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DYNAMIC OF THRESHOLD SOLUTIONS FOR ENERGY-CRITICAL WAVE
EQUATION

THOMAS DUYCKAERTS! AND FRANK MERLE?

ABSTRACT. We consider the energy-critical non-linear focusing wave equation in dimension
N = 3,4,5. An explicit stationnary solution, W, of this equation is known. In ], the
energy FE(W,0) has been shown to be a threshold for the dynamical behavior of solutions of
the equation. In the present article we study the dynamics at the critical level E(uo,u1) =
E(W,0) and classify the corresponding solutions. We show in particular the existence of two
special solutions, connecting different behaviors for negative and positive times. Our results are
analoguous to []7 which treats the energy-critical non-linear focusing radial Schrodinger
equation, but without any radial assumption on the data. We also refine the understanding of
the dynamical behavior of the special solutions.

1. INTRODUCTION AND MAIN RESULTS

We consider the focusing energy-critical wave equation on an interval I (0 € I)

2 A N
(11) Ofu— Au—|u|¥2u =0, (t,z)elxR
‘ Upn=0 = U € Hl, atu“:() =u € L2.

where u is real-valued, N € {3,4,5}, and H' := H'(R"). The theory of the Cauchy problem for
(L)) was developped in many papers (see [Pec84, [GSV93, LS9, BS94, 5599, Sog9d, Kap94)).

Namely, if (ug,u1) € H' x L2, there exists an unique solution defined on a maximal interval
I =(—T-(u),T+(u)) and the energy

B(u(t)0ru(t) = 5 [ e, o)Pdo -+ 5 [ [Vult,o)Pde 5 fult, o) da

is constant (2* := J\%—]jz is the critical exponent for the H'-Sobolev embedding in RY).

An explicit solution of ([ZJ) is the stationnary solution in H' (but in L? only if N > 5)

1

(1.2) W=

N-2 "

(e ntn) *
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The works of Aubin and Talenti [}A 4, [Lal7q], give the following elliptic characterization of
W (throughout the paper we denote by | - ||, the L? norm on RY)

(1.3) Vue HY, |ulsr < Cnl[Vuls

o
)\éN—Z) 72

(1.4) fJullee = On||Vuls = I Ao > 0,20 € RY, 6y € {~1,+1} u(z) = W<$ i xo),

Ao

where O is the best Sobolev constant in dimension N.

The dynamical behavior of some solutions of ([[.]) was recently described in [SK03], [FKT07
(in the radial three-dimensional case) and [KMO6H]. In [KMO6H], Kenig and Merle has shown
the important role of W, whose energy E(W,0) = —Lx is an energy threshold for the dynamics

NCY
in the following sense. Let u be a solution of ([[.1]), not necessarily radial, such that
(1.5) E(uo,ur) < E(W,0).

Then
o if |Vugll2 < ||[VW]||2, we have I = R and ||u|| 2xn+1 < oo, which implies from the linear
N—-2

t,x

theory of ([L.1]) that the solution scatters;
o if |[Vugl|3 > [[VW|3 then T, < oo and T < oc.

Our goal (as is [DMO7)] for the nonlinear Schrédinger equation in the radial case) is to give a
classification of solutions of ([L.1)), not necessarily radial, with critical energy, that is with initial
condition (ug,u1) € H' x L? such that

E(uo,ul) = E(W,O).

The stationnary solution W belongs to this energy level, is globally defined and does not scatter.
Another example of special solutions is given by the following.

Theorem 1 (Connecting orbits). Let N € {3,4,5}. There exist radial solutions W~ and W+
of (L), with initial conditions (Woi, Wli) € H' x L? such that

(1.6) E(W,0) = E(W", W) = E(Wy , Wy),

(1.7) T (W) =T,(W") =400 and Jim WE(t) =W in H,

(1.8) VW, < IVW ]2, T-(W™) =400, [[W7| amvin < o0,
L N=2 ((—00,0)xRN)

(1.9) [VWT|, > VW], T- (W) < +o0.

Remark 1.1. Our construction gives a precise asymptotic development of W+ near t = +o0.
Indeed there exists an eigenvalue eg > 0 of the linearized operator near W, such that, if Y €
S(RY) is the corresponding eigenfunction with the appropriate normalization,

IO 7 OVH0 — W ) |+ 04 (W) — W ) < O,
We refer to (B.1]) and (6.9) for the development at all orders in e~¢0f,

Remark 1.2. Similar solutions were constructed for NLS in [[DMO07]. However, in the NLS case,
we were not able to prove that T_ (W) < oo except in the case N = 5. We see this fact, in
particular in the case N = 3, as a nontrivial result. Note that W7 is not in L? except for N = 5,
so that case (f]) of Theorem J below does not apply.
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Our next result is that W, W~ and W are, up to the symmetry of the equation, the only
examples of new behavior at the critical level.

Theorem 2 (Dynamical classification at the critical level). Let N € {3,4,5}. Let (ug,u1) €
H' x L? such that

1
Noy
Let u be the solution of (L) with initial conditions (ug,u;) and I its mazimal interval of
definition. Then the following holds:

(1.11) E(ug,u1) = E(W,0) =

1
(a) If/]Vu()]Q < /\VW\Z =N then I = R. Furthermore, either u = W~ up to the
N

symmetry of the equation, or |[ul| 2wn+1y < 0o.
N—2

t,x

(b) If/ Vol = / VW% then w =W wup to the symmetry of the equation.

(c) If / |Vug|? > /|VW|2, and ug € L? then either u = W+ up to the symmetry of the
equation, or I is finite.

The constant C is defined in ([[.J). In the theorem, by u equals v up to the symmetry of the
equation, we mean that there exists tg € R, zg € RN, \g > 0, 6,61 € {—1,+1} such that
oo (to+51t m—i—xo)
v )

u(t,x) =

Remark 1.3. Case (H) is a direct consequence of the variational characterization of W given
by (L.4). Furthermore, using assumption ([L.11), it shows (by continuity of w in H' and the

conservation of energy) that the assumptions/|Vu(t0)|2 </|VW|2, /|Vu(t0)|2 >/|VVV|2

do not depend on the choice of the initial time tg. Of course, this dichotomy does not persist
when E(ug,u;) > E(W,0).

Remark 1.4. Theorem [ is also the analoguous, for the wave equation, of Theorem 2 of [DMO07]
for NLS, but without any radial assumption. The nonradial situation carries various problems
partially solved in [KMO6H], the major difficulty being a sharp control in time of the space local-
ization of the energy. We conjecture that the NLS result also holds in the nonradial situation.
Note that case (§) implies (W being radial) that any solution of ([[.1)) satisfying ([[.11]) and whose
initial condition is not radial up to a space-translation must scatter if [ |[Vuo|?> < [|[VW/?.

Remark 1.5. In dimension N = 3 or N = 4, W7 is not in L?, and case () means that any
critical-energy solution such that [ |[Vug|? > [|VW|? and ug € L? blows-up for ¢t < 0 and ¢ > 0.
It seems a delicate problem to get rid of the assumption ug € L2.

Remark 1.6. As a corollary, in dimension N = 5, a dynamical characterization of W is obtained.
It is, up to the symmetry of the equation, the only L2-solution such that E(ug,u;) < E(W,0)
that does not explode and does not scatter neither for positive nor negative time.

The paper is organized as follows. In Section P we recall previous results on the Cauchy
Problem for ([.])) and give preliminary properties of solutions of ([[.1)) at the energy threshold
such that [ |Vug|> < [|VW]? and which do not scatter for positive times. These properties
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mainly follow from [KMO6H]. In Section B, we show that these solutions converge exponentially
to W as t — +oo, which is the first step of the proof of Theorem ] in case (). In Section [,
we show the same result for energy-threshold solutions such that [[Vug|? > [|[VW|?, ug € L?
and that are globally defined for positive time. In Section ], we study the linearized equation
around the solution W. Both theorems are proven in Section [f. The main tool of the proofs is
a fixed point giving the existence of the special solutions and, by the uniqueness property, the
rigidity result in Theorem .

2. PRELIMINARIES OF SUBCRITICAL THRESHOLD SOLUTIONS

2.1. Quick review on the Cauchy problem. We recall some results on the Cauchy Problem
for ([L.1]). We refer to , Section 2], for a complete overview. If I is an interval, write

(2.1) S(I) =

(IX]RN) N(I) := L°~73° N3 (IX]RN)

@D Wl =l + IV 2wl e 0D ey
We first consider the free wave equation:

(2.3) O*u—Au=f, tec(0,7T)

(2.4) Upt=0 = Up, OpUjt=0 = u1,

where D;;/zf € N(0,7), ugp € H', uy € L?. The solution of (P-3), (B-4) is given by

tv— t—s)vV—A
u(t,z) = cos (tV—A)ug + sin ( ) +/ sin (= 5) )
VA 0 VA
Then we have the following Strichartz estimates (see [GV95, ])

Proposition 2.1. Let u and f be as above. Then u € C°(0,T; H') and dyu € C°(0,T; L?).
Furthermore, for a constant C' > 0 independent of T € [0, o0]

@5 lullor + s (VU@ + 1000l < (1Vuole + el + |52 )

f(s)ds.

Furthermore, if D;/2f € N(T,+0),

(2.6) V¢ >0, Hv </+°° sin ((t\;S_)A\/I) f(s)ds>
T _

< OID2"F o0
2

A solution of ([TJ]) on an interval I 3 0 is a function v € C°(I, H') such that dyu € CO(I, H')
and u € S(J) for all interval J € I and

u(t, ) = cos (t\/—)uo %ul i /0 sin ((t\;%\/j) |u(8)|ﬁu(s)d8.
Proposition 2.2. (see [Pec84, [GSV92, £S94])

(a) Existence. If ug € H', uy € L?, there exists an interval I 3 0 and a solution u of (1))
on I with initial conditions (ug,u1).
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(b) Uniqueness. If u and @ are solutions of ([.1) on an interval I >0 such that u(0) = @(0)
and 0yu(0) = 0yu(0), then u=1a on I.

According to Proposition .3, if (ug,u1) € H' x L2, there exists a maximal open interval of
definition for the solution u of ([[.1]), that we will denote by (—T_(u), Ty (u)). The following
holds

Proposition 2.3.
(a) Finite blow-up criterion. If T := Ty (u) < oo then
Hu|’S(O,T+) = 0.
A similar result holds for negative times.

(b) Continuity. Let u be a solution of (1)) on an interval I with initial condition (ug,u;) €
H' x L2, If (u*) is a sequence of solution of (1)) with initial conditions

(uf,ul) — (ug,uy) in H' x L?
k—+o00

and J € (=T-,T,), then for large k, J C (—T_ (uk),T+ (uk)), and
(u”, pu®) = (u,0u) in CO(J, HY) x C°(J, L?), u* [~ win S(J).
——+00 — 400

(c) Scattering. If u is a solution of ([L1)) such that Ty (u) = oo and |jul|g(,e0) < 00, then u
scatters.

(d) Finite speed of propagation. (see [KMO6H, Lemma 2.17]) There exist g9, Cy > 0, de-
pending only on ||Vugll2 and ||uill2, such that if there exist M, e > 0 satisfying € < £

and [|,5 0 [Vato] + grzluol® + [uol*” + [ur|* < e, then,
1 -
vt € [0, (u)), / IVu(t,2)* + 5 ut, 2)|* + [u*" + |dpu(t, z)|*dz < Coe.
|z|>3 M+t 2]

2.2. Properties of subcritical threshold solutions. We are now interested in solutions of
(L3)) with maximal interval of definition (7,77 ) and such that

(2.7) E(ug,u1) = E(W,0), [[Vugl2 < [[VW||2
(2.8) l[ulls,r,) = o0
We start with the following claim (see [KMO6H, Theorem 3.5]).

Claim 2.4 (Energy Trapping). Let u be a solution of ([L1)) satisfying (R4). Then for all t in
the interval of existence (—=T-,T5) of u.

N

(2.9) IVu®)5 + S llowlis < VWS-
Proof. Recall the following property which follows from a convexity argument
Vo3 _ E@.0)
VW3 = E(W,0)
(See [DMO07, Claim 2.6]). Let w be as in the claim. Note that by remark IVu(t)|l2 <
IV, for all ¢ in the domain of existence of u. Now, according to (R.1() and the fact that
E(u(t), du(t)) = E(W,0),

Va3 _ E(w,0w) = 5[0u@®]3 _ BW,0) - 5[10u()]3

(2.10) Yo e HY, ||[Vv]3 <|[VW|3 and E(v,0) < E(W,0) =
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which yields (B.9), recalling that NE(W,0) = |[VW||3. O

We recall now some key results from [KMO6H]. In their work, these results are shown for a
critical element u, where assumptions (R.7) are replaced by E(ug,u;) < E(W,0), and ||Vug|l2 <
IVW||2. Rather than recalling the proofs which are long and far from being trivial, we will
briefly explain how they adapt in our case. If (f,g) is in H' x L?, we write

(fa ))\073&0( ) = )\0%1_1]0()% +$0), )\12 <)\0 +$0> > f)xo,xo(y) = A;_lf()\o +$0)

Lemma 2.5. Let u be a solution of (1)) satistisfying (B.7) and (R.§). Then there exist contin-
uous functions of t, (\(t),x(t)) such that

K= {(u(t),atu(t))A(tm(t), te [o,n)}
has compact closure in H' x 2.

