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Empirically the diffusion of competing technologies most often displays either
”lock-in” to a quasi-monopoly or apparent turbulence but rarely stable
market-sharing. In contrast with widespread views, we show that, first,
unbounded increasing returns are neither necessary nor sufficient to lead to
technological monopolies. Rather, asymptotic patterns depend on the relative
impact of increasing returns and the degree of adopters heterogeneity. Second,
the unlikely empirical occurrence of stable market-sharing is interpreted in terms
of different rates of convergence. We show that convergence to market-sharing is
slower than to monopoly; thus, in the former case, the environment often changes
before the market-share trajectory becomes stable.
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1 Introduction

In this paper we address the dynamics of diffusion of different technologies
competing for the same market niche.

The stylized fact at the origin of this work is the observation that a stable
empirical pattern of market sharing between competing technologies with
no overwhelming dominant position rarely occurs in markets with positive
feedbacks!. For example, even in the case of operating systems, which is
often quoted as a case of market sharing, Apple Maclntosh has never held
a market share larger than 1/5 (a partial exception being the submarket of
personal computer for educational institutions). This fact has also triggered
suspicion of market inefficiencies: Technological monopolies may prevail even
when the survival of more than one technology may be socially optimal [Katz
and Shapiro (1986), David (1992)]. Think for example to the competition
between Java-based architectures and ActiveX architectures for web-based
applets: Given that with any of the two paradigms the standard tasks that
can be performed are different, the general impression of experts is that
society would benefit from the survival of both.

In turn, from the point of view of interpretation of the processes of dif-
fusion of new products and technologies, it is acknowledged that, in many
modern markets, they are characterised by increasing returns to adoption
or positive feedbacks. This has partly to do with supply-side causes: the
cumulation of knowledge and skills through the expansion of markets and
production usually reduce the hedonic price of both production and con-
sumption goods, thus increasing the net benefit for the user of a particular
technology. Boeing 727, for example, which has been on the jet aircraft
market for years, has undergone constant modification of the design and im-
provement in structural soundness, wing design, payload capacity and engine
efficiency as it accumulates airline adoption and hours of flight [Rosenberg
(1982), Arthur (1989)]. Similar observations can be made for many heli-
copter designs [Saviotti and Trickett (1992)] as well as for electric power
plants designs [Cowan (1990), Islas (1997)].

Supply-side causes of this type have received some attention in the eco-
nomic literature for quite a while. However in the last fifteen years a great
deal of attention has been devoted also to demand-side positive feedbacks,

!See e.g. the empirical literature on dominant designs [for a recent survey, cf. Tushman
and Murmann (1998)].



so-called network esternalities or (more neutrally) network effects [Katz and
Shapiro (1994), Liebowitz and Margolis (1994)]. For example, telecommuni-
cation devices and networks (for instance fax machines), as a first approxi-
mation, tend not to provide any utility per se but only as a function of the
number of adopters of compatible technologies with whom the communica-
tion is possible [Rohlfs (1974), Oren and Smith (1981), Economides (1996)].
The benefits accruing to a user of a particular hardware system depend on the
availability of software whose quantity and variety may depend on the size of
the market if there are increasing returns in software production. This is the
case of VCRs, microprocessors, hi-fi devices and in general systems made of
complementary products which need not be consumed in fixed proportions
[Cusumano et al. (1992), Church and Gandal (1993), Katz and Shapiro
(1985, 1994)]. A similar story can be told for the provision of postpurchase
service for durable goods. In automobile markets, for example, the diffusion
of foreign models has often been slow because of consumers’ perception of
a thinner and less experienced network of repair services [Katz and Shapiro
(1985)]. Standardization implies also saving out of the cost of investment in
complementary capital if returns from investment are not completely appro-
priable: In software adoption firms can draw from a large pool of experienced
users if they adopt software belonging to a widespread standard, thus de facto
sharing the cost of training [Farrell and Saloner (1986), Brynjolfsson and Ke-
merer (1996)]. Moreover product information may be more easily available
for more popular brands or, finally, there may be conformity or psychological
bandwagon effects [Katz and Shapiro (1985), Banerjee (1992), Arthur and
Lane (1993), Bernheim (1994), Brock and Durlauf (1995)].

Katz and Shapiro (1994) in their review of the literature on systems
competition and dynamics of adoption under increasing returns distinguish
between technology adoption decision and product selection decision.

The former refers to the choice of a potential user to place a demand in a
particular market. Relevant questions in this case are the conditions for an
actual market of positive size, the notional features of a ”socially optimal”
market size and the conditions allowing penetration of a new (more advanced)
technology into the market of an already established one [Rohlfs (1974), Oren
and Smith (1981), Farrell and Saloner (1985,1986), Katz and Shapiro (1992)].
For example purchasing or not a fax or substituting a compact disc player
for an analogical record player are technology adoption decisions.

Conversely product selection refers to the choice between different tech-
nological solutions which perform (approximately) the same function and are



therefore close substitutes. Relevant questions here are whether the market
enhances variety or standardization, whether the emerging market structure
is normatively desirable and what is the role of history in the selection of
market structure [Arthur (1983,1989), Katz and Shapiro (1985,1986), David
(1985), Church and Gandal (1993), Dosi et al. (1994)]. Choosing between
VHS or Beta in the VCR market or between Word or Wordperfect in the
wordprocessors market are typical examples of product selection decisions.

This work is concerned with the dynamics of product selection. To ex-
plain the stylized fact recalled above we analyze properties of a fairly general
and nowadays rather standard class of models of competing technologies,
originally suggested by Arthur (1983) and Arthur et al. (1983) and further
explored and popularized by Arthur (1989), Cowan (1991), and Dosi et al.
(1994), among others. This class of models will be presented in details in
section 2.

Despite mixed results of some pioneering work on the dynamics of markets
with network effects [e.g. Katz and Shapiro (1986)], unbounded increasing
returns are commonly called for as an explanation of the emergence of tech-
nological monopolies. Usually the argument is based on the results of the
model set forth by Arthur (1989). For instance Robin Cowan summarizes it
in the following way:

“If technologies operate under dynamic increasing returns (often thought
of in terms of learning-by-doing or learning-by-using), then early use
of one technology can create a snowballing effect by which that tech-
nology quickly becomes preferred to others and comes to dominate
the market.

