }E%� lq wkh vdph zd| ri wkh uljkw kdqg vlgh ri dq
ruglqdu| gl�huhqwldo htxdwlrq/ lw lv srvvleoh wr vkrz wkdw wkh surfhvv +5,
frqyhujhv doprvw vxuho| wr wkh vhw ri vwdeoh }hurhv7� Wkh iruhjrlqj irupdo
uhsuhvhqwdwlrq lv hpsor|hg iru hyhu| uhvxow ri wkh suhvhqw sdshu1

7D frqyhqlhqw uhylhz ri dqdo|wlfdo uhvxowv rq jhqhudol}hg xuq vfkhphv fdq eh irxqg lq
Grvl hw do1 +4<<7,1 Wkh uhdghu lv uhihuuhg wr wkdw iru wkh uhvxowv wkdw duh qrw suryhg lq
wklv sdshu1 Sduwlfxoduo|/ [+�, frqyhujhv doprvw vxuho|/ dv w whqgv wr lq�qlw|/ wr wkh vhw ri
dssursuldwho| gh�qhg }hurhv ri wkh ixqfwlrq j+{, @ i+{, � {1 Krzhyhu vlqfh zh duh qrw
jrlqj wr uhvwulfw rxuvhoyhv wr wkh fdvh zkhq j+�, lv d frqwlqxrxv ixqfwlrq/ zh qhhg vrph
vwdqgdug gh�qlwlrq frqfhuqlqj htxdwlrqv zlwk glvfrqwlqxrxv ixqfwlrqv1 Iru d ixqfwlrq j+�,
jlyhq rq U+3> 4, dqg d srlqw { 5 ^3> 4` vhw

d+{> j, @ lqii|nj�U+3>4, olp lqin$4 j+|n,>
�d+{> j, @ vxsi|nj�U+3>4, olp vxsn$4 j+|n,>

zkhuh i|nj lv dq duelwudu| vhtxhqfh frqyhujlqj wr {1 Wkhq wkh vhw ri }hurhv D+j, ri j+�,



;

Lq vrph fdvhv/ ht1 +4, fdq eh h{suhvvhg gluhfwo| lq whupv ri vkduhv udwkhu
wkdq wrwdo qxpehuv> lq wklv fdvh sE�c �� lv lqghshqghqw ri | dqg +6, lv wulyldoo|
yhul�hg1

Wkh iruhjrlqj irupdo prgho fdq eh ehwwhu ylvxdol}hg e| orrnlqj dw vrph
zhoo0nqrzq h{dpsoh1 Frqvlghu iru lqvwdqfh wkh fhoheudwhg h{dpsoh ri wkh
YFU pdunhw1 MYF*v YKV dqg Vrq|*v Ehwd zhuh frpphufldol}hg dssur{0
lpdwho| dw wkh vdph wlph1 Dffruglqj wr pdq| vwxglhv ^vhh Fxvxpdqr hw
do1 +4<<5, dqg Olherzlw} dqg Pdujrolv +4<<7,` qrqh ri wkh wzr vwdqgdugv
kdv hyhu ehhq shufhlyhg dv xqdpeljxrxvo| ehwwhu dqg/ ghvslwh wkhlu lqfrp0
sdwlelolw|/ wkhlu ihdwxuhv zhuh pruh ru ohvv wkh vdph/ gxh wr wkh frpprq
ghulydwlrq iurp wkh X0pdwlf ghvljq1 Iru wkhvh uhdvrqv wkh uhohydqw ghflvlrqv
zhuh olnho| wr eh vhtxhqwldo1 Iluvw/ d frqvxphu fkrrvhv zkhwkhu ru qrw wr
dgrsw d YFU 0 whfkqrorj| dgrswlrq ghflvlrq lq Ndw} dqg Vkdslur*v whuplqro0
rj| 0/ wkhq/ rqfh wkh dgrswlrq ghflvlrq kdv ehhq pdgh/ lw ghyrwhv lwv plqg
wr fkrrvh zklfk w|sh ri YFU wr sxufkdvh 0 surgxfw vhohfwlrq ghflvlrq 0 +lq
jhqhudo lw fdq eh h{shfwhg wkdw prvw ri wkh frqvxphuv ex| rqh vlqjoh lwhp
dqg qrw erwk,1 Qhwzrun h�hfwv lq wklv pdunhw frph pdlqo| iurp lqfuhdvlqj
uhwxuqv lq ghvljq vshfldol}dwlrq dqg surgxfwlrq ri YFU prghov +vr wkdw klv0
wrulfdoo| doo �upv vshfldol}hg mxvw lq rqh vlqjoh vwdqgdug, rq wkh vxsso| vlgh/
dqg iurp lqfuhdvlqj uhwxuqv h{whuqdolwlhv dqg frqvhtxhqw dydlodelolw| ri krph

rq ^3> 4` lv gh�qhg e| wkh iroorzlqj uhodwlrq

D+j, @ i{ 5 ^3> 4` = ^d+{> j,> �d+{> j,` 6 3j =

Qrwh wkdw iru d frqwlqxrxv j+�, wklv gh�qlwlrq jlyhv wkh urrwv ri wkh htxdwlrq j+{, @ 3
lq wkh frqyhqwlrqdo phdqlqj1 Rqh sduwlfxodu fodvv ri dwwdlqdeoh vlqjohwrq frpsrqhqwv
frpsulvhv wkh grzqfurvvlqj ru vwdeoh rqhv/ l1h1 wkh srlqwv zkhuh i+{,� { fkdqjhv lwv vljq
iurp soxv wr plqxv1 Pruh suhflvho|/ � 5 U+3> 4, lv vdlg wr eh vwdeoh li wkhuh h{lvwv � A 3
vxfk wkdw iru hyhu| � 5 +3> �,

lqi
��m{��m��

^i+{,� {`+{� �, ? 3= +-,

Li � 5 U+3> 4, lv vwdeoh wkhq [+�, frqyhujhv wr � zlwk srvlwlyh suredelolw| iru vrph lqlwldo
frpelqdwlrq �q+3,1 Li lq dgglwlrq wr +-,

i+{, 5 +3> 4, iru doo { 5 U+3> 4,>

wkhq lw frqyhujhv zlwk srvlwlyh suredelolw| wr � iru dq| lqlwldo frpelqdwlrq �q+3,1 Ilqdoo|
li wkh xuq ixqfwlrq grhv qrw kdyh wrxfksrlqwv dqg wkh vhw D+j, zlwk j+{, @ i+{, � { lv
frpsrvhg rqo| ri vlqjohwrq frpsrqhqwv wkhq doprvw vxuho| wkh surfhvv frqyhujhv wr wkh
vhw ri vwdeoh frpsrqhqwv1
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ylghr uhqwdo vhuylfhv rq wkh ghpdqg vlgh ^Fxvxpdqr hw do1 +4<<5,`1 Ghvslwh
whfkqlfdo vlplodulwlhv ehwzhhq wkh wzr vwdqgdugv/ suhihuhqfhv zhuh vwurqjo|
khwhurjhqhrxv/ gxh pdlqo| wr d eudqg0qdph0or|dow| w|sh ri frqvxphu ehkdy0
lru/ zklfk zdv h{sorlwhg +hvshfldoo| e| MYF, wkurxjk Ruljlqdo Htxlsphqw
Pdqxidfwxuhuv +RHP, djuhhphqwv zlwk �upv zlwk zhoo0hvwdeolvkhg pdunhw
vkduhv lq hohfwurqlf gxudeoh jrrgv1

Wkh vl}h ri YFU pdunhw lv vx!flhqwo| odujh +kxqguhgv ri ploolrqv ri vrog
xqlwv, wr pdnh lw dssur{lpdeoh e| wkh devwudfw frqfhsw ri dq lq�qlwh fd0
sdflw| pdunhw1 Wkhuhiruh/ wkh dv|pswrwlf g|qdplfv ri wklv pdunhw fdq eh
phdqlqjixoo| dqdo|}hg wkurxjk wkh dv|pswrwlfv ri jhqhudol}hg xuq vfkhphv1

Pdq| rwkhu pdunhwv glvsod| vrphzkdw vlplodu fkdudfwhulvwlfv +iru lqvwdqfh
vsuhdgvkhhwv/ zrugsurfhvvruv/ frpsxwhu nh|erdugv/ sf0kdugzduhv/ dxwrpr0
elohv hwf111,1 Lq sduwlfxodu/ lq pdq| pdunhwv surgxfw vhohfwlrq fdq eh dv0
vxphg wr vhtxhqwldoo| iroorz whfkqrorj| dgrswlrq ghflvlrqv81 Wkh idfw wkdw
wkh ghflvlrq lv vhtxhqwldo vxjjhvwv wkdw surgxfw vhohfwlrq ghflvlrqv pljkw eh
ghshqghqw rq pdunhw vkduhv udwkhu wkdq rq wkh devroxwh vl}h ri wkh qhwzrun1
Lq wklv fdvh wkh xuq vfkhph zrxog eh hyhq pruh vlpsol�hg/ zlwk wkh xuq
ixqfwlrq lqghshqghqw ri |�

Duwkxu +4<;6/4<;<, frqvlghuv d sd|r� ixqfwlrq ri wkh iroorzlqj w|sh=

��
�EO?E|�� ' @�� n oE?�E|��c

zkhuh � ' �c�/ � 5 7/ 7 lv wkh vhw ri srvvleoh w|shv ^lq wkh vlpsohvw fdvh/
frqvlghuhg dovr lq wkh iruhjrlqj txrwdwlrq iurp Frzdq +4<<3,/ 7 ' i�c 2j`/
dqg o lv dq lqfuhdvlqj ixqfwlrq +frpprq iru hyhu| djhqw, fdswxulqj lqfuhdvlqj
uhwxuqv wr dgrswlrq1 Li/ dw wlph |/ dq djhqw ri w|sh � frphv wr wkh pdunhw/ lw
frpsduhv wkh wzr sd|r� ixqfwlrqv fkrrvlqj � li dqg rqo| li=