The proof of Lemma P.5, which corresponds to Proposition 4.2 in [KMO6H], is very close
to the proof of Proposition 4.1 in [KMO062] and of Proposition 2.1 in [[DM07]. The two main
ingredients are the fact, proven in [KMOG6H] that a solution of ([L.1]) such that E(ug,u;) < E(W,0)
and [|[Vugll2 < |[VIW]|2 is globally defined and scatters, a Lemma of concentration-compactness
for solution to the linear wave equation due to Bahouri and Gérard [BG99], and variational
estimates as in Claim .4

Proposition 2.6 ([KMOGH]). Let u be a solution of ([L1) satisfying (R-7) and (R.§). Assume
that there exist functions (A(t),x(t)) such that

K= {(u(t),atu(t))A(tm(t), te [o,n)}

has compact closure in ... x L? and that one of the following holds
(a) T4 < o0, or
(b) Ty = 400 and there exists A\g > 0 such that ¥Vt € [0, +00), A(t) > Ag.

Then /u1Vu0 =0.

Proof. If infye_p_ 1,y |8yu(t)]|5 = 0, then, using that |[Vu(t)||2 is bounded, and that [ duVu(t)
is conserved, we get immediately that [ u;Vug = 0. Thus we may assume
(2.11) Wo >0, vt e (—T-,Ty), |IVu(t)3 < [VWI3 - do.

In this case, the proof is the same as in [KMOGH, Propositions 4.10 and 4.11] which is shown
under assumption (2.§) and

(2.12) [Vuglle < [[VW |2, E(ug,ur1) < E(W,0).
This implies by variational estimates (R.11]), which is what is really needed in the proof of the
proposition. ]

Proposition 2.7 ([KMO6H]). Let u be a solution of (L)) satisfying (R.7) and (R.§). Assume
- [0
Then Ty = oo
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This result is proven in [KMO6H, Section 6] under the assumptions (R.§) and (B.19), but
assumption (R.19) is only used to show that ||Vu(t)||2 is bounded, which is, in our case, a

consequence of (R.7) (see [KMOGH, Remark 6.14]).
As a consequence of Proposition P.§ and P.7 we have, following again [KMOGH]:

Proposition 2.8. Let u be a solution of (L)) satisfying (R.7]) and R.). Let A(t), z(t) given
by Lemma [2.4. Then

(a) TJ’._ = 00
(b) 11£an>O tA(t) = +o0.

Corollary 2.9. Let u be a solution of ([.1) with mazimal interval of definition (=T_,Ty) and
such that E(ug,u1) < E(W,0) and ||[Vug|l2 < ||VW /2. Then

T+ =T = —+00.

Proof of Corollary 2.9. Tt is a consequence of (H). Indeed, if ||Vug|2 = ||VW||2, then by Claim
R.4, u; = 0. Furthemore by (.10), E(W,0) = E(ug,0) = E(ug,u;). Thus |Jugll2x = ||W]|2+, and,
by the characterization ) of W, ug = £W), 4, for some parameters Ao, zo. By uniqueness in
(L), u is one of the stationnary solutions +W),,z0, Which are globally defined.

Let us assume now [|[Vug|la < |[VW|l2. Then if E(ug,u1) < E(W,0), we are in the setting of
[KMO6H, Theorem 1.1], which asserts than T = T = 4o00. On the other hand, if E(ug,u;) =
E(W,0), then if [jul|g(r,) < 0o, we know by the finite blow-up criterion of Proposition .3,
that T = oo, and if |lu| (o, ) = 0o, then by (H), T, = co. The same argument for negative
times shows that T_ = oc. 0

Proof of Proposition [2.8. Proof of (H). Let u be as in Lemma R.J. By Proposition P.g, if
T} < oo, then [wu3Vug = 0, but then by Proposition R.7q, T, = co which is a contradiction.
Thus T, = oo, which shows ().

Proof of (H). Assume that (H) does not hold. Then there exists a sequence t,, — +o0 such that

(2.14) nBI-iI-loo thA(tn) = 10 € [0, +00).
Consider

1 s y
(2.15) wp(s,y) = Wu <tn + m,x(tn) + )‘(tn)> )
(2.16) Wno(y) = wn(0,y),  wn1(y) = Oswn(0,y).

By the compactnees of K, (wpo,wn1), converges (up to the extraction of a subsequence) in
H'x L?. Let (wo,w) be its limit, and w be the solution of ([.I]) with initial condition (wp,wy).
Note that E(wp,wi) = E(W,0) and ||[Vwg|lz < [[VW||2. Thus by Corollary 2.9

T (wp,wy) = 0.
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Furthermore, as —t,A(t,) — —7o, and by the continuity of the Cauchy Problem for (IL.1) ((H)
in Proposition P.J),

1 y o
WUO (x(tn) + )\(tn)> = U}n(—tn)\(tn),y) njc:o w(—To,y) in H!

1 y |
W’lﬂ (x(tn) + m) = Oswp(—tpA(tn),y) njo)o dsw(—7p) in 2.

Since A(t,) tends to 0, we obtain that w(—7p) = 0 and dsw(—7p) = 0, which contradicts the
equality E(wq,w1) = E(W,0). The proof of () is complete.

Proof of (f). According to (H), Ty = co. By Proposition P4, () holds unless
(2.17) hrtnzlonf)\(t) = 0.

Let us show () in this case. We will use the same argument as in the proof of Theorem 7.1 in

[KMO6H]. Let us sketch it. Consider (t,), such that

(2.18) t, — 400, A(t,) — 0, and Vte€[0,t,), A(t) > A(ty).
n—oo n—oo
Define wy,, wpo and wy,; by (1) and (B10), and consider (wg,w;) € H' x L? such that
(2.19) lirf (Wno, Wn1)n = (wo,wr) in H' x L2,
n—

and w the solution of ([[.]) with initial conditions (wg,w;).
By Corollary R.9, T_ (w) = co. By (R.§) and (H) in Proposition P.3,

(2.20) 0l s(—oo0) = +oo.

Now, fix s <0, and consider

_ A tn + %n _ S
An(s) = % Tn(s) = Altn) [x(tn + A(tn)) - x(tn)} .
By (H), tnA(tn) — +00, and thus for large n, 0 < ¢, + 3t < tn- Hence by E.19),
(2.21) Ing(s), Yn > no(s), An(s) > 1.
Now, for t = t(n,s) :=t, + ﬁ(s),
= _ wn | 8,70 (s) + =2 = ! uft,x R
(2.22) Uno(8,Y) : f)\vn(s)T,g n ( , Tn(8) + )\n(S)> )\(t)% <t’ (t) + )\(f))’
= 1 w S, Tn(s = Y = 1 U T I .
(2.23)  vu(s,y) = Xn(s)%(as n)( , Tn(s) + An(g)) A(t)%(a )(t, (t) + A(t)>

which shows that (vno(s),vn1(s)) € K. In view of (R.19) and the continuity property (H) in
Proposition R.3, (wy(s), dswy,(s)) converges in H' x L?. By the compactness of K and (R.21))
this shows that there exists A(s) € [1,4+00), Z(s) € RY such that for some subsequences,

im X)) = M)l Fa(s) = 3(5)
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N W S,%S = sy~ N (9510 8,58 = K.
<A<s>2 ( ()+A<s>> Oia )< ”W@))G

Thus w fullfills all the assumptions of Proposition .6, case ([]), which shows that [ w;Vwy =
0. By (R:19) and the conservation of [ dyu(t)Vu(t)

/u1Vu0 = /3tu(tn)Vu(tn) = /mewno — /w1Vw0 =0.
The proof of (f]) is complete.

Proof of (H).
We follow the lines of the proof of Lemma 5.5 in [KMO6H]. Assume that () does not hold,
and consider t,, — +o0c0 such that

and

|z (tn)]|
tn
In particular, z(t) is not bounded. We may assume that z(0) = 0, A(0) = 1 and that  and A
are continuous. For R > 0, let

to(R) :=inf {t > 0, |z(t)| > R} € [0, +00).

Thus to(R) is well defined, to(R) > 0, |z(t)] < R for 0 <t < to(R) and |z(to(R))| = R. As a
consequence, if R, := |z(t,)|, then t,, > to(R,,), which implies

> g9 > 0.

R,
2.24 > eg.
(2.24) (R = 0
Let
1 9 1 9 1 o 2 2 19 2
(2.25) e(u) := 5]8,514 + §\Vu] — glu . r(u) = |Ow|” + |[Vul|® + e |ul” + |ul” .

By compactness of K, we know that for each € > 0, there exists Ry(¢) such that

(2.26) vt >0, r(u)dr < e.

/>\(t)|$—x(t)|2R0(€)

Let ¢ € C°(RY) be radial, nonincreasing and such that ¢(x) = 1 for |z| < 1 and p(z) = 0 if
|z| > 2. Let ¢p(x) := zp(F). Let € > 0, to be chosen later independently of n and
= Ro(e) Ro(e)

Ry = - + z(tn)| = - + R,
mfte[&to(Rn)] A(t) ()] mfte[&to(Rn)} A(t)

zp (t) = /RN Vg, (¥)e(u)(t, z)dz.

Note that
(2.27) 0<t<to(Rn), |z| > Rn = A(t)|z — x(t)] > MNt)(Rn — Ry) > Ro(e).

Step 1. Bound on z}% (t). Let us show

(2.28) AC1 >0, Vn, 0<t<to(Ry) = |25 (1) < Cie.
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Indeed by explicit calculation and equation ([L.I) (see [KMO06H, Lemma 5.3]), we get recalling
that by () and the conservation of the moment [ dyu(t)Vu(t) = [u1Vug =0

(2.29) z%n(t) =)o OuVu + O </| - r(u)dm) =0 </ - r(u)dx)

Estimate (R.2§) then follows from (.26) and (R.27)

Step 2. Bounds on zp (0) and z; (to(Ry)). We next show

(2.30) |25 (0)] < 2eR,, + MRy(e)
Ro(e)
)‘(tO(Rn))
where M := sup;sq [ 7(u)(t,z)dz < C||[VW |3 by Claim P-4 We have.

|25, (0)] :/ ¢§ne(u)dx+/ Vg e(u)dz.
|z|>Ro(e) lz|<Ro(e)

Recall that [¢; (z)| < |z] < 2R,,. According to (£:24) (using that 2(0) = 0 and A(0) = 1), the

first term is bounded by 2R,e. The second term is bounded by Ry (e) [ 7(u)dx, which yields
:30).
Write, for t € [0, to(Ry)]

(2.31) Ry(E(W) —¢) = 2R,e — M < |z, (to(Rn))l;

(2.32) 25 (t) = V5 e(u)dr +

/ / Vg e(u)dr
A(t)le—z(t)|>Ro(e) " AB)|z—e(t)|<Ro(e) "

Using again (2.2¢)), we get ‘f/\(t)|$_x(t)|>R0(6) ¢Rne(u)dx‘ < 2R,e. According to (B27) and the
definition of vy , if A(t)|lz — z(t)| < Ro(e), then |z| < R,, which implies ¥z (2) = z. Thus the
second term of (R.32) is

(2.33) ze(u)dx

/)\(t)x—a:(t)SRo (e)
w(t)e(u)dz + / (= x(t))e(u)dz.

/A(t)lrl“(t)ISRo(e) A®)]z—z(t)|<Ro(e)

The second term in the right-hand side of (R-33) is bounded by Iio(g) Jr(u)(t,z)dz. On the
other hand

/ z(t)e(u)dr = x(t)E(W) — z(t)e(u)dx
A(t)|z—2(t)|<Ro(e) A(t)[z—z(t)|=Ro(e)

and thus by (R.26)

(2.34)

/>\(t)|$93(t)|§Ro(€)
Combining (R.33) and (R.34) with ¢ = ¢o(R,) we get (R.31)).
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Step 3. Conclusion of the proof of (H). According to the two precedent steps

~ 2MRO(6)

Cieto(R,) > Rp(E(W) —¢) —4AR,e — ———~

1€ 0( ) - ( ( ) 6) € )‘(tO(Rn))
R, R, Ro(e)

2.35 Cie > E(W)—¢)—4 e—M .
(2:35) €2 e P T Ry T M B G (RY)
As a consequence of ([])

to(Rn)A(to(Ry)) — 0 as n — oo.
R R . - .
Furthermore tol(%n) = tofﬁn) + tO(Rn)infteo[éi)O(Rn)] - Again by @), to(Rn) infrcio b (ra) A(t) tends
to +00. Thus _
R, R,

fo(R) = fo(Re) +0(1), n — oo.

Together with (R.24) and (R.37), we get
Cie > ; .(R},; )(E(W) —5e)+o0(l) > eo(E(W) —5¢) + 0(1), n — 0.
0\fin

Chosing e small enough, so that Cie < LE(W) and E(W)—5¢ > $E(W) we get a contradiction.
U

3. CONVERGENCE TO W IN THE SUBCRITICAL CASE

The aim of this section is to prove the following result in the subcritical situation (||Vuglle <
VW |2), which is the nonradial version of the result of [DMO07, Proposition 3.1] in the NLS
radial setting. The main difficulty here compared to [DMO07] and [KMO6H] is to control the
space localization of the energy (see §B.3).

Proposition 3.1. Let u be a solution of ([.]) such that [2.]) and (R-§) hold. Then there exist
Ao, To such that

(3.1) IV (u(t) = Wig uo)ll2 + [[Opulla < Ce™.
Furthermore,
(3.2) l[ulls(~c0,0) < 00

Remark 3.2. From Corollary .9, (R.7) implies that u is defined on R.