“Following Arthur, consider a market in which two types of consumers
adopt technology sequentially. As a result of dynamic increasing re-
turns arising from learning-by-using, the payoff to adopting a tech-
nology is an increasing function of the number of times it has been
adopted in the past. Important with regard to which technology is
chosen next is how many times each of the technologies has been cho-
sen in the past. Arthur shows that if the order of adopters is random
(that is, the type of the next adopter is not predictable) then with
certainty one technology will claim the entire market” [Cowan (1990)
p. 543, italics added).

It will be shown in the following that this statement does not always hold.



Unbounded increasing returns to adoption are neither necessary nor suffi-
cient to lead to the emergence of technological monopolies. As proved in the
next section, strictly speaking, Arthur’s result applies only when returns are
linearly increasing and the degree of heterogeneity of agents is, in a sense,
small. Moreover it cannot be easily generalized further: Some meaningful
counterexamples will be provided. More generally the emergence of techno-
logical monopolies depends on the nature of increasing returns with respect to
the degree of heterogeneity of the population. Relatedly, given a sufficiently
high heterogeneity amongst economic agents, limit market sharing may occur
even in the presence of unbounded increasing returns. The bearing of our
analysis, in terms of the interpretation of the empirical evidence, stems from
the results presented in section three: In essence, we suggest that the obser-
vation of the widespread emergence of monopolies is intimately related to the
properties of different rates of convergence (to monopoly and to market shar-
ing respectively) more than to the properties of limit states as such. It will be
shown that a market can approach a monopoly with a higher speed than it
approaches any feasible limit market shares where both technologies coexist.
Following a line of reasoning put forward by Winter (1986) among others,
our argument proceeds by noticing that when convergence is too slow the
external environment is likely to change before any sufficiently small neigh-
borhood of the limit can be attained. The result that we obtain, based on
some mathematical properties of generalized urn schemes?, is general for this
class of models. The empirical implication is that among markets with high
rate of technological change and increasing returns to adoption, a prevalence
of stable monopolies over stable market-sharing should be observed.

The applications of Arthur’s result have gone far beyond the dynamics
of competing technologies and typically extended to the role of history in
selecting the equilibrium in any situation wherein complementarities are rel-
evant. The analysis of industry location patterns is a case to the point [e.g.
Arthur (1990), Krugman (1991a, 1991b), Venables (1996)]. As James Rauch
puts it:

“In Arthur’s model, firms enter the industry in sequence. Each firm
chooses a location on the basis of how many firms are there at the

2Throughout this paper we label the generalization of Polya urn schemes set forth by
Hill et al. (1980) as generalized urn scheme. That generalization is the most popular
in economics but obviously it is not the only possible one [see e.g. Walker and Muliere
(1997)].



time of entry and a random vector that gives the firm’s tastes for
each possible location. If agglomeration economies are unbounded as
the number of firms increases, then as the industry grows large, one
location takes all but a finite set of firms with probability one.” [Rauch
(1993) pp. 843-44, italics added].

The implications of our results extend to this domain of analysis as well.

The remainder of the paper is devided as follows. Section 2 reviews
standard models of competing technologies and provides counterexamples to
Arthur’s main result. Section 3 establishes our main results on rate of con-
vergence to a stable market structure and builds upon that an alternative
explanation for observable patterns of dynamics between competing tech-
nologies. Section 4 briefly summarizes the results.

2 Competing Technologies Revisited: Are Unbounded
Increasing Returns Sufficient for the Emergence of
Technological Monopolies?

The class of competing technology dynamics models that we consider takes
as the only two basic assumptions the fact that adopters enter the market
in a sequence which is assumed to be exogenous, and each adopter makes
its adoption choice only once. More than one agent can enter the market
in each period [e.g. Katz and Shapiro (1986)] but in order to simplify the
treatment we abstract from this complication. The simple theoretical tale
that underlies these models can be summarized as follows:

Every period a new agent enters the market and chooses the technology
which is best suited to its requirements, given its preferences, information
structure and the available technologies. Preferences can be heterogeneous
and a distribution of preferences in the population is given. Information
and preferences determine a vector of payoff functions (whose dimension is
equal to the number of available technologies) for every type of agent. Be-
cause of positive (negative) feedbacks, such as increasing (decreasing) returns
to adoption, these functions depend on the number of previous adoptions.
When an agent enters the market it compares the values of these functions
(given its preferences, the available information, and previous adoptions) and
chooses the technology which yields the maximum perceived payoff. Which
"type” of agent enters the market at any given time is a stochastic event



whose probability depends on the distribution of types (i.e. of preferences)
in the population. Because of positive (negative) feedbacks, the probability
of adoption of a particular technology is an increasing (decreasing) function
of the number of previous adoptions of that technology.

More formally we can write a general reduced form of payoff functions of
the following type:

I (7(t)) = hi(al, 7i(t)),

where 7 € D, D is the set of possible technologies, i € S, S is the set of
possible types, 7i(t) is a vector denoting number of adoptions for each tech-
nology at time ¢ (n?(¢) is the number of adoptions of technology j at time t),
a; represents the network-independent components of agent i’s preferences
(ag identifies a baseline payoff for agents of type i from technology j), and
hi(.) is an increasing (decreasing) function (that can differ across agents)
capturing increasing (decreasing) returns to adoption. Information and ex-
pectations are incorporated in h;(.). If, at time ¢, an agent of type ¢ comes
to the market, it compares the payoff functions choosing A if and only if*:

1T (7(1)) = arg mae {IT3 ()} (1)

1 can be seen as describing an equilibrium reaction function. Conse-
quently, strategic behaviors (including sponsoring activities from the suppli-
ers of technologies) are not ruled out by the foregoing formalization.