��
�EO?E|�� � ��

�EO?E|���

wkdw lv

@�� n oE?�E|�� � @�� n oE?�E|��� +7,

Vxssrvh wkdw zklfk w|sh ri djhqw hqwhuv wkh pdunhw dw wlph | lv wkh
uhdol}dwlrq ri dq llg udqgrp yduldeoh �E|�1 Wkxv +5, lpsolhv wkdw wkh djhqw
frplqj wr wkh pdunhw fkrrvhv � zlwk suredelolw|

SE�E|�� ' 8wEoE?
�E|�� oE?�E|���c

8Iru lqvwdqfh/ lq wkh gdwd vhw ri Frpsxwhu Lqwhooljhqfh LqirFrus hpsor|hg e| Euhxkdq
+4<<9,/ pruh wkdq ;3( ri wkh �upv lq wkh vdpsoh uhsruw xvlqj d vlqjoh zrug surfhvvlqj
sdfndjh1
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zkhuh 8wE�� ghqrwhv wkh glvwulexwlrq ixqfwlrq ri wE|� ' @��E|�� @��E|�1
Iurp wkhvh frqvlghudwlrqv Duwkxu*v pdlq wkhruhp zdv ghulyhg=

Wkhruhp 4 +Duwkxu +4<;<,/ wkhruhp 6, Li wkh lpsuryhphqw ixqfwlrq o
lqfuhdvhv dw ohdvw dw udwh " : f dv ?� lqfuhdvhv/ wkh dgrswlrq surfhvv frqyhujhv
wr wkh grplqdqfh ri d vlqjoh whfkqrorj|/ zlwk suredelolw| rqh1

Wkh surri ri wkh wkhruhp gholyhuhg e| Duwkxu lv edvhg rq wkhruhp 614 ri
Duwkxu hw do1 +4<;9,1 Lq idfw lw lv hdv| wr fkhfn wkdw lq wklv fdvh/ zkdwhyhu
wkh glvwulexwlrq ri @� lv/ wkh olplw xuq ixqfwlrq sE�� lv d vwhs ixqfwlrq gh�qhg
lq wkh iroorzlqj zd|=

sE%� '

;?
=

� li % : �*2
8wEf� li % ' �*2
f li % 	 �*2

+8,

D jhqhudol}hg xuq vfkhph fkdudfwhul}hg e| dq xuq ixqfwlrq vxfk dv +8,
frqyhujhv wr ifc �j zlwk suredelolw| 491

Krzhyhu wkhruhp 614 ri Duwkxu hw do1 +4<;9, lv qrw dssolfdeoh khuh ehfdxvh
frqglwlrq +6, grhv qrw krog lq wklv fdvh1 Dfwxdoo| wkh xuq ixqfwlrqv duh
gh�qhg e|=

s|E%� ' 8wEoE%E|n ?� n ?K��� oEE�� %�E|n ?� n ?K����

Pruhryhu iru | : g : f/ | hyhq/ wkh| duh vxfk wkdw s|Ef� ' f/ s|E�*2� '
8wEf�/ s|E�� ' � dqg wkh| duh frqwlqxrxv lq d ohiw qhljkerukrrg +zklfk
ghshqgv rq |, ri �*2> wkhuhiruh

t�T
%Mdfc�oK-Efc��

m s|E%�� sE%� m� 4�?i8wEf�c �� 8wEf�j

zklfk lv frqvwdqw zlwk uhvshfw wr | :1
Hyhq wkrxjk Duwkxu*v surri lv zurqj/ wkh wkhruhp lv uljkw dqg dq dg krf

surri fdq eh frqvwuxfwhg e| vkrzlqj wkdw?�E|��?�E|� lv d wlph0krprjhqhrxv
Pdunry fkdlq zlwk wzr devruelqj eduulhuv ^Edvvdqlql +4<<:,/ sursrvlwlrq 514/
surylghv d frpsohwh surri dorqj wkhvh olqhv`1 Krzhyhu wklv uhvxow vwulfwo|
ghshqgv rq wkh idfw wkdw wkh ixqfwlrq oE�� lv dv|pswrwlfdoo| olqhdu ru pruh

9Vhh qrwh 7 deryh/ ru Grvl hw do1 +4<<7,/ wkhruhpv 4 dqg 61
:Wr eh suhflvh Duwkxu +4<;<, txrwhv dovr Duwkxu hw do1 +4<;6,/ wkrxjk wkhuh wkh surs0

huwlhv duh vwdwhg rqo| dv |hw0wr0eh0suryhg jrrg vhqvh frqmhfwxuhv1
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wkdq olqhdu1 Duwkxu*v uhvxow lv qrw jhqhudol}deoh wr dq| w|sh ri xqerxqghg
lqfuhdvlqj uhwxuqv1 Erwk lq wkh fdvh ri lqfuhdvlqj uhwxuqv wkdw duh glplqlvklqj
dw wkh pdujlq dqg lq wkh fdvh ri khwhurjhqhrxv lqfuhdvlqj uhwxuqv lw lv srvvleoh
wr �qg vlpsoh h{dpsohv zkhuh frqyhujhqfh wr whfkqrorjlfdo prqrsrolhv lv qrw
dq hyhqw zlwk suredelolw| 41

Ohw xv looxvwudwh doo wklv e| phdqv ri wzr vwudljkwiruzdug frxqwhuh{dpsohv1

H{dpsoh 4 Ohw xv dvvxph wkdw lqfuhdvlqj uhwxuqv kdyh wkh frpprq
vhqvh surshuw| wkdw wkh pdujlqdo frqwulexwlrq wr vrfldo ehqh�w ri/ vd|/ wkh
433wk dgrswhuv lv odujhu wkdq wkdw ri/ vd|/ wkh 433/333wk dqg wkdw wklv frqwul0
exwlrq whqgv dv|pswrwlfdoo| wr }hur> irupdoo| wklv phdqv wkdw _

_?�
sE?�� : f/

_2

_?�2
sE?�� 	 f dqg *�4?�<"

_
_?�

sE?�� ' f ^wklv fodvv ri ixqfwlrqv kdv ehhq
frqvlghuhg e| Ndw} dqg Vkdslur +4<;8,`1

Irfxvlqj rq wkh fdvh vhw iruwk e| Urelq Frzdq lq wkh iruhjrlqj txrwdwlrq/
ohw xv dvvxph wkdw wkhuh duh rqo| wzr w|shv ri djhqwv E� ' �c 2� dqg wzr whfk0
qrorjlhv1 Uhfdoo Duwkxu*v sd|r� ixqfwlrqv +7,/ ��

�EO?E|�� ' @�� n oE?�E|��c dqg
dvvxph wkdw oE�� ' r *L}E�� lv d ixqfwlrq +zklfk lv frpprq iru hyhu| djhqw=
r lv d frqvwdqw, wkdw irupdol}hv xqerxqghg lqfuhdvlqj uhwxuqv wr dgrswlrq1
Djhqw � fkrrvhv whfkqrorj| � li dqg rqo| li ��

�EO?E|�� � ��
�EO?E|��� E| wdnlqj

wkh h{srqhqwldo rq erwk vlghv dqg uhduudqjlqj zh kdyh=

fE|�

��fE|�
� e

�
r
E@��E|�3@��E|��� +9,

Wkh ixqfwlrq ri wkh dwwulexwhv ri djhqw*v w|sh zklfk lv rq wkh uljkw kdqg
vlgh fdq eh frqvlghuhg d udqgrp yduldeoh ehfdxvh/ dv glvfxvvhg deryh/ �E|� lv
d udqgrp yduldeoh1 Pruhryhu wkh| duh llg ehfdxvh �E|� lv llg1 Ghqrwlqj wkh
udqgrp yduldeohv rq wkh uljkw kdqg vlgh zlwk �E|�/ iurp +9, zh kdyh wkdw wkh
dgrswlrq surfhvv fdq eh vhhq dv d jhqhudol}hg xuq vfkhph zlwk xuq ixqfwlrq
jlyhq e|=

sE%� ' 8�E%*E�� %��c +:,

zkhuh 8�E�� lv wkh glvwulexwlrq ixqfwlrq ri �E|�1 Ehfdxvh �E|� wdnhv mxvw wzr
ydoxhv E�c 2�/ dovr �E|� wdnhv mxvw wzr ydoxhv=

�E|� '

�
e
�
r
E@��3@

�
�� zlwk suredelolw| k

e
�
r
E@2�3@

2
�� zlwk suredelolw| �� k

c

zkhuh zh kdyh dvvxphg zlwkrxw orvv ri jhqhudolw| wkdw

@�� � @�� � @2� � @2��
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Wkxv 8� lv e| frqvwuxfwlrq d vwhs ixqfwlrq zlwk wzr vwhsv=
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Wkhuhiruh/ wdnlqj lqwr dffrxqw +:,/ zh kdyh wkdw wkh xuq ixqfwlrq kdv wzr
vwhsv dqg lv gh�qhg lq wkh iroorzlqj zd|=
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Li wkh iroorzlqj frqglwlrq lv vdwlv�hg
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wkh xuq ixqfwlrq kdv �yh �{hg srlqwv/ wkuhh ri zklfk duh grzqfurvvlqj/ wkhuh0
iruh wkhuh lv d vhw ri lqlwldo frqglwlrqv +wkdw lpso| jlylqj erwk whfkqrorjlhv d
fkdqfh wr eh fkrvhq �dw wkh ehjlqqlqj ri klvwru|�, iru zklfk pdunhw vkdulqj
lv dv|pswrwlfdoo| dwwdlqdeoh zlwk srvlwlyh suredelolw|;1 Wkh deryh frqgl0
wlrq lpso| wkdw wkh udwlrv Ee@

�
���*o*Ee@

�
���*o duh vx!flhqwo| gl�huhqw ehwzhhq

wkh wzr w|shv1 Lq rwkhu zrugv wkhuh pljkw eh vx!flhqw khwhurjhqhlw| dprqj
djhqwv wr frxqwhuedodqfh wkh h�hfw ri lqfuhdvlqj uhwxuqv wr dgrswlrq<1�

H{dpsoh 5 Frqvlghu qrz sd|r� ixqfwlrqv ri wklv w|sh=

��EO?E|�� ' @� n o�?
�c

zkhuh o�c @�/ � ' �c�c duh erxqghg udqgrp yduldeohv zklfk dgplw ghq0
vlw|1 Vxfk ixqfwlrqv doorz djhqwv wr eh khwhurjhqhrxv dovr lq whupv ri wkh
ghjuhh ri lqfuhdvlqj uhwxuqv zklfk wkh| h{shulhqfh1 E| dsso|lqj +4,/ glylglqj

