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MIXING LEAST-SQUARES ESTIMATORS WHEN THE VARIANCE IS
UNKNOWN

CHRISTOPHE GIRAUD

ABSTRACT. We propose a procedure to handle the problem of Gaussian regression when the
variance is unknown. We mix least-squares estimators from various models according to a
procedure inspired by that of Leung and Barron [@] We show that in some cases the resulting
estimator is a simple shrinkage estimator. We then apply this procedure in various statistical
settings such as linear regression or adaptive estimation in Besov spaces. Our results provide
non-asymptotic risk bounds for the Euclidean risk of the estimator.

1. INTRODUCTION

We consider the regression framework, where we have noisy observations
(1) Yi=pi+og, i=1,...,n

of an unknown vector p = (p1,...,p,) € R™. We assume that the ;s are i.i.d standard
Gaussian random variables and that the noise level o > 0 is unknown. Our aim is to estimate pu.

In this direction, we introduce a finite collection {S,,, m € M} of linear spaces of R", which we
call henceforth models. To each model S,,,, we associate the least-squares estimator fi,, = Ils, Y
of 1 on S, where Ils, denotes the orthogonal projector onto S,,. The L?-risk of the estimator
fim with respect to the Euclidean norm || - || on R™ is

2) E [~ funl] = 1~ Ts,, il + dim(S, )

Two strategies have emerged to handle the problem of the choice of an estimator of y in this
setting. One strategy is to select a model Sy, with a data driven criterion and use fi,3 to estimate
. In the favorable cases, the risk of this estimator is of order the minimum over M of the risks
(B). Model selection procedures have received a lot of attention in the literature, starting from
the pioneer work of Akaike [l and Mallows [[I§]. It is beyond the scope of this paper to make an
historical review of the topic. We simply mention in the Gaussian setting the papers of Birgé
and Massart [, §] (influenced by Barron and Cover [[j] and Barron, Birgé and Massart [[f]) which
give non-asymptotic risk bounds for a selection criterion generalizing Mallows’C,,.
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An alternative to model selection is mixing. One estimates u by a convex (or linear) combination
of the fin,s

(3) = Z Win fbm,s

meM
with weights w,, which are o(Y’)-measurable random variables. This strategy is not suitable
when the goal is to select a single model S;;, nevertheless it enjoys the nice property that i may
perform better than the best of the fi,,s. Various choices of weights w,, have been proposed,
from an information theoretic or Bayesian perspective. Risk bounds have been provided by
Catoni [[[1], Yang [RF, g, Tsybakov [RJ] and Bunea et al. [[]] for regression on a random design
and by Barron [ff], Catoni [I]] and Yang [2§] for density estimation. For the Gaussian regression
framework we consider here, Leung and Barron [[[7] propose a mixing procedure for which they
derive a precise non-asymptotic risk bound. When the collection of models is not too complex,
this bound shows that the risk of their estimator f is close to the minimum over M of the
risks (f). Another nice feature of their mixing procedure is that both the weights w,, and the
estimators fi,,, are build on the same data set, which enable to handle cases where the law of the
data set is not exchangeable. Unfortunately, their choice of weights w,, depends on the variance
o2, which is usually unknown.
In the present paper, we consider the more practical situation where the variance o2 is unknown.
Our mixing strategy is akin to that of Leung and Barron [[I7], but is not depending on the
variance ¢2. In addition, we show that both our estimator and the estimator of Leung and
Barron are simple shrinkage estimators in some cases. From a theoretical point of view, we
relate our weights w,, to a Gibbs measure on M and derive a sharp risk bound for the estimator
fi. Roughly, this bound says that the risk of /i is close to the minimum over M of the risks ([)
in the favorable cases. We then discuss the choice of the collection of models {S,,,m € M} in
various situations. Among others, we produce an estimation procedure which is adaptive over
a large class of Besov balls.

Before presenting our mixing procedure, we briefly recall that of Leung and Barron [[7]]. As-
suming that the variance o2 is known, they use the weights

() wm =2 exp (<[~ il /o* + 2im(Sp) ~n]), € M

where {m,, m € M} is a given prior distribution on M and Z normalizes the sum of the wy,s
to one. These weights have a Bayesian flavor. Indeed, they appear with § = 1/2 in Hartigan
[[3] which considers the Bayes procedure with the following (improper) prior distribution: pick
an m in M according to m,, and then sample g ”uniformly” on S,,. Nevertheless, in Leung
and Barron [[L7] the role of the prior distribution {m,,, m € M} is to favor models with low
complexity. Therefore, the choice of 7, is driven by the complexity of the model S, rather than
from a prior knowledge on . In this sense their approach differs from the classical Bayesian
point of view. Note that the term ||Y — fi,,,[|?/0? + 2dim(S,,,) — n appearing in the weights ([
is an unbiased estimator of the risk (f) rescaled by o2. The size of the weight w,, then depends
on the difference between this estimator of the risk (f) and — log(7,,), which can be thought
as a complexity-driven penalty (in the spirit of Barron and Cover [§] or Barron et al. []). The
parameter 3 tunes the balance between this two terms. For 3 < 1/4, Theorem 5 in [[L7]] provides
a sharp risk bound for the procedure.
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The rest of the paper is organized as follows. We present our mixing strategy in the next section
and express in some cases the resulting estimator i as a shrinkage estimator. In Section 3,
we state non-asymptotic risk bounds for the procedure and discuss the choice of the tuning
parameters. Finally, we propose in Section 4 some weighting strategies for linear regression or
for adaptive regression over Besov balls. Section 5 is devoted to a numerical illustration and
Section 6 to the proofs. Additional results are given in the Appendix.

We end this section with some notations we shall use along this paper. We write |m| for the
cardinality of a finite set m, and < x,y > for the inner product of two vectors z and y in R".
To any real number x, we denote by (z)4 its positive part and by |z] its integer part.

2. THE ESTIMATION PROCEDURE

We assume henceforth that n > 3.

2.1. The estimator. We start with a finite collection of models {S,,, m € M} and to each
model S,,, we associate the least-squares estimator fi,, = Ils, Y of u on S,,. We also introduce a
probability distribution {7,,, m € M} on M, which is meant to take into account the complexity
of the family and favor models with low dimension. For example, if the collection {S,,, m € M}
has (at most) ¢ models per dimension d, we suggest to choose m,, o elat1/2)dim(Sm) = gee
the example at the end of Section B.I]. As mentioned before, the quantity — log(m,,) can be
interpreted as a complexity-driven penalty associated to the model S, (in the sense of Barron
et al. {]). The performance of our estimation procedure depends strongly on the choice of the
collection of models {S,,, m € M} and the probability distribution {m,,, m € M}. We detail
in Section [ some suitable choices of these families for linear regression and estimation of BV or
Besov functions.