In the remainder of this paper we assume that the order of agents enter-
ing the market is random, hence i(t) can be considered as an iid sequence
of random variables whose distribution depends on the distribution of the
population of potential adopters. With this assumption, the dynamics of the
foregoing model can be seen in terms of generalized urn schemes:

Consider the simplest case where two technologies, say A and B, com-
pete for a market. Let us denote A’s market share with X (¢). Given the
relationships between (a) total number of adoptions of both technologies
n(t) =t — 1 +n?(0) + n2(0), (b) the current market share X (¢) of A, and
(c) number of adoptions of one specific technology, n'(t), i = A, B, that is,
n?(t) = n(t)X(t), the dynamics of X (t) is given by the recursive identity

§(X (1) — X(t)
t+n4(0) +nP(0)

3We assume that, if there is a tie, agents choose technology A. Qualitatively, breaking
the tie in a different way would not make any difference.

X(t+1)=X(t) +




Here ¢'(z),t > 1 are random variables independent in ¢ such that

€)= 1 with probability f(¢,x)
Y71 0 with probability 1— f(t,z)

and £'(+) is a function of market shares dependent on the feedbacks in adop-
tion. f(t,x) equals the probability that (1) is true when X(¢) = x and is
sometimes called urn function. Denoting &'(z) — E(&'(x)) = £'(x) — f(t, )
with ¢*(z) we have

f(t, X (1) — X)) + C(X(1)) @)
t+n4(0) +nB(0) '
Provided that there exist a limit urn function f(-) (defined as that func-
tion f(.) such that f(¢,.) tends to it as ¢ tends to co) and the following
condition is satisfied

Dot swp | f(ta) — flx) < oo, (3)

>1 z€[0,1NR(0,1)

X(t+1):X(t)+[

where R(0,1) is the set of rational numbers in (0, 1), attainable limit market
shares with positive probability can be found by analyzing the properties of
the function
g(x) = f(z) — 2z = lim f(t,x) — x.
t—o0

Particularly, treating g(z) in the same way of the right hand side of an
ordinary differential equation, it is possible to show that the process (2)
converges almost surely to the set of stable zeroes*. The foregoing formal
representation is employed for every result of the present paper.

4A convenient review of analytical results on generalized urn schemes can be found in
Dosi et al. (1994). The reader is referred to that for the results that are not proved in
this paper. Particularly, X (-) converges almost surely, as ¢ tends to infinity, to the set of
appropriately defined zeroes of the function g(z) = f(x) — 2. However since we are not
going to restrict ourselves to the case when g¢(-) is a continuous function, we need some
standard definition concerning equations with discontinuous functions. For a function g(-)
given on R(0,1) and a point z € [0, 1] set

Q(.’E, g) = inf{yl\-}CR(O,l) lim 1nfk—>oo g(yk)v
Ez(m, g) = Sup{yk}CR(O,l) lim SUPk— 00 g<yk)a

where {y;} is an arbitrary sequence converging to x. Then the set of zeroes A(g) of g(+)



In some cases, eq. (1) can be expressed directly in terms of shares rather
than total numbers; in this case f(.,.) is independent of ¢ and (3) is trivially
verified.

The foregoing formal model can be better visualized by looking at some
well-known example. Consider for instance the celebrated example of the
VCR market. JVC’s VHS and Sony’s Beta were commercialized approx-
imately at the same time. According to many studies [see Cusumano et
al. (1992) and Liebowitz and Margolis (1994)] none of the two standards
has ever been perceived as unambiguously better and, despite their incom-
patibility, their features were more or less the same, due to the common
derivation from the U-matic design. For these reasons the relevant decisions
were likely to be sequential. First, a consumer chooses whether or not to
adopt a VCR - technology adoption decision in Katz and Shapiro’s terminol-
ogy -, then, once the adoption decision has been made, it devotes its mind
to choose which type of VCR to purchase - product selection decision - (in
general it can be expected that most of the consumers buy one single item
and not both). Network effects in this market come mainly from increasing
returns in design specialization and production of VCR models (so that his-
torically all firms specialized just in one single standard) on the supply side,
and from increasing returns externalities and consequent availability of home

on [0, 1] is defined by the following relation
A(g) ={xz €[0,1] : [a(z,g),a(x,g)] >0}.

Note that for a continuous g(-) this definition gives the roots of the equation g(x) = 0
in the conventional meaning. One particular class of attainable singleton components
comprises the downcrossing or stable ones, i.e. the points where f(x) — x changes its sign
from plus to minus. More precisely, 8 € R(0,1) is said to be stable if there exists € > 0
such that for every 6 € (0,¢)

5g|i11fe|ge[f(x) —zj(z —0) <0. *)

If # € R(0,1) is stable then X (-) converges to 6 with positive probability for some initial
combination 7(0). If in addition to (*)

f(z) € (0,1) forall =€ R(0,1),

then it converges with positive probability to @ for any initial combination 7(0). Finally
if the urn function does not have touchpoints and the set A(g) with g(x) = f(z) — x is
composed only of singleton components then almost surely the process converges to the
set of stable components.



video rental services on the demand side [Cusumano et al. (1992)]. Despite
technical similarities between the two standards, preferences were strongly
heterogeneous, due mainly to a brand-name-loyalty type of consumer behav-
ior, which was exploited (especially by JVC) through Original Equipment
Manufacturers (OEM) agreements with firms with well-established market
shares in electronic durable goods.

The size of VCR market is sufficiently large (hundreds of millions of sold
units) to make it approximable by the abstract concept of an infinite ca-
pacity market. Therefore, the asymptotic dynamics of this market can be
meaningfully analyzed through the asymptotics of generalized urn schemes.

Many other markets display somewhat similar characteristics (for instance
spreadsheets, wordprocessors, computer keyboards, pc-hardwares, automo-
biles etc...). In particular, in many markets product selection can be as-
sumed to sequentially follow technology adoption decisions®. The fact that
the decision is sequential suggests that product selection decisions might be
dependent on market shares rather than on the absolute size of the network.
In this case the urn scheme would be even more simplified, with the urn
function independent of t.