;Vhh qrwh 7 deryh/ ru Grvl hw do1 +4<<7,/ wkhruhp 51
<Frzdq dqg Frzdq +4<<;, dfnqrzohgjh wklv uroh ri khwhurjhqhlw|/ dowkrxjk rqo| iru

prghov zkhuh lqwhudfwlrqv duh orfdo1 Wkh| vxjjhvw wkdw pdq| prghov iurp rwkhu vflhqwl�f
glvflsolqhv fdq eh dgdswhg wr vkrz pdunhw vkdulqj vxuylydo dv d uhvxow ri orfdo lqwhudfwlrq
h�hfwv/ dqg wkh| surylgh rqh vxfk h{dpsoh/ dowkrxjk uhvwulfwhg wr olqhdu uhwxuqv1
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sd|r� ixqfwlrqv e| wrwdo qxpehu ri dgrswlrqv/ dqg uhduudqjlqj zh kdyh wkdw
� lv fkrvhq li dqg rqo| li=

fE|� � o�
o� n o�

n
@� � @�

E|n ?�Ef� n ?�Ef��Eo� n o��
� +;,

Ghqrwlqj wkh udqgrp yduldeohv rq wkh uljkw kdqg vlgh zlwk �E|�/ iurp +;,
zh kdyh wkdw wkh dgrswlrq surfhvv fdq eh vhhq dv d jhqhudol}hg xuq vfkhph
zlwk xuq ixqfwlrq sE|c %� ' 8�E|�E%�c zkhuh 8�E|�E�� lv wkh glvwulexwlrq ixqfwlrq
ri �E|�1 Qrz vxssrvh wkdw o� dqg o� duh kljko| fruuhodwhg dqg erwk kdyh
elprgdo glvwulexwlrqv yhu| frqfhqwudwhg durxqg wkh wzr prghv/ lq vxfk d
zd| wkdw wkh glvwulexwlrq ri o�*o� lv dovr elprgdo dqg yhu| frqfhqwudwhg
durxqg wkh wzr prghv wrr1 Ixuwkhupruh vxssrvh wkdw wkh wzr prghv duh idu
dzd| iurp hdfk rwkhu1 Wr �{ wkh lghdv vd| wkdw iru d shufhqwdjh k ri wkh
srsxodwlrq o�*o� lv xqlirupo| glvwulexwhg rq wkh lqwhuydo

�
�

�3K
c �
�3@

�
c zkloh

iru d shufhqwdjh � � k ri wkh srsxodwlrq o�*o� lv xqlirupo| glvwulexwhg rq
wkh lqwhuydo

�
�

�3_
c �
�3S

�
c zlwk f 	 @ 	 K 	 S 	 _� Iluvw/ ohw xv frqvlghu wkh

fdvh ri @� ' f/ � ' �c�1 8� lv e| frqvwuxfwlrq lqghshqghqw ri |c lpso|lqj
wkh iroorzlqj xuq ixqfwlrq=

sE%� ' 8�E|�E%� '

;AAAA?
AAAA=

f li + � @
k �
K3@

E+ � @� li @ 	 + � K

k li K 	 + � S
k n E�� k�

�
�

_3S
E+ � S�

�
li S 	 + � _

� li + : _

Li K 	 k 	 Scwkhq wkhuh duh wkuhh vwdeoh �{hg srlqw ri sE%� dqg/ dv vdlg deryh/
lw fdq eh vkrzq wkdw wkhuh lv d vhw ri lqlwldo frqglwlrqv +wkdw lpso| jlylqj erwk
whfkqrorjlhv d fkdqfh wr eh fkrvhq �dw wkh ehjlqqlqj ri klvwru|�, iru zklfk
pdunhw vkdulqj lv dv|pswrwlfdoo| dwwdlqdeoh zlwk srvlwlyh suredelolw|1 Li @� 9'
f exw kdyh erxqghg vxssruw dqg dgplw ghqvlw|/ wkhq frqglwlrq +6, dssolhv dqg
wkh vdph dujxphqw krogv= Lq idfw/ uho|lqj rq wkh idfw wkdw o�c @� duh erxqghg
lw lv hdv| wr vkrz wkdw t�T%Mdfc�oK-Efc�� m sE|c %��sE%� m	 g*|c zkhuh g : f lv
d frqvwdqw1 Wkh hvvhqwldo lqjuhglhqw ri wklv h{dpsoh lv wkdw wkh glvwulexwlrq
ri o�*o� lv elprgdo dqg yhu| frqfhqwudwhg durxqg wkh wzr prghv1 Wkh
dujxphqw kdv qrwklqj wr gr zlwk wkh sduwlfxodu +dqg h{wuhph, glvwulexwlrqdo
irup dvvxphg khuh= Iroorzlqj wkh vdph frqvwuxfwlyh surfhgxuh dgrswhg khuh
lw lv hdv| wr exlog h{dpsohv zlwk dq| rwkhu glvwulexwlrqdo irup1 Wkh rqo|
uhtxluhphqw lv wkdw wkh wzr prghv duh vx!flhqwo| glvwdqw1 Lq rwkhu zrugv
wkh rqo| uhtxluhphqw lv d vx!flhqw ghjuhh ri khwhurjhqhlw| lq wkh srsxodwlrq
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wr frxqwhuedodqfh wkh sur0vwdqgdugl}dwlrq h�hfwv ri lqfuhdvlqj uhwxuqv wr
dgrswlrq1�

Wkh wzr h{dpsohv deryh vkrz wkdw wkh ghjuhh ri lqfuhdvlqj uhwxuqv qhhgv
wr eh frpsduhg wr wkh ghjuhh ri khwhurjhqhlw|1 Xqerxqghg lqfuhdvlqj uh0
wxuqv wkdw duh glplqlvklqj idvw dw wkh pdujlq duh qrw vx!flhqw wr jhqhudwh
dv|pswrwlf vxuylydo ri rqo| rqh whfkqrorj|/ surylghg wkdw djhqwv duh qrw
frpsohwho| krprjhqhrxv ^vhh dovr Iduuhoo dqg Vdorqhu +4<;8/4<;9, iru hduo|
prghov zlwk krprjhqhrxv djhqwv wkdw ohdg wr wkh vxuylydo ri rqo| rqh whfk0
qrorj|`1 Hyhq pruh lqwhuhvwlqj/ zkhq khwhurjhqhlw| lv vr zlgh wkdw wkhuh duh
djhqw0vshfl�f lqfuhdvlqj uhwxuqv/ wkh hphujhqfh ri whfkqrorjlfdo prqrsrolhv
lv qrw jxdudqwhhg hyhq zlwk uhwxuqv wkdw duh olqhduo| lqfuhdvlqj1

Wr vxppdul}h/ wkh iruhjrlqj h{dpsohv vkrz wkdw li suhihuhqfhv duh vxi0
�flhqwo| khwhurjhqhrxv dqg2ru lqfuhdvlqj uhwxuqv wr dgrswlrq duh ohvv wkdq
dv|pswrwlfdoo| olqhdu/ wkhq Duwkxu*v uhvxow fdqqrw eh jhqhudol}hg dqg ydul0
hw| lq wkh dv|pswrwlf glvwulexwlrq ri whfkqrorjlhv fdq eh dq rxwfrph zlwk
srvlwlyh suredelolw|1

Iurp wkh srlqw ri ylhz ri hpslulfdo suhglfwlrqv/ dw �uvw orrn/ wkh iruhjrlqj
uhvxowv pljkw vrxqg/ li dq|wklqj/ dv d ixuwkhu shvvlplvwlf qrwh rq �lqghwhu0
plqdf|�1 Wkdw lv/ qrw rqo| �klvwru| pdwwhuv� lq wkh vhqvh wkdw lqlwldo vpdoo
hyhqwv pljkw ghwhuplqh zklfk ri wkh qrwlrqdo/ whfkqrorjlfdoo| dwwdlqdeoh/ dv0
|pswrwlf vwdwhv wkh v|vwhp pljkw �fkrrvh�= Pruh wurxeolqj/ wkh dujxphqw vr
idu vxjjhvwv wkdw/ ixuwkhu/ wkh yhu| glvwulexwlrq ri wkh �qh fkdudfwhulvwlfv dqg
suhihuhqfhv ri wkh srsxodwlrq ri djhqwv pljkw ghwhuplqh wkh yhu| qdwxuh ri
wkh dwwdlqdeoh dv|pswrwlf vwdwhv wkhpvhoyhv1 Vkruw ri hpslulfdoo| frqylqflqj
uhvwulfwlrqv rq wkh glvwulexwlrq ri djhqwv +qrupdoo| xqrevhuydeoh, fkdudfwhu0
lvwlfv/ zkdw zh sursrvh lv lqvwhdg dq lqwhusuhwdwlrq ri wkh jhqhudo rffxuuhqfh
ri whfkqrorjlfdo prqrsrolhv +fxp lqfuhdvlqj uhwxuqv ri vrph nlqg, jurxqghg
rq wkh uhodwlyh vshhg ri frqyhujhqfh wr wkh xqghuo|lqj +exw xqrevhuydeoh,
olplw vwdwhv1

6 Udwh ri Frqyhujhqfh lq Rqh0Glphqvlrqdo Prghov ri
Frpshwlqj Whfkqrorjlhv

Lq wkh h{dpsoh ri wkh YFU pdunhw/ dv zhoo dv iru pdq| rwkhu pdunhwv/ wkh
srvvlelolw| ri suhglfwlqj olplw pdunhw vkduhv ghshqgv rq wkh ihdvlelolw| ri
irupdol}lqj wkh vwuxfwxuh ri wkh pdunhw lq txhvwlrq lq whupv ri d vshfl�f xuq
ixqfwlrq1 Khwhurjhqhlw| ri suhihuhqfhv/ wkh ghjuhhv ri lqfuhdvlqj uhwxuqv/ wkh
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w|sh ri h{shfwdwlrqv/ sulfh0srolflhv ri surgxfhuv/ doo d�hfw wkh ixqfwlrqdo irup
ri wkh xuq ixqfwlrq1 Dv vdlg ehiruh/ wkh jrdo ri wklv sdshu lq jhqhudo dqg ri
wklv vhfwlrq lq sduwlfxodu lv wr surylgh vrph jhqhudo dv|pswrwlf uhvxowv wkdw
fdq eh xvhg dv jxlgdqfh iru wkh lqwhusuhwdwlrq ri wkh hpslulfdo hylghqfh rq
hphujhqfh ri grplqdqw ghvljqv1

