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Restrictions of continuous functions

Jean-Pierre Kahane and Yitzhak Katznelson

Introduction

Given a continuous real-valued function [@1], and a closed subsEtc [0,1] we
denote byf|g the restriction off to E, that is, the function defined only dathat
takes the same values &sat every point ofE. The restrictionf|g will typically

be “better behaved” thah. It may have bounded variation whdrdoesn't, it may
have a better modulus of continuity théinit may be monotone whehis not, etc.

All this clearly depends orfi and onE, and the questions that we discuss here are
about the existence, for evefy or everyf in some class, of “substantial” sefs
such thatf|g has bounded total variation, is monotone, or satisfies agiedulus

of continuity. The notion of “substantial” that we use isttb&either Hausdorff or
Minkowski dimensions, both are defined below.

Here is an outline of the paper. We refer to theorems by theestiion in which
they are stated.

Section 2 deals with restrictions of bounded variation. orbm 2.1, part
states that every continuous real-valued function@®@f] has bounded variation
on some set of Hausdorff dimension 1/2. Ra&rof the theorem shows that this is
optimal by constructing an appropriate lacunary seriess@tsum has unbounded
variation on every closed set of Minkowski dimension bigtm 1/2 (and hence
on every set of Hausdorff dimension bigger thai2)l Analogous results fdR9-
valued functions are proved in subsection 2.6.

Section 3 deals with restrictions that satisfy a Holderdition with parameter
a €(0,1). Iltwas known, though never stated in this form, that for geentinuous
function f on[0,1] and everyx € (0,1) there exists sets of Hausdorff dimension
1— a such thatf|g satisfies a Holdea condition (see subsection 3.1). Extending
the methods used in the proof of theorem 2.1, we give an elemeproof of the
result (theorem 3.1 pat) and show, in partl, that it is optimal by constructing,
as in the proof of partl of theorem 2.1, an approriate lacunary series whose sum
is a function for which nothing better can be done.
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In section 4, theorem 4.1, we construct continuos functibribat satisfy a
Holdera condition for alla < 1 and yet iff|g is Lipschitz or monotone, the
is “arbitrarily thin”. Theorem 4.2 deals with monotone régtons of continuous
functions.

In section 5 we consider the relative advantage of regiristof functions that
satisfy various Holder smoothness conditions, give glargsults and point out
some open problems.

By including the short section 1, we try to make the exposigementary and
self-contained, requiring no background material beyomatwshould be “com-
monly known”.

Notations and terminology.

A modulus of continuity is a monotone increasing continuous concave function
w(t) on[0,1], such thatw(0) = 0.

Given a real-valued functiofi on [0,1], a closed seE, and a modulus of con-
tinuity w, we write f|g € Cy, if for all t € E there existd = 5(t) > 0 andC = C(t)
such that ift € E and|t — 7| < d(t) then|f(t) — f(1)| <C(t)ow(t —T).

Forw(t) =t%, 0< a <1 we write Lip, instead ofC,,. Lip, is usually referred
to as thelipschitz class, while Lip,, 0 < o < 1, as the Holdeo class!

The(total) variation, var(E, f), of a functionf on a closed se&, is defined by

var(E, f) = supy [f(xj41) — f(x))],

the supremum is for all finite monotone increasing sequefigsC E. We write
f e BV(E) if var(E, f) < co.
The oscillation ofg on a sekE is

(1) osc(Q,E) = Ql%xg(x) —ming(X).

XeE

Finally, if E C [0, 1] is closed, we denote h¥| the (Lebesgue) measure Bf

1 Dimensions

1.1 (Lower) Minkowski dimension.

DEFINITION. Lets> 0. Ans-separated set of lengthisaset J = {x;}T_, in [0,1]
such that [x —x;| > sfor j # k.

1Some classics refer to the Holder classethasipschitz a classes—hence the notation.
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For a subseE C [0,1], denote byL,(E) the smallest number of intervals of
length n~! needed to coveE. Denote byL} the largest numbek such thate
contains some1-separated sequence of length

Lemma.
() Ln(E) < Lon(E) < Lan(E).