Arthur (1983,1989) considers a payoff function of the following type:

IT5(7i(t)) = aj +r(n’ (1)),
where j = A, B, 1 € S, S is the set of possible types [in the simplest case,
considered also in the foregoing quotation from Cowan (1990), S = {1,2}],
and r is an increasing function (common for every agent) capturing increasing

returns to adoption. If, at time ¢, an agent of type ¢ comes to the market, it
compares the two payoff functions choosing A if and only if:

I (7i(t)) > T (7(t).
that is
aly +r(n(t)) > ajp + r(n”(1)). (4)

Suppose that which type of agent enters the market at time t is the
realization of an iid random variable i(¢). Thus (2) implies that the agent
coming to the market chooses A with probability

P(A(t)) = Fo(r(n(t) — r(n"(t))),

SFor instance, in the data set of Computer Intelligence InfoCorp employed by Breuhan
(1996), more than 80% of the firms in the sample report using a single word processing
package.
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where Fy(-) denotes the distribution function of 6(t) = a’s(t) — a%(¢).
From these considerations Arthur’s main theorem was derived:

Theorem 1 (Arthur (1989), theorem 3) If the improvement function r
increases at least at rate € > 0 as n’ increases, the adoption process converges
to the dominance of a single technology, with probability one.

The proof of the theorem delivered by Arthur is based on theorem 3.1 of
Arthur et al. (1986). In fact it is easy to check that in this case, whatever
the distribution of a; is, the limit urn function f(-) is a step function defined
in the following way:

1 if z>1/2
flz)=q Fo(0) if 2=1/2 (5)
0 if z<1/2

A generalized urn scheme characterized by an urn function such as (5)
converges to {0, 1} with probability 1°.

However theorem 3.1 of Arthur et al. (1986) is not applicable here because
condition (3) does not hold in this case. Actually the urn functions are
defined by:

fi(2) = Fy(r(z(t 4+ n” +nb) —r((1 — z)(t +n* +n"))).

Moreover for ¢t > K > 0, t even, they are such that f,(0) =0, f,(1/2) =
Fy(0), fi(1) = 1 and they are continuous in a left neighborhood (which
depends on t) of 1/2; therefore

sup | fi(z) = f(2) [> min{Fy(0), 1 — Fy(0)}

z€[0,1]NR(0,1)

which is constant with respect to t 7.

Even though Arthur’s proof is wrong, the theorem is right and an ad hoc
proof can be constructed by showing that n“(¢)—n?®(t) is a time-homogeneous
Markov chain with two absorbing barriers [Bassanini (1997), proposition 2.1,
provides a complete proof along these lines|. However this result strictly
depends on the fact that the function r(-) is asymptotically linear or more

0See note 4 above, or Dosi et al. (1994), theorems 1 and 3.
"To be precise Arthur (1989) quotes also Arthur et al. (1983), though there the prop-
erties are stated only as yet-to-be-proved good sense conjectures.
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than linear. Arthur’s result is not generalizable to any type of unbounded
increasing returns. Both in the case of increasing returns that are diminishing
at the margin and in the case of heterogeneous increasing returns it is possible
to find simple examples where convergence to technological monopolies is not
an event with probability 1.

Let us illustrate all this by means of two straightforward counterexamples.

Example 1 Let us assume that increasing returns have the common
sense property that the marginal contribution to social benefit of, say, the
100th adopters is larger than that of, say, the 100,000th and that this contri-
bution tends asymptotically to zero; formally this means that % (n?) >0,

#32 f(n?) < 0 and lim,j_« 7% f(n?) = 0 [this class of functions has been
considered by Katz and Shapiro (1985)].

Focusing on the case set forth by Robin Cowan in the foregoing quotation,
let us assume that there are only two types of agents (i = 1,2) and two tech-
nologies. Recall Arthur’s payoff functions (4), ITj(7i(t)) = a} + r(n/(t)), and
assume that r(-) = slog() is a function (which is common for every agent:
s is a constant) that formalizes unbounded increasing returns to adoption.
Agent 7 chooses technology A if and only if 1T (7i(¢)) > 15 (7i(¢)). By taking
the exponential on both sides and rearranging we have:

AW oo
—x@m =" " (6)

The function of the attributes of agent’s type which is on the right hand
side can be considered a random variable because, as discussed above, i(t) is
a random variable. Moreover they are iid because i(¢) is iid. Denoting the
random variables on the right hand side with ¢(¢), from (6) we have that the

adoption process can be seen as a generalized urn scheme with urn function
given by:

f(z) = Fo(z/(1 - x)), (7)

where F¢(-) is the distribution function of ¢(¢). Because i(t) takes just two
values (1,2), also ¢(t) takes just two values:

o(t) = e3(@5=94)  with probability o
" | es(@E=9)  with probability 1 —a

where we have assumed without loss of generality that

1 1 2 2
ag —ay < ap— ajy.
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Thus F; is by construction a step function with two steps:

0 if y<esl@n )
Fily) =< a if es@h @) <y <es@had)
1 if y>es@ D)

Therefore, taking into account (7), we have that the urn function has two
steps and is defined in the following way:

. Ll -al
0 if o< &2 —"F"- By —
1+es'"B "A
. slag=a}) et (e —a%)
flz)=¢ a if S5 << S-S
1+es(a31—a,éx) ) 14es (@B %)
1 if g > -2

1+e%(a237“?4)
If the following condition is satisfied

e%(alB_a,léx) e%(GQB_a%)
<o —F——5=
1+ et 1+ =)
the urn function has five fixed points, three of which are downcrossing, there-
fore there is a set of initial conditions (that imply giving both technologies a
chance to be chosen ”at the beginning of history”) for which market sharing
is asymptotically attainable with positive probability®. The above condi-
tion imply that the ratios (e%)'/"/(e%s)'/" are sufficiently different between
the two types. In other words there might be sufficient heterogeneity among

agents to counterbalance the effect of increasing returns to adoption®. M

Example 2 Consider now payoff functions of this type:
IL((1)) = a; + vy,

where 7}, a;, j = A, B, are bounded random variables which admit den-
sity. Such functions allow agents to be heterogeneous also in terms of the
degree of increasing returns which they experience. By applying (1), dividing

8See note 4 above, or Dosi et al. (1994), theorem 2.