Hereafter, we assume that there exists a linear space S, C R" of dimension d, < n, such that
S C S, for all m € M. We will take advantage of this situation and estimate the variance of
the noise by

) Y — 15, Y
5 2:H—*
6) e

where N, = n — d,. We emphasize that we do not assume that u € S, and the estimator
62 is (positively) biased in general. It turns out that our estimation procedure does not need
a precise estimation of the variance ¢ and the choice (f]) gives good results. In practice, we
may replace the residual estimator 62 by a difference-based estimator (Rice [20], Hall et al. [[4],
Munk et al. [[[9], Tong and Wang [P3], Wang et al. [2]], etc) or by any non-parametric estimator
(e.g. Lenth [[f]), but we are not able to prove any bound similar to ([[2) or ([[3J) when using one

of these estimators.

Finally, we associate to the collection of models {S,,, m € M}, a collection {L,,, m € M} of
non-negative weights. We recommend to set L,, = dim(S,,)/2, but any (sharp) upper bound
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of this quantity may also be appropriate, see the discussion after Theorem [l Then, for a given
positive constant 3 we define the estimator i by

- X : T ||
(6) w= Z Winfln,  With  wy, = ?m exXp (BHM@_LQH - Lm) )

meM

where Z is a constant that normalizes the sum of the w,,s to one. An alternative formula for w,,
is Wy, = mp exp (—B||s,Y — fun||?/6% — L) /2’ with Z/ = e AlMs.YI*/6* Z We can interpret
the term ||Ils,Y — ji;n||?/6% + L,/ 3 appearing in the exponential as a (biased) estimate of the
risk (B) rescaled by o2. As in (f]), the balance in the weight w,, between this estimate of the
risk and the penalty —log(m,,) is tuned by 3. We refer to the discussion after Theorem [| for
the choice of this parameter. We mention that the weights {w,,, m € M} can be viewed as a
Gibbs measure on M and we will use this property to assess the performance of the procedure.

We emphasize in the next section, that fi is a simple shrinkage estimator in some cases.

2.2. A simple shrinkage estimator. In this section, we focus on the case where M consists
of all the subsets of {1,...,p}, for some p < n and S,, = span{v;, j € m} with {vi,...,vp,}
an orthonormal family of vectors in R™. We use the convention Sy = {0}. An example of such
a setting is given in Section [L.9, see also the numerical illustration Section [ Note that S.
corresponds here to S¢y . ) and di = p.

To favor models with small dimensions, we choose the probability distribution

1 -P
(7) T = (1 + ﬁ) pml me M,

with o > 0. We also set L,,, = b|m| for some b > 0.

Proposition 1. Under the above assumptions, we have the following expression for fi

P exp (BZ;/&Z)
(8) = Z(chj)vj, with Z; =<Y,v; > and ¢; = .
= p*exp (b) + exp (ﬁZJZ/6'2>

The proof of this proposition is postponed to Section p.1. The main interest of Formula (§) is
to allow a fast computation of . Indeed, we only need to compute the p coefficients ¢; instead
of the 2P weights wy, of formula (f).

The coefficients ¢; are shrinkage coefficients taking values in [0, 1]. They are close to one when
Zj is large and close to zero when Z; is small. The transition from 0 to 1 occurs when Zj2 R

B~ (b+alogp)6?. The choice of the tuning parameters a, 3 and b will be discussed in Section B.3.
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Remark 1. Other choices are possible for {m,, m € M} and they lead to different ¢;s. Let us
~1
mention the choice 7, = ((p + 1)(|51|)> for which the ¢;s are given by

c::ﬁqﬂﬁjh+u—qmm%—wﬁw2+whm
T TR o+ (- g exp (—Z7/62 +b)] dg

This formula can be derived from the Appendix of Leung and Barron [L7].

for j=1,...,p.

Remark 2. When the variance is known, we can give a formula similar to (f) for the estimator
of Leung and Barron [[[7]. Let us consider the same setting, with p < n. Then, when the
distribution {m,,, m € M} is given by ([), the estimator (f) with weights w,,, given by () takes
the form

p 66212/02
- Z .
(9) K — pC“eQB N 66212/02 i | Vs
]:

3. THE PERFORMANCE

3.1. A general risk bound. The next result gives an upper bound on the L?-risk of the
estimation procedure. We remind the reader that n > 3 and set

¢: 10,1 — ]0,+o0]

(10) x = (r—1-logz)/2,

which is decreasing.

Theorem 1. Assume that 8 and N, fulfill the condition

logn
11 6<1/4 and N,>2+—,
) / $(45)
with ¢ defined by ([[4). Assume also that Ly, > dim(S,,)/2, for all m € M. Then, we have the
following upper bounds on the L?-risk of the estimator fu

E (|ln - all?)
,2 2
(12) < —(1+e) Z log > e Bl bl = dim(Sm)o?] /5> ~Ln | T
< 3 P 2logn
f s .
13 < ( i —I g Lm—1
(13) < +en)W§gM{HM smtl”+ 7 (Lm OgWM)}+2logn’

where £, = (2nlogn)~! and % = 0% + ||u — s, p||? /N

The proof Theorem [[ is delayed to Section .3 Let us comment this result.
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To start with, the Bound ([[J) may look somewhat cumberstone but it improves ([[3) when there
are several good models to estimate p. For example, we can derive from ([I4) the bound

E (|lp—al*) <

2
(1+e,) inf {Ilu —TIs, pl|? +
meM

a2 o

B

6,2

3 (Lm - logﬂ'm)} + égg {6 -

where M is the set made of those m* in M fulfilling

1
o8 M5l +

7 7
g g

In the extreme case where all the quantities ||u — IIs,, p||> + %2 (L, —logm,) are equal, ([[J)

then improves ([[3) by a factor 37152 log | M.

2

||,u—H3m*,u||2+ (L — log mp) < 5+mi£/fw{||u—ﬂsmﬂ||2+ (Lm—logwm)}.

We now discuss the choice of the parameter § and the weights {L,,, m € M}. The choice
L,, = dim(S,,)/2 seems to be the more accurate since it satisfies the conditions of Theorem
and minimizes the right hand side of ([[4) and ([J). We shall mostly use this one in the following,
but there are some cases where it is easier to use some (sharp) upper bound of the dimension of
S, instead of dim(S,,) itself, see for example Section [£.3,

The largest parameter 3 fulfilling Condition ([[1)) is

1 logn 1

14 —— === <=

(14) B=1 (M_Q) :

We suggest to use this value, since it minimizes the right hand side of ([3) and ([[J). Nevertheless,

as discussed in Section B. for the situation of Section R.9, it is sometimes possible to use larger
values for f3.