PROOF. A pair of points whose distance is (2n)~! cannot belong to the same
interval of length(2n)~1. Conversely, if{xj}jL;1 is a maximal(2n)~! separated
subset oF, then the intervals of length™! centered ax; coverkE. |

The Minkowski dimension,Z-dim(E) of E is defined as the limit, if it exists,

3) A-dim(E) = lim logLa(E) _ lim M.
n—e logn n—o logn

The lower Minkowski dimensiort?.#-dim(E) of E is well defined for all sets
by

4) L A-dim(E) = liminf jogn jogn

Example. If E = {3}7_;, the subse{;}]_, is n"? separated ant’,(E) > n.
On the other hand the intervalgn 2, (j+1)n"?], j = 1,...,n cover{;}{_,, and
n additional intervals of the same size cm{%r}'j‘:l, so thatl»(E) < 2n. By (@)

L2 (E) ~ n, the limit in @) exists, andZ-dim(E) = 3.

1.2 Hausdorff dimension. The Hausdorff dimensior#-dim(E) of a setE C
R is the infimum of the numbers for which there is a consta@ such that, for
everye > 0, there exists a covering & by intervalsl,, satisfying:

(5) sufln| <& and [In|°<C.
n

Since covering by intervals of arbitrary lengtkse can be more efficient than
covering by intervals of a fixed length,

(6) A-dim(E) < .. #-dim(E);

the Hausdorff dimension of a s& is bounded above by its lower Minkowski
dimension. The inequality can be strict: for exampleEifis countable then
-dim(E) = 0, while Z.#-dim(E) can be as high as 1.

A useful criterion for a lower bound on the Hausdorff dimemsof a closed
setE is the following:
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Lemma. Assume that E carries a probability measure u such that u(l) < C|1|°
for every interval | then s#-dim(E) > d.

PROOF If ¢ < 9§, andl, are intervals such thél,| < € andUl, D E, then

(7) 1< S u(ln) <CS [In|® <Ce®C 5 Il

That means |I|¢ > C~1e¢~% which is unbounded as— 0. <

1.3 Determining functions. A Hausdorff determining function is a continuous
nondecreasing functioh on [0, 1] satisfyingh(0) = 0. The Hausdorff dimension
introduced in the previous subsection uses explicithyF)nthe functionsg(t) =t°,
with 0 < ¢ < 1 as does (implicitly) the definition of the Minkowski diménis.

A setE C [0,1] has zercdh-meassure if, for every > 0, there exist intervalk,
such thaty h(|ln|) < € andE C Ul,.

A setE C [0,1] is Minkowski-h-null if liminf Lyh(1/n) = 0.

A set that is Minkowskh-null has zerdr-measure. The converse is false.

2 Restrictions of Bounded Variation

2.1 The total variation of restrictions. Given a functionf onR and a closed
setE, we denotes the total variation of the restrictitjg: of f to E by var(g, f),
and writef € BV (E) if var(E, f) < co.

Theorem. |: For every real-valued f € C([0, 1]), there are closed sets G C [0, 1],
such that s#-dim(G) > 3 and f € BV(G).

Il: There exists real-valued functions F € C([0,1]) such that var(E,F) =
for every closed set E C [0,1] such that .#.#-dim(E) > 3, (and, in particular, for
closed sets E such that /#-dim(E) > ).

2.2 The proof of part of the theorem uses the following lemma.

Lemma. Let| beaninterval and E C | aclosed set, ¢ € C(E) and osc(¢,E) = a.
Then there are subsets E; C E, j = 1,2, carried by digoint intervals I, such that
|Ej| > Z|E| and osc(, E;) < 3.