3.1. Convergence for a subsequence. Let
/|Vu(t,x)|2dac—/|VW($)|2dx —|—/|(9tu(t,x)|2dac.

Then the equality E(u(t),dpu(t)) = E(W,0) implies ‘HuH%I — HWH%:‘ < Od(t). Tt is known (see
[Lio8]) that the variational characterization ([L.4) of W by Aubin and Talenti implies that there
exists a function £¢(d) such that £¢(d) — 0 as 6 — 0 and, for any fixed ¢

(3.4) Hgl(,fi |V (wpux (8) = W)||, < e0(d(2)).

The key point of the proof of Proposition B.] is to show that d(t) tends to 0, which by (B.4)
implies that there exists (A(t), z(t))i>0 such that wy . (f) — W tends to 0 in H' as ¢ tends to
+00. We first show:

(3.3) d(t) :=
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Lemma 3.3. Let u be a solution of ([.]) such that (R.7) and (R.§) hold. Then

1 (T
. lim — d(t)dt .
) Jim g [ o o
Corollary 3.4. There exists an increasing sequence 7, — 400 such that
nBI—iI—lood(Tn) = 0.

Proof. Let ¢ be a C* function such that p(z) = 1if |z| < 1 and ¢(z) = 0if || > 2. For R > 0,
write

(3.6) vr(2) = p(z/R) and Yp(z) = wp(z/R).
Let € > 0. Consider as in [KMO06H, §5]
(3.7) gr(t) :== /wR.Vmu&fudw—i— (%)/@Ruatudx.

Step 1. Bound on ggr(t). We first show
(3.8) 3Cy > 0, vVt > 0, |gR(7f)| < CiR.
Indeed, note that supp ¢r Usupp¥r C {|z| < 2R}, so that |[¢r(x)] < 2R and |pp(x)| < 28

|z] *
Hence

N [2
lgr(t)| < 2R/ |V pudpuldr + E/%\uatu\dm,
T
which yields (B.§) by Hardy’s inequality and Claim .4

Step 2. Bound on gg(t). There exists Co > 0, ¢ > 0, such that for all ¢ > 0, there exists
t1 = t1(6) > 0 such that

(3.9) Vte [t1,T), gip(t) < —cd(t) + Cae.
By explicit computation and the equality E(ug,u1) = E(W,0) (see Claim [C.1] in the appendix)

;oL / 2, 1 / 2 _/ 2 /
gep(t) = Ny |Opu|*dx N3 VW |*dx |Vul“dz | + O |m|2€TT(u)dm ,

where 7(u) is defined in (R.25). Note that by Claim P.4 an elementary calculation

; 2 ; 2 _ 2
(3.10) N_2/|8tu| dr+ </|VW| do /|Vu| dm)
>

1 2 2 2
> N3 </]8tu\ dm—i—/\VW\ dx /\Vu] dx).
Thus there exists Cy > 0 such that

(3.11) glt) < ————d(1) +02/ ().
feleT

N +2
By Proposition R.§, tA\(t) — +oc and |z(t)]|/t — 0. Thus we may chose t; = t1(g) such that

> 2R0 (8)
- et

)

t>t = |a(t)] < %t and [A(1)]
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where Ry(¢) is defined in (.26) Then for t; <t < T,

o] 2 7 = A0)Jal ~ o(0)) 2 20 (o7 - ) 2 Rt

which yields, together with (R.24) and (B.11)), our expected estimate (B.9).
Step 3. End of the proof.
Integrating (B.9) between ¢; and T, one gets

T T
9er(T) — ger(t1) = / gLr(t)dt < —c/ d(t)dt + Co(T — ty)e.
t1 t1
and thus, by (B.3),
T
= | d(t) <201 + Coe,
T Jy,
hence T
1 2
lim sup —/ d(t)dt < Ms
T—+o00 T 0 C
which yields the result. O

3.2. Modulation of solutions. We will now precise, using modulation theory, the dynamics
of solutions of ([.]) near W. We will only suppose

(3.12) E(ug,u1) = E(W,0),

without any further assumption on the size of ||Vugp|l2. We have the following development of
the energy near W:

1 .
(313)  B(W+ f.g) = EW,0)+Q(f) + 5 lglz + O(IV/I5), feH g€l
where Q is the quadratic form on H® defined by
1 2 N+2 w5 g2
(3.14) Q=5 [ IVIE =g [ W

Let us specify an important coercivity property of (). Consider the orthogonal directions W,
W, Wj, j=1...N in the real Hilbert space H! = H1(RY,C) where W and W; are defined by

~ _0 (N =2

W = C% (WM’X)T(MyX):(LO) = —C< 5 W+x- VW>
(3.15) P

Wi=¢ 0X; (WX ) 1, x)=(1,0) = €30, W-
and the constants ¢, ¢, ..., ¢y are chosen so that
(3.16) HVWHQ = ||[VWi|l2 = ... |[VWx]2 = 1.
We have
2

(317) Q(W) = (N _ 2)0]]\\[7’ Qfspan{W,Wl,...,Wn} =0,

where C'y is the best Sobolev constant in dimension N. The first assertion follows from direct

computation and the fact that |[W |3 = |[VIWV |2 = CLN From (B.13), (B-19), and the invariance
N —
of E by all transformations f — f, x, we get that Q(W) = Q(W1) = ... = Q(Wn) = 0.
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Furthermore, it is easy to check that /VI7, Wi, ..., Wy are Q-orthogonal, which gives the second
assertion. .

Let H := span{W, W ,Wi,...,Wx} and H' its orthogonal subspace in the real Hilbert space
H'. The quadratic form Q is nonpositive on H. By the following claim, Q is positive definite
on H* (see [Rey9d, Appendix D] for the proof).

Claim 3.5. There is a constant ¢ > 0 such that for all radial function f in H+
Q) = eV fi5-

Now, let u be a solution of ([[.1]) satisfying (B.1J) and define d(¢) as in (B.3). We would like
to specify (B.4). We start by chosing p and X.

Claim 3.6. There exists 59 > 0 such that for all solution u of ([[1) satisfying (B-19), and for
all t in the interval of existence of u such that

(3.18) d(t) < do,
there exists (u(t), X (t)) € (0,4+00) x RN such that
Uy, x € {W, Wi, ..., WN}J‘.

We omit the proof of Claim .6, which follows from (B.4) and the implicit function Theorem.
We refer for example to [DMO07, Claim 3.5] for a similar proof.

If a and b are positive, we write a ~ b when C~'a < b < Ca with a positive constant C
independent of all parameters of the problem.

Now, consider u satisfying (B.14) and assume that on an open subset J of its interval of

definition, u also satisfies (B.1§).
According to the preceding claim, there exist (u(t), X (¢)) such that

Vted, uux(t)e{W,Wi,..., Wy}t
We will prove the following lemma, which is a consequence of Claim B.j, in Appendix [A].

Lemma 3.7 (Estimates on the modulation parameters). Let u, pu, X be as above. Changing u
into —u if necessary, write

~ 1 ~
uux(t) = L+ o)W+ f(t), 1+a:= = /VW -Vu, xdr, feH*
VW13
Then
(3.19) laf = [V (@W + F)l| = |V fll2 + [[0ull2 ~ d(#)
/ !/
(3.20) % + % +[X'(1)] < cd).

3.3. Exponential convergence to W. Using Subsections B.1 and B.3, we are now ready to
prove Proposition B.1]
Let u be as in the proposition. By Lemma P.5, we may assume that

There exist functions A(¢), z(t) continuous on [0, +00) such that

3.21 .
(3:21) K = {(u(t),atu(t))A(tm(t), te [0,—!—00)} is relatively compact in H' x L.
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Let u(t) and X (¢) be the modulation parameters of Subsection B.3, defined for d(¢) < dy. It is
easy to see that the compactness of K implies that the set

K = {(u(t),8tu(t))[“(t),x(m, te[0,+00), d(t) < 50}
has compact closure in H' x L2, By an elementary construction, one can find continuous
functions A(t) and Z(t) of t € [0,400) such that (A(¢),Z(t)) = (X (t), u(t)) if d(t) < do. The set

K defined as in (B21]) has compact closure in H' x L2. We will still denote by (t) and A(¢) the
new parameters that satisfy, in addition to (B.21),

(3.22) d(t) < do = A(t) = pu(t), x(t) = X(t).
The proof of Proposition B.]] relies on the two following Lemmas.

Lemma 3.8 (Virial type estimates on d(t)). Let u be a solution of ([1)) satisfying (B-7), (B-21)),
and (B-29). Then there is a constant C' > 0 such that

0<o<T= /Td(t)dt <C <Js<1;<pT lz(t)] + ﬁ) (d(o) +d(7)).

Remark 3.9. We will also need the following variant of Lemma B.§, whose proof is exactly the
same: if u satisfies the assumptions of Lemma B.§ for all ¢ € R, then there is a constant C' > 0

o< o< T < 400 — /Td(t)dt <C <f$l<)f ()] + ﬁ) (d(0) + d(7).

Lemma 3.10 (Parameters control). Let u be a solution of (L) fullfilling the assumptions of
Lemma [3.§. Then there exists a constant C > 0 such that
1 1 1
<o an O’—i-)\(o_) <7 |z(T) x(a)\—i—‘)\(T) o)
Remark 3.11. The technical assumption o + ﬁ < 7 is needed because of the infinite choice of
parameters z(t) and A(t) when d(t) > dp.

Let us first assume Lemma B.§ and to show Proposition B.1]

< C/UT d(t)dt.

Proof of Proposition [3.1. Step 1. Let us show that, (replacing u by u(- — #) for some zo, € RY
if necessary), there exist ¢,C > 0 and A € (0,00)

o
(3.23) / d(s)ds + [A(t) = Aol + [2(8)] < Cect,
¢
We first show that z(¢) and ﬁ are bounded. According to Lemmas B.§ and B.10, there exists
a constant Cy > 0 such that for all 0 < o < s <t <7 with s+ ﬁ < t, we have

(321)  lels) — a(t)] + \ﬁ - ﬁ‘ <y {up ()] + %)} (d(0) +d(r)).

Now consider the increasing sequence 7, — 400, given by Corollary B.4, and chose ng such that

. > < —
(3.25) n>mny=d(m,) < 1Co
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Using (B.24) with ¢ = s = 7, and 7 = 7, for some large n we get, in view of (B.2H)

1 1 1 1 1
oo 4 5y <= lolra) =201+ | 5o~ 35| < 3 {UP ()1 + 355) } -
Thus
1 1 1 1
o (0 ) < s (01 55) el 5

which shows the boundedness of x and A.

By Lemma B.§ between o = t and 7 = 7,, and taking into account the fact that x(¢) and
ﬁ are bounded, we get [["d(s)ds < C(d(t) 4+ d(7,)). Letting n goes to infinity we obtain
f;r d(s)ds < Cd(t). Thus for some constants ¢,C' > 0,

+o0
(3.26) / d(s)ds < Ce |
t

which is the first bound in (B.29).
By (B:2), Lemma B.I(] and the fact that z(¢) and A(lt) are bounded, we have, if o + ﬁ < T,

|z(o) — x(1)| + ‘A(l )\(T | < Ce“. Thus there exist 7o, € RY, £, € [0,+00) such that

|z(t) — Too| + ' —l| < Ce™ .

M)

Translating u, we will assume z,, = 0. It remains to show that f,, > 0. Assume that ¢,, = 0.
Let 0 < o < 5. Let 7, be the sequence such that d(7,) — 0. Then, by (B.24), if n is large enough
(so that s+ ﬁ < Tp),

Letting n tends to infinity, we get, by the assumptions £, = 0, and zo, =0

o(s) = ()| +

0505l + 515 < Co s (1] + 575 )] oo

Taking the supremum in s in the preceding inequality, we get, if o = 7,

sup o) + 575 < o [sup (Ie(o)l + 57 ) | )

Recalling that d(7,) tends to 0, we get a contradiction, showing that o, > 0. The proof of
(B-23) is now complete.

Step 2. Proof of (B.]). Let us first show by contradiction
(3.27) Jim d(t) =

Indeed, if it does not hold, there exists a subsequence of (7;,), (that we still denote by (75,)x),
and a sequence (7,), such that

Tn < Tny, Yt E [Tn,Tn), d(t) < /2, d(7) = do/2.
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On [7,,, s] the parameters a(t), u(t) and X(t) of Lemma B.7 are well-defined. By (B.23) and
Lemma B.7.

Tn | ~f Tn
(3.28) la(r) — a(f)| < / : ((tt))'dt <c / d(t)dt < Ce™.
By Lemma B3, a(t) = d(t). As d(,) — 0 and d(7,) = do/2, this contradicts (B-2§), showing
B2

In view of (B.27), there exists T' > 0 such that for ¢ > T, d(t) < dg, so that u is close to +£W
for t > T. By continuity of u, the sign before W does not change for large t. Changing u into
—u if necessary, we can make it a +. Write as in Lemma B.7

(3.29) uux(t) = (14 a(t)W + f(1).

Integrating the estimate |o/(t)] < Cu(t)d(t) of Lemma B.4, we get, by (B-23), |a(t)| < Ce .
Furthermore, again by Lemma B.7, ||V f|l2 + [|0ull2 < d(t) ~ |a(t)|. Thus

(330) VST, Jalt)] + |ult) — Aol + X0+ IV Flls + [B0u(t) 2 < Cec.

This implies (B.1) in view of (B.29).

Step 3. Proof of (B.9). Assume, in addition to the assumption of Proposition B.1, that we have
(3.31) [[ull 5(~00,0) = +00.