Sursrvlwlrqv 5/ dqg 7 vx!fhv wr wkh wdvn1 Wrjhwkhu wkh| lpso| wkh uho0
hydqw vwdwhphqwv rq wkh udwh ri frqyhujhqfh wr whfkqrorjlfdo prqrsro| ru
wr d olplw pdunhw vkduh zkhuh erwk whfkqrorjlhv frh{lvw431 Ixuwkhupruh wkh
dqdo|vlv wkdw iroorzv dssolhv hyhq lq wkh devhqfh ri d fohdu sdwwhuq ri lqfuhdv0
lqj uhwxuqv wr dgrswlrq1 Lq hvvhqfh/ lq wkh suhvhqfh ri frqvwdqw uhwxuqv wr
dgrswlrq/ wkh xuq ixqfwlrq zrxog eh frpsohwho| frqvwdqw exw wkh iroorzlqj
wkhruhpv zrxog vwloo krog1

Dv deryh/ ghqrwh wkh xuq ixqfwlrq zlwk sE�c ��> wkh iroorzlqj sursrvlwlrq
jlyhv d �uvw uhvxow rq wkh udwh ri frqyhujhqfh wr f dqg �1

Sursrvlwlrq 4 Ohw " : f dqg S 	 � eh vxfk wkdw hyhqwxdoo|

sE|c %� � S% iru % 5 Efc "�
EsE|c %�� � �� SE�� %� iru % 5 E�� "c ����

+<,

Wkhq iru dq| B 5 Efc �� S� dqg � : f

*�4|<"Si|�3S3BfE|� 	 � mfE|� $ fj ' ��
*�4|<"Si|�3S3Bd��fE|�o 	 � mfE|� $ �j ' �

�
c

zkhuh fE�� vwdqgv iru wkh udqgrp surfhvv jlyhq e| E2�1

Wkh sursrvlwlrq lv suryhg lq wkh dsshqgl{1
D vlplodu uhvxow fdq eh h{suhvvhg lq whupv ri yduldqfhv +u2�frqyhujhqfh,=

Sursrvlwlrq 5 Ohw " : f dqg S 	 � eh vxfk wkdw hyhqwxdoo| +<, krogv1 Wkhq
iru dq| B 5 Efc �� S�

*�4|<" |2E�3S�3BSifE|� $ fj
]

tfE|�<f�

fE|�2_S ' f

3
EC*�4|<" |2E�3S�3BSifE|� $ �j

]
tfE|�<��

EfE|�� ��2 _S ' f

4
FD �

43Qrwlfh wkdw/ surylghg wkdw lqhtxdolwlhv +<, dqg +43, duh hyhqwxdoo| vdwlv�hg iru dq| w/
sursrvlwlrq 4/ 5 dqg 7 krog hyhq li wkh lqhtxdolw| +6, grhv qrw krog dv pd| kdsshq zkhq
djhqwv duh dvvxphg wr eh iruzdug orrnlqj1
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Wkh sursrvlwlrq lv suryhg lq wkh dsshqgl{
Qrwlfh wkdw sursrvlwlrq 5 vwdwhv wkdw wkh udwh ri frqyhujhqfh ri wkh phdq

vtxduh glvwdqfh iurp wkh olplw pdunhw vkduh lv ri wkh rughu ri �*| dv | $ 4c
frqglwlrqdo wr wkh idfw wkdw wkh surfhvv lv dfwxdoo| frqyhujlqj wr f ru ��
Urxjko| vshdnlqj lw gh�qhv wkh udwh ri frqyhujhqfh ri phdq vtxduh huuruv
zkhq wkh surfhvv frqyhujhv wr d whfkqrorjlfdo prqrsro|1 Li wkh vhw ri olplw
pdunhw vkduhv wkdw wkh surfhvv fdq uhdfk zlwk srvlwlyh suredelolw| frqwdlqv
rqo| wkhvh wzr srlqwv/ sursrvlwlrq 5 lpsolhv d vlplodu vwdwhphqw lq whupv ri
wkh xqfrqglwlrqdo phdq vtxduh glvwdqfh iurp wkh olplw pdunhw vkduh1

Rqh zrxog olnh wr ghulyh d frxqwhusduw ri sursrvlwlrq 4 dqg 5 iru wkh
fdvh ri pdunhw vkdulqj/ zkhqhyhu wklv fdq eh dwwdlqhg zlwk srvlwlyh sure0
delolw|1 Iru d gl�huhqwldeoh sE�� dw fE��/ +<, krogv zlwk S duelwudulo| forvh
wr _

_%
sEf�E _

_%
sE���1 Zh fdq hdvlo| ghulyh d vlplodu uhvxow iru d gl�huhqwldeoh

sE�� lqghshqghqw ri | iurp wkh iroorzlqj frqglwlrqdo olplw wkhruhp iru wkh
jhqhudol}hg xuq vfkhph1

Wkhruhp 5 +Duwkxu hw1 do1 +4<;:,, Ohw w 5 Efc �� eh d vwdeoh urrw ri
sE%� � % ' f dqg sE�� lv gl�huhqwldeoh dw w zlwk _

_%
sEw� 	 �*21 Wkhq iru

hyhu| + 5 E�4c4�

*�4
|<"

S
qv

|
�� 2 _

_%
sEw�

2wE�� w�
dfE|�� wo 	 +mfE|� $ w

r
' xE+�c

zkhuh xE�� vwdqgv iru wkh Jdxvvldq glvwulexwlrq ixqfwlrq kdylqj }hur phdq
dqg yduldqfh �1

Iurp wklv wkhruhp/ zh fdq jlyh dq hyhq ehwwhu fkdudfwhul}dwlrq ri wkh
orzhvw srvvleoh frqyhujhqfh udwh iru d olplw pdunhw vkduh zkhuh erwk whfk0
qrorj| frh{lvw wkdw fdq eh dwwdlqhg zlwk srvlwlyh suredelolw|1 Lqghhg/ wkh
qh{w sursrvlwlrq iroorzv lpphgldwho|=

Sursrvlwlrq 6 Ohw w 5 Efc �� eh d vwdeoh urrw dqg ohw

dsE%�� woE%� w� : &E%� w�2 uLh % 5 Ew � "c w n "�c % 9' w

wdnh sodfh iru vrph " : f dqg & 	 �*21 Wkhq iru hyhu| Bc � : f

*�4
|<"

Si|�*2nBmfE|�� wm 	 � mfE|� $ wj ' f�
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Gl�huhqwldelolw| ri wkh xuq ixqfwlrq dw wkh olplw srlqw lv d kljko| gh0
pdqglqj uhvwulfwlrq/ dv zhoo dv wkh idfw wkdw wkh xuq ixqfwlrq kdv wr eh
lqghshqghqw ri |1 Dv vdlg ehiruh/ vhyhudo dfwxdo pdunhwv fdq suhvhqw ryhu0
zkhoplqj sureohpv ri irupdol}dwlrq1 Frqvhtxhqwo|/ lw pd| eh lpsrvvleoh wr
fkhfn wkhvh frqglwlrqv/ doehlw lqwxlwlyho| wkhuh lv qr uhdvrq zk| gl�huhqwld0
elolw| vkrxog pdwwhu1 Frqyhuvho|/ zh fdq rewdlq d jhqhudo uhvxow lq whupv ri
u2�frqyhujhqfh wkdw vx!fhv wr wkh wdvn=

Sursrvlwlrq 7 Ohw w 5 Efc �� eh vxfk wkdw

dsE|c %�� woE%� w� : &E%� w�2 uLh % 5 Ew � "c w n "�c % 9' w +43,

wdnhv sodfh hyhqwxdoo| iru vrph " : f dqg & 	 �1 Wkhq iru hyhu| B : f

*�4
|<"

|24�?t�3&c�*2�nBSifE|� $ wj
]

tfE|�<w�

EfE|�� w�2 _S 9' f�

Wkh sursrvlwlrq lv suryhg lq wkh dsshqgl{1
Sursrvlwlrq 5 dqg 7 vkrz wkdw frqyhujhqfh wr f dqg � fdq eh pxfk idvwhu

+doprvw ri rughu �*| dv | $ 4, wkdq wr dq lqwhulru olplw +zklfk fdq eh doprvw
ri rughu �*

s
| rqo|,44451 Khuh | vwdqgv iru wkh qxpehu ri dgrswlrqv wr wkh xuq1

Wkdw lv/ zh duh wdonlqj derxw uhodwlyh udwhv +wkh lghdo wlph zklfk lv frqvlghuhg
khuh lv wkh wlph ri surgxfw vhohfwlrq fkrlfhv,1 Wklv uhvxow lv krzhyhu vwurqjhu
wkdq lw pd| vhhp dw �uvw jodqfh1 Lq idfw lw kdv dovr lpsolfdwlrqv iru wkh
sdwwhuqv ri surgxfw vhohfwlrq lq �uhdo� +hpslulfdo, wlph zkhuh sodxvleo| wkh
vshhg ri wkh pdunhw vkduh wudmhfwru| ghshqgv dovr rq whfkqrorj| dgrswlrq
ghflvlrqv1 Wkhuh lv pxfk txdolwdwlyh hylghqfh dqg vrph hfrqrphwulf uhvxowv
^h1j1 Nrvnl dqg Qlmndps +4<<:,` vkrzlqj wkdw whfkqrorj| dgrswlrq lv dw
wkh yhu| ohdvw lqghshqghqw ri pdunhw vkduhv li qrw hqkdqfhg e| lqfuhdvlqj
dv|pphwu| lq wkhlu glvwulexwlrq1 Wkxv d iruwlrul zh fdq frqfoxgh wkdw wkhuh
lv d qdwxudo whqghqf| ri wklv fodvv ri surfhvvhv wr frqyhujh idvwhu wr f ru �
udwkhu wkdq wr dq lqwhulru olplw1 Wkh h{sodqdwlrq lv wkdw wkh yduldqfh ri l |E%�/
zklfk fkdudfwhul}hv wkh ohyho ri udqgrp glvwxuedqfhv lq wkh surfhvv +5,/ lv
sE|c %�E�� sE|c %��1 Xqghu frqglwlrq +<, wklv ydoxh ydqlvkhv dw f dqg � exw lw