PROOF. If | = [ty,t;] let t3 be such thatE N [ty,ts]| = 3|E|. Setl; = [t;,t5] and
I, = [t3,t2].
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DefineE; C |1 as follows: Let[c,c+ a] be the smallest interval containing
¢ (ENly). Write Gy =EN ¢ *([c,c+ 3a)) andG, =EN¢ ([c+3a,c+a]), and
observe that eithelG,| > 3|E| or |G| > 3|E| (or both). Se€; asG, in the first
case, and a6, otherwise. Defin&, C I, in the same way. <

We call the set€; descendants of E, and refer to the replacement of ed€tby
its two descendants as tisandard procedure. We sometime use thaternate
procedure in which we replace eadk by only one of the two descendants.

PROOF OF THE THEOREM PART | : Let f € C([0,1]) be real-valued. We apply
the lemma, with¢ = f, repeatedly. We use the standard procedure most steps
and the alternate procedure occasionatlk) ~ 2log,k times out ofk. After
k iterations we have a sef which is the union of 2¢% ~ 2kk-2 setsEy g,
each of Lebesgue measure2- % carried by disjoint intervals o, and such that
osc(0,Exq) < 2K WriteG = Mk ék-

Forx,y € Gletk(x,y) be the lask such thak andy are in the same component
Ev.a. Remember thalf (x) — f(y)| < 27X

In a monotone sequenég; }) ; C Gand anyk € N, there are at most2°®) ~
2k=2 values ofj for whichk(x;,X;;1) = k; so that

(8) S F(x1) = Fxg)| < § 20W2 K S22 h=F k2

It follows that the total variation of |G is bounded byy k2.

Let i a probability measure carried % that puts the same mas¥<2* on
everyEy 4. Observe that, for alle N, iy (Exa) = Uk(Exa)-

Let u be a weak-star limit ofi ask — . Since every interval of length
2= intersects at most two sets of the foBx, we haveu(l) < C|| ]% and, by

lemma[1.7#-dimG > 1/2. <

2.3 The proof of part| of the theorem is a construction that uses as a building
block the 2-periodic functio, defined by:

9) ¢(2m+x) =1—1x| for |x| <1 andme Z.

We write ¢, (X) = ¢ (2nx).

Lemma. Let J = {x;} C [0,1] be an s-separated monotone sequence of length m.
If m> 2n, then, for a > 0,

(10) var(J,agn) =  [adn(Xj+1) —agn(xj)| = (M—2n)2nas.
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PROOF. There are at mostrvalues ofj for which x; andx;,; are separated by
some%, (¢ =1,...,2n). For all otherj we havea¢, linear and|a¢,| = 2an in
[Xj,Xj+1] so that

(11) [adn(Xj+1) —agn(X;j)| = 2na(Xj+1 — Xj) > 2nas,

and there are at least— 2n such values of. <

2.4 We can modifya¢, somewhat without affectind (JL0) materially.

Lemma. Let g € C(]0,1)), ||9]l < nsa/10, and G € C([0,1]) with Lipschitz con-
stant bounded by 75, then

(12) var(J,G+a¢n+9) > (m—2n)nsa.

PrROOF. For the values of for whichx; andx;., arenot separated by som§ we
have
|an(Xj+1) — adn(Xj)| = 2na(Xj+1 —Xj),

na
(13) G(Xj+1) = Gx))| = 75(Xj+1 X)),
nas na
19(Xj+1) =9(X))| = = = = (Xj+1 = X)),

so that
na nsa
G+ agn+9)(+2) — (G+adn+G)(xp)| = (203 1) (41— X)) — g > nsa
which implies [IR) <

We use the lemma witln = 20n and the right-hand sides df {10) arjd](12) will
be (wastefully) written simply ag?as.

25

PROOF OF THEOREM2.1, PART Il : For sequences$a }, a > 0, and{n} C N
write: m = 20, § = n; 2logn;, and

00

0 k—1
(14) F:za|¢n|> Gk:ZaI(bnn Ok = Z al¢n|>
(= (=] ]

The sequencefs }, & > 0 and{n } C N are chosen (below) so that
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a. aglogng > Kk,
b yilan < dan
C. 1ok < M

These conditions guarantee that the lemma appliesrwithm,, G = Gy andg = gk
so that ifJ is ¢ separated of lengtim, then

(15) varJ,F) > n2acsq = alogng > k.