9Cowan and Cowan (1998) acknowledge this role of heterogeneity, although only for
models where interactions are local. They suggest that many models from other scientific
disciplines can be adapted to show market sharing survival as a result of local interaction
effects, and they provide one such example, although restricted to linear returns.
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payoff functions by total number of adoptions, and rearranging we have that
A is chosen if and only if:

B ap —aa
X(t) 2 rA+Tg + (t +n2(0) +nB(0))(ra+715) (®)
Denoting the random variables on the right hand side with ¢(¢), from (8)
we have that the adoption process can be seen as a generalized urn scheme
with urn function f(t,x) = Fyy)(z), where F () is the distribution function
of ¢(t). Now suppose that r4 and rp are highly correlated and both have
bimodal distributions very concentrated around the two modes, in such a
way that the distribution of r4/rp is also bimodal and very concentrated
around the two modes too. Furthermore suppose that the two modes are far
away from each other. To fix the ideas say that for a percentage « of the
population r4/rg is uniformly distributed on the interval [ﬁ, 1T1a] , while
for a percentage 1 — « of the population r4/rp is uniformly distributed on
the interval [Tld’ ﬁ] , with 0 < a < b < ¢ < d. First, let us consider the
case of a; = 0, j = A, B. I is by construction independent of ¢, implying
the following urn function:

0 if y<a
a;=(y —a) if a<y<b

f(x) = Fyy(r) = if b<y<c
at(l—a)[Ely—c] if c<y<d
1 if y>d

If b < o < ¢,then there are three stable fixed point of f(x) and, as said above,
it can be shown that there is a set of initial conditions (that imply giving both
technologies a chance to be chosen ”at the beginning of history”) for which
market sharing is asymptotically attainable with positive probability. If a; #
0 but have bounded support and admit density, then condition (3) applies and
the same argument holds: In fact, relying on the fact that r;, a; are bounded
it is easy to show that sup,cjo1nre1) | [(t,2) — f(z) [< K/t, where K > 0 is
a constant. The essential ingredient of this example is that the distribution
of r4/rp is bimodal and very concentrated around the two modes. The
argument has nothing to do with the particular (and extreme) distributional
form assumed here: Following the same constructive procedure adopted here
it is easy to build examples with any other distributional form. The only
requirement is that the two modes are sufficiently distant. In other words
the only requirement is a sufficient degree of heterogeneity in the population
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to counterbalance the pro-standardization effects of increasing returns to
adoption.ll

The two examples above show that the degree of increasing returns needs
to be compared to the degree of heterogeneity. Unbounded increasing re-
turns that are diminishing fast at the margin are not sufficient to generate
asymptotic survival of only one technology, provided that agents are not
completely homogeneous [see also Farrell and Saloner (1985,1986) for early
models with homogeneous agents that lead to the survival of only one tech-
nology|. Even more interesting, when heterogeneity is so wide that there are
agent-specific increasing returns, the emergence of technological monopolies
is not guaranteed even with returns that are linearly increasing.

To summarize, the foregoing examples show that if preferences are suf-
ficiently heterogeneous and/or increasing returns to adoption are less than
asymptotically linear, then Arthur’s result cannot be generalized and vari-
ety in the asymptotic distribution of technologies can be an outcome with
positive probability.

From the point of view of empirical predictions, at first look, the foregoing
results might sound, if anything, as a further pessimistic note on ”indeter-
minacy”. That is, not only ”history matters” in the sense that initial small
events might determine which of the notional, technologically attainable, as-
ymptotic states the system might ”choose”: More troubling, the argument so
far suggests that, further, the very distribution of the fine characteristics and
preferences of the population of agents might determine the very nature of
the attainable asymptotic states themselves. Short of empirically convincing
restrictions on the distribution of agents (normally unobservable) character-
istics, what we propose is instead an interpretation of the general occurrence
of technological monopolies (cum increasing returns of some kind) grounded
on the relative speed of convergence to the underlying (but unobservable)
limit states.

3 Rate of Convergence in One-Dimensional Models of
Competing Technologies

In the example of the VCR market, as well as for many other markets, the
possibility of predicting limit market shares depends on the feasibility of
formalizing the structure of the market in question in terms of a specific urn
function. Heterogeneity of preferences, the degrees of increasing returns, the
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type of expectations, price-policies of producers, all affect the functional form
of the urn function. As said before, the goal of this paper in general and of
this section in particular is to provide some general asymptotic results that
can be used as guidance for the interpretation of the empirical evidence on
emergence of dominant designs.

Propositions 2, and 4 suffices to the task. Together they imply the rel-
evant statements on the rate of convergence to technological monopoly or
to a limit market share where both technologies coexist'’. Furthermore the
analysis that follows applies even in the absence of a clear pattern of increas-
ing returns to adoption. In essence, in the presence of constant returns to
adoption, the urn function would be completely constant but the following
theorems would still hold.

As above, denote the urn function with f(-,-); the following proposition
gives a first result on the rate of convergence to 0 and 1.

Proposition 1 Let € > 0 and ¢ < 1 be such that eventually

f(t,z) <cx for x € (0,¢) (9)
(f(t,z)) >1—c(l —2z) for z € (1—¢1)).

Then for any 6 € (0,1 —¢) and 7 >0

limy o P{t1 72X (t) < 7|X(t) — 0} =1
(limy oo P{t' %[ — X (8)] < 7|X(t) — 1} =1) ,

where X () stands for the random process given by (2).