44Li uhwxuqv duh frqvwdqw/ wkh uhvxow ri sursrvlwlrq 6 dqg 7 vlpso| ehfrphv wkh zhoo0
nqrzq wh{werrn uhvxow rq udwh ri frqyhujhqfh ri wkh vdpsoh phdq dqg lwv yduldqfh1

45Edvvdqlql dqg Grvl +4<<<e, vkrzv wkdw 5plq i4� n> 4@5j lv dovr dq xsshu erxqg wr
wkh udwh ri frqyhujhqfh wr dq lqwhulru olplw/ wkhuhiruh sursrvlwlrq 7 frxog eh zulwwhq lq dq
hyhq vwurqjhu zd|/ dowkrxjk qrw qhfhvvdu| iru wkh wdvn ri wkh suhvhqw sdshu1
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grhv qrw ydqlvk dw w 5 Efc ��/ ehlqj htxdo wr wE�� w�/ xqghu frqglwlrq +43,1
Qrwlfh dovr wkdw lq h{dpsoh 4 S ' f dqg lq h{dpsoh 5 S �' f�

Dv vkrzq lq wkh suhylrxv vhfwlrq/ wkh xuq ixqfwlrq fdq kdyh dq| vkdsh
dqg wkhuh lv qr uhdvrq wr eholhyh wkdw sureohpv fkdudfwhul}hg e| f dqg �
dv wkh rqo| vwdeoh srlqwv duh wkh rqo| rqhv wkdw zh fdq h{shfw1 Wkhuhiruh/
lq sulqflsoh/ dq dv|pswrwlf rxwfrph zkhuh erwk whfkqrorjlhv vxuylyh vkrxog
eh revhuydeoh zlwk srvlwlyh iuhtxhqf| lq uhdo pdunhwv1 Dv glvfxvvhg lq wkh
suhylrxv vhfwlrq wkh whqghqf| wr frqyhujh wr pdunhw vkdulqj ru whfkqrorjlfdo
prqrsrolhv lv dq rxwfrph lqgxfhg e| wkh uhodwlyh lpsdfw ri khwhurjhqhlw| ri
suhihuhqfhv dqg lqfuhdvlqj uhwxuqv wr dgrswlrq1 Zkdw whqghqf| lv uhdol}hg
ghshqgv rq zklfk ri wkh wzr suhydlov1 Qrwlfh krzhyhu wkdw wkh suhydohqfh
ri rqh ri wkh wzr idfwruv lv qrw dozd|v suhglfwdeoh h{ dqwh hyhq iru d qhduo|
rpqlvflhqw djhqw ixoo| dzduh ri doo ixqgdphqwdov ri wkh hfrqrp|= lq wkh
h{dpsohv ri wkh suhylrxv vhfwlrq erwk w|sh ri rxwfrphv duh srvvleoh/ exw
zklfk rqh lv uhdol}hg ghshqgv rq wkh dfwxdo vhtxhqfh ri klvwrulfdo hyhqwv
wkdw ohdg wr lw1 Lq wklv w|sh ri prghov/ lq jhqhudo/ zkhq pxowlsoh dv|pswrwlf
htxloleuld duh dwwdlqdeoh/ klvwru| sod|v d pdmru uroh lq wkh vhohfwlrq ri wkh
dfwxdo rqh461

Li dv|pswrwlf sdwwhuqv zhuh revhuydeoh/ wkh uhvxowv ri wkh suhylrxv vhfwlrq
zrxog lpso| wkdw zh vkrxog revhuyh erwk vwdeoh pdunhw vkdulqj dqg whfkqr0
orjlfdo prqrsrolhv1 Krzhyhu iru wkh lqwhusuhwdwlrq ri hpslulfdo vw|ol}hg idfwv/
wkh srlqw zkhuh wkh surfhvv hyhqwxdoo| zrxog frqyhujh pd| eh luuhohydqw1 Lq0
ghhg/ wkh udwh ri fkdqjh ri wkh whfkqrorjlfdo dqg hfrqrplf hqylurqphqw fdq
eh vx!flhqwo| kljk wkdw rqh fdq dozd|v revhuyh gl�xvlrq g|qdplfv zhoo vkruw
ri dq| phdqlqjixo qhljkerukrrg ri wkh olplw lw zrxog kdyh dwwdlqhg xqghu
iruhyhu frqvwdqw h{whuqdo frqglwlrqv1 Vr zkloh lw lv wuxh wkdw d frqyhujhqw
surfhvv vkrxog jhqhudwh d orqj0odvwlqj vwdeoh sdwwhuq/ wkh wlph uhtxluhg wr
jhqhudwh lw pd| eh wrr orqj wr dfwxdoo| revhuyh lw= wkh zruog lv olnho| wr
fkdqjh zhoo ehiruh frqyhujhqfh lv dfwxdoo| dwwdlqhg1 Lq d vhqvh wkhvh fkdqjhv
fdq eh ylhzhg dv uhvhwwlqj wkh jdph wr lwv vwduwlqj srlqw1

Rq wkh edvlv ri wkh sursrvlwlrqv ri wklv vhfwlrq zh qrwlfh wkdw frqyhujhqfh
wr whfkqrorjlfdo prqrsrolhv whqgv wr eh pxfk idvwhu +lq suredelolvwlf whupv,
wkdq wr dq| vwdeoh pdunhw vkdulqj zkhuh erwk whfkqrorjlhv frh{lvw/ ehfdxvh ri
wkh lqwulqvlf yduldelolw| wkdw pdunhw vkdulqj fduulhv ryhu1 Wkxv wkh hpslulfdo
suhglfwlrq ri wkhvh uhvxowv fdq eh vwdwhg dv iroorzv= lq pdunhwv zlwk lqfuhdvlqj
uhwxuqv wr dgrswlrq dqg d kljk udwh ri whfkqrorjlfdo fkdqjh zh h{shfw wr

46Iru d jhqhudo glvfxvvlrq rq wklv srlqw vhh dovr Grvl +4<<:,1
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revhuyh d suhydohqfh ri xqvwdeoh pdunhw vkdulqj +shuvlvwhqw  xfwxdwlrqv lq wkh
pdunhw vkduhv, dqg vwdeoh whfkqrorjlfdo txdvl0prqrsrolhv ryhu vwdeoh sdwwhuqv
ri pdunhw vkdulqj1 Wkh uhdvrq iru wklv ehlqj wkdw whfkqrorjlfdo prqrsrolhv
fdq eh hdvlo| dwwdlqhg lq d uhdvrqdeo| vkruw wlph/ l1h1 vx!flhqwo| ehiruh dq|
vljql�fdwlyh fkdqjh lq wkh xqghuo|lqj edvlf whfkqrorjlfdo sdudgljpv ^Grvl
+4<;5,`1

Ilqdoo| qrwh wkdw wkh revhuydwlrq ri wkh iuhtxhqw hphujhqfh ri gl�huhqw
prqrsrolhv lq gl�huhqw uhodwhg pdunhwv +h1j1 gl�huhqw jhrjudsklfdo duhdv,
grhv qrw frqwudglfw rxu hpslulfdo suhglfwlrqv1 Ri frxuvh lw lv wulyldoo| wuxh
wkdw/ zlwk pxwxdoo| lqghshqghqw pdunhwv/ gl�huhqw wudmhfwrulhv frxog hphujh
lq gl�huhqw pdunhwv dv li wkh| zhuh gl�huhqw uhdol}dwlrqv ri wkh vdph h{shu0
lphqw1 Lq d uhodwhg sdshu ^Edvvdqlql dqg Grvl +4<<<d,` zh vkrz wkdw wkh
iruhjrlqj uhvxowv fdq eh h{whqghg dovr wr wkh fdvh zkhq pdunhwv duh lqwhu0
ghshqghqw= Qrw frqwudu| wr wkh lqwxlwlrq/ lw lv wkh edodqfh ehwzhhq orfdo
dqg joredo ihhgedfnv zklfk ghwhuplqhv zkhwkhu wkh v|vwhp frqyhujhv wr wkh
vdph ru gl�huhqw prqrsrolhv lq hyhu| pdunhw1 Krzhyhu/ hyhq wkrxjk dw kljk
ohyho ri djjuhjdwlrq d v|vwhp ri gl�huhqw orfdo prqrsrolhv orrnv olnh d vwdeoh
pdunhw vkdulqj/ lw lv vkrzq wkhuh wkdw lw kdv wkh vdph udwh0ri0frqyhujhqfh
surshuwlhv ri d �xqlyduldwh� v|vwhp frqyhujlqj wr d prqrsro|1

7 Frqfoxvlrqv

Wklv sdshu kdv uhdvvhvvhg wkh hpslulfdo hylghqfh rq suhydohqfh ri whfkqrorj0
lfdo prqrsrolhv ryhu pdunhw0vkdulqj lq wkh g|qdplfv ri frpshwlqj whfkqror0
jlhv1 Iluvw zh kdyh dujxhg wkdw wkh grplqdqw h{sodqdwlrq lq wkh olwhudwxuh/
qdpho| wkdw xqerxqghg lqfuhdvlqj uhwxuqv fdq eh lghqwl�hg dv wkh idfwru uh0
vsrqvleoh iru wklv sdwwhuq/ grhv qrw dozd|v krog1 Euldq Duwkxu*v uhvxowv 0 zh
kdyh vkrzq 0 krog rqo| zkhq lqfuhdvlqj uhwxuqv wr dgrswlrq duh olqhdu ru pruh
wkdq olqhdu dqg wkh ghjuhh ri khwhurjhqhlw| ri djhqwv lv vpdoo1 Wkh suhvhqwhg
frxqwhuh{dpsohv vxjjhvw wkdw dv|pswrwlf sdwwhuqv ri wkh g|qdplfv ri frp0
shwlqj whfkqrorjlhv ghshqg rq wkh uhodwlyh lpsdfw ri +xqerxqghg, lqfuhdvlqj
uhwxuqv dqg wkh ghjuhh ri khwhurjhqhlw| ri wkh srsxodwlrq ri dgrswhuv1 Vhf0
rqg/ jlyhq doo wklv/ zh sursrvh krzhyhu wkdw lq d pdunhw zlwk kljk whfkqrorj0
lfdo g|qdplvp/ qr lqwhuhvwlqj suhglfwlrqv fdq eh pdgh e| vlpso| orrnlqj dw
wkhruhwlfdo dv|pswrwlf sdwwhuqv= Li frqyhujhqfh lv wrr vorz wkh hqylurqphqw
fkdqjhv ehiruh wkh olplw fdq eh dfwxdoo| dssurdfkhg1 Frqyhuvho|/ ghyhorslqj
xsrq vrph pdwkhpdwlfdo surshuwlhv ri Sro|d xuqv/ zh vkrz wkdw frqyhujhqfh