If Z.#-dm(E) > 1/2 then, for allk > k(E), E containss-separated se-
quenceskg (nk) of lengthmy, so that

(16) vanE,F) > var(Je(ny),F) >k,

and the functiorF = 3| ; & ¢n, has infinite variation on every closétsuch that
L-dim(E) > %

The sequence& } and{n } are defined recursively:

Takea; = 1/2 andn; = 100.

If & andn defined forl <k, setay,1 = Zioakngl, and observe that this rule
guarantees th@pkaj < 28y, so thatc. is satisfied.

Now takeny. 1 big enough to satisfy conditiores andb. |

2.6 RY-valued functions. The generalization of Theorgm P.1&4-valued func-
tions is the following statement:

Theorem. |: For every continuous RY-valued function g, there are closed sets
E C [0, 1], such that #-dim(E) > g1; and g € BV (E).

I1: There exists continuous RY-valued functions F such that if E c [0,1] is
closed and .Z./-dim(E) > g7 then var (E,F) = o,

The proofs of both parts are the obvious variations on thefprfmrd = 1.

The proof of part differs from that of the corresponding part of Theorgnp 2.1
only in the estimate of the measures of the &ts defined at thé'th stage, car-
ried, as before, by disjoint intervalg,, and such thadsc(g, Ex o) < 2K, but now
of Lebesgue measute 2~ (41K This guarantees that the Hausdorff dimension of
the set, constructed as beforea’%.
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For partl| we replace the functioth, by Wn = ¢ 4(mx) wherem = [n'/9] (the
integer part oh'/9) and Ynd is an even 2-periodii9-valued function satisfying:
gl < 1and, forx,y such thafx] = [y] and|x—y| > 1/n:

ol

(17) [na(X) = Una(y)l = n~

so that

Ql-

18)  [[Yn(¥) — Yn(y)||>n"d if [mq=]my] and [x—y|>n 7.

d+1

A setE such thatZ .#-dim(E) > Fll E contains, whemis large,n™ " -separated
sequence$x; }} of lengthL >> na and for all, but at mosin~ nd values ofj, we
have||gn(Xj+1) — Yn(X))[| > n~d so that the variation of, on E is large.

One can construct the functios, 4 as follows. LetAy, = Ang be the set of
(m+1)9 pointsvi = (kq,...Kq) satisfying 0< k; < min N9, enumerated in a way
that|lvi 1 —wv| =1, i.e.,vj andvi;; have the same entries except for one, on which
they differ by 1. The functiony, 4 is defined on—1,1] by stipulating that it is

2-periodic, even, and it map[)ﬁnjr—l)d, (m'I—i)d] linearly onto[: 1],

3 Holder restrictions

3.1 Theorem. |: Assume 0 < a < 1. Given a continuous function f, there exists
a closed set E such that /7-dimE = 1—a, and f|g € Lip,.

I: For 0 < a < 1there exist continuous functions f such that if f|g € Lip,
for a closed set E, then s#-dimE <1—a.

Partl of the theorem derives easily from properties of Gaussktiosiary pro-
cesses on the circle, established[in [1]. The proof reads:

“Take a Gaussian stationary processon the circle (Fourier series with in-
dependent Gaussian coefficients) such ¥atLip, and.sZ-dimX~1(0) = a a.s.
Then writeE = (X — f)~1(0) and apply remark 2 in Chapter 14, section 5, page
206 of (1]

Partll of the theorem shows that pdris optimal. We give here an elementary
proof of both parts.