Finally, we would like to compare the bounds of Theorem [[] with the minimum over M of
the risks given by (f]). Roughly, the Bound ([[3) states that the estimator f achieves the best
trade-off between the bias || — IIs,, p||?/0? and the complexity term C,, = L,, — log 7,,. More
precisely, we derive from ([13) the (cruder) bound

A . 1 .
(15) B (I = Al) < (15 e inf, { = Ts,l? + 500 + Rio®
with
1 1 | — s, p]|?
= d R* = * C .
T o logn an " 2logn + BN*g? 72161/134 "

In particular, if Cy, is of order dim(S,,), then ([[J) allows to compare the risk of fi with the
infimum of the risks (). We discuss this point in the following example.

Example. Assume that the family M has an index of complexity (M,a), as defined in [],
which means that

[ {m e M, dim(S,,) =d}| < Me®, for all d > 1.
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If we choose, example given,
e—(a+1/2)dim(Sm)

(16) Tm = S vepy € @H/2dm(S,)

and L, = dim(S,,)/2,

we have Cy,, < (a + 1)dim(S,,) + log (3M). Therefore, when (3 is given by ([4) and d. < xn for
some k < 1, we have

N . +1 .
B (= lP) < (142 inf, { = Ts, P + 25~ dim(Sn)o? | + o
with
b lsEM) 1 - Tspl? | (at Dst o log(3M)
no I6; 2logn o2 B(1 — k)

In particular, for a given index of complexity (M, a) and a given &, the previous bound gives an
oracle inequality.

3.2. On the choice of the parameter . The choice of the tuning parameter 3 is important in
practice. Theorem [I] or Theorem 5 in [[[4] justify the choice of a 3 smaller than 1/4. Nevertheless,
Bayesian arguments [l] suggest to take a larger value for 3, namely 3 = 1/2. In this section,
we discuss this issue on the example of Section R.2.

For the sake of simplicity, we will restrict to the case where the variance is known. We consider
the weights (H)) proposed by Leung and Barron, with the probability distribution 7 given by (f])
with a = 1, namely

m=1+p ) pim.
According to (), the estimator ji takes the form
ef??

p
(17) p=Y ss(Zj/o)Zjv; with Z; =<Y,v;> and sg(z) = TR

J=1

To start with, we note that a choice § > 1/2 is not to be recommanded. Indeed, we can compare
the shrinkage coefficient sg(Z;/0) to a threshold at level T' = (2 4+ 3~ !log p)o? since

1
55(Zj/0) 2 5 1 257}
For p = 0, the risk of ji is then larger than a quarter of the risk of the threshold estimator
T = Z§:1 1{222T}ZJ vj, namely

p p
1 1 )
E(J0—il?) = Y E (sa(Z;/0)°23) = 1Y (1{Z;2T}Zf) = JE (0= frl?)
Jj=1 J=1

INote that this choice of & minimizes the rate of growth of —logm,, when p goes to infinity since
—log mm = plog (1+p ) 4+ alm|logp = p' T+ alm|logp + o (pl_a) ,
when 7, is given by (ﬁ) with a > 0.
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Plot of p -= ¢ 5 ()

2
10 10 10 10 10 10
P (log-scale)

FIGURE 1. Plot of p — ¢;/5(p)

Now, when the threshold T is of order 2K logp with K < 1, the threshold estimator is known
to behave poorly for u = 0, see [[J] Section 7.2. Therefore, a choice 3 > 1/2 would give poor
results at least when p = 0.

On the other hand, next proposition justifies the use of any 5 < 1/2 by a risk bound similar
to (I3). For p > 1 and B > 0, we introduce the numerical constants y3(p) = /2 + 3~ logp and
Jg (= (x4 2)sp(z + )2 e /2 dz )\ 2m

cs(p) = sup

; V 0.6.
16[0,473(;))] mln(an’Yﬁ(p)Q) +r75(p)2/p

This constant cs(p) can be numerically computed. For example, c;/5(p) < 1for any 3 < p < 109,
see Figure

Proposition 2. For 3 <p <n and 3 € [1/4,1/2], the Euclidean risk of the estimator ([[7) is
upper bounded by
(18)

E (Il = 2l*) < llp = s, pll* + cp(p) inf [|Ts,p = s, pll* + (2+ 87" logp) (Im| + 1)o*] .

The constant cg(p) is (crudely) bounded by 16 when p > 3 and B € [1/4,1/2].

We delayed the proof of Proposition f] to Section p.4. We also emphasize that the bound
c3(p) < 16 is crude.

In light of the above result, 5 = 1/2 seems to be a good choice in this case and corresponds to
the choice of Hartigan [[[§]. Note that the choice 3 = 1/2 has no reason to be a good choice in
other situations. Indeed, a different choice of a in (ff) would give different ”good” values for 3.
For a > 1, one may check that the "good” values for 3 are 8 < «/2.
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Remark 3. Proposition ] does not provide an oracle inequality. The Bound ([[§) differs from
the best trade off between the bias and the variance term by a log p factor. This is unavoidable
from a minimax point of view as noticed in Donoho and Johnstone [[[3].

Remark 4. A similar analysis can be done for the estimator (§) when the variance is unknown.

=
R

When the parameters o and b in (§) equal 1, we can justify the use of values of 3 fulfilling

1 1
ﬁg—w(ﬂ), for n>p >3,
2 n—p

see the Appendix.

4. CHOICE OF THE MODELS AND THE WEIGHTS IN DIFFERENT SETTINGS

In this section, we propose some choices of weights in three situations: the linear regression, the
estimation of functions with bounded variation and regression in Besov spaces.

4.1. Linear regression. We consider the case where the signal p depends linearly on some
observed explanatory variables (), ..., z®) namely

p
Mizzesz(j), i=1,...,n.
Jj=1

The index ¢ usually corresponds to an index of the experiment or to a time of observation. The
number p of variables may be large, but we assume here that p is bounded by n — 3.

4.1.1. The case of ordered variables. In some favorable situations, the explanatory variables
zW ...z are naturally ordered. In this case, we will consider the models spanned by the
m first explanatory variables, with m ranging from 0 to p. In this direction, we set Sy = {0}
and S,, = span {x(l), . ,x(m)} form € {1,...,p}, where 209) = (xgj), . ,xsf))'. This collection
of models is indexed by M = {0,...,p} and contains one model per dimension. Note that S,
coincides here with S,,.

We may use in this case the priors
e*—1
Wm:me s m:O,...,p,

with a > 0, set L,;, = m/2 and takes the value ([4) for 8, with N, = n — p. Then, according to
Theorem [l| the performance of our procedure is controlled by

E (|l - al?)
o

f 5 O° 52 e o?
< 1 : I 7 (a+1/2 1221 :
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with &, = (2nlogn)™! and 6> = o + ||p — IIs, u|*/(n — p). As mentioned at the end of
Section B.J], the previous bound can be formulated as an oracle inequality when imposing the
condition p < kn, for some k < 1.