53

wr whfkqrorjlfdo prqrsrolhv whqgv wr eh +lq suredelolvwlf whupv, pxfk idvwhu
wkdq wr d olplw zkhuh erwk whfkqrorjlhv frh{lvw/ wkh hpslulfdo lpsolfdwlrq eh0
lqj wkdw lq pdunhwv zlwk kljk wxuqryhu ri edvlf whfkqrorjlhv/ d suhydohqfh ri
whfkqrorjlfdo prqrsrolhv ryhu vwdeoh pdunhw vkdulqj lv olnho| wr eh revhuyhg1

8 Dsshqgl{

Iru wkh sxusrvh ri h{srvlwlrq/ wr nhhs wkh qrwdwlrq vlpsoh/ doo surriv duh
h{srvhg iru jhqhudol}hg xuq vfkhph lqyroylqj wlph0lqghshqghqw xuq ixqfwlrqv1
Wkh| fdq eh hdvlo| uhshdwhg iru wkh jhqhudo fdvh1

Surri ri sursrvlwlrq 41 Frqvlghu rqo| wkh �uvw fdvh � frqyhujhqfh wr f1
Zlwkrxw orvv ri jhqhudolw| zh fdq dvvxph wkdw SifE|� $ fj : f1 Lqghhg
wkh wkhruhp/ ehlqj d vwdwhphqw derxw wkh frqyhujhqfh udwh wr f/ grhv qrw
pdnh dq| vhqvh li fE�� grhv qrw frqyhujh wr f1

Ohw ~E�� eh d frqyhqwlrqdo xuq surfhvv zlwk S% dv wkh xuq0ixqfwlrq dqg
wkh vdph lqlwldo qxpehuv ri edoov ? ' ?� n ?K1 Wkhq

.~E|n �� �
�
�� �� S

| n ?

�
.~E|�c | � �c

dqg frqvhtxhqwo|

.~E|� � .~E��
T|3�

�'�E�� �3S
�n?

� � .~E��e
S3�

|3�S

�'�

�
E?n�� �

� .~E��e
S3�

?n|3�U

?n�

�
%
_%

' .~E��
�

?n�
?n|3�

��3S
' .~E��|S3�d� n J|E��oc

zkhuh J|E�� $ f dv | $ 41 Khqfh iurp Fkhe|fkhy*v lqhtxdolw|

Si|�3S3B~E|� : �j $ f @r | $ 4 +44,

iru hyhu| B 5 Efc �� S� dqg � : f1
Iru duelwudu| j 5 Efc "� dqg � : f wkhuh lv � ghshqglqj rq wkhvh yduldeohv

vxfk wkdw

SiifE|� $ fj{ifEr� � jc r � �jj 	 �c
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zkhuh �{� ' E�q�� ^ E�q��� Dovr vlqfh ~E|� $ f zlwk suredelolw| � dv
| $ 4/ zh fdq fkrrvh wklv � vr odujh wkdw

SiifE|� $ fj{ifEr� � jc ~Er� � jc r � �jj 	 �� +45,

Wr suryh wkh wkhruhp lw lv hqrxjk wr vkrz wkdw

Si|�3S3BfE|� : �c fE|� $ fj $ fc

ru/ wdnlqj lqwr dffrxqw wkdw � lq +45, fdq eh duelwudu| vpdoo/ wkdw

Si|�3S3BfE|� : �c fEr� � jc ~Er� � jc r � �j $ f� +46,

Krzhyhu

S �
|�3S3BfE|� : �cfEr� � jc ~Er� � jc r � �

�
'

'
[
+M7f

�

S
�

|�3S3BfE|� : �c fEr� � jc
~Er� � jc r � �

mfE�� ' +

�

S ifE�� ' +j c
+47,

zkhuh 7f
| '

q
fE��E?n��
?n|3�

c f � � � |� �
r

lv wkh vhw ri ydoxhv wkdw fE|� fdq

dwwdlq +qrw qhfhvvdulo| zlwk srvlwlyh suredelolw|,1 Gxh wr ohppd 515 ri Kloo
hw do1 +4<;3,/ wkhuh h{lvwv d suredelolw| vsdfh vxfk wkdw ~E�� grplqdwhv fE��
rq wkh hyhqw ~E|� � jc | � � / surylglqj wkdw wkhvh surfhvvhv vwduw iurp wkh
vdph srlqw1 Wkhuhiruh/ iru dq| + 5 7f

�

S �
|�3S3BfE|� : �c fEr� � jc ~Er� � jc r � � mfE�� ' +

� �

� S �
|�3S3B~E|� : �c fEr� � jc ~Er� � jc r � � mfE�� ' +

�
�

Krzhyhu iru hyhu| + 5 7f
�

S �
|�3S3B~E|� : �c fEr� � jc ~Er� � jc r � �

� �

� S �
|�3S3B~E|� : �

� $ f

dv | $ 4 e| +44,1 Wkxv +47, lv d vxp ri d �qlwh qxpehu 0 qdpho| � 0 ri
whupv hdfk frqyhujlqj wr }hur1 Wklv frpsohwhv wkh surri1�
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Surri ri sursrvlwlrq 51 Dv ehiruh/ frqvlghu rqo| wkh �uvw fdvh � frqyhu0
jhqfh wr f1

Ohw ~E�� eh d frqyhqwlrqdo xuq surfhvv zlwk S% dv wkh xuq0ixqfwlrq dqg
wkh vdph lqlwldo qxpehuv ri edoov ? ' ?� n ?K1 Wkhq

.d~E| n ��2 m~E|� o ' ~E|�2n
n 2

?n|
ES� ��~E|�2 n �

E?n|�2
ES� ��2~E|�2n

n �
E?n|�2

S E�� S�2~E|�2�

dqg

.
�
~E|n ��2

�
'

�
�� 2E�� S�

|n ?
n

�� S

E|n ?�2

�
.
�
~E|�2

�
c | � �c

dqg frqvhtxhqwo|

. d~E|�2o ' . d~E��2o
T|3�

�'�

k
�� 2E�3S�

�n?
n J�E�*��

l
�

� . d~E��2o e
2ES3��

|3�S

�'�

�
E?n�� � . d~E��2o e

2ES3��
?n|3�U

?n�

�
%
_%

'

' . d~E��2o
�

?n�
?n|3�

�2E�3S�
' . d~E��2o |2ES3��d� n J|E��oc

zkhuh |rJ|E�*|r� $ f dv | $ 41 Khqfh=

|2E�3S3B�.
�
~E|�2

� $ f @r | $ 4 +48,

iru hyhu| B 5 Efc �� S�1
Iru duelwudu| j 5 Efc "� dqg � : f wkhuh lv � ghshqglqj rq wkhvh yduldeohv

vxfk wkdw

SiifE|� $ fj{ifEr� � jc r � �jj 	 �c

zkhuh �{� ' E�q�� ^ E�q��� Dovr vlqfh ~E|� $ f zlwk suredelolw| � dv
| $ 4/ zh fdq fkrrvh wklv � vr odujh wkdw

SiifE|� $ fj{ifEr� � jc ~Er� � jc r � �jj 	 �� +49,

Wr suryh wkh wkhruhp lw lv hqrxjk wr vkrz wkdw

|2E�3S3B�
]

tfE|�<f�

fE|�2_S $ fc
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ru/ wdnlqj lqwr dffrxqw wkdw � lq +49, fdq eh duelwudu| vpdoo/ wkdw

|2E�3S3B�
]

tfEr�$jc ~Er�$jc rD��

fE|�2_S $ fc +4:,

Krzhyhu

|2E�3S3B�
]

tfEr�$jc ~Er�$jc rD��

fE|�2_S '

'
[
+M7f�

|2E�3S3B�
]

tfEr�$jc~Er�$jcrD�cfE��'+�

fE|�2_S
+4;,

zkhuh 7f
| '

q
fE��E?n��
?n|3�

c f � � � |� �
r

lv wkh vhw ri ydoxhv wkdw fE|� fdq

dwwdlq +qrw qhfhvvdulo| zlwk srvlwlyh suredelolw|,1 Gxh wr ohppd 515 ri Kloo
hw do1 +4<;3,/ wkhuh h{lvwv d suredelolw| vsdfh vxfk wkdw ~E�� grplqdwhv fE��
rq wkh hyhqw ~E|� � jc | � � / surylglqj wkdw wkhvh surfhvvhv vwduw iurp wkh
vdph srlqw1 Wkhuhiruh/ iru dq| | � � dqg + 5 7f

�

|2E�3S3B�
]

tfEr�$jc~Er�$jcrD�cfE��'+�

fE|�2_S �

� |2E�3S3B�
]

tfEr�$jc~Er�$jcrD�cfE��'+�

~E|�2_S �

Krzhyhu iru hyhu| + 5 7f
�

|2E�3S3B�
]

tfEr�$jc~Er�$jcrD�cfE��'+�

~E|�2_S �

� |2E�3S3B�.
�
~E|�2

� $ f

dv | $ 4 e| +48,1 Wkxv +4;, lv d vxp ri d �qlwh qxpehu 0 qdpho| � 0 ri
whupv hdfk frqyhujlqj wr }hur1 Wklv frpsohwhv wkh surri1�
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Surri ri sursrvlwlrq 71 Wkh surri lv edvhg rq wkh iroorzlqj ohppdv47=