3.2  We prove part of the theorem by the method used in the proof of part
theoren] 2]1. The following is an extension of the procedimeeduced i 2.
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Lemma. Let E C | C [0,1] be a closed set, f € Cr(E) and osc(f,E) = a. Given
€>0, integarsk>2and| > 2, thereare subsatsE,, C E, m=1,2,... k, carried
by digoint intervals I, such that

a. The distance between any two Ep/sis at least |E|e/k;

C. osc(f,Em) < Ti‘.

PROOF. Choose the increasing sequergg}, m=0,...,k so that
ENO.X]| = [EL,
and letym = xm+ |E|€/k. Write Iy = [Ym, Xm+1] @ndEm = E N,
Then|Em| > |E[LE.
Let J = [minyeg f(X), maxce f(X)] (so that]J] = a). Divide J into | equal
intervals,Js, s=1,...,1, and writeEms = Enn f~1J. For everym let s(m) be
such thatEp gm)| > > |E 2%, and seEp, = Em7s( m)- <

We refer to this as thk, |, € procedure on (I;E), call the pairglm; En) the (first
generation) descendants(dfE) and rename them &b m; E1m).

We rename the parametded, € asky, |1, &1, and repeat the procedure on each
(I,m; ELm) with parametersc, |2, £,. We have the second generation, wiitko
descendants nameth m;Eom), m=1,... kiko.

We iterate the procedure repeatedly with paramédgtg, £ for the j’th round,
and denote

n

(19) Kn_ﬂkj, Ln_rlll fin=](1-¢)).

After n iterations we havd, intervalsl,m, each carrying a subséi, ,, of E
such thatEnm| > 7,K; 1L, |E|, and any two are separated by intervals of length
> gnﬁ nflKrTlL;fll‘E"

Given a € (0,1), we choose the parameteks |; uniformly bounded, and
gj — 0 so that

logLn

- logKhn
logKn -+ logL, — log(&nfl )

(20) an= logKn + logLn — log#j,

a, Bn:

<l-a,

anda, — a, Bn — 1 a.
DenoteE) = U," ;Enm, Observe thak; C E;_;, and seE* = NE;.
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We claim thatE™* satisfies the requirements of pamf the theorem. To prove
the claim we need to show

a. J-dmE*> (1-a).

b. f|E* S Lipa.

PROOF For claima. we construct a probability measurg on E*, such that for
everya’ > a, there exists a consta@t= C(a’) such thatu*(1) < C|I|* for all
intervalsl. By lemma[1.p this proves¢-dimE* > (1—a).

Denote by, the probability measure obtained by normalizing the Lebesg
measure ofE;; by multiplying it, on eactEnm, by a constant, m = K, |Enm| 1,
so thatin(Enm) = K, 1. The sequencéu,} converges in the weak-star topology
to a measurg@* carried byE*. Observe thag*(Enm) = tUn(Enm) = Kn*1.

We evaluate the modulus of continuity of the primitiverof by estimating the
size of intervalsA such thatu*(A) > 2K 1. Such interval must contain an interval
Inm, and hencé&, m, and it follows that

(21) Al > [Inm| > [Enm| > Ky 'Ly E]

which means that for every’ > a we have fom large enough and every interval

Inm
logK
(22) K (Inm) < ||n,m|"’E’K"+'°gL’r‘]""g'7n = |lnm/P < [lnm*

and it follows that for arbitrary intervalsand anya’ > a, as|l| — 0

(23) )=o)

which means that the Hausdorff dimensiorEdfis at least 1 a.

The modulus of continuity} of f|g+ is determined by:

“Let x,y € E*. Letn be the smallest index such that are not in the same
Enm. Then|x—y| > &fKy L, L E| and|f(x) — f(y)| < L;%,.” which translates

to 9 (ea oKy L 4 [E|) < L%, o, fort in this ranged (t) = O(t%), and for allt

(24) 9(t) =0 <
Remark: Reversing the inequalities if {20) by an appropriate chofthe param-
eters we obtain a s&* that has positive measure in dimension &, such that the
modulus of continuity off |+ is bounded by?|logt|?*¢ ast — 0.
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3.3 Proof of theorem 3.1, partll.  As in section 2, we write

[« n

(25) f(x):Zajrp(A,-x), and fn(X)ZZajfﬁ(MX)

where ¢ is the 2-periodic function defined bj] (%y is fast decreasing); fast
increasing. Botta; andA; depend oror, and will be defined inductively.
Choose (arbitrarilypy = 3, andA; = 10.
Assuminga; andA; have been chosen fgr< n, we shall choose,,; small
(see below) and theh, . 1 a large enough integral multiple af, so that:

n
(26) An | Ang1, and ani1Angg > Zzaj)\ja

j+1)

The divisibility guarantees that thdy is linear in each of the interval(sAj—n, p"

and the successive inequalities[in] (26) tt@lfn] > %an)\n > 2N,
Let E be closed, and assume tHag < Lip,. Denote

En={x:x€E, [f(x)—f(y)| <njx—y|? forally e E such thatx—y| < A;}.