The proposition is proved in the appendix.
A similar result can be expressed in terms of variances (L?—convergence):

Proposition 2 Let € > 0 and ¢ < 1 be such that eventually (9) holds. Then
for any 6 € (0,1 —c¢)
lim, ., 20-9-5P{ X (£) — 0} / X (#)2dP = 0

{X(®)—0}

limy o 20-9-5PLX (1) — 1} / (X(t) - 1)2dP = 0
{X(®)—1}

0Notice that, provided that inequalities (9) and (10) are eventually satisfied for any ¢,
proposition 1, 2 and 4 hold even if the inequality (3) does not hold as may happen when
agents are assumed to be forward looking.
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The proposition is proved in the appendix

Notice that proposition 2 states that the rate of convergence of the mean
square distance from the limit market share is of the order of 1/t as ¢t — oo,
conditional to the fact that the process is actually converging to 0 or 1.
Roughly speaking it defines the rate of convergence of mean square errors
when the process converges to a technological monopoly. If the set of limit
market shares that the process can reach with positive probability contains
only these two points, proposition 2 implies a similar statement in terms of
the unconditional mean square distance from the limit market share.

One would like to derive a counterpart of proposition 1 and 2 for the
case of market sharing, whenever this can be attained with positive prob-
ability. For a differentiable f(-) at 0(1), (9) holds with ¢ arbitrarily close
to <L f(0)(<L f(1)). We can easily derive a similar result for a differentiable
f(+) independent of ¢ from the following conditional limit theorem for the
generalized urn scheme.

Theorem 2 (Arthur et. al. (1987)) Let 6 € (0,1) be a stable root of
f(@) —x =0 and f(-) is differentiable at 0 with L f(6) < 1/2. Then for
every y € (—o0, 00)

1= 24 7()

limP{ o B) [X(t)—0]<y|X(t)—>9}=‘1’(y),

where ®(-) stands for the Gaussian distribution function having zero mean
and variance 1.

From this theorem, we can give an even better characterization of the
lowest possible convergence rate for a limit market share where both tech-
nology coexist that can be attained with positive probability. Indeed, the
next proposition follows immediately:

Proposition 3 Let 0 € (0,1) be a stable root and let
[f(z) —0](x —0) > k(z —0)> for 2€(0—e,0+¢),2+#0
take place for some € >0 and k < 1/2. Then for every 6,7 > 0

lim P{t'/?*8| X (t) — 0] < 7|X(t) — 0} = 0.

t—o0
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Differentiability of the urn function at the limit point is a highly de-
manding restriction, as well as the fact that the urn function has to be
independent of t. As said before, several actual markets can present over-
whelming problems of formalization. Consequently, it may be impossible to
check these conditions, albeit intuitively there is no reason why differentia-
bility should matter. Conversely, we can obtain a general result in terms of
L?—convergence that suffices to the task:

Proposition 4 Let § € (0,1) be such that
[f(t,z) —0)(x —0) > k(z —0)* for 2€ (0 —¢€,0+¢),2#0 (10)

takes place eventually for some € > 0 and k < 1. Then for every 6 > 0

t—o0

lim ¢?minl=kl/2H6D X (1) — 9} / (X(t) — 0)*dP #0.

{x®—0}

The proposition is proved in the appendix.

Proposition 2 and 4 show that convergence to 0 and 1 can be much faster
(almost of order 1/t as t — o) than to an interior limit (which can be almost
of order 1/+/t only)'''2. Here ¢ stands for the number of adoptions to the urn.
That is, we are talking about relative rates (the ideal time which is considered
here is the time of product selection choices). This result is however stronger
than it may seem at first glance. In fact it has also implications for the
patterns of product selection in "real” (empirical) time where plausibly the
speed of the market share trajectory depends also on technology adoption
decisions. There is much qualitative evidence and some econometric results
le.g. Koski and Nijkamp (1997)] showing that technology adoption is at
the very least independent of market shares if not enhanced by increasing
asymmetry in their distribution. Thus a fortiori we can conclude that there
is a natural tendency of this class of processes to converge faster to 0 or 1
rather than to an interior limit. The explanation is that the variance of *(z),
which characterizes the level of random disturbances in the process (2), is
f(t,z)(1 = f(t,x)). Under condition (9) this value vanishes at 0 and 1 but it

'1Tf returns are constant, the result of proposition 3 and 4 simply becomes the well-
known textbook result on rate of convergence of the sample mean and its variance.

12Bassanini and Dosi (1999b) shows that 2min {1 — k,1/2} is also an upper bound to
the rate of convergence to an interior limit, therefore proposition 4 could be written in an
even stronger way, although not necessary for the task of the present paper.
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does not vanish at 6 € (0, 1), being equal to #(1 — @), under condition (10).
Notice also that in example 1 ¢ = 0 and in example 2 ¢ = 0.

As shown in the previous section, the urn function can have any shape
and there is no reason to believe that problems characterized by 0 and 1
as the only stable points are the only ones that we can expect. Therefore,
in principle, an asymptotic outcome where both technologies survive should
be observable with positive frequency in real markets. As discussed in the
previous section the tendency to converge to market sharing or technological
monopolies is an outcome induced by the relative impact of heterogeneity of
preferences and increasing returns to adoption. What tendency is realized
depends on which of the two prevails. Notice however that the prevalence
of one of the two factors is not always predictable ex ante even for a nearly
omniscient agent fully aware of all fundamentals of the economy: in the
examples of the previous section both type of outcomes are possible, but
which one is realized depends on the actual sequence of historical events
that lead to it. In this type of models, in general, when multiple asymptotic
equilibria are attainable, history plays a major role in the selection of the
actual one'.

If asymptotic patterns were observable, the results of the previous section
would imply that we should observe both stable market sharing and techno-
logical monopolies. However for the interpretation of empirical stylized facts,
the point where the process eventually would converge may be irrelevant. In-
deed, the rate of change of the technological and economic environment can
be sufficiently high that one can always observe diffusion dynamics well short
of any meaningful neighborhood of the limit it would have attained under
forever constant external conditions. So while it is true that a convergent
process should generate a long-lasting stable pattern, the time required to
generate it may be too long to actually observe it: the world is likely to
change well before convergence is actually attained. In a sense these changes
can be viewed as resetting the game to its starting point.