By Lemma P.§ there exist A(t) and z(t), defined for ¢ € R such that

K= {(u(t),@tu(t)))\(t)w(t), te R}

has compact closure in H' x L2 Asa consequence of the preceding steps, applied to u(t, z)
and u(—t,x), we get that d(¢) tends to 0 as ¢ goes to +00 and —oo, and that ﬁ and z(t) are
bounded independently of ¢ € R. By Remark B.9,

(3.32) o<t /Td(t)dt < C(d(o) +d(r)).

Letting o go to —oo and 7 to 400, we get that d(¢t) = 0 for all ¢. Thus u = W up to the
invariance of the equation, which contradicts the assumption ||Vug|l2 < [V ]|2. O

Proof of Lemma [3.§. Let R > 0 to be chosen later and gg the function defined by (B.7)
Step 1. Bound on gr. Let us show that there is a constant Cj independent of ¢ > 0 such that

(3.33) l9r(t)] < CoRd(2).

Indeed by the explicit expression of gg, the fact that ¢»g < 2R and pr < 2R/|z| and Hardy’s
inequality we get
lgr ()] < CR|[Opu(t) 2] Vu(t)lla < CR[|Oyu(t)]l2-
By Lemma B.7 ||0wull2 < Cd(t) for ¢ such that d(t) < dp. As [|O;ul|2 is bounded by /2E(W)
(Claim P.4), this bounds is valid for any ¢, which concludes the proof of (B.33).

Step 2. Bound on g In this step we show that there exist pg > 0, ¢ > 0, independent of o and
7 such that if for some t € [0, 7],

(3.34) R > po (ﬁ + !w(t)!> ;
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then

(3.35) gr(t) < —cd(t).
Indeed by Claim [C.1] in the appendix,

1 1
Ga(t) = s / Opude — (/ VW 2 — / yw%m) + Ap(u, ),

where Ap is defined in ([C.])). We first claim the following bounds on Ag(u, dyu):

(3.36) Ve >0,3p. >0, >0, R>2az(t)+ A’”é) — |Ag(u, du)| < e.
2
(3.37) 3C, >0, Vp > 1, Vt > 0, [R > 2|z(t)| + T[;) and d(t) < 60}

e | Ap(u(t), ()| < Cy (%d(t) +d(t)2) .
p 2

By ([C.]), there exists Cy > 0 such that

(3.38) Ap(u, Oyu) < CQ/ r(u)dz,

|2|>R

where 7(u) is defined in (2.25). Let p. := 2Ro(¢/C3), where Ry is defined in (.26). Assume

Pe
> .
that R > 2|x(t)| + D Then
o > R=> lo —2(t)| > R~ |at)] > 7 > L%)@).

By (B.3§) and the definition of Ry, we get (B.34).
Let us show (B.37). Let ¢ such that d(t) < dg, where dg is the parameter given by §8.2 Recall

that by (B.29), A(t) = u(t) and X (t) = z(t).
For any Mg, 79, we know that W), ., is a solution of ([.I) independent of ¢, so that gr(t) = 0,
and g/ (t) = 0, which shows by Claim [C.1] that Ag(W), 4,,0) = 0. Thus
Ap(u, dpu) = Ap(u, dpu) — Ap (Wl _X,o) .
w’

By the change of variable r = X + % we get
" 5 0 b

(3.39) /aiz (x)0ju(zx)Opu(x)dr — /aﬁ o (Wl,—X> (x)(?— Wi _ ) (x)dx
= /a{f(x + %)aj(w + £)0(W + f)dy — /a{f(x + 2) ;W W dy

= /a{; (X + %) (O;Wof + 0; fORLW) dy + /a{; (X + %)Ojfakfdy.
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where f =, x — W, is such that |V f(t)||2 < Cod(t) by Lemma B.7. Now, a similar calculation

on the other terms of Ar(u,0yu) — Ar(W1 _y) yields the bound
W

(3.40) [ An(u, dow)| = |Ar(u, 0u) ~ Ar(W1 _x,0))
2
T )|

[\Vf\z LWV W P

<C
| X+2|>R
Let us bound the terms of the right-hand side of (B.4(0) that are linear in f Recall that
wu(t) = A(t) and X (t) = x(t). Using that R > 2|z(t)| + %, we get, if ‘X + %‘ >R
1
s e 22
Ju ju Iz B2 T plop T 2R
Thus, recalling that W (y) ~ |y|?>~ for large |y|.
1/2 o
[ vweSsay< ([ 9WE) VSl < —rd(0)
|X+2|>R ly1>2p P2
N+2
C
2r <~ d(t)
p 2

d(t).

2N
/ W2*1|f|dyg</ W2> If
| X+4|>R ly|>2p
1)

1
[ [ o)L
x+2>r p2|X + 4| [x+2l>r |yl y1>2p |Vl
We are now ready to show (B.35). Note that by Claim [C.1], we have, for a small constant

1/2 c
!W!2> IVFll2 < —-=
2

By (B:40), we get (B:37)
gr(t) < —cd(t) + [Ag(u, Ou)|.
¢ where O is the constant in (B.37).

¢ >0,
(3.41)
Chose J; := min {50, ﬁ} and p; > 1 such that 45 < g
pZ
PL) = 1An(u, du)| <

By (B.37)
d(t) < &; and R > 2(|x(t)| 30
Ca(e).

N O

) with € := %(51,
— |Ap(u, )| < gal <

Pe
d(t) > é; and R > 2|z(t
() 2 1 and R > 2ja(0)] + 575
In view of (B.41), we get (B.35) under the assumption (B.34) for pg := max(2p1, p, 2). Step 2 is

According to (B

complete.
Step 3. End of the proof. Take
1
— t
(575 +1=01).

R :=2py sup
o<t<T

where pg is given by Step 2. Then by (B-3H)
Vi o,7],  cd(t) < —gilt)
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Integrating between o and 7, we get, in view of (B.33)
e [ ddt < lgn(o)] + lgn(r) < CoR(d(o) +d(r))

which yields the conclusion of Lemma B.§. O

Proof of Lemma [3.1(. Step 1. Bounds by compactness on a short time interval. We show that
there exists Cy > 0 such that

1 A1) A o)

3.42 v >0 —0| < —— A — — L+ < (.
B42)  ¥roz0. |r—o| < 5 = MOlalr) — a0 + 35 + 35 <O
If not, we may find sequences 7,, 0, > 0 such that

1 A7) Mow)
A4 n— Yn S N\ n n) n

(3.43) |70 — o0l ) M) |2 (1) — x(on)| + Now) + M) N +o0
Extracting subsequences, we may assume
(3.44) lirj{l A7) (o0 — ) = sp € [—1,1].

Consider the solution of ([L.1])
1 s Y
un(s,y) = —U < + Th, + x(m)) .
Am) T \A(T) A(7n)
Oun

By compactness of K, extracting subsequences if necessary, (vn, W) =0 has a limit (vg, v1) in

H' x L2. Let v be the solution of ([[1) with initial condition (vg,v1), which is globally defined
according to Corollary P.9. By Proposition .3 (H),
1 o
wy(y) = vp (A(Tn) (00 — Tn),y) = ———Fx U <0n= - A + x(Tn)> — v(s0,y) in H'.
)T\ A e

Furthermore the compactness of K implies that the following sequence stays inside a compact
set of H!.

N-—2
1 Y Alma) \ 7 A7)
———ul oy, ——+ x(an)> = < > W, < Y+ X)) (x(on) —x(m)) | -
(Mow)) T ( Aon) Aon) Aom)
Thus /)\‘((;Z)), i((;’;)) and \(7,,)(z(7n) — 2(0y,)) must be bounded, contradicting (B.43).

Step 2. Control of the variations of d. Let dp > 0 be given by Subsection B.3. Let us show

(3.45) 361 >0, V7 >0, sup  d(t) >dp = inf  d(t) > 01.
T§t§7’+ﬁ TStST'FﬁT)

Indeed, assume that it does not hold, so that (extracting if necessary), we may find sequences
(Tn)ny (En)n, (t,)n, such that

(3.46) tn,th € |:Tn,7'n + ﬁ] , d(tp,) — 0 and d(t,) > do.
Let .
s y
o) = G (g o g+ 500)



DYNAMIC FOR ENERGY CRITICAL WAVE 21

By the compactness of K, and the fact that d(¢,) tends to 0, we may assume that (v, (0), dsv,,(0))
tends to some W)\O g

By Step 1, )\(t 5 < %, thus A(t,)(t, — t),) is bounded. Extracting if necessary, we may
assume lim, A(t,)(t, — t),) = so € [~1,1]. By Proposition .4 (H),

(3.47) lim vy (A(tn) (tn = 1)) = £Wag.a, in H'.
1
Furthermore, v, (A(t,)(tn — t),)) = ——=—u <t'n, Y —i—x(tn)). Thus by (B-44), |[VW |3 —
Atn) 2z Altn)

|Vun,l|3 > 6, which contradicts (B.47). Step 2 is complete.
Step 3. End of the proof We first show that , there exists C' > 0 such that
1
348) 0<0<G<i<T=04 = |a(F + c/
(3.48) e = o)~ O + |55~ 5| <

where C7 > 1 is the constant defined in Step 1. Indeed, if d(t) < §y for ¢ € [0, 7], we have by
(B.22) that x(t) = X (t) and A(t) = u(t) on [o,7]. Thus by (B.20) in Lemma B.7,
1 1

2(5) — 2(7)| + 'W 531 /;x/(t)dt‘ + ; :2((’?)&‘ < C/UTd(t)dt

which yields (B.4§) in this case. The second case is when there exists a t € [0, 7] such that d(t) >
do. By Step 2, we get that d(¢) > d; for all t € [0, 7]. Note that by Step 1, |6 —7| < 01# < Lo

NGERGE
and thus, again by Step 1, |z(d) — z(7)| < g and‘ ﬁ % —% < f(c&l).
- - 1 1 301 302 /
z(0) — z(7)| + — — < =3C%7|lo — T<—
@) =201+ |57~ 37| < 37 < 35y = 30 7

The proof of (B.4§) is complete.
It is straightforward to deduce the conclusion of Lemma from (B.49) , dividing the interval
[0, 7] into small subintervals, and we omit the details. O

4. SUPERCRITICAL CASE FOR L% SOLUTIONS

In this section we study a solution u of ([[.1) such that

(41) ug € L?
(4.2) E(ug,u1) = E(W,0),  [[Vuolla > [[VW][2
(4.3) T\ (u) = +00.

Our main result is the following.

Proposition 4.1. Let u be a solution of ([LI]) with N € {3,4,5} satisfying (1), @32) and
([{3). Then N =5 and changing u into —u if necessary, there exist ¢,C > 0 and Ao,z such
that

(4.4) Ve >0, [[Vu(t) — ViWaaolle + 100u(t)||2 < Ce.
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Remark 4.2. In dimension N = 3 or N = 4, Proposition [.] asserts than any solution of ([L.])
satisfying (1) and ({.3) must blow-up in finite time for positive and negative time. We are not
able to prove ([L.4). Nevertheless, one can show the weaker property

1 T
li — =0.
TiToo T /0 d(t)dt 0

Let
o) = [ (o),
RN
and define d(t) by (B.3). We first prove the following.
Lemma 4.3. Let u satisfying the assumptions of Proposition [[.1. Then

(4.5) Vi>0, 3(t)<0
(4.6) Jim (1) = yeo € (0, +00)
(4.7) / o d(s)ds < Ce™*.

Corollary 4.4. Under the assumptions of Proposition [[.1, T—(u) < co.

Proof of Corollary [.4. Indeed by (1), v/(t) < 0. But if T_(u) = +oo, ([.4) applied to the
solution u(—t,z) of ([L.I]) (which also satisfies the assumptions of Proposition [.1]) shows that
y'(t) > 0, which is a contradiction. O

Proof of Lemma [[.3. By direct calculation (and using equation ([.T) and assumption ({.3) to
compute y")

(4.8) y'(t) = 2/RN u(t)Oyu(t)dz

@9 v'0=2 [ @u) - [VuOP + fu)
N-1 2 4 2 2
=4 S - > d(b).
15— [@a? + 5 | [19uor - [ 9w = )
Furthermore, by Cauchy-Schwarz inequality,

(4.0 v @7 <4 [ [@un)? < F=2yw0"0),

Proof of (f).We argue by contradiction. Note that by Remark [[.3, assumption (f.J) implies
that |[Vu(t)||z > [[VW]|2 for all t. By #9), 3" (t) > 0 for any ¢ > 0. Assume that for some t,

y'(to) = 0.
(4.11) vt >tg, y'(t)>0.

/

Hence by (f10), N—i%% < Z—l/l, which yields by integration

N—-1

Y (t) y(t) \M
YVt > to + 1, y/(to—i—l) 2 (y(to+1)> ’

which leads to blow-up in finite time from the fact that ¥=% > 1, contradicting ().
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Proof of ([.G). The function y is positive and, by ([.5), decreasing. Thus
(4.12) lim y(t) = yoo € [0, 4+00).
t—+o00

We must show ¥y, > 0. Let us first show that for ¢ > 0
(4.13) ¥ (O] < Clau®)ls < Cd().

By Cauchy-Schwarz, |/ (t)] < ||u(t)|]2||0su(t)||2. By [@12), ||u(t)|]2 = /y(t) is bounded, which
shows the first bound in (f.13)). According to Lemma B.7, if d(s) < &y then [|0yu(t)]]2 < Cd(2).
Furthermore, if d(s) > do, ||G;u(t)]|3 < d(t) < %d(t)Q, hence the bound ||dyu(t)||2 < Cd(t), which
concludes the proof of ([.19).