Ohppd 4 Ohw sE�� eh wkh xuq ixqfwlrq ri wkh surfhvv ~E|� vxfk wkdw

dsE%�� woE%� w� : &E%� w�2

iru vrph & 	 � dqg w 5 Efc �� dqg sE%�d��sE%�o � k : f� Wkhq *�4|<" _| '
*�4|<".E~E|�� w�2c zkhuh

_| � g

;?
=

E?n |�3� �s 2E�� &�� � : f
E?n |�3� *L}E?n |� �s 2E�� &�� � ' f
E?n |�32E�3&� �s 2E�� &�� � 	 f

zkhuh g lv d frqvwdqw whup1

Surri Frqvlghu wkh surfhvv +5, dqg zulwh ? ' ?� n ?Kc wkhq=

.dE~E|n ��� w�2 mfE|� o ' E~E|�� w�2n
n 2

?n|
dsE~E|��� ~E|�oE~E|�� w� n �

E?n|�2
dsE~E|��� ~E|�o2n

n �
E?n|�2

sE~E|��d�� sE~E|��o�

Vhwwlqj {| ' .E~E|�� w�2/ iurp wkh dvvxpswlrqv ri wkh ohppd/ wdnlqj lqwr
dffrxqw wkdw sE~E|��d�� sE~E|��o � kc dqg wkdw

dsE~E|��� ~E|�oE~E|�� w� ' dsE~E|��� woE~E|�� w�� E~E|�� w�2c

zh kdyh

{|n� � {|

�
�� 2E�� &�

?n |

�
n

k

E?n |�2
�

Wkxv

{|n� � {�

|\
�'�

�
�� 2E�� &�

?n �

�
n

|[
�'�

k

E? n ��2

|\
�'�n�

�
�� 2E�� &�

? n �

�
�

Vlqfh

|\
�'�n�

�
�� 2E�� &�

? n �

�
' e

32E�3&�
|S

�'�n�

�
E?n��

E� n q�|� �

47Zh duh lqghewhg wr \xul Ndqlryvnl iru vxjjhvwlqj xv wkh olqh ri wkh iroorzlqj surri1
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� e32E�3&�d*L}E?n|3��3*L}E?n��oE� n q�|� '

�
?n �

?n |

�2E�3&�

E� n ��|�c

zkhuh q�| dqg ��| duh vpdoo whupvEJ|E��� qrw qhfhvvdulo| qrq0qhjdwlyh
48/ wkhq

{|n� � {�

�
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E� n ��|� n

nkE?n |�32E�3&�
|[

�'�
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Vlqfh/ lq whupv ri dv|pswrwlf ehkdylru/

|[
�'�

E?n ��32n2E�3&� �'
� �

2E�3&�3�
E?n |�2E�3&�3� �s 2E�� &�� � 9' f

*L}E? n |� �s 2E�� &�� � ' f

zh kdyh wkdw

{|n� � g

;?
=

�
2E�3&�3�

E? n |�3� �s 2E�� &�� � : f

E? n |�3� *L}E?n |� �s 2E�� &�� � ' f
{�E?n |�32E�3&� �s 2E�� &�� � 	 f

c

zklfk lpsolhv wkh vwdwhphqw ri wkh ohppd1�

Vhw

�sE%� '

;?
=

sEw � "� �s % 	 w � "
sE%� �s w � " 	 % 	 w n "
sEw n "� �s % : w n "

c

�fE| n �� ' �fE|� n
�1
|
E �fE|��� �fE|�

|n ?
c

�fE�� ' fE���

Wkhq/ zlwk suredelolw| 4/ �fE|� $ w dv | $ 4� Dovr e| ohppd 4/

|24�?t�3&c�*2�nB.

��
�fE|�� w

�2
�
< f @r | $ 4� +4<,

48Wkh olqh ri uhdvrqlqj khuh lv wkh vdph dv iru wkh surri ri sursrvlwlrq 4 dqg 51
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Dv iru sursrvlwlrq 5/ zh fdq ljqruh wkh fdvh zkhqfE|� grhv qrw frqyhujh
zlwk srvlwlyh suredelolw|1

Zh kdyh wr vkrz wkdw dv | $ 4

|24�?t�3&c�*2�nB

]
tfE|�<w�

EfE|�� w�2 _S < fc +53,

Iru hyhu| j : f wkhuh lv d |Ej� vxfk wkdw

S iifEr� $ wj{imfE|�� wm 	 "c | � |Ej�jj � j�

Vlqfh j fdq eh duelwudulo| vpdoo/ +53, krogv li dqg rqo| li

|24�?t�3&c�*2�nB

]
t�fEr�3w�	"crD|Ej��

EfE|�� w�2 _S < f�

Krzhyhu

|24�?t�3&c�*2�nB

]
t�fEr�3w�	"crD|Ej��

EfE|�� w�2 _S '

' |24�?t�3&c�*2�nB
[

+M7|Ej�

]
t�fEr�3w�	"crD|Ej�cfE|Ej��'+�

EfE|�� w�2 _Sc
+54,

zkhuh 7| ' �7| '
q
fE��E?n��
?n|3�

c f � � � |� �
r
lv wkh vhw ri ydoxhv wkdw fE|�

dqg �fE|� fdq dwwdlq +qrw qhfhvvdulo| zlwk srvlwlyh suredelolw|,1 Qrwlfh wkdw
iru dq| | : |Ej� dqg + 5 7|Ej�]

t�fEr�3w�	"crD|Ej�cfE|Ej��'+�

EfE|�� w�2 _S '

'

]
tm �fEr�3wm	"crD|Ej�c �fE|Ej��'+�

�
�fE|�� w

�2

_S�

Wklv iroorzv iurp wkh idfw wkdw �sE%� dqg sE%� duh wkh vdph iru % 5 dw�"c wn"o�
Krzhyhu

|24�?t�3&c�*2�nB
[

+M7|Ej�

]
tm �fEr�3wm	"crD|Ej�c �fE|Ej��'+�

�
�fE|�� w

�2

_S '
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' |24�?t�3&c�*2�nB

]
t �fE|�<w�

�
�fE|�� w

�2

_S '

' |24�?t�3&c�*2�nB.

��
�fE|�� w

�2
�
< fc

dv | $ 4 e| +4<,1 Wklv frpsohwhv wkh surri1�

9 Uhihuhqfhv

Duwkxu/ Z1E1/ Rq Frpshwlqj Whfkqrorjlhv dqg Klvwrulfdo Vpdoo Hyhqwv=
Wkh G|qdplfv ri Fkrlfh xqghu Lqfuhdvlqj Uhwxuqv/ LLDVD Zrunlqj Sdshu
ZS0;60<3 ^Uhsulqwhg lq Z1E1 Duwkxu +4<<7, Lqfuhdvlqj Uhwxuqv dqg Sdwk0
Ghshqghqfh lq wkh Hfrqrp|/ Dqq Dueru= Xqlyhuvlw| ri Plfkljdq Suhvv`/
4<;61

Duwkxu/ Z1E1/ Vhoi Uhlqiruflqj Phfkdqlvpv lq Hfrqrplfv/ lq S1Z1 Dq0
ghuvrq/ N1Duurz dqg U1Slqhv +hgv1,/ Wkh Hfrqrp| dv dq Hyroylqj Frpsoh{
V|vwhp/ Qhz \run= Dgglvrq0Zhvoh|/ 4<;;1

Duwkxu/ Z1E1/ Frpshwlqj Whfkqrorjlhv/ Lqfuhdvlqj Uhwxuqv dqg Orfn0Lq
e| Klvwrulfdo Hyhqwv/ Hfrq1 M1/ <</ 449�464/ 4<;<1

Duwkxu/ Z1E1/ �V|olfrq Ydooh|� Orfdwlrqdo Foxvwhuv= Zkhq Gr Lqfuhdvlqj
Uhwxuqv Lpso| Prqrsro|B/ Pdwk1 Vrf1 Vfl1/ 4</ 568�84/ 4<<31

Duwkxu/ Z1E1/ \1Huprolhy dqg \1Ndqlryvnl/ Jhqhudol}hg Xuq Sureohp
dqg Lwv Dssolfdwlrqv/ F|ehuqhwlfv/ 4</ 940:4/ 4<;61

Duwkxu/ Z1E1/ \1Huprolhy dqg \1Ndqlryvnl/ Vwurqj Odzv iru d Fodvv ri
Sdwk0Ghshqghqw Xuq Surfhvvhv/ Surfhhglqjv ri wkh Lqwhuqdwlrqdo Frqihuhqfh
rq Vwrfkdvwlf Rswlpl}dwlrq/ Ohfwxuh Qrwhv rq Frqwuro dqg Lqirupdwlrq Vfl0
hqfhv/ ;4/ 4;:0633/ 4<;91

Duwkxu/ Z1E1 dqg G1Odqh/ Lqirupdwlrq Frqwdjlrq/ Vwuxfwxudo Fkdqjh dqg
Hfrq1 G|qdplfv/ 7/ ;40437/ 4<<61

Edqhumhh/ D1/ D Vlpsoh Prgho ri Khug Ehkdylru/ Txduw1 M1 Hfrq1/ 43:/
:<:0;4:/ 4<<51

Edvvdqlql/ D1S1/ Orfdol}hg Whfkqrorjlfdo Fkdqjh dqg Sdwk0Ghshqghqw
Jurzwk/ LLDVD Lqwhulp Uhsruw LU0<:03;9/ 4<<:1

Edvvdqlql/ D1S1 dqg J1Grvl/ Khwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/
dqg Gl�xvlrq ri Whfkqrorjlhv= Gr Lqfuhdvlqj Uhwxuqv Lpso| Frqyhujhqfh
wr Lqwhuqdwlrqdo PrqrsrolhvB/ lq G1Ghool Jdwwl/ P1Jdoohjdwl dqg D1Nlupdq
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+hgv1,/ Pdunhw Vwuxfwxuh/ Djjuhjdwlrq dqg Khwhurjhqhlw|/ Ehuolq= Vsulqjhu/
iruwkfrplqj/ 4<<<d1