Clearly E, C Eny1, and E* = limE, D E. It suffices, therefore, to show that,
can be covered by intervalg, such thatzj|ljjn|3 < &y, With &, 3 — 0O for every
B>1-a.

Write Enj = EnN [/\ln, innl]. Forx,y € Enj, and in particular the paix,y such
thatE, j C [t,y] we have

1
(27) Nx—=y|% > [f(x) = F(y)] = SanAnX = Y| = 28n;1.
If an,1 is small enough, this impligx — y|1~¢ < %, andE, can be covered by
Anintervalsl  of length|l; 5| < (%)ﬁ
For any3,

2n \ s 2ny s | 1- L
. |B < ([ =— a . IB < (== a 1-a
28)  |ljalf < (an)\n> . and il < (an> AT
For B > 1— a the exponent ofA, is negative, and we tak&, big enough (after
choosingay).

This concludes the proof of theordin 3. <
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4 Lipschitz and monotone restrictions

4.1 Lipschitz restrictions. Partll of theorem 3 indicates that there are con-
tinuous functionsf such that iff|g € Lip; then J#-dimE = 0. The following
refinement shows that even ifis “almost” Lip;, the setE can be “arbitrarily”
thin.

Theorem. Given a Hausdorff determining function h, and a modulus of continuity
w such that lims_o w(s) /s = o, there exist functions f € C,, suchthat if f|g < Lipy,
then E has zero h-measure.

Notice that the assumption limg w(s)/s = o, allows w(s) = O(s*) for all
o < 1. The corresponding € C,, belongs to Lip, for all a < 1.

PROOF. We use again the serids|25), namely

00

f= Zajfb()\jx),

and adapt the parameteggandAn to the current context. Both; andA; will be
defined inductivelya; will be fast decreasing); fast increasing.

Denote byun(s) = max rj<san|@ (An(X+ 1)) — ¢ (An(X))|, the modulus of con-
tinuity of a,¢ (Anx). The conditiony , awn(s) = O(w(s)), ass — 0, guarantees that
f € C,. Observe that

an if s> At

29 wWh(S) = Min(an, anAnS) =
@9 & (2 202 {an)\ns ifo<s<Ayt

i. The first condition we impose o#h, A, is: an < w(1/A,). It implies that
wnh(S) < min(ay, w(s)) for all s. As w(1/A) >> 1/A, the condition is consistent
with havinganAn, arbitrarily large.

ii. Givena, andA,, definec, by the conditionw(c,) = 2"ayAnCh = 2"awn(Cn).
This implies that fois < ¢, we havew(s) > 2"apAns and

an if s> ¢,
2 "w(s) if s<cy.

(30) (n(s) < {

so that forc,;1 < s < ¢y we havey wj(s) < w(s) + zT:nHaj. It follows that if
a, decreases fast enough (whilg increases, allowing,A, to be as large as is
needed), we have indeddc Cy,.
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iii. Assuminga; andAj have been chosen fgpr< n, we shall choose,; small
(see below) and thehy, . ; a large enough integral multiple &f, so that:

n
(31) An | Ang1, and ani1Angg > ZZaj)\ja

M)

The divisibility guarantees that thd is linear in each of the interval@/\j—n, y"

and the successive inequalities[in] (31) thf,| > Za.A, >> 2.
Let E be closed, and assume tHag < Lip,. Denote

En={x:x€E, |f(x)— f(y)| <nlx—y]|forallye E such thaix—y| < A;*}.