To show that y., > 0, we argue by contradiction. Assume that y,, = 0. By({.13),

+o0 +oo
(4.14) W) =~ —v) == [ @as < [ das
Note that
+o0o
(4.15) /t d(s)ds < [/ (1)].

Indeed ftT y'(s)ds = y'(T) — y'(t) < —y/(t), which yields ({.I5) in view of ({L.g). Combining
([{14) and (17), we get

400 +o0 1/2
/ d<s>dss\y'<t>\szuatuu)ua(y(t))”?scuatuwz(/t d<s>ds)

1/2
and thus, by ([£13), ( t+oo d(s)ds) < Cd(t) for t > 0. This is a differential inequality of the

form vY < —CY’, which can not be valid on [0,00) if ¥t > 0, Y > 0. The proof of (.6) is

complete.
Proof of (7). By (E.13) and ({.19) ,
vt > 0, /OO d(s)ds < |y'(t)] < Cd(¢),
t

which implies (7). O

Proof of Proposition [[.1. Step 1. Convergence in L?>. We first show that there exits uo, € L?
such that
(4.16) lim |Ju(t) — usoll2 = 0.

t——+o00
Indeed we have, if 0 <t < t9,
to 2
Oyu(t, x)dt

t1

Integrating (f.17) in space, we get by (I.7)
to

to
u(t) — ult2)|l5 < |t — t2\/ [0pu(t)||3dt < Cltr —ta| | d(t)dt < Clty — tale™".
t1 t1

(4.17) lu(ty, z) — u(tg,x)|2 =

< (t2 —t1)/|8tu(t,x)|2dt.
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By an elementary summation argument, we obtain, taking a larger constant C, the bound
llu(t1) — u(tz)]|3 < Ce ™ for t; < t3. Thus u satisfies the Cauchy criterion in L? as t — +o0,

which yields (£16).

Step 2. End of the proof By ([.7), there exists a sequence t, — oo such that d(t,) tends to
0. Thus, extracting a subsequence and changing u into —u if necessary, there exists Ao, zo such
that u(t,) tends to Wy, 4, in H', thus in D'(RY). In view (f10), u(t,) tends also to us in
D'(R™). Thus W), z, = Uso € L?. This shows that N =5 and
(4.18) lim_[u(t) — Wy rol2 = 0.

t—-—4o0

Let us show

(4.19) lim d(t) = 0.

t—+00

If (£.19) does not hold, there exist increasing sequences (t,,)n, (t,,)n such that ¢, < ¢/, d(t,) — 0,
d(t),) = 6o and d(t) < g for t € [t,,t)). On [t,,t)], the modulation parameters pu(t) and X (¢)
are well-defined. Furthermore, by ([L.1§), p(t) must be bounded on |, [tn,t,]. Thus by ([£7)
and the same argument as in the proof of (B.27), a(t,) tends to 0 which contradicts the estimate
d(t,) ~ a(t],) of Lemma B.7. Hence ({.19).

Thus there exists 7 > 0 such that for ¢ > T, d(t) < dp. By ({18), 1 converges to Ay '. In
view of estimate (B.20) of Lemma 3.7 and the boundedness of ,

(4.20) o/ ()] + [/ ()] + [ X' ()] < Cd(t).

In view of ({.7), this shows as in the end of the proof of Proposition B.1] that d(t), a(t), u(t)
and X (t) converges exponentially when ¢ — +o00, which implies ([L4)). The proof of Proposition
B.1 is complete. 0

5. PRELIMINARIES ON THE LINEARIZED EQUATION NEAR W
This section is similar to the corresponding one in the NLS case [DMO07, Section 5|.
Let u be a solution of ([.1), defined on [0, +00), and close to W. Let h :=u — W. Then
2 _a_ N2
Ofh — Ah — |W + h|¥—2(W 4+ h) + WN-2 =0,
which we rewrite as

(5.1) O?h + Lh = R(h),

N +2 4 4 N+2 4
- A - — N— = N— — N—2 — — N—
Li=—A————=W~2, R(h):=|W+h|T2(W+h) - WN2 - Z——ZWT2h.

Note that 1(Lu,u)r2 = Q(u) where @ is the quadratic form defined in (B:14).

5.1. Preliminary estimates. Recall the definition of the spaces £(I) and N(I) defined in (2.1)),

3.
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Lemma 5.1. There exists C > 0 such that if f € L**, I is a time interval and u,v € £(I).

(5.2) IDY2 (W ¥ ) |ty < © (1117 + 1170990 ) [
(5.9 IROILgy, < (1515 + 1113

-)
N—2
(5.4) |IDY*(R() = R)lvay
6—N
< C (14 111250 ) lu = vl (nuuw) ol + Nl + el )

We postpone the proof of Lemma [.1] to Appendix [B.
We will also need the following version of Lemma [5.1] with exponentially decreasing norms.

Corollary 5.2. Let u,v € {(tg,+00), tg € R, such that for some v > 0, and some constant
M >0,
Vt > to,  Nulleroo) + 10lleto0) < Me™

Then there exists C = C(vy, M) > 0 such that
I DY W N2 0)l |y (topme) < e, [R@u(®)]| 2n < Ce™"
T2
W >ty [DY2(R() ~ RE)no < O ol
Proof. This is an immediate consequence of Lemma [.1] and the following elementary Claim,
which is Claim 5.8 in [DMO07):
Claim 5.3 (Sums of exponential). Let tg > 0, p € [1,+00[, ag # 0, E a normed vector space,
and f € L}, (to,+00; E) such that
(55) 37—0 > 0, HCO > O, Vt Z t(], HfHLp(t,t-‘rT(),E) S C(]eaot
Then fort > tg,

Coeaot Coeaot

(5.6) ”f”LP(t,—l—oo,E) < 1 caono if ag < 0; HfHLP(to,t,E) < 1 if ag > 0.

— e @070
O
Corollary 5.4 (Strichartz estimates for the perturbative equation). Let h be a solution of (p.1)
on [0,00) such that
IVA()]l2 + 10k (t)]l2 < Ce™".
Then

h DY2Ww=h < Ce
| Hf(t,+oo) + 1Dy ”N(t,—i—oo) ~te 7,
IR 2+ [DY2R() o0y < Ce
Proof. The proof is the same than the one of [DMO07, Lemma 5.6]. We sketch it for the sake of
completness. Note that all desired estimates are, by Corollary f.3, a consequence of
12| o(t,400) < Ce™ Y,

so that we only need to show this last estimate We have

N+2
02h — Ah — N—i—WN 20+ R(h).
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Let t > 0 and 7 € (0,1). First note that W + h is solution of ([L.]), and thus, by the standard
Cauchy problem theory for (L), [|All¢(s,¢4-) is finite. By Strichartz inequality (Proposition P.1)
and Lemma .1,

_4 _
Iallectt4m) < C (HDWWN*”LHN titr) + IDY2R(W) N eir) + € w)

N+2
<C(Twluhuwﬂ+uhuum RIS +)

By a standard argument (see the proof of [DM07, Lemma 5.7]), we deduce from the preceding
inequality, 7 is small,

Bl et t4r) < Ce .
The conclusion follows from Claim p.3. 0

5.2. Spectral theory for the linearized operator. The following Proposition sums up spec-
tral properties of L (see [EK0H], [EKT07| for the radial case in R3).

Proposition 5.5. The operator L on L? with domain H? is a self-adjoint operator with essential
spectrum [0, +00), no positive eigenvalue and only one negative eigenvalue —eg, with a radial,
exponentially decreasing, smooth eigenfunction Y. Furthermore, if

G| = {feHl, /yf:/Vf-VW:/Vf-VI/Vl:...:/Vf-VWNzo}.
Then there exists cg >0 such that
(5.7) ViEGL, Q(f) > cqlVIl3.

Remark 5.6. The proposition shows

{ue H', Lu=0} = span{W,Wl, o Wt
Indeed, the inclusion D is already known. For the other inclusion, note that if the dimension of
the space {u € H', Lu = 0} was strictly higher than N + 1, we could find Z € H', Z =# 0, such

that LZ = 0, and orthogonal to W, W7, ..., Wx. By self-adjointness of L, [ ZY = —— f ZLY =
0. Thus on one hand Z € G, \ {0}, and on the other Q(Z) = (LZ,2Z) =0 contradlctlng ()R

Proof of the proposition. Step 1. Fxistence of a negative eigenvalue. The fact that L is a self-
4
adjoint operator on L? with domain H? is well-known. Note that L = —A — %Wm with
W2 & 1 /|z|* for large z. In particular, W2 is bounded and tends to 0 at infinity, which
shows that the essential spectrum of L is [0, 00) (see e.g. [RS79, Theorem XIII.14]). Furthermore,

4
|#|W ~¥=2 tends to 0 at infinity, so that by Kato’s Theorem [RS7g, Theorem XII.58], L does not
have any positive eigenvalue.

N+2 N+2
By the equation —AW = I/VN—L7 we have LW = —ﬁWN—J—r? and thus

L = — W
/WW /N_2W <0.

By approximating W by compactly supported functions

inf /Luu < 0,
lullz=1,ueH?
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Thus L has at least one negative eigenvalue —6(2), and the corresponding eigenfunction ) is
exponentially decreasing by Agmon estimate. We chose —e2 to be the first eigenvalue of L,
which implies that Y is radial and —e% is a simple eigenvalue

Step 2. Proof of (B.7). We first show

(5.8) VieGyL, Q(f)>0.
If not 3f € G1, Q(f) < 0. Let g € span {f,y, W, Wl,...,WN}. Taking into account that
LW =LW,=...= LWy =0, and that [ LYf = —e2 [ Vf = 0 we get

Qo) = / Log = / L(aY + BF) (0¥ + Bf) = B2Q(f) — o2E2 / V<o,

Note that span {f, Yy, W, Wa,... ,WN} is a subspace of H! of dimension N + 3, whereas H+ =

span{WV, W, Wi, W, ... ,Wx}* (the orthogonal is taken in H') is of codimension N + 2 in H'.
Thus there exists a nonzero g € span{f,y,w, W, .. .,WN} N H+. By Claim B.H, Q(g) > 0,
whereas we have just shown that Q(g) < 0 yielding a contradiction. The proof of (5.§) is
complete.

We now turn to the proof of (b.7). We argue again by contradiction. If (5.7) does not hold,
there exists a sequence (f,,) such that

(5.9) fneGr, IVhllz=1, Q(fa) — 0.
Extracting a subsequence from (f,,), we may assume
fn— fin H'.

The weak convergence of f,, € G| to f implies that f € G . By Cauchy-Schwarz inequality for
the positive quadratic form @ on G|, we get \/Q(fn)Q(f) > U Lf fn| Thus by (5.9),

Q(f)= lim [ Lff.=0.

n—-4o0o

As f € G, (b.§) shows that f = 0 and thus

fn —0in H'.
Now, by compactness fVVﬁ|fn|2 tends to 0. Using that by (5.9), Q(f,) tends to 0, we get
that ||V f||2 tends to 0, contradicting (5.9). The proof of (5.7) is complete.

Step 3. Uniqueness of the negative eigenvalue. Assume that L has a second eigenfunction )i,

with eigenvalue —e? < 0. As —e? is the first eigenvalue of L, we have that —e < —e? and

J YY1 = 0. The same argument than above shows that
Vf € span{Y, V1, W,Wi,...Wyx}, Q(f) <0,

which yields a subspace of H! of dimension N + 3 where Q is nonpositive, contradicting the fact
that Q is positive on the subspace H-+, which is of codimension N + 2 in H!. ]

In the sequel, we will chose ) such that

(5.10) /y2 = 1.
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5.3. Properties of the nonhomogeneous linearized equation. Let {5 > 0. We are now
interested by the following problem

(5.11) O*h+Lh=c¢, t>tg,

where h € C’O([to,+oo),H1), Oth € CO([t0,+oo),L2), e e CY ([t0,+oo),L13—52) and Diﬁe €
N (tg, +00) (see (R.1) for the definition of N (tg, +00)).

Proposition 5.7. Let h and € be as above. Assume that for some constant cy,c1 such that
0<cy<ey,

(5.12) [0 ()]l2 + V()2 < Ce!
(5.13) le@)ll 22, + 1022 400y < Ce™"

Then, if c; is any arbitrary number < c;.
e if c1 > eq, there exists A € R such that

(519 o ()~ 4D, + (V00 — A=), < e
e if c1 < e,
(5.15) 18 (t)]|2 + (VA2 < Cemert.
Proof. Write
N N
h(t) = BO)Y +FOW + D> v (OW; +g(t), g(t) € GL.
j=1

By the definition of G, the condition g(t) € G is equivalent to
(5.16) B(t) := / W)Y, () = / Y (h(t) — BHY) VIV, 7;(t) := / Y (h(t) - B(H)Y) YW;.

Step 1. Reduced case.
In this case, we assume, in addition to the hypothesis of Proposition .7

(5.17) Vit > to, B(t) = /h(t)y =0.

And show that (p.14) (with A = 0) or (5.13) hold. It is sufficient to show
(coter)

(5.18) 108 |2 + [ VR()]l2 < Cem 2.