4.1.2. The case of unordered variables. When there is no natural order on the explanatory
variables, we have to consider a larger collection of models. Set some ¢ < p which represents the
maximal number of explanatory variables we want to take into account. Then, we write M for
all the subsets of {1,...,p} of size less than ¢ and S,, = span {x(j), j € m} for any nonempty

m. We also set Sy = {0} and S, = span {:c(l), . ,x(p)}. Note that the cardinality of M is of
order p?, so when p is large the value ¢ should remain small in practice.

A possible choice for m, is

—1 q
p . 1
m = +1)H th H:§—§1_|_1 +1).
7T |:<|m|>(|m| ) q:| w1 q d:0d+1 Og(q )

Again, we choose the value ([14) for 8 with N, = n — p and L,, = |m|/2. With this choice,
combining the inequality (| b |) < (e|m|/p)™! with Theorem [[ gives the following bound on the
risk of the procedure

E (|| — all*)
< [L+ep] inf dfp—II ||2+5—2 im| (3/2 +log = ) + log(jm]| + 1)
< nl 0 2 SmM 3 g\m] g
o2 a2
— log 1 1
o logn T 5 18 ogl(q + 1)e],
1

with €, = (2nlogn)~! and 6% = o2 + || — ILs, u||?/(n — p).

Remark. When the family {x(l), e ,x(p)} is orthogonal and ¢ = p, we fall into the setting

of Section P-4 An alternative in this case is to use fi given by (f), which is easy to compute
numerically.

4.2. Estimation of BV functions. We consider here the functional setting

(19) wi = f(z;), i=1,...,n

where f:]0,1] — R is an unknown function and x1,...,x, are n deterministic points of [0, 1].
We assume for simplicity that 0 = 1 < 20 < - < xp, < py1 = 1l and n = 27n > 8. We set
J* = Jp — 1 and A* = UZZ)A(j) with A(0) = {(0,0)} and A(j) = {j} x {0,...,2771 =1} for
j > 1. For (j,k) € A* we define v, € R" by

i1)/2 . . .
[Uj,k]i — 20-1)/ (1Ij+,k (1) — 1I;k(z)) , 1=1,...,n

with I = {14+ (2k +1)277n,...,(2k +2)277n} and I} = {1+2k277n,...,(2k +1)277n}.
The family {vjx, (j,k) € A*} corresponds to the image of the points x1,...,z, by a Haar basis
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(see Section f.H) and it is orthonormal for the scalar product

1 n
<,y >n= Z;:cy
1=
We use the collection of models S, = span {vj, (j, k) € m} indexed by M = P(A*) and fall

into the setting of Section P.3. We choose the distribution 7 given by () with p = n/2 and
a = 1. We also set b =1 and take some ( fulfilling

< %qu <210g(n/2)> '

n

According to Proposition [l the estimator (f]) then takes the form

J Zj k €xp (nﬂsz/62)
(20) a=> 3 e K
=0 keA(j) en/2 + exp (nﬁZj,k/a )

with Z;, =<Y,v; >, and

J*
F=2|<vyYy>i-> Y 73
J=0 keA(j)

Next corollary gives the rate of convergence of this estimator when f has bounded variation, in
terms of the norm || - ||,, induced by the scalar product < -, >,.

Corollary 1. In the setting described above, there exists a numerical constant C such that for
any function f with bounded variation V(f)

E(uu—nH?)gcmax{(M)m V()2 JQlogn}.

n n n

The proof is delayed to Section p.5. The minimax rate in this setting is (V(f)a?/n)%3. So, the
rate of convergence of the estimator differs from the minimax rate by a (logn)?? factor. We
can actually obtain a rate-minimax estimator by using a smaller collection of models similar to
the one introduced in the next section, but we lose then Formula (R0).

4.3. Regression on Besov space BY[0,1]. We consider again the setting (Ld) with f :
[0,1] — R and introduce a L?([0, 1], dz)-orthonormal family {¢;,j >0,k=1...27} of com-
pactly support wavelets with regularity r. We will use models generated by finite subsets of
wavelets. If we want that our estimator shares some good adaptive properties on Besov spaces,
we shall introduce a family of models induced by the compression algorithm of Birgé and Mas-
sart [[f]. This collection turns to be slightly more intricate than the family used in the previous
section. We start with some x < 1 and set J, = |log(xn/2)/log2]. The largest approximation
space we will consider is

.7:*:span{¢j7k,j:0...J*,k:1...2j},
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whose dimension is bounded by xn. For 1 < J < J,, we define
J*
My = m:U{j}xAj, WithAjGAjJ ,
=0
where A ; = {{1,...,2j}} when j < J —1 and
Ajy={Ac{1,...,27}: |A|=[27/(i —T+1)*]}, whenJ<j<J.
Tom in M = Ui;lMJ, we associate Fy,, = span{¢;x, (j, k) € m} and define the model S, by
Sm=A{(f(@1),-- - f(zn)), [ €Fm} CS={(f(z1),..., f(zn)), [ € Fi}.

When m € M, the dimension of S, is bounded from above by

Je—J+1
1+ Z k—?’] <22.92/
k=1

and dim(S,) < kn. Note also that the cardinality of M is

. y J
e i) < P ) Gy <
i=0 =7

Jx

2J
‘M”:Jl<mvu—J+mﬂ)
To estimate 1, we use the estimator fi given by (f]) with 3 given by ([[4) and
Je 9 -
Lm=11-27 and =, = {2701 —2J*)g <L2J/(j _J+1)3J> , forme M.

Next corollary gives the rate of convergence of the estimator £ when f belongs to some Besov
ball By ,,(R) with 1/p < a < r (we refer to De Vore and Lorentz 2 for a precise definition

of Besov spaces). As it is usual in this setting, we express the result in terms of the norm
107 =1+ [I*/n on R™.

Corollary 2. For any p, R > 0 and « €]1/p,r[, there exists some constant C' not depending on
n and o? such that the estimator [i defined above fulfills

o\ 20/(204+1) 2
-2 o 1 o
E (||,u - 'an) < C'max { ( N ) P p2(a=1/p) 7 }

for any p given by ([L3) with f € BS (R).

The proof is delayed to Section f.6. We remind that the rate (o2/n) 20/ s minimax in this

framework, see Yang and Barron [R4].
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_4 1 1 1 1 1 1 I"\ 1 1

FIGURE 2. Recovering a signal from noisy observations (the crosses). The signal
is in black, the estimator is in red.