On the basis of the propositions of this section we notice that convergence
to technological monopolies tends to be much faster (in probabilistic terms)
than to any stable market sharing where both technologies coexist, because of
the intrinsic variability that market sharing carries over. Thus the empirical
prediction of these results can be stated as follows: in markets with increasing
returns to adoption and a high rate of technological change we expect to

13For a general discussion on this point see also Dosi (1997).
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observe a prevalence of unstable market sharing (persistent fluctuations in the
market shares) and stable technological quasi-monopolies over stable patterns
of market sharing. The reason for this being that technological monopolies
can be easily attained in a reasonably short time, i.e. sufficiently before any
significative change in the underlying basic technological paradigms [Dosi
(1982)].

Finally note that the observation of the frequent emergence of different
monopolies in different related markets (e.g. different geographical areas)
does not contradict our empirical predictions. Of course it is trivially true
that, with mutually independent markets, different trajectories could emerge
in different markets as if they were different realizations of the same exper-
iment. In a related paper [Bassanini and Dosi (1999a)] we show that the
foregoing results can be extended also to the case when markets are inter-
dependent: Not contrary to the intuition, it is the balance between local
and global feedbacks which determines whether the system converges to the
same or different monopolies in every market. However, even though at high
level of aggregation a system of different local monopolies looks like a stable
market sharing, it is shown there that it has the same rate-of-convergence
properties of a ”univariate” system converging to a monopoly.

4 Conclusions

This paper has reassessed the empirical evidence on prevalence of technolog-
ical monopolies over market-sharing in the dynamics of competing technolo-
gies. First we have argued that the dominant explanation in the literature,
namely that unbounded increasing returns can be identified as the factor re-
sponsible for this pattern, does not always hold. Brian Arthur’s results - we
have shown - hold only when increasing returns to adoption are linear or more
than linear and the degree of heterogeneity of agents is small. The presented
counterexamples suggest that asymptotic patterns of the dynamics of com-
peting technologies depend on the relative impact of (unbounded) increasing
returns and the degree of heterogeneity of the population of adopters. Sec-
ond, given all this, we propose however that in a market with high technolog-
ical dynamism, no interesting predictions can be made by simply looking at
theoretical asymptotic patterns: If convergence is too slow the environment
changes before the limit can be actually approached. Conversely, developing
upon some mathematical properties of Polya urns, we show that convergence
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to technological monopolies tends to be (in probabilistic terms) much faster
than to a limit where both technologies coexist, the empirical implication be-
ing that in markets with high turnover of basic technologies, a prevalence of
technological monopolies over stable market sharing is likely to be observed.

5 Appendix

For the purpose of exposition, to keep the notation simple, all proofs are
exposed for generalized urn scheme involving time-independent urn functions.
They can be easily repeated for the general case.

Proof of proposition 1. Consider only the first case — convergence to 0.
Without loss of generality we can assume that P{X(¢) — 0} > 0. Indeed
the theorem, being a statement about the convergence rate to 0, does not
make any sense if X (-) does not converge to 0.

Let Z(-) be a conventional urn process with cx as the urn-function and
the same initial numbers of balls n = n® + n®. Then

1-c
EZt+1)<(1- EZt), t>1
< (1=t ) Bzt 120,
and consequently
-1 1S s
EZ(t) < BZW)][5( - 55) S EZ(e =77 <
n+t—1
c—1 [ %dw . I—e o
<EZ()e v T = EBZ(1) ()" = BZ0)E [+ o(1)],

where 0,(1) — 0 as t — oo. Hence from Chebychev’s inequality
Pt Z(t) > 7} — 0 as t — o (11)

for every 6 € (0,1 — ¢) and 7 > 0.
For arbitrary o € (0, ¢€) and v > 0 there is N depending on these variables
such that

PUX (1) = 0JA{X(s) < o, 5 > N}} <o,
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where AAB = (A\B) U (B\A). Also since Z(t) — 0 with probability 1 as
t — 00, we can choose this N so large that

PUHX() — 0}A{X(s) <o, Z(s) <0, s = N}} <. (12)
To prove the theorem it is enough to show that

Pt X(t) > 7, X(t) — 0} — 0,

or, taking into account that v in (12) can be arbitrary small, that

P X () > 7, X(s) <0, Z(s) <, 5> N} — 0. (13)
However
P{t==X(t) > 7,X(s) S0, Z(s) <o, s 2 N} =
B e LS N S
T =,

where SX = {%,O <i<t-— 1} is the set of values that X(¢) can

attain (not necessarily with positive probability). Due to lemma 2.2 of Hill
et al. (1980), there exists a probability space such that Z(-) dominates X (-)
on the event Z(t) < o, t > N, providing that these processes start from the
same point. Therefore, for any y € S¥

P{t'"°X(t)> 7, X(s) <o, Z(s) <o, s>N|X(N)=y} <
<Pt Z(t) > 7, X(s) <o, Z(s) <0, s> NIX(N)=y}.
However for every y € Sx

P{tl—c—éz(t) >71, X(s) <o, Z(s) <o, s> N} <

<P{t"Z@t) > 1} —0

as t — oo by (11). Thus (14) is a sum of a finite number - namely N - of
terms each converging to zero. This completes the proof.li
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Proof of proposition 2. As before, consider only the first case — conver-
gence to 0.
Let Z(-) be a conventional urn process with cx as the urn-function and
the same initial numbers of balls n = n® 4+ n’. Then
EZt+1)?|Z(t)] = Z(t)*+
i (= 1) Z(0)? + (e = 1D?Z(t)*+
+ e (1= o) Z()*.

and

2(1—¢) N 1—c
t+n (t+mn)?