An iteration argument will give the desired result.
We first prove

(5.19) 37 Q) + k@) = [ et
Indeed, recalling that Q(h) = [ Lhh, we get
337 Qo) + 1on(0)3) = [ Lhwain)+ [ aFnwoin(o),

which gives directly (5.19) from equation (f.11)), .
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We now turn to the proof of (p.1§). Note that h is exponentially decreasing in the Strichartz
norms:

(5.20) [hlloes ) < Cec
Indeed 9?h — Ah = %Wﬁr?h + & and by Corollary ., assumptions (.13) and (5.19),

' ‘N(t,—l—oo)
By Strichartz estimates (see Proposition R.1), we get (.20).
Now, by (.19,

d
= (Q(1(®) + 2R (D)]2)

Integrating between ¢ and 400, we get, combining assumption (b.13) on ¢, estimate (p.2(), and
Hoélder inequality in time,

Q) + 10:h ()13 < ClIDy el Nt 00) [Bllegr, 00y < Ce™ (0T,
By Claim B.F, and (B.17), [Vg(t)[3 < CQ(g(t)) = CQ(h(t)) < Ce~(0Fe)t Hence

_ (egter)
(5.21) |0k (®)ll2 + [Vg(B)]l2 < Ce™
Furthermore, note that by the definition of 4 in (5.16) and (f.21).

< Ceot,

Dl/2 (N— WN+2h+€>

< C|IDy*e(t) | 20van) D5 /20 (t) | 204
N+3 N—1

30 = [ oA W — 0. ol =| [ an Aw' < 08"
RN t——+o0 RN
Hence
(cg+e1)
(5.22) (1) < Ce 5
By an analogous argument
N cg+ecy)t
(5.23) S 0] < cemE
j=1

This gives (b.1§) and concludes Step 1.
Step 2. General case. We no longer assume ((t) = 0. We have:

(5.24) B'(t) = egﬂ(t) + n(t), where n(t) := /]RN e(t)).
Indeed,

" _ 2 _ = 62 .
g0 = [ ooy =— [ ey [ oy=c [ woyenoy

We will show that h(t) := h(t) — B(t)Y and &(t) := e(t) — n(t)Y satisfy the hypothesis of Step 1.
By assumption (b.13), |n(t)| < Ce~“'. We distinguish two cases.

First case: eg < c1. Then e®f|n(t)] < Ce™ (170 with ¢; — ey > 0. Solving (5.24), we see that

there exist real parameters 3., f_ such that

1 [T 1

+oo
B(t) = B_e O 4 B et — e e0t=5)p(s)ds + 50 /. e 0= (s)ds.



30 T. DUYCKAERTS AND F. MERLE

Note that ‘fjoo eeo(t_s)n(s)ds‘ + ‘ft—'—oo e~0t=3)n(s)ds| < Ce~t. Furthermore 3(t) tends to 0
by (b.12) which shows that S; = 0. Hence
(5.25) B(t) = B_e 0 4 O(e™ 1),
Second case: c; < eg. Solving again (5.24), we get real parameters 3, , f_ such that
1 +oo 1 t
B(t) = Boe 0 4 Beft — — eeo(t*s)n(s)ds - — efeo(tfs)n(s)ds.

2ep Jy 2ep Jo

Note that

t

1 oo eo(t—s) L —eo(t—s)
E/t e W(S)d5+a ; e 0 n(s)ds

—cit s
e if ¢1 < eg
<C et ,
te % ife; = e

so that we must have again G, = 0. As a conclusion
(5.26) c1 < eg == B(t) =0(e ), ¢ =ey = G(t) = O(te” ).
In view of (f.24), it is easy to check that in both cases, h and € satisfy the assumptions of Step
1, which implies, together with (f.25) or (F-26), the conclusions (p.14) or (p.15) of Proposition
51 0
6. PROOF OF MAIN RESULTS

In this section we conclude the proofs of Theorem [ an f]. We start, in Subsection B.J, by
constructing approximate solutions U{ of ([L1) which converge to W as t — +o0. Subsection
.9 is devoted to a fixed point argument near Uf for large k. The proof of Theorems [l and f is

the object of Subsection .3, except for the blow-up of W for negative times, which is shown
in Subsection @

6.1. A family of approximate solutions converging to W.

Lemma 6.1. Let a € R. There exist functions (9§);>1 in S(RYN), such that ®¢ = aY and if
k .
(6.1) Uit ) = W(x)+ Y _ e 704 (x),
j=1

then as t — 400,

(6.2) ey 1= OPUL — AUP — 1Ug1ﬁUg = O(e~(FHDeoty 4y, S(RM).

Proof. The proof is identical to the proof of [DMO07, Lemma 6.1]. We sketch it for the sake of
completness. Note that

(6.3) O2(W + h) — AW + h) + [W + h|¥=2 (W + h) = 8%h + Lh — R(h)
where L and R are defined in (p.1]). We have
N +2
R(h) = WNZJ(Wh), J() = 146|731 +1) =1 — —=¢,

N -2
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The function J is real analytic for [t| < 1 and J(0) = J'(0) = 0. Thus J(¢) is a power series of
the form -, c;# which has radius of convergence 1. In particular, if h € S (RY) and satisfies

|h(x)W Y (x)| < 1/2, for all x € RV, then
I N+2 ]
(6.4) R(h) =Y ;W= (hW)7,
j=2

where the series converges in S(R™Y).
Let us fix a € R. We will omit most superscripts a to simplify notations. Clearly, by (.9), if
Ui =W + aYe ot
4
({9252(]1 — AU; — ‘UﬂmUl = egae*eoty + aefeotL(y) - R (ayefeot) - _R (ayefeot) 7

which yields (6.9) for k£ = 1.
Now assume that for some k > 1, there exist ®1,...,®; in S(RY) such that (F-4) holds with

k
(6.5) Uy =W + hy, where hy, :=» e 7',
j=1

Let @41 € S(RY). Then

(66) 8152 <hk; + 67(k+1)60tq)k+1> + L (hk; + 6*(k+1)60t¢k+1> _ R <hk; + e*(k‘#l)eotq)k_i_l)
= ((k+1)%€g + L)e” BTV 1 4 ep + R(hy) = R(hy + e FTDO0 Dy ).

By (6.4) we see that ¢, must be, for large ¢ > 0, an infinite sum of the form >.i>0 eIt (),

with convergence in S(RY). Furthermore, the induction hypothesis (6.3) shows that ¥;; = 0
for j < k. Thus

er(t,z) = Z e IOy ) (z).

j>k+1

Furthermore, R(h;) and R (hk + e_(]”l)eot) have similar asymptotic developments, and if ¢ is
large enough, using that h, = O(e™%"), we get |R(hi) — R(hy, —l—ef(k*l)eot)‘ < Ceeolk+2)t,
This shows

(6.7) ex+R(hg) — R <hk + e—<’f+1>eot<1>k+1) = e~ ktDeotgy )y 4+ O(emFFDt) in S(RY).

By Proposition p.5, —(k + 1)2€3 is not in the spectrum of L. It is classical that the resolvent

((k+1)%2 + L)f1 maps S into S (see e.g. [DMO7, §7.2.2] for the proof of a similar fact). In
view of (f.6) and (B.7), it suffices to take

—1
Oppr = ((k+ 1%+ L) Uppp

to get (6.2) at rank k + 1. O



32 T. DUYCKAERTS AND F. MERLE

6.2. Contraction argument near an approximate solution of large order.

Proposition 6.2. Let a € R. There exists kg > 0 such that for any k > ko, there exists ty, > 0
and a solution U of (L)) such that for t > t,

(6.8) 10 = Ukl 100y < em(k+a)eot

Furthermore, U® is the unique solution of (1)) satisfying (B.§) for large t. It is independent of
k and satisfies, for large t,

(6.9) IV W) = UR)lla + 05U (1) = Ug) o < e~ FFa)e0t,

Proof. We follow the lines of the proof of [DMO07, Proposition 6.3].

Step 1. Transformation into a fized-point problem. As in the proof of Lemma [.I], we will fix
a € R and omit most of the superscripts a. Recall the definition of ¢, and hy from (B.I) and
(6-5). The proof relies on a fixed point argument to construct

w:=U*—-W — hy.

The function U is solution of (1)) if and only if U% — W is solution of (f.I). Substracting
equation (F.1]) on U® — W and the equation dhy, + Lhy, = R(hy) + €k, we get that U? satisfies
() if and only if w satisfies 92w + Lw = R(hy + w) — R(hy) — €. This may be written as

N +2
Otw — Aw = N—:Wﬁw + R(ht + w) — R(hy) — €.

Thus the existence of a solution U® of ([.1)) satisfying (6.§) for ¢+ > t; may be written as the
following fixed-point problem on w

(6.10) YVt >t, w(t) = Mg(w)(t) and ||wl|er100) < ef(kJr%)eOt, where My (w)(t) :=

o0 gin ((t — s)v/— 4
- /t ((t\/%\/—A) [% J_F ;Wﬂw(s) + R(hi(s) +w(s)) — R(hy(s)) — 5k(5)] ds.

Let us fix k£ and ¢;. Consider

1
EF .= {w € ((tg, +0); ||w||E§ = sup e(k+2)60t||w||g(t7+oo) < oo}

t>1g

~

B

S

= {we B, Juwlg <1}.

The space Eé“ is clearly a Banach space. In view of (.10), it is sufficient to show that if ¢, and
k are large enough, the mapping My, is a contraction on Bf.
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Step 2. Contraction property. Note that by Strichartz inequality on the free equation (Lemma
R.5), there is a constant C* > 0 such that if w, @ € Ef, kE>1,

(6.11) Mk (W) et +00) <C*[HD1/2 <WN 2w>HN(t+oo

+ || DY (R + w) — Bt - HD;/%kHN(t,m)}

HN(t,—l—oo)

(6.12)  [|IMg(w) — Mp(@)| gt 100) < C* [ HDi/Q <Wﬁ(w B w)) HN(t,—i—oo)

+HD;/2Rh+ ~ R(hy + @ H ]

(Rt )~ s )

Claim 6.3. There exists a constant Cy > 0, depending only on k such that for all w,w € Bé“
and t > ty,

(6.13) IDY e || Nt o0y < Cre™ FH1eL,

(6.14) | D2 (R(hi + w) — R(hy, + ) < Cre™ D0y — | .

HN t,400)
Furthermore, there exists ko > 0 such that for all k > kg and all w € Ef

1 1
< 7(k+§)60t .
N(trroo) — 4C*© ol

Proof of Claim [6.3. The proof is very close to [DM07, Claim 6.4]. Estimate (.1J) follows im-
mediately from (f.2), and (p.14)) follows immediately from Corollary [.2
Let us show (pb.15). Let 9 € (0,1). By Lemma p.1l, there exists a constant Cy > 0 such that

(6.15) HD1/2 (ww= 2w>”

2 2
HD1/2(WN 2w)||N(t t470) < 02 ||w||g(t t+70) < CQ (k+ )eOtH’U)H k-

By Claim p.3,
4 026—(k+l)eot 2
HD;/Q(WN*QIU)”N(L—FOO) < 1(7)607 N+1 HwHEég
2

Chosing 79 and kg such that C’QTOJ\Trl = ﬁ, and e~ (kot+3)eomo < %, we get () for k> ko. O
Chose k > kg. By (b.11) and Claim .3, we get, if g € Béf

1 _ Lye « - 33, . -~ .
M (W) |lo(t,400) < (Ze (k+3) otHwHEéc 1+ C*Cpe*t2) OtHwHE; 1+ C*Cpe~ D Otk)

< e (ktg)eot (i + C*Cpe 0% + C*Cke;eotk> .
CII:osmg t so large that C*Cre % + C*Cre™ st < 1 5, we get that for large k, My (w) is in
BZNOW, let w,w € B}. Similarly, by (p.13) and Claim p.3,

IMuw) ~ Mu(@)lgy < o =l (5 +C"Cue ),

which shows, chosing a larger ¢, if necessary, that M, is a contraction of Béf .
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Thus, for each k& > ko, (.]) has an unique solution U® satisfying (f.§) for ¢ > ¢,. The
preceding proof clearly remains valid taking a larger tj, so that the uniqueness still holds in the
class of solutions of ([L.1)) satisfying ([.§) for ¢ > ¢, where ¢, is any real number larger than ¢.
Using the uniqueness in the Cauchy problem ([[.1), it is now straightforward to show that U®
does not depend on k > k.

It remains to show (B.9). Let k > 0 be a large integer and w € Béf . By Strichartz inequality
(2.9), and the definition of My, we have, for t > t,

N+2 a
VM) (Ol + 10Mi() (1) 2 < [ D2 (25 W 7w+ Rl w) = Rihw) =i )|

As a consequence of Claim [6.3 and the fact that HwH’fEZ <1, we get
”Mk(?l))(t)”Hl <(C <e*(k+%)eotHwHEé€ 4 e—(k—l—l)eot) < Cef(kJr%)eot.

Applying the preceding inequality to the solution w = U* — U of the fixed point w = My (w),
we get directly (f.9). The proof of Proposition f.9 is complete. O

6.3. Conclusion of the proofs. At this levels, the proof are similar to the one of [DMOT],
except for the blowing-up of W which is proven in the next subsection.

Proof of Theorem []. The function ) is an eigenfunction for the first eigenvalue of L, thus it
must have constant sign. Replacing ) by —) if necessary, we may assume that ) (z) > 0 for all
x and thus

(6.16) /vy LYW > 0.