5. A NUMERICAL ILLUSTRATION

We illustrate the use of our procedure on a numerical simulation. We start from a signal
f(z) =0.7cos(x) + cos(7z) + 1.5sin(z) + 0.8 sin(5z) + 0.9sin(8z), = € [0,1]
which is in black in Figure fl. We have n = 60 noisy observations of this signal
Y= f(z;) + o, i=1,...,60, (the crosses in Figure f)

where xz; = i/60 and e1,...,e60 are 60 i.i.d. standard Gaussian random variables. The noise
level o is not known (o equals 1 in Figure fJ). To estimate f we will expand the observations on
the Fourier basis

{1,cos(27z), ..., cos(40mz),sin(27x),. .. ,sin(40mx)} .
In this direction, we introduce the p = 41 vectors vy, ...,v4 given by
/
(\/% sin(2mjxy),. .., \/% sin(27rjacn)) when j € {1,...,20}
/
vj = (\/%,,\/g) when j =21
/
(/2 cos@n(j —21)a1), ..,/ cos(@n(j —21)z,))  when j € {22,...,41}.

This vectors {v1,...,v41} form an orthonormal family for the usual scalar product of R” and
we fall into the setting of Section .2
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We estimate (f(x1),..., f(zn))" with i given by (§) with the parameter « = 1, b = 1 and
B =1/3. Finally, we estimate f with
20 20

flx) =ao+ Z ajcos(2mjx) + Z l;j sin(2mjz) (in red in Figure [)
j=1 J=1

where a9 = \/(1/n) < fi,var > and a; = \/(2/n) < @, vji >, bj = /(2/n) < fi,v; > for

j=1,...,20. The plot of f is in red in Figure f.

6. PROOFS

6.1. Proof of Proposition fll. Let us first express the weights wy,, in terms of the Z;s and
7= alogp+b. We use below the convention, that the sum of zero term is equal to zero. Then
for any m € M, we have

exp (Bliml|* /6 — (alog p + b)|m])
2 mrem €D (Bllfiny |2/ — (alog p + b)|m])
exp (Ppem (822/6° — 7))
Dmrem XD (e (BZ/6% — 7))
We write M for the set of all the subsets of {1,...,5 —1,7+1,...,p}. Then, for any j €

{1,...,p}
¢ = Y Liemn

meM
2mem Liem ep (Xpen (823/6° 7))
ZmEM exp (Zk@n (ﬂZI%/6-2 - T))
Note that any subset m € M with j inside can be written as {j} Um’ with m’ € M;, so that
Z2/)6%—7 -
eﬁ J/ Zm’EMj €xp (Zk@n’ (5213/‘72 - T))

TS renty @0 (Shen (022/6% = 7)) + Sinens, 0 (Spem (022/6% = 7))
oBZ3/5% =T

W

¢ =

Formula (§) follows.

6.2. A preliminary lemma.

Lemma 1. Consider an integer N larger than 2 and a random variable X, such that NX 1is
distributed as a x> of dimension N. Then, for any 0 < a < 1,

(22) Blla- %)) <B|(§ 1), | £ goa—g o (-No(@)

with ¢(a) = £ (a —1—loga) > (1 — a)?.
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Proof: Remind first that when g : Rt — R and f : Rt — R™ have opposite monotonicity,

Elg(X)f(X)] < E[g(X)]E[f(X)].
Setting g(z) = x and f(z) = (a/x — 1) leads to the first inequality since E(X) = 1.

We now turn to the second inequality. To start with, we note that
a 1 1
E <— - 1) S o
[ X ‘J ¢ [<X a> -J

+00 1
= a / P (X < —> dt.
1/a t
Markov inequality gives for any A > 0

1 Mim (oAX _ A/t 22 N2
]P’(th)ge E(e >—e 1+N

and choosing A = N(t — 1)/2 leads to

(23) P(X<7) < gz o (30— 1/0) < exp (-No(1/0)

for any t > 1. Putting pieces together ensures the bound

E[(%—l)J a/ljjoexp <g(1—1/t)> ﬂ%

< a/ exp <g(1 —x)> N2 24y
0

for any 0 < a < 1. Iterating integrations by parts leads to

a aN/2 ok k
£ [(Y -1) +] - <%(1 - a)> ?v— 2 kzzo Hf—ol((]z\ir//zz)Jr )
2aN/?

< oo (30-9) g

m exp (—N¢(a))

for 0 < a < 1, and the bound (RZ) follows.

IN

6.3. Proof of Theorem [ll. To keep formulas short, we write d,, for the dimension of S,,, and
use the following notations for the various projections

e =g Y, pe=Ts,pn and p, =1Is, pu, me M.

It is also convenient to write w,, in the form

- P
Uy *

with 2/ = e~ Blall?/6° z



16 CHRISTOPHE GIRAUD

By construction, the estimator ji belongs to Sy, so according to Pythagorean equality we have
i — fl|? = |l — pel* + |lpe« — f2]|?. The first part is non random, and we only need to control

the second part.

According to Theorem 1 in Leung and Barron [[7], the Stein’s unbiased estimate of the L?-risk
E (||« — 21]|?) /o? of the estimator i on S, can be written as

- |2 = fim |12 |fom — > i = fml®N o
S(p) = Z Wm [T+2dm_d*_0_7+2ﬂv T2 AR = fum) | -
meM
When expanding the gradient into

o (Ul (o - 20

B (= ) + e = oV (1/6%) - (o = fim)

the term [|fx — fim||*V (1/62) . (& — i) turns to be 0, since V (1/6?) is orthogonal to S,.
Furthermore, the sum

Z Wiy, ({1 = fis) - (2 = fim)

meM

also equals 0, so an unbiased estimate of E (||x. — %) /02 is
meM

We control the last term thanks to the upper bound

Y wnllim = AP =Y wallfe = ol = 14 = fel?
meM meM
< > wmlliie — i
meM
and get
. 52 &
- mem mem
< &2 4 &2 Hﬂ*—ﬂmHQ L |
s et Wm) | 2 e T
+4 mem
52 52 L
Do [ (0-5) )
meM g g +

where (z)4 = max(0,x). First note that when L,, > d,,/2 we have

62 62 L, 52 1 62
2 L‘* (“‘?)J e [2_267_% (M?U (m

5’2
< min<0,2——2>dm < 0.
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Therefore, setting 55 = (4B80%/62 — 1)+ we get

5 : | = fuml® | L
< 2 Whs = BmlV | Zm) g
S(“)—ﬂ(”‘sﬂ)Zwm[ =R

meM

Let us introduce the Kullback divergence between two probability distributions {a,,, m € M}
and {m,,, m € M} on M

D(a|r) = Z Qm log—m > 0
meM
and the function

@ = 3 an [l Lnfy Zpapn,

meM ﬁ

The latter function is convex on the simplex S/tl = {a e [0, 1)MI, Y omem Om = 1} and can
be interpreted as a free energy function. Therefore, it is minimal for the Gibbs measure
{wp, m € M} and for any o € S},

o (15 172s = i 1 1
S(p) < — 1+ Z QU [AiQ-l- ]—i— =D(a|r) — =D(w|r) | — d.
72 (1+6) = 3|78 3
; e = fiml® 67 6°
< L |+ ~=D —d..
< (144)| X an |Vl s 0]+ alalm)| - d