E[Z(t+1)] = (1 —

and consequently

BZ()2) = E[ZWA TS |1 - 252 +0,(1/5)] <

J=1 Jjtn
t—1 ntt—1
20e-1) Y 5 2(c—1) [ Zdz
<E[Z(1)¥e =" <E[Z(1)Ye i T =
n 2(1—c) c—
= B2 (55)" 7 = B2+ o(1)],

where t°0,(1/t*) — 0 as t — oo. Hence:
OB [Z(t)’] -0 as t — oo (15)

for every 6 € (0,1 —c).
For arbitrary o € (0, €) and v > 0 there is N depending on these variables
such that

P{H{X(t) = 0}A{X(s) <0, s = N}} <,

where AAB = (A\B) U (B\A). Also since Z(t) — 0 with probability 1 as
t — 00, we can choose this N so large that

PH{X(E) — 0}A{X(s) <o, Z(s) <0, s> N}} <. (16)
To prove the theorem it is enough to show that

tA1=e=9) / X(t)*dP — 0,

{x(®—0}
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or, taking into account that v in (16) can be arbitrary small, that

t21=e=9) / X (t)%*dP — 0, (17)
{X(s)<o, Z(s)<o, s>N}
However
(200-c9 / X(t)2dP =
{X(s)<o, Z(s)<o, s>N} (18)
= ) ppmed) / X(t)2dP
vesy {X(5)<0,2(5)<0,5> N, X (N)=y}

where SX = {%,O <i<t-— 1} is the set of values that X(¢) can

attain (not necessarily with positive probability). Due to lemma 2.2 of Hill
et al. (1980), there exists a probability space such that Z(-) dominates X (-)
on the event Z(t) < o, t > N, providing that these processes start from the
same point. Therefore, for any ¢ > N and y € S¥

2o / X (t)%dP <

{X(5)<0,2(5)<0,5> N X (N)=y}
< tHime=d) / Z(t)%dP .
{X(5)<0.2(5)<0,s> N X (N)=y}

However for every y € Sx

f20c8) Z(t)2dP <

{X(s)<0,Z(5)<0,s2N,X(N)=y}
S t2(17076)E [Z(t)2:| =0

as t — oo by (15). Thus (18) is a sum of a finite number - namely N - of
terms each converging to zero. This completes the proof.ll
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Proof of proposition 4. The proof is based on the following lemmas!*:

Lemma 1 Let f(.) be the urn function of the process Z(t) such that

[f(z) = 0)(z — 0) > k(z — 0)°

for somek <1 and @ € (0,1) and f(z)[1— f(z)] > o > 0. Then lim; o d; =
limy_o E(Z(t) — )2, where

(n+t)! if 20—k —1>0
d>K<S (n+t)togn+t) if 21—k)—1=0
(n +t)~20-k) if 2(1—-k)—1<0

where K is a constant term.

Proof Consider the process (2) and write n = n® + n®, then:

E[(Z(t+1) = 0)*|X(1)] = (Z(t) - 6)*+
+olf(2() = ZON(Z(1) = 0) + i [F(Z2(2) — Z(H)]*+
e [(Z0)1 = f(Z(1))].

Setting A; = E(Z(
account that f(Z(t

[f(2(t) = ZW)(Z(t) — 0) = [f(2(t)) — 0)(2(t) — 0) — (2(t) — 0)*,

we have

t) — )2, from the assumptions of the lemma, taking into
N — f(Z(t))] > «, and that

Ay > A {1 B 2(1 - k:)} o

n+t (n+1t)?
Thus

At+12A1ﬁ{1_2(§;fq Z Ok z+1|: n+])}.

i—1
Since

t
21—k —2(1-k) ¥
1 -7 = T4 ) >

j=i+1

4We are indebted to Yuri Kaniovski for suggesting us the line of the following proof.
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- n-+1 201=k)
> el 4 5 = (2E0) T (1),

where 3;, and ~,, are small terms(o;(1)) not necessarily non-negative!®, then

n+ 1)
A > A 1
t+1 = 1(71—1—25) ( +’71t)+

+a(n+1t)” Zn—l—z IR 4.
=1

Since, in terms of asymptotic behavior,

t p— — .
S ()00 { smper (20O 21— k) =120
i=1 log(n + 1) if 20—k)—1=0
we have that
() if 2(1-k) —1>0
A1 > K (n+t)tlog(n+t) if 2(1—k)—1=0,

which implies the statement of the lemma.ll

Set
3 fl@0—¢) if x<0—c¢
flx) =1 f(z) if 0—e<z<O+e€
f@+e) if x>0+c¢

E(Xw) - X

X(t+1) = X0+ ==

b

Then, with probability 1, X () — 6 as t — co. Also by lemma 1,
. . 2
t2min{l=k1/2}+6 {(X(t) — 9) } -0 as t — oo. (19)

15The line of reasoning here is the same as for the proof of proposition 1 and 2.
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As for proposition 2, we can ignore the case when X (¢) does not converge
with positive probability.
We have to show that as t — oo

g2min{l=h1/2}+e / (X(t)—0)*dP - 0, (20)
{X(®)—6}
For every o > 0 there is a t(o) such that
PH{X(s) =0} A{|X(t) — 0| <e,t>t(0)}} <o.

Since o can be arbitrarily small, (20) holds if and only if

f2min{1—k,1/2}+6 (X(t) _ 9)2 dP - 0.
{IX(s)—0|<e,s>t(o)}
However
2 min{1—k,1/2}+6 (X(t) —0)*dP =

(1X(s)=0|<e,s>t()} (21)
_ t2min{1—k,1/2}+5 Z / (X(t) — 9)2 dpv

VESU@) {]X(5)—0] <e,52t(0), X (£(0)) =}

where S, = S, = {%,0 <i<t-— 1} is the set of values that X (¢)

and X (t) can attain (not necessarily with positive probability). Notice that
for any t > t(0) and y € Sy

(X(t)—0)*dP =
{1X (s)-6] <€,5>1(0), X (t(0))=y}
~ 2
- / (X(t) - 9) dp.
{|X(5)-0|<e.s>t(0), X (t(0)) =y}

This follows from the fact that f(x) and f(z) are the same for = € [ —¢, O +¢].
However

p2min{1-k,1/2}+6 Z / (f((t) B 0)2 P

YESUO) (| %(s) -0 <e,52t(0), X (t(0r)) =y}
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— y2min{1—k,1/2}+6 / (X(t) — 0)2 dP =

{X()—0}
_ 2min{l1-k1/2}+6 o {(X’(zﬁ) B 9) 2} 0,
as t — oo by (19). This completes the proof.l
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