Let

W= U+
which yields two solutions of ([L.I]) for large ¢t > ty. Then all the conditions of Theorem [[ are
satisfied. Indeed, W is globally defined gor ¢t > ¢y and by (6.9), (W*,9, W) tends to (W,0)

in H' x L?, which yields (7). The energy condition ([g) then follows from the conservation
of the energy. Furthermore, again by (p.9),

VU1 = VWG + 206~ [ (V- v + 03,

which shows, together with (B.16), that for large ¢ > 0,
IVWE(@®)ll2 >0, VW (8)]2 <O.

From Remark [[.3, this inequalities remain valids for every ¢ in the intervals of existence of W+
and W—.
Finally T_(W ™) = —oo by (H) in Proposition R.§ and [|u/|g(_c,0) < o0 by (B.2) in Proposition
Except for the proof of the finite time blow-up of W™ for negative time, which we postpone
to Subsection .4, the proof of Theorem [ is complete. 0

Proof of Theorem [B. Let us first prove:
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Lemma 6.4. If u is a solution of ([.1]) satisfying
(6.17) IV (u(t) = W)z + l0cu(t)ll2 < Ce™*, E(up,ur) = E(W)

then
JaecR, wu=U"

Corollary 6.5. For any a # 0, there exists T, € R such that
Ut=WTt+T,) if a>0
Ut=W~(t+T,) if a<DO.

Proof of Lemma [6.4. Let u = W + h be a solution of (L)) for ¢ > t satisfying (5.17). Recall
that h satisfies equation (B.1)).

Step 1. We show that there exists a € R such that

(6.18)

(6.19) V>0, |V(h(t)—ae ®Y)|2 + ||0:h(t) + aege Y2
+ [[(s) = aeT0" Yy 4oy < Cpe” @7
Indeed we will show

(6:20)  [IVR(®)ll2 + [|19:hll2 < Ce™", RO 2, + 105 (R()) [ v oc) < Ce™>".

Assuming (p.2(), we are in the setting of Proposition .7, with ¢ = R(h), co = ep and ¢; = 2ey.
The conclusion (p.15) of the lemma would then yield (6.19). It remains to prove (p.20).

By Corollaries .3 and f-4 the bound on R(h) in (p.20) follows from the bound on ||VA(t)|2 +
|Och(t)]]2, so that we only need to show this first bound. By Corollary [.4, assumption (f.17)
implies ||VA(t)[|2 4 |0:2(t)]l2 + [|2llet+00) < Ce™ % By Corollary f.3

IR 2x + [[V(R(R) | Nt 100y < Ce™ 208

I, 3,

Thus we can apply Proposition .7, showing that
A8l 1 < C (e + e 20t),

If 244 > e the proof of (5.20) is complete. If not, assumption (B.17) on v holds with 2+ instead
of 7p, and an iteration argument yields (p.2().

Step 2. Let us show

(6.21)  Vm >0, 3o >0, Vt > to, ||0(u(t) —U )|, +||V(e—U) <e .

Hﬁ(t,-i—oo)

By Step 1, (6-21) holds for m = 2ej. Let us assume (§-2]) holds for some m = m; > e;. We
will show that it holds for m = my 4+ %, which will yield (.21) by iteration and conclude the
proof.
Write h(t) := u(t) — W, h%(t) := U*(t) — W (so that in particular u — U® = h — h®). Then
92(h — h®) + L(h — h*) = —R(h) + R(h%).
By induction hypothesis [|8;(h(t) — h%(t))[|2 + [V (h(t) = A% ())||l2 + ||V (A — h®
According to Corollary p.g

1D32 (B(h) = B(H) |y 400y + [1B(D) = RO @] g, < Cemtmreo

LN+2

Mooy <™
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Then by Proposition p.q
—\m 36
186(h(0) = B O)ll2 + IV (h(E) = A E)2 + ([ (5 = 1) |y < O (FE0),

which yields (B.21) with m = my + €. By iteration, (B.21) holds for any m > 0. Taking
m = (ko + 1)ep (where kg is given by Proposition [.9), we get that for large ¢ > 0

HV(U - Ulgo) HZ(t;}—oo) < e~ (kot3)eot

By uniqueness in Proposition .9, we get as announced that « = W® which concludes the proof
of the lemma. O

Proof of Corollary [-3. Let a # 0 and chose T, such that |ale=*Te = 1. By (.9),

(622) [0 (Ut +Ta) = W F W) ||, + ||V (Ut + o) = W F e=Y)||, < Ce 2%,
Furthermore, U%(- + T,) satisfies the assumptions of Lemma p.4, which shows that there exists
a’ € R such that U%- +T,) = U%. By (p23), o’ = 1if a > 0 and ¢’ = —1 if a < 0, hence
(6.19). ]

Let us turn to the proof of Theorem . Point () is an immediate consequence of the variational

characterization of W ([Aub7d], [Tal7d]).

Let us show (B). Let u be a solution of ([L.]) such that E(ug,u;) = E(W,0) and ||[Vugll2 <
[VW]||2. Assume that |ul|g®) = oo. Replacing if necessary u(t) by u(—t), we may assume that
]| $(0,400) = 00- Then (replacing u by —u if necessary), Proposition B.1 shows that there exist
o >0, g € RN, and ¢,C > 0 such that [|0pu(t)|]2 + ||V (u(t) — Wyg.z0)ll2 < Ce™t. This shows

that w,-1 _ -1, fullfills the assumptions of Lemma 6.4 with |[Vugll2 < [[VW|l2. Thus there
exists a < 0 such that v, 1 = U®. By Corollary .5,

-1
Ko s—Hg TO

u(t)y =W, . (t+Ts),

H0,Z0

which shows (H).

The proof of () is similar. Indeed if u is a solution of ([L.1]) defined on [0,+00) and such
that E(ug,u1) = E(W,0), |[Vugllz2 > [[VW]2 and up € L?, then by Proposition [, |lu(t) —
Wyowollgn < Ce™, which shows using Lemma [.4 and the same argument as before that for
some T € R,

u(t)=W;, . (t+T).

Ko,xo

The proof of Theorem P is complete. O

6.4. Blow-up of W. In this section we prove that the function W™ blows-up in finite negative
time.

We will argue by contradiction, assuming that W is globally defined. As before, we will write
dit) == [ VW H? - [IVW]? + f|(9tW+|2. Let ¢ € C§°(RY), radial such that 0 < ¢(z) < 1,
p(x) =11if |[z] <1 and p(z) =0 if |z| > 2. Let pr(z) = ¢(z/R). Consider

yr(t) == /(W+)2SDR-

We start with some estimates on y}, and y%.
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Step 1. Estimates for large positive t. Let us show that there exists Ry, tg, ¢g > 0 such that for
all R > Ry,

N-1 2 ) ) P
g if N =3
(6.24) yr(to) < —2co,  yr(to) < ClogR if N=4
C if N=5
By explicit computations and E(W™*,9,W*) = E(W,0), we have
(6.25) () =2 [ WO,
N -1 4 2
2 =4 N — = 2
0260 k() =g [ @)’ +N_2(/RNWW | /RN'VW'>

+/A@R (W2 +2/<1 —on) (VW = w2~ [awt?).

Replacing W by W in the preceding expressions, we see that the corresponding yr must be
constant, so that in particular,

[aenv+2 [a—gm) (VW - [wE) o

By (6-8) in Proposition 5.3, W+ = W+e= ! Y+ry with | Vry||2+]|0s71]|2 < Ce 2%t Developping
W, we get, recalling that ) is in S and that pgr(x) =1 for |z| < R,
—ept
(e }:o N 6_260t> ’

‘/Ang W)+ 2 [ = pn) (J9W [ = [ = v )| <€

/ﬂvw*@ﬂ?—/hmvﬁzze%{/mnw+0@2“y

Thus by (626)
N-1

0= =4 fiawer s [ - o]

4 efeot Wy _ C e_eOt + 6726015
N -2 R ’
As [WY >0, we get (6-23) for R > Ry.
Now, fixing R > Ry, we get, using that y(¢) tends to 0 at infinity,

/ +oe " N-—1 oo + 2
valt) == [ whdr < a5 [T 1wt @)
to -

to

_|_

which yields the first assertion in ([.24).
It remains to shows the second assertion in (f.24). Note that W ~ ‘x‘% at infinity, so that

Rif N =3,
(6.27) hm yr(t /W2 1ng it N =4,
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Furthermore, |y, (t)] < C||0W T ||21/yr(t) < Ce '\ /yr(t), and thus

Vyr(to) — Jim /yr(t) < C e ®ldt < C,

to
which yields together with (.27), the second assertion in (f.24). Step 1 is complete

Step 2. Estimates for tg —egR < t < ty. As a consequence of the preceding estimates, we show
that there exists Cy > 0 such that for R > Ry and tg — g R <t < tg,

N-1 2, 4 2 Co
+ + 2
(6.29) yr(t) < —co,
where ¢ := 2%’0.
Estimate (6.29) follows from (f.2§) by integration in time and the fact that y(to) < —2co

for R large. Let us show ([.2§).
By (B.24), it is sufficient to show

C
(6.30) / r(WH) () < —o
j2|>R R
where 7(W) is defined in (2.2). Writing W+ = W 4 O(e~%%), and using that W ~ m%,

[VW| ~ lxl%, as |z| — 400, we get for large R

C _R, C
/>R T(W+)(t0 +R/4) S W +C€ 40 S RN72‘
TZ6

Hence by finite speed of propagation (Proposition p.3 @)), and taking R large,

(6.31) vt < to, / r(WH)(t) < %
o] > B ot R

which yields (6.30), and thus (f.29).

Step 8. Differential inequalities. Let us show that there exists a constant C' > 0 such that
C

(6.32) Vt € [to - %OR,to} , 0< —yR(t) < EyR(to).

By (6.24), if N =4 or N =5, m}{to) — 0 as R — oo and 2¢y < —yf(to). Thus (p.39) gives
an immediate contradiction in this cases. The remaining case N = 3, which is the limit case in

(6.32) will be treated in Steps 4 and 5.
By Step 2 and the fact that N > 3 we have, for tg — egR < t < 1,

(6.33) yR(t)? =4 ( / <pRW+8tW+>2

< 4/%01% (W+)2/%0R(3tW+)2 < x:iyR(t) (yﬁé(t) + %) .

Claim 6.6 (Differential inequality argument). Let T > 0 and y € C2([0,T]). Assume
vt €[0,T], o'(t)>co>0, y(t) >0
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and for some C1 > 0,
N -2 Ch
.34 T "2 < —= " — .
(6.39) eIl Y0P < 3o [0+ 3
Then there is a constant C > 0 (depending only on N, ¢y and Cy, but not on T, such that
T
Proof. By (6.34),

y(t)  N-=2[y'(t) C N-2/(y't)
mw§N>1<ww TM0>§N—1< - )

Then, integrating between s and ¢, 0 < s <t < T,

0 =2, 0, O G

+_

log Y ;
y'(s) o

y(s) — N—1

Integrating with respect to ¢ between s and T, we get

e MJAT—$§%N—%< . {L>SN_2,

y(s) =2
which yields

y'(s) &
(6.35) Vs € [0,T], (T —5s)<(N—=2)ew0 <C.
Integrating (B-37) between 0 and ¢ € [0, ] we get

T
log(y(t)) <log(y(0)) + C'log (T—_t> < log(y(0)) + Clog2, ie. y(t) < Cy(0),
which, gives together with (5.33), the announced result. O

By (6.33) and the preceding claim on the function y = yr(to —t), with R large, T = eoR and
C1 = Coeo, we get (B.39).

Step 4. Let us show that there exists a constant C' > 0 such that
(6.36) VR>1, VteR, |yp(t)] < Cdt).
Indeed
(6.37) ylh(t) = 8/ (8tW+)2ch+2/ (\vwﬂz —|wH)° - |atw+|2> ¢R+/(W+)2A¢R.

Let us fix t € R. First assume that d(¢) < 9. Then by Lemma B.7, there exists A, o such that
VW () = Wag,a0)lly + [10:WF(#)[|5 < Cd(t). Noting that

8/ (atWAO,mo)Q YR+ 2/ (IVW)\O,H)‘Q - ‘W)\o,:m’G) YR+ / (W)\o,mo)Q A(PR = 07

we get (B.36) for d(t) < dg by developping (6.37).
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2
Now assume that d(¢) > dp. Thus %d(to) > |[VW|3. As a consequence,

2 (| VWJ3
(1 + TZ) d(t) > HVW+H§ + H&Wﬂ]j

By the energy equality E(W™*,8,Wy) = E(W,0), [|[WT||§ = 3||VWT|]2 + 3||o;W T||? + E(W,0).
Thus there exists a constant C' > 0 such that
d(to) > 6o = Cd(t) > [[VW 5+ [[W g + [law ™[5,
which shows, together with (f.37), 1mphes estimate (6.34) in the case d(t) > d
Step 5. End of the proof in the case N = 3. Let us first show
+oo
(6.38) / d(t)dt < oo,

Estimates (£.24) and (B.39) give a constant C, independant or R, such that 0 < —yp(to—coR) <
C. Thus by (6.23) and (p.29),

+00 to +o00 to C +00
[ = [T aw+ [ Tans [T (o G)+ [ ko
to—eoR to—eoR to to—eoR R to

+o0o
< Cep +/ yh(t)dt = Ceg — y (to — eoR) < C.
t

o—€o R

Letting R tends to oo we get ([.39).

Let M > 1. Let t € [to — M, to]. By (B:2§), for R > Ry, y/(t) > 4d(t) — 2. Taking Ry > 1
so that ming,_pr<i<s, d(t) > 1%’1, we get that yp (t) > 2d(t) for to — M <t < ¢ and thus, in
view of (5.23),

(6.39) VE>to— M, yg, (t) >2d(t).