We fix a probability distribution « € S/tt and take the expectation in the last inequality to get
E[S()] <

1 —|—IE((§5)) Z anE [Hﬂ*_a%”? +E [ﬁ 22 (1+4p) } [ Z amLm—l—D(a|7r)] — dy.

meM meM

Since 62/0? is stochastically larger than a random variable X with x?(N.)/N, distribution,
Lemma [[| ensures that the two expectations

2[mo]-(-5) | me elo] -2 () ]

are bounded by

2
(1 _ 4ﬁ)( 2) €Xp (_N*¢(4ﬂ)) ’
with ¢(z) = (x — 1 — log(z))/2. Furthermore, the condition N, > 2 + (logn)/¢(43) enforces
—2¢(453)
P exp (—Nub(48)) < 26(43)e=2040) R

(1 —-48)(N. —2) (1 —48)nlogn 2nlogn
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Putting pieces together, we obtain

E [l — pl?]
0-2
HM - IU*HQ ~
= MRl Efs()
e — | |2 — fim ||
meM

Z am Ly + D(a|m) | — ds

meM

52
+ (W + €n>

[l — o |? [l — |2 7’
< T+ (1 4e) > om *072m+d*—dm+W(Lm+D(a\ﬂ)) —d.
meM
< (1 Z M d 5—2L 5_21) d
= ( +€n) =, Qo o2 — dm + 50_2 m +60'2 (Oé|7T) + Endy.

This inequality holds for any non-random probability distribution o € ST, so it holds in par-
ticular for the Gibbs measure

T
Ozm:Z—r;eXp [_% (HM_MmHQ_deQ) _Lm:| , meM

where Zg normalizes the sum of the a,,s to one. For this choice of a,,, we obtain

E a2 _2
e — 7] (0 +en)o loglz Tim €XP [_% (e = pmll?* = dmor®) _Lm} Fend:

2 — 2
g BO_ meM

which ensures ([2) since d, < n. To get (1) simply note that

Z T €XP [—% (|l — i ||? — deQ) - Lm]

meM

LA

=2 2 dm*O'Q) — L — logﬂ'm*}

-

for any m* € M.

6.4. Proof of Proposition . We use along the proof the notations p, = Is,p, [z], =

max(z,0) and v = y3(p) = /2 + S~ 1logp. We omit the proof of the bound cz(p) < 16 for
B € [1/4,1/2] and p > 3. This proof (of minor interest) can be found in the Appendix.

The risk of i is given by

E (Il = ) = llo =l + DB ((< vy > —55(2;/0)2;)%)
j=1
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Note that Z; =< p,v; > +0 < €,v; >, with < ¢,v; > distributed as a standard Gaussian
random variable. As a consequence, when | < p,v; > | < 4y0 we have

@) E((<mvy > —55(Z/0)2)?) < ealp) [min(< p,0; >2720%) + 2202 /p)].

If we prove the same inequality for | < p,v; > | > 40, then

p
E(ln—all?) < llg—pl?+csp) Y min(< p,v; >2,4%0%) +4%0”
j=1
< = pall® 4 cpp) inf [llps — pmll* + 9% (Im| + 1)0?] .

meM
This last inequality is exactly the Bound ([[§).

To conclude the proof of Proposition [}, we need to check that
E((.%’—Sﬁ(.%’—i-Z)(.%’—l-Z))Q) < cg(p)y? for x > 4+,
where Z is distributed as a standard Gaussian random variable. We first note that
E((@-ssle+2)(@+2)) < 2°E((1-sp(a+2))°) +2E(sp(a + 2)°27)
< 2%E ((1 — sz + Z))2> +o.

We can bound (1 — sg(z + Z))? as follows

1 2
(1 +exp (B[(z + Z)* - ﬂ))
< exp <—2ﬂ [(z +2)? - 72]+)
()

where the last inequality comes from 3 > 1/4. We then obtain

2+ 42°E (exp <—% [(x — 2)* — 7] +> 1z>0>

2 + 4a? [P(O < Z < x/2)exp <—% [(z/2)? —72]> +P(Z > x/Q)}
< 24 22%exp (—x2/8 —i—72/2) + 4a® exp (—22/8) .

When p > 3 and § < 1/2, we have v > /2 + 2log 3 and then

(1-sp(e+2)7 =

E <(ac —sglx + 2)(z+ Z))2>

IN

IN

sup 22e /8 = 1672 exp(—27?).
>4y

Therefore,
E ((3: —sglz+ Z)(x + Z))2) <2+ 1692 (2673V2/2 + 467272) < 0.67% < ca(p)y?,

where we used again the bound 72 > 2 + 2log 3. The proof of Proposition [ is complete.
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6.5. Proof of Corollary fIl. We start by proving some results on the approximation of BV
functions with the Haar wavelets.

6.5.1. Approzimation of BV functions. We stick to the setting of Section .3 with 0 = z; <
T < -+ < Tp < Tpy1 =1and n =27 For 0 < j < .J, and p € A(j) we define tip = Tpo-ini1-
We also set ¢p0 =1 and

Dik =207 (g o) = Uiyt ) » For 1< < Jy and ke € A().

This family of Haar wavelets is orthonormal for the positive semi-definite quadratic form
1 n
(fs9)n = - Ef(xi)g(xi)
1=

on functions mapping [0, 1] into R. For 0 < J < J,,, we write f; for the projection of f onto the
linear space spanned by {¢;r, 0 <j < J, k€ A(j)} with respect to (-,-),, namely

J
fr= Z Z CjkPiks  With ¢jr = (f, ¢jk)n-
)

J=0 keA(j

We also consider for 1 < .J < .J, an approximation of f ¢ la Birgé and Massart [f]]

Jn
fr=Ffra+ Z Z CjkPj k>

j=J keN’,(j)
where A’;(j) C A(j) is the set of indices k we obtain when we select the K ; largest coefficients
ci| amongs {|c; k|, k€ A}, with K; ;= |(j —J+1)732772| for 1 < J < j < J,,. Note that
5.kl gs {lcjxl J Js J J
the number of coefficients c;; in f; is bounded from above by

J-1
j=1 j>J p21

Next proposition states approximation bounds for f; and f; in terms of the (semi-)norm || f||2 =

(fs Fn-
Proposition 3. When f has bounded variation V(f), we have

(25) I1f = filln <2V(£)277%, for J >0
and
(26) If = filln <eV(f)277, forJ>1

with ¢ = Zp>1p32_p/z+1.