Edvvdqlql/ D1S1 dqg J1Grvl/ Frpshwlqj Whfkqrorjlhv/ Whfkqrorjlfdo Pr0
qrsrolhv dqg wkh Udwh ri Frqyhujhqfh wr d Vwdeoh Pdunhw Vwuxfwxuh/ Oderud0
wru| ri Hfrqrplfv dqg Pdqdjhphqw Zrunlqj Sdshu q16/ Vdqw *Dqqd Vfkrro
ri Dgydqfhg Vwxglhv/ 4<<<e1

Ehuqkhlp/ E1G1/ D Wkhru| ri Frqiruplw|/ M1 Sro1 Hfrq1/ 435/ ;740::/
4<<71

Euhxkdq/ D1O1/ Lqqrydwlrq dqg wkh Shuvlvwhqfh ri Whfkqrorjlfdo Orfn0Lq/
xqsxeolvkhg pdqxvfulsw/ 4<<91

Eurfn/ Z1D1 dqg V1Q1Gxuodxi/ Glvfuhwh Fkrlfh zlwk Vrfldo Lqwhudfwlrqv
L= Wkhru|/ QEHU Zrunlqj Sdshu &85<4/ 4<<81

Eu|qmroivvrq/ H1 dqg F1I1Nhphuhu/ Qhwzrun H{whuqdolwlhv lq Plfurfrp0
sxwhu Vriwzduh= Dq Hfrqrphwulf Dqdo|vlv ri wkh Vsuhdgvkhhw Pdunhw/ Pdq0
djhphqw Vflhqfh/ 75/ 495:07:/ 4<<91

Fkxufk/ M1 dqg Q1Jdqgdo/ Frpsohphqwdu| Qhwzrun H{whuqdolwlhv dqg
Whfkqrorjlfdo Dgrswlrq/ Lqw1 M1 ri Lqgxvwuldo Rujdql}dwlrq/ 44/ 56<093/ 4<<61

Frzdq/ U1/ Qxfohdu Srzhu Uhdfwruv= D Vwxg| lq Whfkqrorjlfdo Orfn0Lq/
M1 ri Hfrq1 Klvwru|/ 83/ 87409:/ 4<<31

Frzdq/ U1/ Wruwrlvhv dqg Kduhv= Fkrlfh dprqj Whfkqrorjlhv ri Xqnqrzq
Phulw/ Hfrq1 M1/ 434/ ;34047/ 4<<41

Frzdq/ U1/ dqg Z1Frzdq/ Whfkqrorjlfdo Vwdqgdugl}dwlrq zlwk dqg zlwk0
rxw Erughuv lq dq Lqwhudfwlqj Djhqwv Prgho/ xqsxeolvkhg sdshu/ 4<<;1

Fxvxpdqr/ P1D1/ \1Plorqdglv dqg U1V1Urvhqeorrp/ Vwudwhjlf Pdqhxyhu0
lqj dqg Pdvv0Pdunhw G|qdplfv= Wkh Wulxpsk ri YKV ryhu Ehwd/ Exvlqhvv
Klvwru| Uhy1/ 99/ 840<7/ 4<<51

Gdylg/ S1/ Folr dqg wkh Hfrqrplfv ri TZHUW\/ DHD Sdshuv dqg Sur0
fhhglqjv/ :8/ 6650:/ 4<;81

Gdylg/ S1/ Khurhv/ Khugv dqg K|vwkhuhv lq Whfkqrorjlfdo Wkhru|= Wkrpdv
Hglvrq dqg wkh Edwwoh ri V|vwhpv Uhfrqvlghuhg/ Lqgxvwuldo dqg Frusrudwh
Fkdqjh/ 4/ 45<0;3/ 4<<51

Grvl/ J1/ Whfkqrorjlfdo Sdudgljpv dqg Whfkqrorjlfdo Wudmhfwrulhv/ Uh0
vhdufk Srolf|/ 44/ 47509:/ 4<;51

Grvl/ J1/ Rssruwxqlwlhv/ Lqfhqwlyhv dqg wkh Froohfwlyh Sdwwhuqv ri Whfk0
qrorjlfdo Fkdqjh/ Hfrq1 M1/ 43:/ 486307:/ 4<<:1

Grvl/ J1/ \1Huprolhy dqg \1Ndqlryvnl/ Jhqhudol}hg Xuq Vfkhphv dqg
Whfkqrorjlfdo G|qdplfv/ M1 Pdwk1 Hfrq1/ 56/ 404</ 4<<71
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Hfrqrplghv/ Q1/ Wkh Hfrqrplfv ri Qhwzrunv/ Lqw1 M1 ri Lqgxvwuldo Rujd0
ql}dwlrq/ 47/ 9:6�<</ 4<<91

Iduuhoo/ M1 dqg J1Vdorqhu/ Vwdqgdugl}dwlrq/ Frpsdwlelolw| dqg Lqqrydwlrq/
Udqg M1 ri Hfrq1/ 49/ :30;6/ 4<;81

Iduuhoo/ M1 dqg J1Vdorqhu/ Lqvwdoohg Edvh dqg Frpsdwlelolw|= Lqqrydwlrq/
Surgxfw Suhdqqrxqfhphqwv/ dqg Suhgdwlrq/ Dphu1 Hfrq1 Uhy1/ :9/ <73088/
4<;91

Kloo/ E1P1/ G1Odqh dqg Z1Vxgghuwk/ D Vwurqj Odz iru Vrph Jhqhudol}hg
Xuq Surfhvvhv/ Dqqdov ri Suredelolw|/ ;/ 547059/ 4<;31

Lvodv/ M1/ Jhwwlqj Urxqg wkh Orfn0Lq lq Hohfwulflw| Jhqhudwlqj V|vwhpv=
Wkh H{dpsoh ri wkh Jdv Wxuelqh/ Uhvhdufk Srolf|/ 59/ 7<099/ 4<<:1

Ndw}/ P1O1 dqg F1Vkdslur/ Qhwzrun H{whuqdolwlhv/ Frpshwlwlrq / dqg
Frpsdwlelolw|/ Dphu1 Hfrq1 Uhy1/ :8/ 757�73/ 4<;81

Ndw}/ P1O1 dqg F1Vkdslur/ Whfkqrorj| Dgrswlrq lq wkh Suhvhqfh ri Qhw0
zrun H{whuqdolwlhv/ M1 Sro1 Hfrq1/ <7/ ;55�74/ 4<;91

Ndw}/ P1O1 dqg F1Vkdslur/ Surgxfw Lqwurgxfwlrq zlwk Qhwzrun H{whuqdo0
lwlhv/ M1 ri Lqgxvwuldo Hfrq1/ 73/ 88�;7/ 4<<51

Ndw}/ P1O1 dqg F1Vkdslur/ V|vwhpv Frpshwlwlrq dqg Qhwzrun H�hfwv/ M1
ri Hfrq1 Shuvshfwlyhv/ ;/ <6�448/ 4<<71

Nrvnl/ K1 dqg S1Qlmndps/ Wkh Lqvwdoohg Edvh H�hfw= Vrph Hpslulfdo
Hylghqfh iurp wkh Plfurfrpsxwhu Pdunhw/ xqsxeolvkhg pdqxvfulsw/ 4<<:1

Nuxjpdq/ S1/ Klvwru| yv1 H{shfwdwlrqv/ Txduw1 M1 Hfrq1/ 439/ 98409:/
4<<4d1

Nuxjpdq/ S1/ Jhrjudsk| dqg Wudgh/ Fdpeulgjh/ PD= PLW suhvv/ 4<<4e1
Olherzlw}/ V1M1 dqg V1H1Pdujrolv/ Qhwzrun H{whuqdolw|= Dq Xqfrpprq

Wudjhg|/ M1 ri Hfrq1 Shuvshfwlyhv/ ;/ 466�483/ 4<<71
Ruhq/ V1 dqg V1Vplwk/ Fulwlfdo Pdvv dqg Wdul� Vwuxfwxuh lq Hohfwurqlf

Frppxqlfdwlrqv Pdunhwv/ Ehoo M1 ri Hfrq1/ 45/ 79:�;:/ 4<;41
Udxfk/ M1H1/ Grhv Klvwru| Pdwwhu Rqo| Zkhq Lw Pdwwhuv OlwwohB Wkh

Fdvh ri Flw|0Lqgxvwu| Orfdwlrq/ Txduw1 M1 Hfrq1/ 43;/ ;76�9:/ 4<<61
Urkoiv/ M1/ D Wkhru| ri Lqwhughshqghqw Ghpdqg iru d Frppxqlfdwlrq

Vhuylfh/ Ehoo M1 ri Hfrq1/ 8/ 49�6:/ 4<:71
Urvhqehuj/ Q1/ Lqvlgh wkh Eodfn Er{/ Fdpeulgjh= Fdpeulgjh Xqlyhuvlw|

Suhvv/ 4<;51
Vdylrwwl/ S1S1 dqg D1Wulfnhww/ Wkh Hyroxwlrq ri Kholfrswhu Whfkqrorj|/

4<7304<;9/ Hfrqrplfv ri Lqqrydwlrq dqg Qhz Whfkqrorj|/ 5/ 444063/ 4<<51
Wxvkpdq/ P1O1 dqg M1S1Pxupdqq/ Grplqdqw Ghvljqv/ Whfkqrorj| F|0

fohv/ dqg Rujdql}dwlrqdo Rxwfrphv/ lq E1Vwdz dqg O1O1Fxpplqjv +hgv1,/
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Uhvhdufk lq Rujdql}dwlrqdo Ehkdylru/ 53/ Juhhqzlfk/ FW= MDL suhvv/ iruwk0
frplqj/ 4<<;1

Yhqdeohv/ D1M1/ Orfdol}dwlrq ri Lqgxvwu| dqg Wudgh Shuirupdqfh/ R{irug
Uhy1 ri Hfrq1 Srolf|/ 45+6,/ 85093/ 4<<91

Zdonhu/ V1 dqg S1Pxolhuh/ Ehwd0Vwdf| Surfhvvhv dqg d Jhqhudolvdwlrq ri
wkh Sro|d0xuq Vfkhph/ Dqqdov ri Vwdwlvwlfv/ 58/ 4:950;3/ 4<<:1

Zlqwhu/ V1J1/ Frpphqwv rq Duurz dqg Oxfdv/ M1 ri Exvlqhvv/ 8</ V75:0
67/ 4<;91