By (b.39), there exists a sequence t,, — oo such that d(t,) — 0. As a consequence, y(t,,) — 0.
We have yp(t,) = — tn -M yr(t)dt — [, ” MyR( )dt, which yields by (6.36) and (f.39)

—+o0 to—M 1
/ d(t)dt < C d(t)dt + = |yp(ts)|.
to—M tn 2

Letting n tends to infinity, we obtain

+o00 to—
VM > 1, / dt < C/

to—
Note that by (6.35), both integrals in the preceding inequality are finite. Letting M tends to
+00, we get [T T d(t)dt = 0. This shows that d(¢) = 0 for all ¢, which is a contradiction. O

APPENDIX A. ESTIMATES ON THE MODULATION PARAMETERS
In this appendix we prove Lemma B.4. Proof of (B.19). In the proof of estimate (B.19), ¢ is

just a parameter that we will systematically omit.

Developping the equality E((l + o)W + f, (9tu) = E(W,0), we get, with (B.13),

(A1) QaW + ) + L0l = O(IV (@ + )2).
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By the orthogonality of fvvith W in H', and the equation AW + W% = 0 we have
/VW Vf /WN 2f =0.

Thus W and fare Q-orthogonal and Q(aW + f) = —a?|Q(W)| + Q(f) Hence

~ 1 ~
(A.2) ~a? Q)|+ Q(F) + 5 I9ul3 = O(IV (W + H)I).
Now

(A.3) IV (@W + N3 = ?|VW |3+ |V f]3

If & is small, so is |V (aW + f)|| 2, so that by (E.3) and Claim B3, there exists ¢ > 0 such that
a?>c (HVﬂ\% + H@mH%) Thus by (A9), ||[V(aW + f) H2 ~ o?. Using again (A.2), we get

~ [V FI5 + [[0eull3.

We have
= 712
IVullz = IVWI5 = V(W +aW + FI3 = VW3 = (20 + o)V [5 + [V ], = a,

which concludes the proof of (B.19).
Proof of (B-20). Let v(t) := uy, x(t). Then

N—-2
(A4) u=p"z v(t,ulz — X(1))).

Differentiating ([A.4), and writing y = u(z — X (1)), we get

Opu(t,z) = <% - 1> %u(t,m) + ,u¥ (1 (z — X (1) - Vyo(t,y) — pX"- Vo(t,y) + Ow(t,y)] .

2

Recall that v = W 4+ oW + ]7 Multiplying the preceding equation by = 2, we obtain

1

w(t,y) = —5owu(t, Yy X)
nz H
N -2 ! ~ ~ 10 ~
= (T) %(W—FO&W—F]C) ZQy-vy(W+aW+f)—X’-Vy(W+aW+f)+;§(aW+f).
Hence

w = MW ZX’ YW; + — W+(R)
7j=1

(R)::%<¥+y.vy>(aw+f Z Oy, (aW + )+ 3tf
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Hence (using the orthogonality in H' of W, w Wi,

W)
/wAW: —3/|yVW|y§+/(R)AW
(A5) /wAW:— ||VW||2+/(R)Af/I7
\/wAW——m()HVWHQ /(R)ij, i=1...N.
Let . ,
di(t) :==d(t) + |—| + ”2 +|X'(t)].

i
Then, noting that for all ¢, atf(t) € H' and using estimate (B.19), we have

[evawl <] [aoaca| + | [ai] + 3| [

j=1
Summing up estimates (A.5) and using that ||w(t)||2 = ||Gsu(t)]|2 < d(t), we get

di(t) < d¥(t) +d(¢)

j| < Cdi(t).

which yields (B.20) for small d(t).

APPENDIX B. SOME TECHNICAL ESTIMATES
In this appendix we proof Lemma p.1].

We will need the following version of Holder estimate for fractional Sobolev spaces

Claim B.1. Let p,p2, p3,p4 € (1,00), p1 € (1, 00|, such that = p% = —, cmd +

~
1029l S A1, 10520l + D211, lloll,,
() Let F € CY(R) such that F(0) = 0. Then
1D F (DI, < (17 leHDl/QfH
(c) Let m € N* and r1,72,73 € (1,00) such that -

+ + —1. Then
HD;}:/2(.]C2m _g2m H

Wy < (127 + 9™, 12320 = 9,
+ (1221, + 1) (U228, + 1022l ) 1 =l

Points (H) and (H) follows from [KPV93, Theorems A.7, A.8, A.9 and A.12]. Point (d
consequence of (g]).

Proof of (b.2).
By Claim B.1 (f), we have

(B.1) ||p¥2 (uwyw =) e
=

< C{HD}/%(t)

2(N+1)

’WN 2

s+ 10 g

o (1r74)

2(N+1) } :
5
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Furthermore, W is a C° function on R such that Wy A 1/|z|*, D, (Wﬁ) ~ 1/]z]5.

2(N+1)

Hence WN 2 belongs to L awt

o ()

. As a consequence we can rewrite (B.1]) as

e =€ ([0 0] )

which gives (5.9), using Holder inequality in time.
We will skip the proof of (f.J) which is a direct consequence of Holder inequality.

Proof of (B-4).

Fixing ¢, we will show

o

(B.2)

HD;/Q(R(U) - HQ(N+1) < HD1/2 u — U HQ(N+1)

|

N+1)

N+1) + H’u‘ + ’U

4
N+1)
N+1)]

Holder inequality in time will yield the desired result. We have R(u) = W3] (W~1tu), where
J(s) = ‘1+3’ﬁ(1 +5)—1- Ms J'(s) = N+2\1+8]N 2 — N+2 Hence

+ HU—UHQ(N-H) 2(N+1)

[l + 1o

+ H\uy 4|72

+||[D32] + Dy

ew + (137l + 1D}

N +2
N -2

(B.3) R(u) — R(v) = (u—v)/ol (|W+v+(u—v)9|ﬁ —Wﬁ)de.

I(u,w)

Hence, by Claim @ (5)7

| DY (R(w)~R())

sven S (1082 (w=0)|[ sven 1w, ) || s +[fu=0]|agven | D321 (w,0) || vy -
N+3 N-1 2 N—2 5

In view of the integral expression of I(u,v), (B.3) will follow from the estimates

(B.4) H\W+hyﬁ W

Ng1l ™~ HhH2<N+1> + Hh‘ 2(N+1)
2

(B.5) HD}/Q <|W+h|ﬁ —Wm)

2(N+1)

S Al zgven + HhHwH) L DY 2

N-1

—N
S WA R + |1/ 7,

~

Let us first show (B.4). By the pointwise bound ‘|W + h|m - |I/V|m
and Holder inequality

H W+ |72 — W

W52 s |l 2gsin + HhHNm

wis S|
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Noting that HWN 2 H 2w = HWH NNH) < 00, we get (B.4). It remains to show (B.§). We will

distinguish two cases.

First case: N =3 or N = 4. Then 25 € {2,4}. By Claim B.1, (H),

HD}/Q <(W+ By~ Wﬁ)

2(N+1)

—N 6—N
<H W )5 + R NH)) |
6—N

8—2N
+ H<W+h) A 20941
8—

N+1)

8—2N

h N—2

2(N+1) + ‘
8—2N

X (HD;/2(W+h) 2041 + HD1/2}L 2<N+1>> Hh Y
N-1 N-—-2
Hence
=N
o2 (74 s = w52 s, S (1 [ )
x 2(N41) ~ 2(N+1) N+1)
5 -2
N
+ < N+1)> < N+1)> H 2(N+1)
1/2 1/2
,S Hh 2(N+1) + H 2(N+1) + HD / h 2(N+1) + HD / h 2(N+1)7
— “N—=1 N—

by the convexity inequality AB < 8=& N AN =y + N 2B . This yields (B.J), and concludes the
proof of (B.9) (thus of (5.4)) when N =3or N = 4

Second case: N = 5.
In this case, we must bound HDglc/2 (W + h|¥/3 — W4/3)H ., by sum of powers of ||h||4 and
5

||D;/2h\|3. Note that Claim [B.1] (f) is no longer available. We have
(B.6) W+ h[Y3 — WA = WABE(WIh) + (Y3, F(s)=|1+s|Y3 —1—|s|*/3.
By Claim B.1, (H)

@ o], < o] forsal, < o], oyl < ol + ozl

by the convexity inequality AB < %A‘l/ 34 iB‘l.

Note that F'is C* and that F’ is bounded. In order to apply Claim B (H) to W43 F (W —1h)
we will need a dyadic decomposition of R5. Let ¢ € C*°(R®) such that ¢(z) = 1 if |z| < 1
and @(x) = 0 if |x| > 2. Define ¥(z) := p(z/2) — p(zx), so that suppy C {1 < |z| < 4}. Let
Yr(z) == p(z/2%1) for k > 1 and vo(z) := ¢(x). Then

1 1
supp i © { g <lol < gt b b2 Losuppun © el <2 3 ate) -

k>0
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Choose also ¢ € Cg°(R?) such that suppy) C {1/2 < |z| < 8} and ¢(z) = 1 on {2 < |z| < 4}.
Let ¢ (z) := ¢(x/2F 1) for k > 1 and 4o () := ¢(z/2). Then

1 1 . -
supp i C {2 — <|zf < 2k+2}7 k> 1, supptyo C {|z| <4};  a € suppyy, = Yp(z) = 1.
We have
(BS)  WERWTR) =S W E(WTR) = 3 e WF (W (@)h)
k>0 k>0

We leave the proof of the following estimates which follow from the explicit expression of W and
scaling arguments to the reader.

Claim B.2. For all p € [1,00] and for all k > 0,
“¢kw4/3 <2( 4+5/p)k le/2 Vi W4/3 H <2 —9/2+5/p)k

H%W H < 9@B+5/p)k le/z oW H < 9(5/2+5/p)k

By Claim B.] (H),

(B.9) HD;/Q(WW“/?’F(W*”ZM)) 2

5
=2, « ]l o2 eov-aam]
Note that |F(s)| < |s|, so that, in view of Claim [B.9,

|Pwv=tgm)|, < |wtdn||, s 2%,
Thus by Claim B.9 again,
(B10) DY (w9 [ 5 20720/ < 278 ]

< [

Furthermore, F’ being bounded, by Claim B.1] (H), then (H)
oG], = o ov-15)

slozrovrin] e, + ool
Thus by Claim [B.9,

(B.11) Hwsz;/sumHDip(F(Wq{/;kh))H §2(74+5/12)k <2(3+5/12)thH4+23kHDi/2hH3)

3
S 2785 |nf|, +277=F | D2

By (B9), (B10) and (BII),

(B.12) HD;/2(W4/3F(W*1h)) 1

12
5

5 S [klly+ DA,

< | YA (W B R (W )
k>0

In view of (B.6), we get, by (B.7) and (B.13)

e P I A P A e TR
5
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This yields (B.H), concluding the proof of (5.4) in the case N = 5. O

APPENDIX C. DERIVATIVE OF gg

Claim C.1. Let u be a solution of ([L1) such that E(ug,u1) = E(W,0) and gr be defined by
BA). There exist C* real-valued functions on RY, a%ﬁ, b, b%, b%, supported in {|z| > R},
bounded independently of R and such that

1 1
gr(t) = N =9 / |Oyul?d — N _3 (/ VW |*dz — / |Vu|2dac> + Agr(u, Ou).

where
(C.1) (u, Opu) = Z/ auﬁkudac+/bR(8tu) bhu® +Wb uldz.
Proof.
d N4z
(C.2) E/sz-vuaWzac - /wR-vu <Au+ yu\w—2u> dac—l—/i/}R-VatuBtudx.

Furthermore, denoting by ¥g;, j = 1... N, the coordinates of 9,

[ or- Vu(@uds - Z [ vrsououds

_ __Z/8¢R] d 4+ Z/awRJ 2 . /8giijajuakudx

ik
i#k

Note that if |z < R, G2 (x) = 1 and G2 (z) = 0 (j £ k). Thus

/1/13 Vu(Au)d /\Vu] dx—l—Z/ aR;k0judyu d,
|z|>

where the ap;, are bounded independently of R, C*°, and supported in |z| > R. By similar
integration by parts on the other terms of (IC.3), we get

(C.3) %/wR(x)-Vuatu L

Y dax— % /(Btu)de—i—gR(u, o),

where Ag(u,dyu) is a sum of integrals of the desired form ([C-1)).

Furthermore,
Ty oap ) o=y / Pr(Oyu) + pru (Au + Iul%@ dx
N -1

2
Noting that for |x| < R, g = 1 and Apgr = 0, and that if |z| > 2R, Apr = 0, we get

N -1 N -1 . —~
(C.4) N=1d [ wduds = it / _Vul + [ul” + (9u)?da + Ar(u, du),

1 .
S / <pR(3tu)2 — wR]Vu\Q + §(Ach)u2 -+ wR\ulz dx.

2 dt
where Ag(u,dyu) is again of the form (C.)).



DYNAMIC FOR ENERGY CRITICAL WAVE 47

Summing up (C.3) and (C.4), we obtain
== / \Vul|?dz + = /|u|2 dr — - /(atu)de + Ag(u, Ou),

where Ap is defined by ([C.1) for some functions aﬁ , bk, b%, b%. To conclude the proof, note
that E(u,0u) = E(W,0) 1mphes

N
/| /|Vu| ot 5o )/(atu)de— S B(W,0),
and recall that E (W, 0) +|[VW|3, which gives (C2). O
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