Formulaes (R5) and () are based on the following fact.
Lemma 2. When f has bounded variation V(f), we have

D leirl <27UVRV(F), for 1< <,
keA(j)
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Proof of the Lemma. We assume for simplicity that f is non-decreasing. Then, we have

2(i-1)/2
Cik =< [, Qjk >n= > fla) =Y fl)]
i€l S
with 7 ;1 and I, defined in Section M3 Since |I el =27 in and f is non-decreasing
9(-1)/2
‘Cj,k jk‘ [ ( (2k+2)2- —in) — f(x(Qk)2_jn)]
< 27U [f(2opi0p0-in) — f(@(2my2-in)] 5

and Lemma P follows. 0

We first prove (RH). Since the {¢; 1, k € A(j)} have disjoint supports, we have for 0 < J < J,

1F=Falln < D0 D ciudinln

§>J  keA()
1/2

< DY leal ||¢]k\|n

J>J | keA(j)
< 0D el
J>J keA(j)
Formula (RH) then follows from Lemma [

To prove (R) we introduce the set A’ (j) = A(j) \ A;(j). Then, for 1 < J < J,, we have
ST 1/2
1= Foln = D0 2 el 9l
J=J | keA] () ]
- 1/2

Tn
| max el Y el
= | kN ) I I

keA(j)

The choice of A’;(j) enforces the inequalities
1+ Kjy) m%>(<)|cjk| < Z lcj k| + Z lejr] < Z |cj k|-
keA1(5) ke, (5) keA(d)
To complete the proof of Proposition [J, we combine this bound with Lemma [}:
If = ol < D 27 OPV(HA+ K2
Jj=J
< 22’(”1)/21/(]”) =225 — g 41)3,

j=J
2—sz32—p/2+1.
p>1

IN
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6.5.2. Proof of Corollary[]. First, note that v = (¢, k(x1),...,¢;k(xn)) for (j, k) € A*. Then,
according to (RH) and (Bf) there exists for any 0 < J < J* a model m € M fufilling |m| < 27
and

= Ts,plln = llp—Ts,pl; + IMs,p — s, 1l
22V (f)? (2—J* v 2—2J> ,

IN

with ¢ = Zp>1 p327P/2t1 Putting together this approximation result with Theorem [ gives

E(lu—al2) <C_inf [vm? (27 v 4

27 logn 2]
—
0<T<T*

n

for some numerical constant C, when

This bound still holds true when

i (<ot (2).

see Proposition  in the Appendix. To conclude the proof of Corollary [, we apply the previous
bound with J given by the minimum between J* and the smallest integer such that

2JZV(f)2/3< n >1/3.

6.6. Proof of Corollary f. First, according to the inequality (Z) < (en/k)* we have the bound
for m e My

J.
g < o2+ Y o TR (G~ T4 1))
Jj=J

< 2/ [14) k7?1 +3logk + klog2)
k>1

(27) < 4-27.

Second, when f belongs to some Besov ball BS  (R) with 1/p < a < r, Birgé and Massart [f]]
gives the following approximation results. There exists a constant C' > 0, such that for any
J < J. and f € By (R), there exists m € M fulfilling

IF =T, flloe < I =TIz fll + [T ] = T, floe < Cmax (270719 207)
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where Iz denotes the orthogonal projector onto F in L2([0,1]). In particular, under the previous
assumptions we have

(28)

I~ Tl < %Z ()~ T £ ()]

< |If - ﬁfmeio < C? max <2_20‘J,2—2J*(04—1/p)> :

To conclude the proof of Corollary B}, we combine Theorem [[ together with (B1]), (B7) and (£])

for

)
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APPENDIX

The Appendix is devoted to the proof of the bound cg(p) < 16 and gives further explanations
on the Remark 4, Section B.3. The results are stated in Appendix [f] and the proofs (of minor
interest) can be found in Appendix B

APPENDIX A. TWO BOUNDS

A.1. When the variance is known. In this section, we assume that the noise level o is known.
We remind that 3 < p < n and {v1,...,v,} is an orthonormal family of vectors in R™. Next
lemma gives an upper bound on the Euclidean risk of the estimator

p=2 ( e

Z-)vj, with A > 2 and Z; =<Y,v; >, j=1,...,p.
j=1

pePA 4 BZi1*

Lemma 3. For any A > 2 and 3 > 0, we set ¥ = A+ 7! logp.

1. For1/4 < 3 <1/2 and a € R we have the bound

S [

2
: 2 2 2
" pexp(BA) + exp (B(a +€)2)(a+€)> < 16 [min (a®,7*) +~*/p],

where ¢ is distributed as a standard Gaussian random variable.
2. As a consequence, for any 0 < 3 < 1/2 and A > 2 the risk of the estimator [i is upper
bounded by

(30) E(llp—2l*) <16 inf [lp = mnl* +5%mlo® +770%].

Note that (R9) enforces the bound cg(p) < 16. This constant 16 is certainly far from optimal.
Indeed, when 3 = 1/2, A = 2 and 3 < p < 10°%, Figure 1 in Section B.J shows that the bounds
(29) and (B{) hold with 16 replaced by 1.

A.2. When the variance is unknown. We consider the same framework, except that the
noise level o is not known. Next proposition provides a risk bound for the estimator

p exp (ﬁZf/ﬁ)
(31) =) (¢jZjv;, with Z;=<Y,v;>and ¢;= —.
j=1 pexp (b) + exp (ﬁZj /02)

We remind that ¢(z) = (z — 1 —logx)/2.
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Proposition 4. Assume that 8 and p fulfill the conditions,

]
(32) p>3, 0<pf<1/2 and p+ 2P <.

o(28) ~
Assume also that b is not smaller than 1. Then, we have the following upper bound on the

L2-risk of the estimator fi defined by (31)
1

3 (b+logp) (Im| + 1)52 +2+b+ logp)a2 ,

33) E — 4all?) < 16 inf - 2
(33) (Il — A7) < nf le = pm || +

where 5% = o + || — s, ul|?/(n — p).

We postpone the proof of Proposition || to Section B.2.

APPENDIX B. PROOFS

B.1. Proof of Lemma B. When 8 < 1/4 the bound (B() follows from a slight variation of
Theorem 5 in [[. When 1/4 < 3 < 1/2, it follows from (R9) (after a rescaling by o2 and a
summation). So all we need is to prove (R9). For symmetry reason, we restrict to the case a > 0.

To prove Inequality (R9), we first note that

B exp (ﬁ(a + 6)2) ?
§ ( pexp(BN) + exp (Bla+ 7 " T 6)>

2

(1 +plexp(Bllate)?—A) 1+pexp(B[A— (a+€)2])> ]
1 2 € 2

<1+P‘1exp(5[(a+€)2—/\])> <1+pexp( (A= (a+¢)?]) ]

gl

g
and then investigate apart the four cases 0 < a < 297!, 291 <a <1, 1 <a <3
a > /3. Inequality (R9) will follow from Inequalities (BA), (B7), (BY) and (B9).