Clearly E, C Eny1, and E* = limE, D E. It suffices, therefore, to show that,
can be covered by intervalg, such thaty ; h(|1j.n|) < &, with &, — 0.

Write Ej = EnN [Aln,j)‘lnl]. If X,y € Enj then

1
(32) nx—y| = [f(x) = (y)] = SanAnX = Y| — 2801

which implies|x—y| < 4an;1/(anAn — 2n). It follows thatE, can be covered by,
arcs of length bounded By = 4an;1/(8nAn — 2n) < 58n11/8nAn.

Choosea, 1 small enough so that,h(l,) < n~", and them,,.; appropriate to
guarantee[(31).

Remark: The proof shows, in fact, th&ét is Minkowski h-null. |

4.2 Monotone restrictions. Does there exist a functioh € C([0, 1) such that
if f|g is monotone thei has Hausdorff dimension 0?

Theorem. Given a Hausdorff determining function h, there exists f € C([0, 1])
such that if f|g is monotone, then E has zero h-measure.

PrROOF. Now we have to give up the building blogkdefined in (9) and the corre-
sponding functiong,. Let us denote byym(X) the 1-periodic function satisfying:
Um(0) = (1) = 0, Ym(m1) = 1 andym(x) linear on[0, m~1] and onjm™1, 1].
Write f = 35 aj i, ((—1)Ajx) and f, = F7aj¢m, ((—1)!Ajx), whereaj, m;,
andA; will be defined inductively.
The first conditions are

n-1
(33) mj_l)\j_l ‘ mj)\j, and apA, > ZZajmj)\j,
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so thatf,, is linear in each of the intervalm-@ntervals)(mnjAn,%). Each such
interval is divided in the next generation into one “fastteirval on which
\% frr1] ~ @nr1Mip1Ans1 and the union of the remaining “slow” intervals on which
|% far1l ~ @ni1Ani1

For evemn (resp. odd) f, is increasing (resp. decreasing) on the fast intervals
and decreasing (resp. increasing) on the unions of the sh@s oontained in an
(n—1)-interval.

Let E be closedf|g monotone increasing. Latbe even. Then, il is the slow
part of ann-interval, the diameter af N E is bounded bya,1/a,A,. The number
of suchJ’s is Ap. Choosea, 1 such thatAnh(an1/anAn) — 0.

E\ UJ is covered by the union of the fastintervals that isA, intervals of
lengthm; 1. Choosem, (after choosing\,) so thatAsh(m;t) — 0. <

5 Restrictions of Holder functions

5.1 Smoothness.

Theorem. Assumethat 0 < 8 < a < 1. Thereexist functions f € Lipg such that if
f|g € Lipg, then E has Hausdorff dimension bounded by }j—g

PROOF. We keep the notations used in the proof of theoferh 4.1. Asrobd
there, the conditionf € Lip 8 is equivalent toa, = O<)\{B) (if A, grows fast

!

enough). Nowa,:ﬁ)\nl_ﬁ = O()\
a > i:—g. <

!

{Berl_m) and the exponent is negative if

Question. Is the following statement valid?
Assume0 < B < a < 1 If f € Lipg there exists a set E such that 77-dimE =
=5 and f|g € Lipg.

5.2 Bounded variation. Fora € (0,1), denote by|| ||4 the Lip, norm. It is
easy to see thdag, ||, ~ an® and ifny increases fast enough, say 1 > 2n, then
S &, € Lip, if, and only if, ac = O (n, ?).

Theorem. There exists real-valued functions F € Lip, such that if E C [0,1] is
closed and .Z.#-dim(E) > 51 then var (E,F) = «.
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PROOF As in the example above defife= 3 ax¢n, where nowny = a;l/“. If

L M-dim(E) > 51—, and we sel = n{ 2logn, thenE containss-separated
sequenced; of lengthmy > 20n, and vafE, F) = o since for every,
(34) varE,F) > var(J,F) > n2agsc = logng. <

Question: Is the result best possible: does evérg Lip, have bounded vari-
ation on some set of dimensian= 5?2
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