(34) 2a°E

IN

+2E

and

Case 0 < a < 2y~ !. From (B4) we get

E (a exp (ﬂ(a + 6)2)

2
)2)(a+e)> < 2a*+2E ( 2

2
 pexp(BA) +exp (B(a +¢ 1 +pexp(BA— (a+6)2])>

2 516>0 2
= AR <1+pexp<mA—<a+e>2]>>

< 24 +4E |21, exp (—26 [ = (a+ 5)2]+)}
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with 42 = XA + 7 !log p. Expanding the expectation gives

E {52190 exp <—2ﬂ [72 — (a+ 6)2]+)}

_ 2y / T pBata ety 0T / * 22 4T
0 V2 y—a V2m

Note that when p > 3, A > 2 and 3 < 1/2, we have v > 2. Therefore, when 0 < a < 1, an
integration by parts in the second integral gives

/OO L2722 dr —pe /2 +/OO o—72/2 dx
v—a V2T V2T a v—a V2T
2y —a) _(y_a)2
< 2029 Gapp
a V2T

For the first integral, since 8 > 1/4, we have the bound

—a —a 3
o—207 /7 p2e2Borer—a22 9T (a2 /7 24 (=) e
0 0

V2 Vor T 3Vor

Besides an integration by parts also gives

6—2572 /v—a xZeQB(a-l—x)Q—xQ/Q dr
0

V2T
TTe dx
< (48 — 1)-1e—287 / 4B(a+ ) — z)pe2Blata)?—a2/2 4T
< (@3- [ Batx) - xpee N
—206~ —a —
< i[mzﬁmﬂfﬂm]” _ 0T a (w22
T 4 -1v2r 0 (46 — 1)V2m

Putting pieces together, we obtain for 0 <a <1 and 1/4 < 3 <1/2

B exp (B(a +¢€)?) ?
. (“ pexpw)+exp<ﬁ<a+e>2>(““)>

2 8 + 4 min ((46 — 1)1 37 (y - a)2)

S 20/ 27T (fy a)ei(’y*a)2/2
8+ 4min (46— 1)71,37 (7 — @)% 12200 2
< 2%+ > (7 — a)e B0
V 4T
8+ 4min (48— 1)74, 3e(1/2 - B)] ') 2
< 2a%+ ~e=B0—a)
B V2

2

(35) < 2a%45.6~e P07
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Furthermore, when 0 < a < 27*1, we have (y — a)2 > 72 — 4. The inequalities (@) and A > 2
thus give

ex a4 e)? 2
: {(a B peXP(ﬁ)\I)) Erﬂixg(ﬂ)(a)Jr £)2) (a+ 5)> ] < 2a2 4 5.6e* M0y /p

(36)

IN

2a* +8+%/p.

Case 27_1 < a < 1. Starting from @) we have for 27_1 <a<1

exp (B(a + £)? ? 63601
E |:<apexp( p(ﬁ( ‘|‘5)) )2)(a+€)> ] < 2@24—%

BA) +exp (B(a+ e v

5.6 736_(7_1)2/4
2

2a% + 56772 < 164’

24 +

IN

IN

(37)

Case 1 < a < +/3~. From (B4) we get

exp (Bla + ) 2 2
’ (a B pexp(BA) + exp (B(a + €)?) (a+ 5)) < 2(a*+1)

4a? < 12min(a?,~?).

(38)

IN

Case a > /37. From (B4) we get

B exp (ﬂ(a—l—e)Z) w 2
’ k pexp(BN) + exp (Blat o) T )> ]
1 2
(1 +p~lexp(B[(a—e)? - A])) o0
40’ E [exp (—Qﬁ [(a— £)? — 72]+> €>0] +2

2a” exp <—2ﬁ [(2a/3)* — 72]+> +4a®*P (e > a/3) + 2

40°

N

+2

IN

IN

Since (2a/3)? > a?/9 + +2, we finally obtain

exp (B(a +¢€)?) :
! pexp(BA) + exp (ﬁ(a+€)2)(a+€)> ]
<
<

2a° exp( 26@2/9)+4a exp( 2/18)%—2

(39) 42 < 1142,
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B.2. Proof of Proposition |. We can express the weights c¢; appearing in (B1)) in the following
way )
BZ3/0*
Cj = p_eéj‘ n eBZJ?/JQ
with 3 = Bo? /5% and A= b/B Note that 3 < 1/2 enforces A > 2 since b > 1.

Since 62 is independent of the Zjs, we can work conditionally on 62. When B is not larger than

1/2 we apply Lemma [} and get
SN2 A2 X : _ 2 3 A1 2 .

E(ln—il*16%) Lparjoy < 16 inf [lln—pl®+ (A+ B logp) (iml + 1)0?| 15y 0y

1

40 < 16 inf — ml?
(40) < 16 it [l ol + 5

(b+logp) (jm] + 1)62} Lig<iyoy-
When ﬁ is larger than 1/2, we use the following bound.

Lemma 4. Write Z for a Gaussian random variable with mean a and variance o®. Then for
any A >0 and 5 > 1/2

41 E - —A 2/ Z 5\ 3 1
— < .

Proof. First, we write ¢ for a standard Gaussian random variable and obtain
522/ 2
pePh 4 822/

a ge
= E —

1+plexp <B [(a/a +¢e)2— X]) 1+ pexp (B [5\ —(a/o + 8)2})
< 2(a® 4 o).

Whenever a? is smaller than 3 <5\ + Bil log p) o2, this quantity remains smaller than 6 <5\ + Bil log p) o+

202,

When a? is larger than 3 (5\ + 71 log p) o2 we follow the same lines as in the last case of Section

B.1 and get
6322/0_2 2
peﬁA + 65Z2/02

2
< 202 + 4a’P (¢ > |a|/(30)) + 2ap* exp [—23 <<2_a> - X)] .
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Since (2a/3)% > a?/9 + (5\ + 471 logp) o2, we obtain

822/? ?
E (a - m Z) < 20% +4a®exp (—a2/(1802)) + 2a” exp (—a2/(902))
pe e

< 3602

From (1)), we obtain after summation

N . 6 .
(42) E(|lpn—al*16?) Ligorje) SP [E (b+ logp) 6 + 360° 1{B>1/2}+HM_HS*MH21{B>1/2}'

Futhermore 62 is smaller than 2302 when B is larger than 1/2, so taking the expectation of ({J)
and ({Q0) gives
1

E (|| — all?) < 16 inf — tml?
(= lF) < 16 inf b= s+ 5
+ p[12(b+logp) + 36] P (62 < 2607) o>

The random variable 62/0? is stochastically larger than a random variable X distributed as a
x? of dimension n — p divided by n — p. The Lemma [ gives

P(X < 20) < (20)% exp (31~ 26) ) < oxp (-No(29)

and then P (62 < 280?) < exp(—(n — p)¢(20)), so Condition (BJ) ensures that
pP (62 < 2602) <1
Finally, since 12(b + log p) + 36 is smaller than 16(2 + b + log p) we get (B3).

(b+logp) (jm| + 1)5”
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